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0. REMINDER ON SINGULAR HOMOLOGY

Let us begin with a quick reminder about the basic definitions and statements
concerning singular homology, since this is the place from which we will continue
this term.

Given a topological space X and an abelian group M, one associates to these
data the singular chain compler C58(X; M): in degree n, this chain complex is
given by the abelian group

C’Zing(X; M):=Z [HomTOP(A%op’ X)] ® M,

where Homr,, denotes the set of continuous maps and

ATTL‘op = {Z i€; | A € [0, 1], z:)\Z = 1} - R™H
=0 1=0

is the standard n-simplex. Its differential in degree n is

n
dy =Y 67 @idar: CRM8(X; M) — CRP%(X; M),
i=0
where 4} is the homomorphism induced by restriction along the inclusion

8 An-l 5 AL

Top Top

of the i-th face of Ar .

Recall that a pair of topological spaces (X, A) is by definition a topological space
X together with a subspace A C X. The singular chain complex C*8(X, A; M) of
such a pair is by definition

CoM8(X, A; M) := C¥"8(X; M) /C¥"8(A; M).

Note that C8(X, @; M) = C88(X; M).

The n-th singular homology group of the pair (X, A) with coefficients in M is

H,(X,A; M) := H,(C*"8(X, A; M)) = kerd,,/ img d,,, 1,

the n-th homology of the corresponding singular chain complex. For each n > 0, the
association (X, A) — H, (X, A; M) refines to a functor from the category of pairs of
topological spaces and continuous maps of pairs to the category of abelian groups.
These functors have the following properties:

(1) Hn(g; M) =0;
(2) Ho(x; M) = M and H,(x; M) =0 for n > 1;
(3) the canonical map
P Ha(Xi, Ai; M) — Hy (| |(X, A;); M)
iel iel
is an isomorphism for every collection of pairs (X, 4;)ics, all n > 0 and all
M;
(4) if f,g: (X, A) — (Y, B) are homotopic maps of pairs, then

Hy(f) = Hy(9): Ho(X, A; M) — H, (Y, B; M);
(5) for every pair of topological spaces (X, A), there exist natural maps
On: Ho (X, A; M) — H,_1(A; M)
such that the sequence
Hy(A; M) = Hy(X; M) = Ho(X, A M) 22 H, (A M) — H,_1(X; M)

is exact for all n;
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(6) for every pair (X, A) and every subspace U C A with U C int(A) the maps
Ho(X\ U, A\ U3 M) = Hy(X, A; M)
induced by the inclusion map are isomorphisms;

(7) for every topological space X and all ordered pairs (A, B) of subspaces
A, B C X with int(A) Uint(B) = X there exist natural maps

OB H,(X; M) = H, (AN B; M)

such that the sequence

iA B ‘A B
Ho(ANB; M) ) | (A M) @ Hy (B M) 22725 1, (X M)

A,B .A B
8’”’ (Z* 71*)

%anl(AmB,M) anl(A7M)@Hn71(BvM)

is exact;
(8) for every pointed space (X, x), there is a natural isomorphism

H,(XX,N;M)>H, 1(X,z; M),
where N denotes the north pole of the suspension XX
(9) for every pointed and path-connected space (X, ), the Hurewicz map
m (X, x) = Hi(X; M)
is an abelianisation.
Given a CW-complex X, one defines the associated cellular chain complex
Ce(X; M) by setting
CeMN X M) = Hy(X™, XD, M)
and equipping this with the differential
des O (X M) 2y Hyy oy (X705 M) — O (X M),
The cellular homology of X is defined to by
HENX; M) == H,(CN(X; M)).
There are isomorphisms
HiN (X5 M) 22 Hyy (X5 M)
which are natural in cellular maps. Moreover, one can identify
CMNX; M) = CNX;Z) ® M,

there are relative versions of these definitions and statements which make sense for
a CW-complex X together with a subcomplex A C X.

The differentials in the cellular chain complex admit the following description.
Let J,, denote the set of n-cells in the CW-complex X. A choice of characteristic
maps for the n-cells induces an isomorphism

Y C,CLCH(X) i Hﬂ(x(n)/X(n—l)7*) ﬁ Hn(\/ 5™ %) & @Hn(sn,*).
T Jn
Then the attaching maps induce a homomorphism
0n: @DHA(S™, %) 2 @D Hoor (S — Hyor(X(7D)
In n—1
= B (X0 X0 > (B H, (57 )
Jnfl

which satisfies
d%ell = ’)/,;_11 o 671 0 Y-
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This reduces the calculation of differentials in the cellular chain complex to deter-
mining certain mapping degrees of maps between spheres.

1. THE KUNNETH AND UNIVERSAL COEFFICIENT THEOREMS

It is a natural question whether the computation of homology with coeflicients in
an abelian group M can be related (or even reduced) to the calculation of integral
homology groups. In fact, we will study a more general question: how does the
homology of a tensor product of chain complexes relate to the homologies of the
individual factors?

Let us begin with a reminder on some constructions on graded modules and chain
complexes. If we do not say anything else, a morphism between chain complexes is
a degree 0 map between the underlying graded modules which is compatible with
the differentials. By equipping graded R-modules with the zero differential, the
category of graded R-modules embeds fully faithfully into the category of chain
complexes over R.

e The shift C[k] of a chain complex C has the module C,,_j, in degree n and
is equipped with the differential (—1)*d°.

e A degree k chain map C — D is by definition a chain map C[k] — D.

e Given chain complexes C' and D of left R-modules, we obtain a chain
complex Hom(C, D) of abelian groups by setting

Hompg(C, D), := H Hompg(Cp, Dpin)
PEZL

and equipping this graded abelian group with the differential
Hom , (C,D n
P (9,),) 1= (D 0 0p + (-1)" 1oy 1 0T

Then H,,(Homp(C, D)) is isomorphic to the abelian group of chain homotopy
classes of degree n chain maps.

e Given a chain complex of right R-modules C' and a chain complex of left
R-modules D, the tensor product C ® g D is defined to be the chain complex
of abelian groups which is given by the graded module

(C®rD), = P C,®rD,
ptg=n
together with the differential induced by the maps

C s p: D
dS ®id +(~1)” id ®d~

Cp ®R Dq (Cpfl ®Rr Dq)@(cp@)qul)-

For every chain complex of abelian groups F and every chain complex D of
left R-modules, there is an evaluation chain map

ev: Hom(D, E)®r D — E,  (pp)p @ T @)y (2)
which induces an isomorphism
(1.0.1) Homp(C,Hom(D, F)) 2 Hom(C ®r D, E)
by sending a chain map ¢: C' — Hom(D, E) to the chain map

C@r D 22 Hom(D, E) 95 D =% E.
In other words, ev is a counit which exhibits Hom(D, —) as a right adjoint
of —®p D.
Assume in addition that R is commutative. Then C ® g D is even a chain
complex of R-modules, and this construction refines to a symmetric monoidal
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structure on the category of chain complexes over R whose symmetry
isomorphism is given by

T:C®rD S DerC, zoy— (—1)"¥yga.

Let us now return to the situation that C'is a chain complex of right R-modules
and D is a chain complex of left R-modules. Let Z(C') and Z (D) be the graded
modules of cycles in C' and D, respectively. The canonical map Z(C) ®g Z(D) —
C ®g D factors over Z(C ®p D) since

d°®P(z@y)=d°@@)@y+ (-1)Pr2d”(y) =0

for x € Z,(C) and y € Z,(D). The induced map Z(C) ®r B(D) - H(C ®g D) is
trivial because

d°Pla@y)=d(@@) @y + (-)Pzed’@y)=(-1)Pzey

whenever y = d°(y’) for some y' € Dyy1. Since Z(C) ®pr — preserves cokernels, we
obtain an induced map

Z(C)®@r H(D) — H(C ®r D).
By a completely analogous argument, this map induces a map
(1.0.2) ,u:H(C) ®RH(D)—>H(C®RD).

1.0.3. Remark. If R is a commutative ring, the maps p can be used to refine
homology (considered as a functor from chain complexes to the category of graded
modules) to a lax symmetric monoidal functor.

If one was overly optimistic, one would try to show that p is an isomorphism.
However, this runs into problems quickly. Even if D is concentrated in degree 0, it
is unclear whether either Z(C) ® g D — Z(C ®r D) or B(C) ® g D — B(C ®g D)
is an isomorphism since tensoring with D need not preserves kernels. If — ®g D did
preserve kernels, it would follow that y is an isomorphism. This suggests that we
should be interested in the class of modules M for which — ® p M is exact, and try
to understand the failure of this functor to be exact in general.

1.1. Derived functors. Throughout this section, fix a ring R. Recall that an
additive functor F': A — B between abelian categories is

(1) ezact if it preserves exact sequences;

(2) left exact if 0 — F(Ag) — F(A1) — F(As) is exact for every exact sequence
0—>A0—>A1—>A2—>OinA;

(3) right exact if F(Ag) = F(a1) — F(az) — 0 is exact for every exact sequence
0—> Ay — A - Ay — 0in A.

Note that F is left exact if and only if F°P is right exact.

1.1.1. Lemma. A functor F: A — B is left exact if and only if it preserves kernels.

Proof. Note that a sequence 0 — Ay AN Ay ER Ag is exact if and only if ¢ is a kernel
of f.

If F' preserves kernels, this implies that 0 — F'(Ag) — F(A41) = F(A2) is exact
for every exact sequence 0 — Ay — A; LAy — 0.

3

Conversely, let 0 — ker(f) — A ER As be given and assume that F is left
exact. Then 0 — ker(f) 5 Ay ER img(f) — 0 is exact, so 0 — F(ker(f)) £O,

F(A;) — F(img(f)) is also exact. Moreover, left exactness implies that F' preserves
monomorphisms since a morphism f: A — A’ is a monomorphism if and only if

0— AL A is exact. Hence F(img(f)) — F(As2) is a monomorphism. Therefore,
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for g: b — F(A;), the composite b — F(img(f)) is zero if and only if the composite
b — F(Az) is zero. This shows that F(i) is a kernel of F(f). O

1.1.2. Definition. A left R-module M is flat if — @ g M : Mod-R — Ab is an exact
functor.

1.1.3. Lemma. Let C' be a chain complex of right R-modules and let M be a flat
left R-module. Then

s an isomorphism.

Proof. Exercise. U

Ultimately, we will want to get rid of the flatness assumption on M, but let us
first try to get an idea how we can recognise flat modules.

1.1.4. Example. Every free right R-module is flat. Since retracts of short exact
sequences are short exact, this implies that every projective right R-module is flat.

Example 1.1.4 can be generalised further using the following notion.

1.1.5. Definition. A category [ is filtered if the following holds:
(1) for each pair of objects 41 and i5 in I, there exists some ¢ € I and morphisms
ilﬁiandigﬁi;
f
(2) for each pair of parallel morphisms ¢ —= j there exists a morphism
g

h: 7 — k such that hf = hg.

A filtered colimit is a colimit whose indexing diagram (without the cone point) is a
filtered category.

1.1.6. Example. Recall that a poset P is directed if for all py, po € P there exists
some p € P with p; < p and py < p. Directed posets are filtered categories.

1.1.7. Lemma. Let I be a small filtered category and let D: I — Set be a diagram.
Set X :=||;c; D(i). Define
(i,2) ~ (j,y) <= Thereare f:i—k, g: j = k such that D(f)(z) = D(g)(y).
(1) ~ is an equivalence relation.
(2) The quotient X/~, together with the canonical maps D(i) — X/~, is a

colimit of D.
(3) The forgetful functor R-Mod — Set preserves and detects filtered colimits.

Proof. Exercise. O

1.1.8. Lemma. Let I be a filtered category and let R be a ring. Then
colIim: Fun(I, R-Mod) — R-Mod

s an exact functor.

Proof. By Lemma 1.1.1, we have to show that colim; preserves kernels and coker-
nels. Since colimits commute among each other, colim; always preserves cokernels
(regardless of the diagram shape). So we only have to show that colim; preserves

kernels. Consider a diagram {0 — K; — M; ELN N;}ier of exact sequences. We
apply Lemma 1.1.7 to model the colimits. An element in colim;c; M; is represented
by some element x € M;. If its image in colim;c; N; is trivial, there exists some
a:i— jsuch that fj(a.(x)) = a.(fi(z)) =0 € N;. Then a,(z) € K; as well, so ©
lifts to colim;e; K.
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Similarly, an element in colim;c; is represented by some x € K;. If its image
in colim;er M; is trivial, there exists a: i — j with a..(z) = 0 € M,. This implies
as(x) = 0, so x also represents zero in colim;ec; K. O

1.1.9. Proposition (Lazard). Let M be a left R-module. The following are equiva-
lent:

(1) M is a filtered colimit of free modules;
(2) M is a filtered colimit of projective modules;
(3) M is flat.

Proof. The implication (1) = (2) is obvious. Since the tensor product preserves
colimits in each variable separately, Lemma 1.1.8 shows that directed colimits of
flat modules are flat. Hence (2) = (3) follows from Example 1.1.4.

For the implication (3) = (1), let us first consider an arbitrary R-module M.
Define a category E(M) whose objects are R-linear maps a: R¥ — M and whose
morphisms correspond to commutative triangles

Rk

\a
r| M
R! /ﬁ

We claim that M 2 colim,,. gr_, ps R¥, where the colimit is indexed by E(M). To
see this, it suffices to show that the induced homomorphism

#: Hompg(M, N) — lim Homg(R", N)

of abelian groups is an isomorphism for every R-module N. Since every element
m € M defines an R-linear map «a,,: R — M, the map « is clearly injective.

Let (n4)a € lim, Homp(R*, N) be arbitrary. We show that the assignment
m + ng,, is an R-linear map. For m and m’' in M, the equality ayim =
Qo + Q0 R — M implies that

no‘m+m nam-&-am/ n(am aj,)oA = n(am al,) O A.

The map n(a,, o ): R? — N is determined by its restriction along the two obvious
summand inclusions. Since n(qa,, o/ ) ©inc1 = ng,, and 1, o )0 ince =n, ,, we
conclude that

Nam al,) = (nam nam/)7
which implies nq, Na,, + Na,,.- The equality narm = rna,, for r € R and
m € M follows similarly. From the preceding discussion, it also follows that each
element n,: R* — N is determined by its restrictions to the individual summands,
so (m +— ng, ) is a preimage of (ny), under k.

This reduces the proposition to showing that E (M) is filtered if M is flat. Given
a: R¥ — M and B: R' — M, we can form the commutative diagram

Rk

[e3%

RF e R P

T/

Thus we only have to show that for every two morphisms R* :{ R! | if there

inc

exists some o: R' — M with af = ag, we can factor a = Soh for some h: R — R™
and 8: R™ — M such that hf = hg. By replacing f with f—g, we may assume g = 0.
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An induction on k reduces the claim to the case k = 1. Then f corresponds to a tuple
(r1,...,7), the map « corresponds to a tuple (mq,...,m;), and the assumption
asserts that ) . rym; =0 € M. Let I := (r1,...,7;) € R be the right ideal generated
by these elements. Since M is flat, the induced map I ® g M — RQr M = M
is injective. In particular, we have that 22:1 r, ®m; =0 € I ®zg M. Again by
flatness, the sequence

03 KorM = RopgM 2, 1o M =0

is exact, where 7(e;) = r; for the standard basis vectors e;. Then 22:1 e; @m; €
R' ®r M maps to zero under m @ M, so this element lies in K ®p M. Write
22:1 e; @m; = Z?:l v; @ m; for appropriate v; € K and m; € M. As K C R,
Wwe can express v; = 22:1 sji€;. Then
l n l l n

S e m = 30 s o = Y er e (3 ).

i=1 j=1 i=1 i=1 j=1
Using R' ®@r M = M", we conclude that m; = Z?Zl sjim}. The given data define
R-linear maps

h = (Sj,i)lgjgn,lgigl: Rl — R™ and 5 = (m;—)lgjgni R"™ — M.

Then o h = f. Moreover, since each v; is an element in K, we also have
22:1 sj;r; = 0, which implies that ho f = 0. O
1.1.10. Example. It follows from Proposition 1.1.9 that Q is flat as a Z-module.
More generally, if we denote for a set S of primes by Z[S~!] the subring of Q

containing those rational numbers which can be represented by a fraction whose
denominator is only divisible by members of S, then Z[S~!] is flat as a Z-module.

We now introduce a formalism which tries to express that we have a systematic
way of measuring the failure of a functor Fy to be left exact.

1.1.11. Definition. Let A and B be abelian categories. A B-valued J-functor on A
is a sequence of additive functors
{Fn: A — B}nZO

together with a choice of maps {9,,: F,,(C') — F,,_1(A)}n>1 for each short exact
sequence 0 - A — B — C — 0 in A such that the following holds:

(1) for each short exact sequence 0 - A — B — C' — 0 and each n > 0 the

sequence
Fo(B) = Fo(C) 2% Fy_1(A) = F_1(B) = F,_1(C)

is exact, where F_;1 := 0;
(2) for each morphism of short exact sequences

0 A B c 0
ool D
0 A B o 0

and each n > 1 the square

Fo(C) =2 F, 1 (4A)

F"(h)l lF,H(f)

Fo(C") =22 Fyq(A)

commutes.
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A morphism of é-functors 7: {F,,},, = {Gn}n is a sequence of natural transforma-
tions {7,: F;, = Gy }n such that the square

Fo(C) =2 F,_1(A)

Tnl lTn —1

On
commutes for each short exact sequence 0 -+ A —+ B — C — 0 and each n > 1.
A o-functor {F,}, is universal if for every d-functor {G,}, and every natu-
ral transformation 79: Go = Fy there exists a unique morphism of J-functors
7: {Gn}n = {Fn}n extending 7.

1.1.12. Remark. If a right exact functor F: A — B admits an extension to a
universal d-functor, then such an extension is unique up to unique isomorphism.

1.1.13. Proposition. Let {F,}, be a §-functor. Suppose that F,, is coeffaceable
for n > 1, ie for every A € A there exists an epimorphism p: P — A such that
F,(p) =0. Then {F,}, is universal.

Proof. Suppose that 7: {G}n = {Fp}n is a morphism of d-functors. Let A € A
be arbitrary and choose an epimorphism p: P — A such that F,(p) = 0. In the

commutative square

Gn(A) =2 G,y (ker(p))

THJ, J{Tn —1

F(A) =2 By (ker(p))
the bottom horizontal map is a monomorphism. Hence 7, is uniquely determined
by the equation 0,, o 7,, = T,,_1 © 9y, and it follows by induction that 7 is completely
determined by 7.

At the same time, this also provides a recipe to extend a given natural transfor-
mation 74: Gog — Fp to a morphism of d-functors. Given A € A, choose p as above
and note that

0 = Fo(A) 25 F_y (ker(p) == B,y (P)
is exact. If 7,_1: Gp_1 = F,_1 is already defined, then F,_1(i) o 7,1 09, =0, so
Tn_1 © O lifts uniquely to a morphism 7, : G,,(A) — F,(4).

We have to show that 7, is independent of the choice of p, and that performing
this choice for each A yields a natural transformation 7,,: G,, = F,,. Note that
compatibility with the boundary maps 9,, holds by construction.

If ¢: @ — A is another epimorphism with F,(¢) =0, then p+¢: P®Q — A is
also an epimorphism with F,(p + ¢) = 0. By naturality, 7, also lifts the composite

Gn(A) On, Gr_1(ker(p+q)) BAGEN F,_1(ker(p + q)).

Since the choice of lift is unique, it follows by symmetry that p and ¢ give rise to
the same choice of 7,.

If f: A— B is a morphism in A, pick epimorphisms p: P - A and ¢: Q — B
with F,(p) =0 and F,(q) = 0. Then fp+ q: P ® Q — B is also an epimorphism
with F,,(fp + q) = 0. Since the square

P—r s A
inc f
PeQ ™% B

commutes, another diagram chase shows that 7,, is natural. U
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1.1.14. Definition. Let F': A — B be a right exact functor. A left derived functor
of F'is a universal d-functor {LF,}, together with a natural isomorphism Fy & F.

To prove the existence of some left derived J-functors, we rely on the following
two lemmas.

1.1.15. Lemma (Horseshoe lemma). Let 0 — A; — Az — As — 0 be an ezact
sequence and let P} — Ay and P? — As be projective resolutions. Then there exists
a projective resolution P2 — Ay which fits into a commutative diagram

0 P}l pP? P} 0
I
0 Ay Agy Az 0

in which both rows are exact. In particular, P2 = P} & P3 for all n.

Proof. We construct the required resolution by induction. Setting P! := A;, assume
that the resolution has been constructed up to degree n, so we have a diagram

P71+1 P’3+1
P7lz+1l J/pfﬁ»l
0 pl I, p2_ 9, ps 0
le/ po lps
0 pL Iy pr o mps g

in which the lower row is exact. Since P2, is projective, there exists a lift
qu_l: P3+1 — P2 of pi_,_l along g,. Then

n
In-1Dnlni1 = Pndndns1 = PaPri1 =0,
so p2¢> ., lifts along f,—1 to a map e': P3,, — Pl ;. It is easy to check that
pL_1e =0, so ¢ maps to the image of p. by exactness. Using projectivity of P,?_H
once more, we obtain a lift of ¢/ along pl to a map e: P3 1= P2. In particular,
Pr.fn€ = Dndy 1. Define
Pri1 = Fabpi1 + (641 — fne): Poyy = Phy @ Pl — P
Then the evident inclusion and projection maps fr41: Py — P2,  and gpq1: P2 —

P3,, extend the given chain maps, and

Prbri1 = Do fabpsr + (@1 = F2€) = fam1Ppprir +Pi(dp g1 — fae) = 0.
The only thing left to show is exactness in degree n, which follows by inspecting the

long exact sequence in homology induced by this short exact sequence of (truncated)
chain complexes. O

1.1.16. Lemma. Let A be an abelian category.
(1) An objecti: P — @ in Fun([1], A) is projective if and only if Q is projective
and 1 is isomorphic to the inclusion of a direct summand.
(2) If A has enough projectives, the same is true for Fun([1], A).

Proof. Suppose that @ is projective and that f is a direct summand inclusion
P — P @ Q' and consider a commutative diagram

P—1 e M

l o

PoqQ M N 1 N
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Since both P and Q' are projective, f lifts along p to a morphism f’: P — M’ and
g lifts along ¢ to a morphism ¢': Q" — N’. Then
p—L 5w
»
PoQ "I N
provides the required lift.

Conversely, if i is projective, it follows that @ is projective by considering for
every epimorphism ¢: N’ - N and g: Q — N in A the lifting problem

P4y pe  PxyN

o

Q15N+ N

Moreover, the lifting problem

id id

P
| ;
Q

implies that 7 admits a retraction.

If f: A — B is a morphism in A, pick epimorphisms p: P - A and ¢: @ — B.
Then fp+q: P® Q — B is also an epimorphism and the commutative square

o+—"

v oy

P—r 54

inc f
frt

PeQ 2% B

represents an epimorphism in Fun([1],A) from a projective object to f. O

1.1.17. Theorem. If A has enough projectives (ie for every A € A there exists an
epimorphism P — A with P projective), every right exact functor F: A — B has a
left derived functor {LF,},. Moreover, the value of LF,, at A € A may be computed
by the formula

LE,(A) = H,(F(P,)),

where Py — A is a projective resolution of A.

Proof. For each A € A, choose a projective resolution
. P P PR A
Define
LF,(A) := H,(F(P}")).
The fundamental theorem of homological algebra implies that this is independent
(up to canonical isomorphism) of the choice of projective resolution.
By the fundamental theorem of homological algebra, we obtain for each morphism

f: A— Bin A a chain map ¢(f): PA — PP, unique up to chain homotopy, such
that
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commutes. In particular, this extends each LF;, to a functor LF,,: A — B. Since F
is right exact, the augmentation Pi* — A induces a natural isomorphism
LFy(A) = Ho(F(P2)) = coker(F(P{') — F(P')) = F(A).
Let now 0 - A — B — C' — 0 be a short exact sequence in A. The horseshoe
lemma provides a projective resolution ()4 — B which sits in a short exact sequence
0 — P2 — Q. — PE — 0 of projective resolutions which is degreewise split. Hence
applying F still yields a short exact sequence of chain complexes, so we can define
On: LF,(C) — LF,(A) as the associated boundary map in homology.

Naturality of the boundary map follows by applying the horseshoe lemma in
the abelian category Fun([1], A) of arrows in A; note that Lemma 1.1.16 not only
shows that Fun([1],A) has enough projectives, but also that a projective resolution
in Fun([1],A) is pointwise a projective resolution.

This defines a §- functor {LF,}n. Now observe that LF,(P) =0 for n > 1 and
P projective since P 4 pisa projective resolution of P. Since A has enough
projectives, this shows that LF,, is coeffaceable for n > 1, and universality follows
from Proposition 1.1.13. (]

Theorem 1.1.17 allows us to make the following definition.

1.1.18. Definition. The left derived functor of
— ®pr M: Mod-R — Ab

is denoted by
{Tor,}f(—, M)}n .
1.1.19. Remark. Applying universality, we find that each Torf? refines to a functor
Torf: Mod-R x R-Mod — Ab.
Consider the functors
Tor(N,—): R-Mod — Ab.

Pick a projective resolution Py — N and consider a short exact sequence 0 — M; —
Ms; — M3 — 0 in R-Mod. Since each P, is projective, we obtain a short exact
sequence of chain complexes

0— Pe®r My = Py ®r My — Py @ M3 — 0,

which gives rise to natural boundary maps 8,,: TorZ(N, M3) — TorZ_ (N, M;).
As we will see in Lemma 1.1.20 (4) below, TorZ(N, —) is coeffaceable for n > 1
since it vanishes on projective modules. Hence we have built a universal §-functor
{Tor®(N, )}, with Tor0 (N,—) 2 N ®g —. It follows from Theorem 1.1.17 that
we may compute Tork (N, M) equally well by choosing a projective resolution of M,
tensoring with NV, and then taking homology. In particular,

Tor(N, M) = Tor% (M, N)

when R is commutative.
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1.1.20. Lemma.

(1) the canonical map
@ Torf(M;, N) — Torf(@ M;,N)

is an isomorphism;
(2) for every filtered category I, the canonical map

colim Torf(M;, N) — Torf(c?gm M;, N)

is an isomorphism;
(3) if every R-module admits a projective resolution of length < k, then

Tor®(M,N) =0

for alln > k;
(4) for every flat R-module M, we have

Torf(—, M) =0

foralln >1;

(5) if submodules of projective modules over R are projective, then Tork (M, N) =
0 for alln > 2;

(6) if R is an integral domain and r # 0, then

Tor{'(R/(r),N) = {y € N |r-y =0}
(7) Tor?(Z/k,Z./1) = 7] ged(k,1) for k,1 # 0.

Proof. The third assertion follows from Theorem 1.1.17.

If M is flat, F := — ®p M is exact. Setting LF;, := 0 for n > 1 provides a
universal d-functor by virtue of Proposition 1.1.13, showing assertion 4.

For the first assertion, note that @, (M; ®gr —) — (B, M;) ®r N is an iso-
morphism, and that @, Tors(M;, —) is a coeffaceable functor since it vanishes
on projectives. Hence {@, Tor(M;, —)}n>0 and {Torf (@), M;, —)}n>0 are left
derived functors of naturally isomorphic functors, which yields an isomorphism of
o-functors.

For the second assertion, we observe similarly that

colim (M; ®r —) — (col.im Mz) ®Rr —

is an isomorphism, and that colim; Torf/ (M;, —) is coeffaceable since it vanishes on
projectives.

For the fifth assertion, note that every module has a projective resolution of
length 1.

If R has no zero divisors and r # 0, R “— R — R/(r) is a projective resolution
of R/(r), so
Torf'(R/(r),N) = H;(N “= N)={n e N|r-n=0}. 0
For the last assertion, let g denote the greatest common divisor of k and I, set
T:={x €Z/l| kr =0} and consider the homomorphism
l

Z—T, 1~ —.
g

Then g - é =1=0 € Z/l, so we obtain an induced homomorphism f: Z/g — T. We

claim that f is an isomorphism. Since g and é are coprime, there exist a,b € Z
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with a§ + bé = 1. For z € Z represent an element in 7. Then there exists y € Z

with kx = ly. In particular, sz = éy, and it follows that

k l l l
T = (ax + by> =a-y+b—z = f(ay + bx),
g g g g

showing that f is surjective. If f(x) = 0, then éx = ly for some y € Z. Dividing by
é, we obtain x = gy, sox =0€ Z/g.
1.2. The Kiinneth formula. The Tor-functor(s) allow us to measure precisely
how much the map

w: HC)®r H(D) — H(C ®r D)
fails to be an isomorphism, at least under some favourable conditions. To reduce
the size of the formulas we have to write, we introduce the following shorthand.
Given a functor F': A x A’ — B which is additive in both variables, define for chain
complexes C' in A and D in A’ a new chain complex F(C, D) by

F(C,D),:= € F(Cp,Dy)
p+g=n
(F(dS id),(—1)P F(id,d}))

JF(C.D). F(CP7 Dq) F(Cpfh Dp) ©® F(Cpa qul).

This generalises the construction of the tensor product of chain complexes, which is
the special case I'= — Qp —.

1.2.1. Definition. A ring R is hereditary if submodules of projective modules are
projective.

1.2.2. Theorem (Kiinneth formula). Let R be a hereditary ring and let C and D be
chain complexes over R.

If C is degrecwise projective, then there exists for each n > 0 a natural short
exact sequence

0— H(C)®r H(D) — H(C ®g D) — Torf'(H(C), H(D))[1] — 0.

Proof. Let Z and B denote the graded modules of cycles and boundaries in C,
respectively. Then we have a short exact sequence

0—Z%Z—C— B[]l]—0.

Since B is degreewise projective, Torf(B,, —) = 0 for all ¢ by Lemma 1.1.20 (4)
and Remark 1.1.19. Hence tensoring with D yields a short exact sequence

O—>Z®RD—>C®RD—>B[1]®RD—>O.

Observing that Z is also degreewise projective and hence flat, we apply Lemma 1.1.3
to obtain the exact sequence

Bor H(D) % Z@p H(D) = H(C @5 D) — (Bor HD)[] 2 (2 9r H(D)[1]

We claim that the kernel and cokernel of the boundary map 9 yield the required
terms. Tracing through the definition of the boundary map, one finds that 0 is
induced by the inclusion B — Z. It follows directly that

coker(0) =2 H(C) ®@r H(D),

and the induced map coker(9) — H(C®pD) is equal to u by construction. Moreover,
0— B — Z — H(C) — 0is a projective resolution, so Theorem 1.1.17 implies that

ker(9) = Tor®(H(C), H(D)).
This finishes the proof. U
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1.2.3. Lemma. Let R be a hereditary ring. For every chain complex D over R,
there exist a degreewise projective chain complex P and quasi-isomorphisms P = D
and P = H(D).

Proof. Let Z, C D,, and B,, C D,, be the submodules of n-cycles and n-boundaries,
respectively. Choose an epimorphism p,,: P, — H, (D) and denote by @Q,, the kernel
of p,,. Since R is hereditary, @, is also projective. By projectivity, the map p,, lifts
along the epimorphism Z,, — H,,(D) to a map f,: P, — Z,. This yields an induced
map g,,: @Qn — By, which lifts along dE_H: D,y — By, toamap g,: Qn = Dpy1.
The morphisms

0 i
(0 HSC> :Pn+1@Qn—>Pn®Qn—l

define a chain complex, and f, + gn_1: P, & Qn_1 — D, is a chain map. By
construction, this chain map induces an isomorphism on homology. Similarly,
pn+0: Py, ®Qn_1 — H,(D) defines a quasi-isomorphism P — H (D). O

1.2.4. Proposition. The short exact sequence of Theorem 1.2.2 splits.

Proof. Using Lemma 1.2.3, pick degreewise projective chain complexes P and @
which come with quasi-isomorphisms C <~ P = H(C) and D <~ Q — H(D).
Then we obtain a commutative diagram

0 —— H(P)®r H(Q) —— H(P®r Q) — Tor{'(H(P),H(Q))[1] — 0

| 1 ;

0 —— H(C)®gr H(D) —— H(C ®r D) —— Tori(H(C), H(D))[1] = 0

with exact rows. As indicated, the outer vertical maps are isomorphisms, so the
middle map is also an isomorphism. Hence it suffices to show that the upper row
splits.

The given chain maps induce a chain map P ®p Q) LLEN H(C)®pr H(D), and

therefore a map r: H(P ®r Q) — H(C) ®g H(D). The resulting diagram

o

H(P) o H(Q) o) H(C) & H(D)

I

H(P®grQ)

commutes, as one checks on representatives: for an element [p|®[q] € H(P)®rH(Q),
we have

(rop)(lpl®lg)) = r(lp®4q]) = alp) ® alg) = H(a @ B)([p] ® [q))-

Hence r is the required retraction. O

1.2.5. Remark. Proposition 1.2.4 can be very useful since it tells us that we do
not have to worry about extension problems when using the Kiinneth formula to
determine the homology of tensor products. However, note that we do not claim
that there exists a natural splitting of the sequence: the proof of Proposition 1.2.4,
which involves a choice of P, certainly cannot produce a natural splitting. In fact,
there is provably no natural choice of splitting; we may discuss this in one of the
exercises.

By specialising to the case where D is concentrated in degree 0, we obtain the
following.
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1.2.6. Theorem (Universal coefficient theorem for homology). Let R be a hereditary
ring, let C' be a chain complex over R, and let M be an R-module. If C is degreewise
projective, there exists a natural short exact sequence

0— H(C)®r M — H(C ®r M) — Torl'(H(C), M)[1] — 0.
Moreover, this sequence splits.

Finally, specialising further to the case C' = C®"8(X) for some topological space
X, we obtain the universal coefficient theorem for singular homology.

1.2.7. Corollary. Let X be a topological space and let M be an R-module over a
hereditary ring R. For each k > 0, there exists a natural short exact sequence

0— Hp(X;R) ®r M — Hy(X; M) — Torf(Hy_1(X; R), M) — 0,
where we set H_1(X; R) = 0. Moreover, this sequence splits.
Proof. Since M is an R-module, we have
CM8(X; M) = C*™8(X) @ M = (C*™#(X) ® R) @ M = C*™#(X; R) @ M.
Now apply Theorem 1.2.6 (|

1.2.8. Example. Recall from Topology I that the integral homology of the real
projective space RP™ is given by

7 k=0or k=n and n is odd,
Hp(RP") = {Z/2 0<k<nandk odd,

0 otherwise.

Using the universal coefficient theorem 1.2.7, we can determine Hy(RP™;Z/2) from
this: consider the short exact sequence

0 — H,(RP") ® Z/2 X5 H}(RP";Z/2) — Tor’(Hj,_, (RP™),Z/2) — 0.

For &k > n + 1, both outer terms are zero. For k = n + 1, either both outer terms
are obviously zero (if n is even), or we obtain an isomorphism

Hy(RP™;Z/2) = Tor?(H,(RP"),Z/2) =0

for n odd.

Therefore, we can concentrate on k < n. Note that u is an isomorphism whenever
k is odd or k = 0, and that the second map is an isomorphism whenever k # 0 is even.
For k = 0, we immediately get Ho(RP™;Z/2) = Z /2. For odd k, the isomorphisms
Z/20Z/2=27/2 and Z Q@ Z/2 = Z/2 imply that Hi,(RP™;Z/2) = Z/2.

For k even and non-zero, we conclude from Tor?(Z/2,7/2) = 7./2 that Hy(RP™; Z/2)
is isomorphic to Z/2 as well.

In total, we have

Hy(RP™; Z)2) = Z/2 0<k<n,
F ' 1o otherwise.

2. THE EILENBERG—ZILBER THEOREM

We can use the Kiinneth formula Theorem 1.2.2 to describe the homology of a
tensor product of free chain complexes over Z. Our next goal is to determine the
singular homology of a product of spaces from this. For that, we are missing a
comparison between the singular chains of a product space and the tensor product
of the individual singular chain complexes.
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2.1. The Eilenberg—Zilber and Alexander—Whitney maps. For technical
reasons, we introduce the following concept.

2.1.1. Definition. An augmented chain complex over Z is a positive chain complex
C together with a chain map ¢: C' — Z[0].

The augmented chain complexes over Z assemble into a category Ch™*(Z) whose
morphisms are given by commutative squares
c—*-D

ce| |0

AN

Given two augmented chain complexes (C,ec) and (D,ep), one can form their
tensor product (C @ D,ec ® ep) since Z @ Z = Z.

2.1.2. Example. The singular chains functor C*"¢: Top — Ch(Z) refines to a
functor
(C®& ¢): Top — Ch™(Z)
valued in augmented chain complexes by defining
ex: C8(X) = Z, (2:A"— X)L
From this, we obtain the two functors

(Csing(_l) ®CSing(—2),€1 ®€2) and (CSing(—1 X —2),5): Top x Top — Cth(Z)

In order to state the main theorem of this section, we introduce the following
notation: Given two functors (F,er), (G,eg) € Fun(T, Ch*(Z)), we denote by

[(F’ €F)7 (G7 EG)]
the collection of all morphisms (F,ep) — (G, ) modulo chain homotopy in
Ch(Fun(T, Ab)) = Fun(T, Ch(Z)),

where we consider an augmented chain complex ¢: C' — Z as a chain complex

ds d§¢
—)Cgi>01—1>00£>z—>0—>

concentrated in degrees > —1.
In the following, we denote by

—1: Top x Top — Top and —5: Top x Top — Top
the functors which project onto the first and second component, respectively.

2.1.3. Theorem. FEuvaluation at the initial object identifies each of
(1 :(Cmg( 1) ® C*18(—3), €1 ® £3), (C¥"8(—1 x —2),¢)],
2 (=1 % —2),8), (C"8(—1) ® C*M8(—3), e, ® &2)],
3) [ (—1)®Cbmg( 2),61 ® €2), (C¥"8(—1) ® C¥"8(—), €1 ® e2)],
4) | Cmg( 1 X —3),€), (C¥M8(—1 x —3),€)],
5 (- )®Csmg( 2),€1® €3), (C"8(—2) ® C¥"8(—1), 62 ® €1)],
6) [(Co"8(—1) ® C%M8(—5) @ C¥1"8(—3),€1 @ €2 ® £3), (C*¢(—1 X —2 X —3),¢)],
7) Cs“‘g(* x —),€), (C"8(=),e)]
with Nat(Z7 Z) = 7, where Z denotes the respective constant functor with value Z.

T D D —

o~~~ o~~~

Before we give the proof, recall the following technical lemma from Topology I.
Here, the functor o<, : Ch(Z) — Ch(Z) is the “brutal truncation” which replaces
everything above degree n by 0
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2.1.4. Lemma. Let A be an abelian category, let P be a degreewise projective chain
complex in A, and let M be an arbitrary chain complex in A. If

HOHIA(P]C+1,H]€(M)):O and HomA(Pk,Hk(M)):O

for all k > n, then any chain map o<, (¢): o<n(P) = o<n(M) admits an extension
to a chain map p: P — M which is unique up to chain homotopy.

Proof of Theorem 2.1.8. As in the proof of homotopy invariance for singular ho-
mology in Topology I, we allow ourselves to think of Fun(Top x Top, Ab) and
Fun(Top x Top x Top, Ab) as abelian categories.

Let F': Top x Top — Ab be an arbitrary functor. For p,q > 0, we observe that
that the universal property of the free abelian group functor Z[—] and the Yoneda
lemma imply that

Nat(C;i“g(—l) ® C’;ing(—g), F)
= Nat(Z[HomTOP(AI’i’op’ _1)] & Z[HomTOP(Agl’op7 _2)}’ F)
= Nat(Z[HomTOPXTOP((A%op’ A’?[’op)’ _)]7 F)

= Na‘t(HomTOPXTOP((A%Opﬂ A%‘op)’ _)]7 F)
= F(A%0p7 A%013)7

where we consider F' as a set-valued functor in the penultimate line. Similarly, we
obtain

Nat(czmg(_l X _2)7F) = F( %op’ %op)
for all n > 0,

Nat(C5m8(—1) ® C5m8(—y) @ CEME(—3), F) = F(A

Top? Aq 1 )

Top?» —Top
for all p,q,r > 0, and
Nat(CL"8 (% x =), F) = F(AlL,)
for all n > 0.
This implies directly that C5"8(—1) @ C5"8(—3), C58(—1 x —3), C3"8(—1) ®
Cig(—3) @ C3"8(—3) and C3™8(x x X) are projective for all p,q,7,n > 0: given a
lifting problem

.7F

O;ing(_l) ®C;ing(_2) P G

with 7 an epimorphism, we find a lift as indicated by choosing a preimage of
the element in G(A%Op, Agfop) corresponding Fo the transformation - The same
kind of argument works for C;"8(—; x —3), C5"8(—1) @ C5"8(—2) ® C73"8(—3) and
CSIn8 (% x —).
Moreover, the constant functor Z is also projective since
= Z[HomTOPXTOP((gv Q), _)]’

Z
which implies Nat(Z, F') & F(@, o). In particular, Nat(Z,Z) = Z as claimed.
Note that o<_1(C) 2 Z for any of the functors featuring in the theorem. Thus
Nat(o 1(C).0<—1(D)) = Z
for any pair of these functors. We now want to apply Lemma 2.1.4 to show that each
of these transformations extends to a transformation C' = D which is unique up to

chain homotopy. Observing that the augmented singular chain complex computes
the reduced homology of a space, this follows in the first case since we have

Nat(C5m8(—1) ® C5M8(—3), Hpiq(—1 % —2)) = Hyig(Ay x A% ) =0

Top Top
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for all p,gq > 0. In the second case, the augmented singular chain complex

C*"8(Alt,,) = Z is chain contractible, hence C*"8(Af, ) @ C*™&(A%, ) 5 Zis

also chain contractible. This implies that
Nat(Ch"8 (=1 x—2), Hy (C¥8(—1)@C"8(—3))) 2 H, (C¥"8 (Al ) 0S8 (A%, )) = 0
as required. The remaining cases follow by completely analogous arguments. O

2.1.5. Definition.

(1) Define the Eilenberg—Zilber transformation to be the (up to chain homotopy
unique) natural transformation

EZ: Csing(_l) ® OSing(—g) N C«sing(_1 X _2)
corresponding to 1 € Z by virtue of Theorem 2.1.3.
(2) Define the Alezander-Whitney transformation to be the (up to chain homo-
topy unique) natural transformation
AW : Csing(il % 72) N Csing(il) ®Csing(72>
corresponding to 1 € Z by virtue of Theorem 2.1.3.

2.1.6. Proposition.
(1) There are chain homotopies AW o EZ ~ id and EZ o AW ~ id.
(2) Lett: —{ X—9 = —9 X —1 and 7: Csing(_l) X Csing(_2) = CSing(—g) (9
C®18(—1) be the respective flip automorphism. Then the diagram

Csing(_l) ®Csing(_2) EZ Csing(_l % _2)

Tl J{Csing(t)
Csing(_2) ® Csing(_l) EZ Csing(_2 X _1)

commutes up to chain homotopy.
(3) The diagram

O (—1) ® C0E(—3) @ C7178(—3) P28 C5(— X —3) © C18(—)

id® EZ\L lEZ

Osing(_l) ® Crsing(_2 X _3) L Csing(_l X —g X _3)

commutes up to chain homotopy.
(4) The diagram

Csing(*) ® Csing(i) EZ Cfsing(>|< X 7)

E®ldl lcsing(pr)

Z[0) ® C"8(—) —=—— C"8(-)

commutes up to chain homotopy, where pr: x Xx— = id denotes the natural
transformation given by the obvious projection maps.

Proof. On augmented chain complexes, both compositions induce the identity map
on Z in degree —1. Since the same is true for the identity transformation, the first
assertion follows from Theorem 2.1.3 (3) and (4).

The other assertions follow from Theorem 2.1.3 (5), (6) and (7) by an analogous
argument. U
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2.2. The singular homology of product spaces. At this point, we have all the
tools available to describe the singular homology of product spaces.

2.2.1. Theorem (Kiinneth formula for singular homology). Let X and Y be topo-
logical spaces, let R be a hereditary ring and let M be an R-module. Then there
exists a natural short exact sequence

0— H(X;R)®Qr H(Y; M) - H(X x Y; M) — Torf(H(X; R), H(Y; M))[1] — 0.
Moreover, this sequence splits.

Proof. Since there exists a natural chain homotopy equivalence
Co8(X x Y; M) ~ C¥"8(X) @ C"8(Y) @ M = C*"8(X; R) @ C*™8(Y; M)

by Proposition 2.1.6, the theorem follows from the algebraic Kiinneth formula
(Theorem 1.2.2). O

2.2.2. Corollary. Let X and Y be topological spaces. If R is a field, then
H(X;R)®pr H(Y;R) = H(X X Y;R).
2.2.3. Example. Let 7" := [[!_, S denote the n-torus. We claim that
Ho(tm) = 2().

This follows by induction from the Kiinneth formula. For n = 1, this is known from
Topology I. Writing 7" = T™ x S!, we observe that all Tor-terms vanish since
H(S?) is free in all degrees, so

H(T™) = @ Hy(T")@H,(S") = Ho(T")eHu 1 (T") = 2H ez() = 2070,
p+q=Fk
Later on, it will also be convenient to have relative versions of the Eilenberg—Zilber
and Alexander—-Whitney maps at our disposal.

2.2.4. Definition. An ezcisive triad (X, A, B) is a topological space X together with
two subspaces A C X and B C X such that C¥"8(A) 4+ C*'"8(B) — C"8(AU B) is
a chain homotopy equivalence.

2.2.5. Example.

(1) For every pair of spaces (X, A), the triple (X, A, @) is an excisive triad.

(2) If A and B are open subspaces of X, then (X, A, B) is an excisive triad.

(3) If X is a CW-complex and A and B are subcomplexes of X, then (X, A, B)
is an excisive triad. This can be deduced from the preceding example by
choosing open collars for A and B which deformation retract to A and B,
respectively.

2.2.6. Definition. Let (X, A) and (Y, B) be pairs of topological spaces. Then define
(X,A) x (Y,B) = (X xY,X x BUY x A).

2.2.7. Lemma. Let 0 - A — B — C — 0 be an exact sequence of right R-modules
and let 0 - A" — B' — C" — 0 be an exact sequence of right R-modules. Denote by
A®r B '+ B®pr A’ the image of the obvious map A Qr B’ ® B®r A’ - B®pr B'.
Then

0+ A®rB +BerA - BrB - C®rC" =0

18 exact.
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Proof. By definition, the first map is injective and the composite of the two middle
maps is zero. The right map is surjective since tensoring with a fixed module
preserves cokernels. Consider the commutative diagram

ARrA —— AQr B —— AQrC' —— 0

l L |

B®RAIL>B®RB/*>B®RC/4>0

| | !

CRrA —— C@QrB —— CRrC' —— 0

| | |

0 0 0

in which all rows and columns are exact. If x € B ® g B’ maps to zero in C @ C’,
its image in B®p C”’ lifts to an element in A®p C’, which in turn lifts to an element
a € A®g B’. Then z — i(a) maps to zero in B ®g C’, so there exists a preimage b
under j. Now i(a) + j(b) = . O

2.2.8. Lemma. Let (X, A) and (Y, B) be pairs of topological spaces. There exists a
natural commutative diagram

Osing (X) ® Csing(B)
+Csing (A) ® Osing(y)

EZx B +EZA’YJ/ JEZX,Y l

0 > C"8(X x B) + C""E(Y x A) ——s C""&(X x Y) e e iy — 0

| Js l

0 — C¥M8(X x BUAXY) —— C¥"8(X x V) —— C"8((X, A) x (Y, B)) — 0

0 —s —— C5E(X) ® CSE(Y) » C58(X, A) @ C5"¢(Y, B) — 0

with the following properties:
(1) all rows are exact;
(2) the upper vertical maps are chain homotopy equivalences;
(3) if (X xY, X x B,AXY) is an excisive triad, the lower vertical maps are
chain homotopy equivalences.

Proof. Exactness of the first row follows form Lemma 2.2.7, and the exactness of
the other two rows is clear.
As a consequence of Proposition 2.1.6, the Alexander-Whitney transformation
induces a commutative square
Csing(X) ® Csing(B)
+Csing(A) ® Csing(y)
AWx g +AWA,yT TAWX,Y

CSInE(X x B) + C¥I8(Y x A) —— C¥%8(X x Y)

Csing (X) ® Csing(y)

such that there are chain homotopies AW x y oEZx y ~id and EZx y c AW x y ~id
which restrict to chain homotopies

(AWX7B —|—AWA7y) o (EZX,B —|—EZA,y) ~id
and (EZX7B JrEZA,y) o (AWX7B +AWA,y) ~id

since the chain homotopies from Proposition 2.1.6 (1) are natural. This implies that
the upper right vertical map is also a chain homotopy equivalence.
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The third assertion follows from the definition of an excisive triad. O

To give at least one direct application of these considerations, we obtain a relative
version of the Kiinneth theorem.

2.2.9. Theorem. Let (X, A) and (Y, B) be pairs of topological spaces such that
(X XY, X xB,AXY) is an excisive triad. Let R be a hereditary ring and let M be
an R-module. Then there exists a natural short exact sequence

0— H(X,A;R)®r H(Y,B; M) — H((X,A) x (Y, B); M)
— Torf(H(X, A; R), H(Y, B; M))[1] — 0.

Moreover, this sequence splits.

3. SINGULAR COHOMOLOGY

The primary invariants that allow us to distinguish homotopy types so far have
been the fundamental group and the singular homology groups. Unfortunately, it is
easy to come up with questions about homotopy types that we cannot answer using
only these invariants: is CP? homotopy equivalent to S? vV §4? Is CP? homotopy
equivalent to to S? x §4?

We might try to refine our invariants by equipping them with additional structure.
The map H(X) ® HY) — H(X x Y) appearing the Kiinneth theorem defines
an “exterior product” (ie lax monoidal transformation) on singular homology. In
particular, we have product maps H(X) ® H(X) — H(X x X). However, there
is no good way to turn this into a multiplication map on H(X) since we lack a
natural map from X x X to X (unless we assume that X is a topological monoid or
something similar). But there does exist a natural transformation going the other
way, namely the diagonal map A: X — X x X. If homology was contravariant, we
could compose the “exterior” multiplication with the map induced by A and hope
to get a ring structure. Singular homology isn’t contravariant, of course, but we can
try to tweak our definitions a bit so we obtain a contravariant functor. For example,
we could take duals (ie apply the functor Hom(—, Z)) to reverse the functoriality of
the singular chain complex, and that it precisely what happens next.

3.1. Definition and basic properties. Recall that for every pair of chain com-
plexes C and D, there exists a chain complex Hom(C, D) of abelian groups.

3.1.1. Definition. Let (X, A) be a pair of topological spaces and let M be an
abelian group. Define

Csing(X, A; M) := Hom(C*"8(X, A), M[0]).
If A is empty, we will write Cying (X; M) instead of Cying (X, @; M), and similarly,
we will suppress M from the notation if M = Z.

3.1.2. Remark.

(1) In Definition 3.1.1, we write M [0] to emphasise that we regard M as a chain
complex concentrated in degree 0.
(2) Since M]0] is concentrated in degree 0, we have

Ciing (X, A; M),, = Hom(C*8(X, A), M)

for all n. In particular, Csng(X,A; M) is concentrated in non-positive
degrees.
Many authors like to reverse the indexing and write

n (XaAa M) = Csing(XaA; M)fn,

sing
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but this forces one to consider cochain complexes. Since this is merely
a question of indexing conventions (the category of cochain complexes is
isomorphic to the category of chain complexes), the mathematical content
is unchanged. When working on the chain level, we will prefer to stick to
chain complexes. However, it will still be convenient to adopt the reverse
indexing convention when passing to homology.

3.1.3. Definition. Let (X, A) be a pair of topological spaces and let M be an
abelian group. The n-th singular cohomology of (X, A) with coefficients in M is

H"(X,A; M) := H_,(Csing (X, A; M)).
This gives rise to functors
H™: Tops® — Ab,
where Top, is our notation for the category of pairs of topological spaces. Singular
cohomology enjoys many properties analogous to similar homology. Seeing this will
be quite straightforward after some preliminary observations. First of all, let us
record the exactness properties of the Hom-functors.
3.1.4. Lemma. Let A be an abelian category and let A and B be objects of A.
(1) The functor
Homy (A4, —): A — Ab
1s left exact. It is exact if and only if A is projective.
(2) The functor
Homy (—, B): AP — Ab
is left exact. It is exact if and only if B is injective.

Proof. Let 0 — Ay 2 A; 2 Ay — 0 be an exact sequence in A. Then

0 — Homu (A, Ag) —2% Homu (A, A1) =2 Homy (A, As)

is exact since i is a kernel of p. Every morphism g: A — Ay gives rise to a lifting
problem

Ay
f. 3 ip
A9, A,

If A is projective, each such lifting problem has a solution, showing that — o p is
surjective. Conversely, if — o p is surjective for every epimorphism p, this proves
that A is projective.

Since Homy(—, B) = Homyer (B, —), the second assertion follows from the
first. O

Moreover, we will want to know that taking Hom-complexes preserves chain maps
and chain homotopies.

3.1.5. Remark. Let C and D be chain complexes over R. By direct inspection of
the formulas we provided in Section 1, we observe that

(1) the set of O-cycles in Homp(C, D) is identical to the set of chain maps from
C to D;

(2) two O-cycles (ie chain maps) are homologous if and only if they are chain
homotopic: a 1-chain h with dHemr(C:P)(h) = ¢, — ¢ is exactly the same
as a chain homotopy ¢o ~ ¢1.

In the following, we will make regular use of this observation.

3.1.6. Construction. Consider the following data:
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e (' a chain complex of (S, R)-bimodules;
e D a chain complex of (T, R)-bimodules;
e F a chain complex of (U, R)-bimodules.

We claim that there exist (U, S)-linear composition maps
k: Homp (D, F) @ Homg(C, D) — Homp(C, E).
In fact, the naive formula

r: Homp(D, E)p,@rHomp(C, D)q — Homp(C, E)ptqg, (Vk)k@(Pk)k > (Vh+q00k)k

(we are not adding additional indices to x to unclutter the following formulas a bit)
is well-defined and satisfies

(0 d®) (i) @ (a)i) = K (2P (1)) @ (9)s + (~1)7(W)e @ d22CP) (), )
= H( (d” o th + (=1)P T 1 0d”), @ (o)
+ (1@ @ (47 0 i+ (~1)" o1 0 dC) )
= (@ 0 sy + (1) M1y 0dP) 0
+ (=1)PPrrg-1 0 (d” 0 pp, + (1) gy 0 d°) )k
= (d® o g 0 g1y + (1P Y14 0 o1 0d9),
= 1B ((gyy g 0 1)k)

= (a2 E) o k) (Vr)k ® (1)k),

so k defines a chain map.

If R is commutative, we can regard every chain complex over R as a chain complex
of (R, R)-bimodules. Then the resulting composition operation is associative and
unital in the sense that

X @ K(Y @) = K(r(x ©P) @) and  k(idp ©p) = ¢ = k(e ®ide)
for ¢ € Homp(C, D), ¢ € Homg (D, E) and ¢ € Hompg(E, F).
Let D be a chain complex of (7, R)-bimodules and let E be a chain complex of
(U, R)-bimodules. Then we can recover the (U, R)-linear evaluation map
ev: Homgp(D,E)®@r D — E
from the composition
Hompg (D, E) @1 D = Homz(D, E) @ Homg(R[0], D) < Homg(R[0], F) = E.

Let now X be a chain complex of (U, T)-bimodules, let Y be a chain complex of
(T, S)-bimodules, and let Z be a chain complex of (V,S)-bimodules. Then the
(V, S)-linear map ev: Homg(Y,Z) @7 Y — Z induces an isomorphism

evy

a: Homp(X,Homg(Y, Z)) - Homg(X®7Y, Hom (Y, Z)®7rY) — Homg(X®71Y, Z).

We stated this isomorphism already in (1.0.1) in a special case. Checking that « is
an isomorphism boils down to observing that the corresponding statement is correct

on the level of categories of bimodules.
Taking X = Homg(C, D), Y = Homg (D, F) and Z = Homg(C, E), we obtain a
chain map

%:=a '(k): Homg(C, D) — Hom(Homg(D, E), Homy(C, E)).
Then every chain map ¢: C'— D induces a 0-cycle
¢" ==F(p) € Hom(Homp(D, E), Homg(C, E))o.
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Unwinding the definitions, this is precisely the chain map
¢*: Homg(D, E) — Homg(C, E)
sending (@Z}k)k to (wk o gpk)k.

3.1.7. Corollary. Let C, D and E be chain complexes over R. If h is a chain
homotopy po ~ ¢1: C — D, then restriction along h induces an element

h* € Hom(Homg(D, E), Homy(C, E)),
satisfying dHo—m(“')(h*) = ] — 5. In other words, h* is a chain homotopy

©o =~ 1 Homp(D, E) — Hompg(C, E).
Proof. Since h is a chain homotopy ¢¢ =~ ¢1, it defines a chain h € Homz(C, D),
satisfying dHemr(C:P)(h) = ¢, — ¢q. Define h* := &(h). Since % is a chain map, we
have

aHom(-) (%) = R(HomAlCD) (1)) = g — 5. 0
3.1.8. Theorem. The singular cohomology functors
{H"(—; M)}nZO : TOpgp — Ab
have the following properties:
(1) H*(@; M) =0 for all n;

(2) H(x; M) = M and H"(x; M) =0 forn > 1;
(3) the canonical map
H(| (X, Ai); M) = [ [ H™ (X3, Ai; M)
i€l il
is an isomorphism for every collection of pairs (X;, A;)icr, alln > 0 and
all M;

(4) HY(X; M) = M™X) for all every weakly locally path-connected space X ;
(5) if f,9: (X, A) — (Y, B) are homotopic maps of pairs, then

HY () = H"(g): H™(Y, B; M) — H"(X, A; M);
(6) for every pair of topological spaces (X, A), there exist natural maps
o": H™(A; M) — H™ (X, A; M)
such that the sequence
H™(X, A; M) — H™(X; M) — H™(A; M) L5 H" (X, A; M) — H™ (X M)

is exact for all n; -
(7) for every pair (X, A) and every subspace U C A with U C int(A) the maps

H™(X,A; M) — H"(X \ U, A\ U; M)

induced by the inclusion map are isomorphisms;
(8) for every topological space X and all ordered pairs (A, B) of subspaces
A, B C X with int(A) Uint(B) = X there exist natural maps

0% p: H'(ANB; M) — H" ™ (X; M)
such that the sequence
H(X M) S22 gna vy @ HY(By M) 22205 g (AN B M)
(o) i ik ,
Ly g (x; M) S gt (A M) @ BB M)

s exact;
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(9) for every pointed space (X, x), there is a natural isomorphism
H"(ZX,N; M) = H"" (X, x; M),
where N denotes the north pole of the suspension Y.X ;

Proof. Since C*"&(&) = 0, we also have Cying (@) = 0, proving (1). From Topology
I, we know that C®8(x) ~ Z[0], so
Csing (¥, M[0]) = Csing(Z[0], M(0]) = M{0]
by Corollary 3.1.7. This shows (2).
Let X be a topological space. Then X = UYGWO(X) Y. Hence we obtain

Ciing(X; M) = Hom(C*"#(X), M[0]) 2 Hom(C™"# (Uy ery(x)Y), M[0])

~Hom | P C"8(Y), M[0]
Yen(X)

[[ Hom(cs"&(y), M[0])

Yenry(X)

II Ceme(yiM).

Yem(X)

Il

1%

Since taking homology commutes with products, we obtain

HY(X;M)= [ H"(Y;M).
Yem(X)
This proves (3).
The canonical map [[c,, (x) € — X is a homeomorphism if (and only if) X is

weakly locally path-connected. In light of (3), it is enough to consider the case that
X is path-connected for (4). Since

Caing (X; M)o = Hom(C3"(X), M) = Hom(Z[X], M) = [] M,
zeX

we can think of elements in this group as sequences (m,),. Similarly,

(jsirlg()(;‘Z\4)1g H M7

UEHomTop(A}FOP,X)
and, under these identifications, the boundary map sends (m,), to

(mUO(SO - mUO(Sl)o‘: Al X -

If (m,), is a cycle, path-connectedness of X implies that m, = m, for all z,y € X.
Evidently, any such sequence is also a cycle. Hence H°(X; M) = M.
Consider assertion (5). From Topology I, we know that f and g induce chain
homotopic maps C$"&(f) ~ C*"&(g), so the assertion follows from Corollary 3.1.7.
By Lemma 3.1.4, every pair of topological spaces (X, A) induces an exact sequence

0 = Csing (X, A; M) = Csing(X; M) — Ceing(A; M) — 0

since the singular chain complex is free in each degree. Hence we obtain the maps
0™ and the associated long exact sequence in (6) by passing to homology.
For (7), we again rely on Topology I and Corollary 3.1.7 to conclude that the
induced map Cqing(X, A) = Caing(X \U, A\ U; M) is a chain homotopy equivalence.
As in the case of singular homology, assertion (8) follows from assertions (6) and
(7), and assertion (9) is a consequence of (8) and (5). O
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3.1.9. Remark. In the following, we will stop writing H™(f) for the homomorphism
induced by f on the n-th singular cohomology group, and instead write f* for
the induced map (thus suppressing the degree from notation altogether). The
superscript indicates that the map is induced via a contravariant functor, so the
composition rule reads

g =(af)
for composable maps f: X - Y and g: Y — Z.
Next, we want to address questions analogous to the ones we asked (and answered)
for singular homology in Sections 1 and 2:

e Can we compute H"(X; M) from calculations with Z-coefficients?
e What is the singular cohomology of a product space?

3.2. The universal coefficient theorem for cohomology.

3.2.1. Construction. Let A and B be abelian categories and let F': A — B be a
left exact functor. Then F°P: A°P — B°P is right exact. If A has enough injectives
(ie every object A € A admits a monomorphism A — I for some injective object I),
Theorem 1.1.17 provides a left derived functor {LFSP},,>¢ of F°P. Setting

RFE™ := (L(F°P),)°P,

we obtain a cohomological §-functor {RF™},>0: this means that we have a sequence
of functors RF™: A — B together with a choice of natural boundary map

o": RF™(C) — RF"T1(A)
for each short exact sequence 0 -+ A — B — C' — 0 in A such that the sequences
RF"(A) — RF"(B) — RF"(C) L5 RF"(A) — RF™(B)

are exact. Moreover, this cohomological d-functor comes equipped with a natural
isomorphism RF® = F.

The cohomological §-functor {RE"},,>¢ is universal in the sense that for every
cohomological d-functor {G"},>0, every natural transformation RF? = G extends
uniquely to a morphism of cohomological J-functors {RF"},,>9 — {G" },>0; this is
immediate from the universal property of {L(F°P), },>0.

3.2.2. Definition. Let F': A — B be left exact. The universal cohomological
S-functor {RF"},>0, together with the natural isomorphism RF? = F, from Con-
struction 3.2.1 is called the right derived functor of F.

3.2.3. Definition. Let R be a ring and let N be an R-module. Define
{Ext (= V) oo
as the right derived functor of the left exact functor
Homp(—, N): R-Mod°® — Ab.

3.2.4. Remark. Applying universality, each of the functors Ext% refines to a
bifunctor

Extly: R-Mod®® x R-Mod — Ab.

Theorem 1.1.17 provides an explicit formula for Ext (M, N): starting with the left
exact functor Hompg (—N), consider the right exact functor Homg(—, N)°P: R-Mod —
ADb°P. Choosing a projective resolution Py — M, we obtain

L (Hompg(—, N)°?), (M) = H,,(Homg(P,, N)),
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where the latter term is the homology of a chain complex in Ab°P. If we wish to
express this as the homology of a chain complex of abelian groups, we have to apply
the trick of inverting the indexing again, which gives us the formula

Ext}y(M, N) = H_, (Homp(Pa, N[0])).

3.2.5. Proposition.
(1) Let N — I, be an injective resolution of N. Considering I, as a chain
complex concentrated in non-positive degrees, we have
Exti(M,N) = H_,,(Hompg(M][0], I,)).

(2) The natural maps
Exti (@D Mi, N) — [ [ Exti(M;, N)
icl il
and
Extp(M, [ Ni) = [ ] Exti(M, N;)
iel i€l
are isomorphisms.
(3) if every R-module admits a projective resolution of length < k, then
ExtR(M,N)=0
for allm > k;
(4) if every R-module admits an injective resolution of length < k, then
Exts(M,N)=0

for alln > k;
(5) for every projective R-module P, we have
Exty(P,—) =0
forallm > 1;
(6) for every injective R-module I, we have
Exti(—,I)=0
forallm > 1;
(7) if submodules of projective modules over R are projective, then Extz(M, N) =
0 for alln > 2;
(8) if quotients of injective modules over R are injective, then Exth(M,N) =0
for allm > 2;
(9) if R is an integral domain and r # 0, then

Extg(R/(r), N) = Homp(R/(r), N) = {y € N | ry = 0}
and
Extg(R/(r),N) = N/rN;
(10) Exti(Z/k,Z)1) = 7/ ged(k,1) for k # 0.
Proof. The vanishing assertions (3), (5) and (7) are immediate from the formula
Extk(M,N) = H_,(Hompg(P,, N[0])) for some projective resolution Py — M of
M. If I is injective and Py — M is a projective resolution, then Hom (P, I]0]) is

still exact by Lemma 3.1.4. This implies (6).
Observe now that

HomR(M,HNi) - HHomR(M, N;)
i€l icl
is a natural isomorphism, and that [],.,;: Fun(/, R-Mod) — R-Mod is an exact

functor. Hence {[];c; Extx(—, Ni)}n>0 is a cohomological é-functor extending
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Homp(—,[[;c; Ni). Since Extz(—, N;) vanishes on projectives for n > 1, it follows
from Proposition 1.1.13 that {]],.; Extk(—, Ni)}n>0 is a universal cohomological
d-functor, and therefore has to be isomorphic to {Extz(—,[[;c; Ni)}n>0. This
proves the second part of (2).

We proceed to prove (1). So let M be an R-module and choose a projective
resolution Py — M. If

0— Ny — Ny >Ny —0
is an exact sequence, then the induced sequence
0 — Hompg (P, No[0]) — Homp (P, N1[0]) — Homp (P, N2[0]) — 0
is also exact by Lemma 3.1.4. Passing to homology, we obtain natural boundary
maps
o™ Exth(M, No) — Extht (M, No)
which give rise to long exact sequences of Ext-groups. This upgrades {Ext (M, —)}n>o0
to a cohomological d-functor. If I is an injective module, Ext'y(M,I) = 0 by as-
sertion (6). Since the category of R-modules has enough injectives, it follows from

Proposition 1.1.13 that this defines a universal cohomological d-functor. Applying
Construction 3.2.1 to Homp(—, N), it follows that

Ext (M, N) = H_,,(Homp(M|0], I,))

for some injective resolution N — I, (the indexing comes out like this exactly as
in Remark 3.2.4 since Theorem 1.1.17 describes Ext;z as the homology of a chain
complex in Ab°P).

For the first part of (2), we can now argue as before using that

Homp(EP M;, N) — | [ Homg(M;, N)
iel i€l
is an isomorphism. Moreover, the vanishing assertions (4) and (8) are now obvious.
We are left with proving (9) and (10). Since 0 - R - R — R/(r) — O is a

projective resolution if r is not a zero divisor, we have to compute the homology of
the chain complex

0—->N-L5N=0

concentrated in degrees 0 and —1 (since Hompg(R, N) = N by evaluating at 1 € R).
Hence

Ext%(R/(r),N)={y € N|ry =0} and Ext%(R/(r),N)= N/rN.
Applying this in the case R = Z and k # 0, we have
Exty(Z/k,Z)1) = (Z)1)/(k - Z]1).

Set g := ged(k,1). Note that the projection map p: Z/l — Z/g satisfies p(k) =
g- g = 0. If p(z) = 0, then x = gy for some y € Z. Writing 1 = a% + bé, we have
x = aky + bly = aky € Z/1, so p induces an isomorphism (Z/1)/(k-Z/l) = Z/g. O

The Ext-functors will appear when we try to describe the homology of the
complexes Homp(C, D). As preparation for the more general statement, we record
the following lemma.

3.2.6. Lemma. Let P be a degreewise projective graded R-module and let D be a
chain complex over R. Then the map

H(Homp(P, D)) — Homp(P, H(D))

induced by evaluation is an isomorphism.
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Proof. Since P = @, P,[n] as a chain complex, we have
Homp(P,C) = [] Homp(Py[n], O)
neZ
for every chain complex C. As homology commutes with products, we may restrict
to the case of a graded module P[n| concentrated in degree n for some projective
R-module P. Then Homg(P[n],D); = Hompg(P, Dyyr). Since Hompg(P, —) is
exact by Lemma 3.1.4, it follows that ker(d1ems(PI"P)) = Hompg(P[n], ker(dP))
and img(d2emr(P[".D)) — Hompg(P[n], img(d”)), and therefore also
H(Hom(P[n], D)) = Hom p(P[n], H(D)). O
In analogy to the situation of the Kiinneth formula, define for a biadditive functor
F:APxA—B

and chain complexes C and D over A and A’, respectively, a new chain complex
F(C, D) by

F(C, D), = H F(CpaDp+n)
PEZ
]_[p dcof+(71)”'+1fodD

are.n). H F(Cp, Dp-‘rn) H F(Cp’ Dp-',—n—l)
pEZ PEL

Note that this recovers our definition of Hom (even though our notation is not quite
consistent).

3.2.7. Theorem. Let R be a hereditary ring and let C and D be chain complezes
of R-modules. If C' is degreewise projective, then there exists a natural short exact
sequence

0 = Exty(H(C), H(D))[~1] = H(Homp(C, D)) <> Homp(H(C), H(D)) — 0.
Moreover, this sequence splits.

Proof. The proof is very similar to the proof of the Kiinneth formula. Let Z
and B denote the graded modules of cycles and chains in C, respectively. Then
0 = Z — C — B[1] — 0 is exact, and both Z and B are degreewise projective.
Hence
0 — Homp(BJ[1], D) — Homy(C, D) — Homy(Z, D) — 0

is exact by Lemma 3.1.4 and because products of exact sequences are exact. Taking
homology and using that Homy(Z[1], D) = Hompg(Z, D)[—1], we obtain an exact
sequence

H(Hom (7, D))[~1] 222 H(Hom (B, D))[~1] — H(Hom (C, D))

— H(Homp(Z, D)) % H(Homp(B, D).

Now apply Lemma 3.2.6 to obtain the isomorphic exact sequence

Hom (2, H(D))[~1] 2= Hom (B, H(D)))[~1] — H(Homp(C, D))

— Homp,(Z, H(D)) % Homp(B, H(D)).

As in the proof of the Kiinneth theorem, the boundary map 9 is given by restriction
along the inclusion map B — Z. Hence the natural short exact sequence

0 — coker(9[—1]) = H(Homp(C, D)) — ker(9) — 0

is isomorphic to the claimed sequence because 0 - B — Z — H(C) — 0 is a
projective resolution of H(C).
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To show that the sequence splits, use Lemma 1.2.3 to choose quasi-isomorphisms
C <~ P = H(C)and D <~ Q = H(D) with P and Q) degreewise projective. Then
the exact sequence in question becomes identified with the short exact sequence

0 — Extp(H(P), H(Q))[-1] = H(Hompg(P,Q)) <> Homg(H(P), H(Q)) - 0,
and the quasi-isomorphism @ — H (D) in turn identifies this with the short exact
sequence
0 — Extp(H(P), H(D))[~1] = H(Homp(P, H(D))) = Homp(H(P), H(D)) — 0.
The chosen quasi-isomorphism P = H(C) induces a chain map a: P — H(P) sat-
isfying H(a) = id. Then the restriction map o* is a section to ev: if p: H(P)[—k] —

oal[—k
H (D) is a homomorphism, precomposition with « induces a chain map P[—k] L[]>

H(D). Since ev sends this chain map to the map H(P)[—k] — H(D) induced by
¢ o a[—k] in homology, ev(p o a[—k]) = ¢. O

3.2.8. Corollary. Let X be a topological space, let R be a hereditary ring and let M
be an R-module. Then there exists for each n > 0 a natural short exact sequence
0 — BExth(H,_1(X;R),M) — H"(X; M) =% Homg(H,(X; R), M) — 0.
Moreover, this sequence splits.
Proof. By definition, we have H"(X; M) = H_,,(Hom(C®*"8(X; R), M)). Since
(Extp(H(C), M[O)[-1]) _,, = Ext(H,-1(X; R), M),
we obtain the short exact sequence as a special case of Theorem 3.2.7. ([l

3.3. Products on singular cohomology. As announced at the beginning of this
section, the main new feature of singular cohomology is that it admits an additional
ring structure which is not present on homology. From here on out, we assume that
R is a commutative ring.

3.3.1. Construction. Consider the following data:

e (C and D chain complexes of abelian groups;
e M and N chain complexes of R-modules.

Then we obtain natural chain maps
A: Hom(C, M) @ Hom(D, N) — Hom(C ® D, M ®g N)
by taking the adjoint of the chain maps
Hom(C, M) ® Hom(D,N) ® C ® D
= (Hom(C, M) ® C) @ (Hom(D, M) ® D)
eve ®evp M®pN.
In particular, we have (¢ @ ¥)(z @ y) = (=1)1*1¥1p(z) @ (y).
3.3.2. Definition. The cross product is the natural transformation
x: H*(—1; M) ®p H*(—2; N) = H*(—1 X —2; M ®r N)
of functors Top x Top — grAb whose component at (X,Y") is the map
H(Csing(X; M)) ®p H(Csing(Y; N)) = H(Csing(X; M) @R Csing(Y; N))
= H(Hom(C™"#(X), M[0]) @z Hom(C*'"5(Y), N[0]))

AN, | (Hom(C5"¢(X) @ CM8(Y), M @ N))

HAWT, H(Hom(CS"8(X x Y), M @ N))

~ H*(X xY; M ®p N)
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3.3.3. Definition. Define

n € H°(x R) = Hom(Ho(x), R)
to be the unique class corresponding to the homomorphism Hy(x) — R induced by
the map C*"8(x) 5 Z[0] 22 R[0].

3.3.4. Lemma. Let f: X' - X, g:Y' =Y and h: Z' — Z be continuous maps,
and let L, M and N be R-modules. Consider oo € HP(X;L), f € H(Y; M) and
v € H"(Z;N).
(1) the cross product is natural: f*a x g*8 = (f x g)*(a x 8);
(2) the cross product is associative: (o X ) X v=a X (8 X 7);
(3) the cross product is unital: 1 X a@ = pria and a X n = prya, where
pri: * XX — X and pry: X X * = X denote the “projection” maps;
(4) the cross product is graded-commutative: t*(a x ) = (=1)1*813 x o, where
t: Y x X - X xY is the flip map.

Proof. The first assertion spells out what it means for x to be a natural transfor-
mation. The other assertions follow from the definitions of p and A together with
Proposition 2.1.6 by carefully unwinding all definitions. In order to reduce the size
of the following diagrams, let us introduce the following abbreviations:

(1) our notation will suppress the coefficient modules L, M, N, L g M, ...
completely; for each term, there is only one coefficient module that makes
sense;

(2) C(X) := C*m&(X), and similarly for other spaces;

(3) if Ais a chain complex, we write AV := Hom(A, appropriate coefficient module).

To check associativity, we claim that the following diagram commutes:

H(C(X)Y) @ H(C(Y)Y) @ H(C(2)) —“Z H(C(X)" @ C(Y)¥) @ H(C(2)") H(C(X)eC(Y)Y) e H(C(2)Y) H(C(X xY)¥)® H(C(2)Y)

lid ®n lu “ l“

H(\)®id H(AW*)®id
—_— —_

HCX)) @ HCY) 0 C(2)Y) —" 5 HCX) e C(Y) 0 0(2)Y) —129 , gex)ecy)Y ecz)) 2V 29 gox xv)Y e c(2)Y)
lid ®H(N) lH(id ®N) H(\) lH()\)
H(C(X)Y) ® H(C(Y) ® C(2))Y) —"—— H(C(X)Y ® (C(Y)® C(2)") — s H(CX) e 0(Y) o 0(2)) 20, H((ox «¥) e 0(2))
lid@H(AVV*) lH(id@AVV*) l lH(AVV")
H(C(X))® HC(Y x Z)V) ——* 5 HC(X)Y @ C(Y x 2)Y) 7 H((C(X) @ C(Y x Z)V) HAW) H((C(X x Y x Z))

The bottom right square commutes by virtue of Proposition 2.1.6. All other squares
commute by inspection.
To see that the cross product is graded-commutative, we verify that the diagram

HCX)) @ HCY)Y) — = HOX) 0 cv)Y) X% mox) e o)) ™™ e x v)v)

I e [ |
®C(

HOY)Y) @ HC(X)Y) —“ HOW) @ o(X)Y) 2% miew) o ox)) ™ mew < x)v)

commutes. The left square commutes because
(or) ([ @ [y]) = p((-) Wy [2]) = (-1)"/[y @ 2]
= [tz ®y)] = H(r)([z ®y]) = (H(7) o p)([z] @ [y]).
Commutativity of the middle square follows similarly by unwinding definitions (this
is easier to check using the chain map adjoint to A, see Construction 3.3.1), and the
right square commutes by Proposition 2.1.6.
For the assertion about unitality, we similarly consider the diagram

H(CHY) @ HCX)Y) — H(CH)Y @ 0(X)Y) 2 gew o ox)Y) XY gox x x)V)

H(sv)®idT H(sv®id)T H((s@id)v)T pr?TE
H(Z[0]Y) @ H(C(X)Y) —— H(Z[0]Y ® C(X)¥) —9 H((Z[0]Y ® C(X))") —— H(C(X)Y)
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The left and middle square commute by direct inspection, and the right square
commutes by virtue of Proposition 2.1.6. Now observe that the composition along the
top row computes the cross product, and the leftmost vertical arrow sends the class
represented by idz in H(Z[0]") to 7. Since composition along the bottom row sends
[idz] ® & to «, the assertion about left unitality follows. Right unitality is immediate
since we have already checked that the cross product is graded-commutative. [

Inspecting the definition of the cross product, we observe that it can almost be
identified with the map p. The only map which is potentially not an isomorphism
is H(A). If H(\) was an isomorphism, we would immediately obtain a Kiinneth
theorem for cohomology from the algebraic Kiinneth formula. This motivates the
next lemma.

3.3.5. Lemma. Let C, D, M and N be chain complezes over a noetherian hereditary
ring R. Assume that

(1) C and D are degreewise projective;

(2) H(C) and H(D) are bounded below;

(3) M and N are bounded above;

(4) H(C) and M are degreewise finitely generated.

Then A: Homp(C, M) ® Homp(D,N) — Homp(C ®r D,M ®r N) is a chain
homotopy equivalence.

Proof. Lemma 1.2.3 (including its proof) shows that there exist degreewise projective
chain complexes P and Q and quasi-isomorphisms ¢: P = C and ¢: Q — D
such that P and @) are bounded below, and P can additionally be chosen to be
degreewise finitely generated. Since C' and D are assumed to be degreewise projective
themselves, ¢ and 1 are chain homotopy equivalences. Consequently, the vertical
maps in the commutative diagram

Hom ;,(C, M) ® Hom (D, N) —— Hom(C @ D, M @5 N)

o] [

Hom (P, M) @ Homp(Q, N) —— Homy(P ®z Q, M ®5 N)

are chain homotopy equivalences, and we may concentrate on the lower horizontal
map. Let us decode what the domain and target of this map are in each degree n.
For the domain, we get

(Homp (P, M) ® Homg(Q, N)),,

@ HHomR(Pp,Mp+k) ® HHOmR(quNq-H)

k+l=n \pcZ qEL

o @ @ Hompg (Pp, Mptr) ® Homp(Qq, Ngt1)
k+l=n p,q

=~ @ HOHIR(PP7MT) ®r HomR(Qq7NS)7
r+s=p+q+n

where the first isomorphism uses the boundedness assumptions, and the second
reindexes the direct sums by r = p+ k and s = ¢ + [. For the target, we similarly
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obtain
= HHomR( @ P, ®r Qq, @ M, ®g Ns)

keZ p+q=k r+s=p+q+tn

P Homp(P,, M,) @r Homp(Qy, Ny)
rts=p+q+n

1%

because the boundedness assumptions on P and ) imply that we only need to
consider finitely many indices.

Therefore, it is enough to show that A is an isomorphism if P, @, M and N are
R-modules such that P and @ are projective and P and M are finitely generated.
Exhibiting P and @ as direct summands of free modules R™ and R[Y], we see that
the instance of A for P, Q M and N is a retract of the homomorphism

A: Homp(R™, M) ® Homg(R[Y], N) - Homgr(R™ ®r R[Y], M ®r N).

This map is identified with

D M @r Homp(RY], N) 222 @) Homp(R[Y], M @5 N).
m X

Since M is finitely generated and R is noetherian, there exists a finite presentation
R* R - M—0

of M. Since — ® Hompg(R[Y],N), — ®g N and Hompg(R[Y], —) are right exact
(the last one by Lemma 3.1.4 because R[Y] is projective), we obtain the following
commutative diagram with exact rows:

R* ® Hompg(R[Y], N) — R’ ® Homg(R[Y],N) — M ® Homg(R[Y],N) = 0

| ! |

Homp(R[Y], R* ®g N) + Homg(R[Y], R* ®z N) + Homg(R[Y],M @ N) + 0

The left and middle vertical maps are isomorphisms by inspection, so it follows that
the right vertical map is also an isomorphism. O

There are other sets of assumption that would allow us to conclude that A is a
chain homotopy equivalence. Lemma 3.3.5 is formulated in auch a way that we can
deduce a Kiinneth formula for singular cohomology from it.

We will also require the following.

3.3.6. Proposition (Chase). Let R be an arbitrary commutative ring. Then the
following are equivalent:

(1) Products of flat modules are flat.
(2) Every finitely generated submodule of a free module is finitely presented.

In particular, products of flat (left/right) modules are flat over (left/right) noetherian
TiNgs.

Proof. Let us first show that (2) implies (1). Let (M, ) be a family of flat left
R-modules and set M := [[, M,. Then [[ (M, ®gr —) is an exact functor, and
M ®pr — is a right exact functor. Note that we have a natural transformation
M ®r — = [[,(Ma ®r —).
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If N is finitely generated, choose an exact sequence 0 - K — R — N — 0.
Applying the two functors above yields a commutative diagram

Mg K ——— M@rR" ———— M ®pr N —— 0

| | |

0—— Ha(Ma XR K) — Ha(Ma ®RrR Rn) B Ha(Ma ®R N) —0

with exact rows. The middle vertical arrow is an isomorphism, so the right vertical
map is an epimorphism. In particular, if N is finitely presented and we have chosen
the exact sequence 0 - K — R™ — N — 0 such that K is finitely generated, the
left vertical map is also an epimorphism. This implies that the right vertical map
is an isomorphism for N finitely presented. Under assumption (2), K is then also
finitely presented, so the left vertical map is also an isomorphism. This shows that
the upper row is exact, so Torl (M, N) = 0 for every finitely presented module N.
Returning to the case that N is finitely generated, we can write

K= colim L
LCK fin. gen.

as a directed colimit over its finitely generated submodules. Then

N2 colim R"/L
LCK fin. gen.
is a filtered colimit of finitely presented modules. Since Tor? commutes with
filtered colimits, we have Tor®(M, N) = 0 for all finitely generated modules, and an
analogous argument allows us to conclude that Tor{%(M ,N) =0 for all modules N.
This is equivalent to asserting that M ®p — is exact, so M is flat.

Let us now prove the converse direction. Consider a free module R[B] and a
finitely generated submodule M C R[B]. If 1, ...,z generate M, then each x; can
be written in the form ZbGB r; »b with all but finitely many of the 7;; being zero.
Hence the set {b € B | r; # 0 for some 7} is finite, so we may assume without loss
of generality that B is finite.

Our goal is to show that kernel K of the tautological epimorphism 7: R[x1,...,zx] —
M is finitely generated. For y € K, write y = Zle Ai(y)z; and set

zi = (Ni(y))yex € H R.

Expanding z; = ), 5 §ipb in R[B], we obtain

k k
0= Xly)- D> &isb= ( &-(y)fi,b) b,
1

i=1 beB beB \i=

so each of the cofficients is zero. We interpret this equation as the assertion that
the diagram

R[B]

|

Rlz1,. . 2] —— |1

(1

R

yeK

commutes, where Z is given by the matrix (& 5)1<i<k.beB, and the lower horizontal
map is the tautological one. The above diagram represents a morphism in the
category E([],cx R) introduced in the proof of Proposition 1.1.9. Since [] ¢ R is

assumed to be flat, the proof of Proposition 1.1.9 informs us that E(][,cx R) is
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filtered. Consequently, the above diagram extends to a diagram

R[B]

= x
R[zl,...,zk] — HyEKR
u:(uj,i)j,z‘l /
Rl

such that the composite map poZ: R[B] — R! is zero. Define a homomorphism
R' — R[z1,..., 73] by sending the j-th standard basis vector to Zle w,ixi. Then

k k k
W(Z i) = Zﬂj,i : Z (Z Mj,ifi,b) b.
i=1 i=1 beB \i=1

Each coeflicient is a matrix coefficient of the composite p o =, so Zle Wy € K.
It now suffices to check that the induced map x: R! — K is surjective. Let y € K.
Commutativity of the lower part of the above diagram translates to the equation

1
Xi(y) = @iy
j=1

forall 1 <i<k,1<j<landye€ K, where ; denotes the j-th component of .
Consequently, we obtain

k k l l k
y=> Ny =) Wi |z =3 @iW) > pjixi,
i=1 i=1 \j=1 j=1 i=1
which shows that y lies in the image of k. O

3.3.7. Lemma. Let R be a principal ideal domain. Then an R-module is flat if and
only if it is torsionfree.

Proof. One direction is immediate from Lemma 1.1.20 (6). If M is a torsionfree
module, then the same statement shows that Torf'(M, R/(r)) = 0 for all r € R. By
the classification of finitely generated modules and Lemma 1.1.20 (1), this implies
Torf (M, N) = 0 for all finitely generated modules, and therefore Torf(M, N) =0
for all modules by Lemma 1.1.20 (2) since every module is a directed colimit of its
finitely generated submodules. Hence M is flat. O

3.3.8. Theorem (Kiinneth formula for singular cohomology). Let X and Y be
topological spaces, let R be a principal ideal domain and let M be an R-module. If
H(X;R) is degreewise finitely generated, then there exists a short exact sequence

0— H*(X;R)@r H (Y; M) = H* (X x Y; M)
— Torf(H*(X; R), H*(Y; M))[-1] — 0.
Moreover, this sequence splits.

Proof. Our assumptions guarantee that the cross product map is isomorphic to the
map

I3 H(Csing (X, R)) ®R H(Csing(y; M)) — H(Csing (X, R) ®R Csing (Ya M))

by Lemma 3.3.5.
Observing that

Cuing(X; )n = Homp(C%(X; R), R[0])
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is a product of free modules, Proposition 3.3.6 implies that Cying (X; R) is degreewise
flat because R is noetherian. Let Z and B denote the subcomplexes of cycles and
boundaries in Cging(X; R). Two applications of Lemma 3.3.7 imply that Z and B
are degreewise flat. By inspection of the proof of Theorem 1.2.2, one sees that these
assumptions are enough to make the proof work (using that Tor can be computed
using flat resolutions), so we obtain the desired short exact sequence from the
algebraic Kiinneth formula. The splitting arises again from Lemma 1.2.3.

The indexing shift comes from our indexing convention for cohomology. O

3.3.9. Remark. To remove any confusion about the correct indexing, the short
exact sequence of Theorem 3.3.8 in degree n reads

0= @ HP(X;M)®r HI(Y;N) = H"(X xY; M @g N)
ptg=n
= @ Torf(H(X;M),H(Y;N)) 0.
p+g=n+1
3.3.10. Corollary. If either
(1) R is a field and H(X; R) is degreewise finitely generated or
(2) R is a principal ideal domain and H(X; R) is degreewise finitely generated
free,
then
x: H'(X;R)@r H*(Y;R) - H* (X xY; R)
s an isomorphism.

Proof. The assumptions imply that that the Tor-terms appearing in Theorem 3.3.8
vanish. (]

With the “external” cross product defined, we can now equip the cohomology
of a space with a product structure by pulling back the cross product along the
diagonal map.

3.3.11. Definition. Let R be a ring and let X be a topological space. Define the
cup product as the composition

U: H*(X; R)@pH*(X; R) 25 H*(XxX; RorR) = H*(X; R9rR) = H*(X;R).

3.3.12. Remark. We have used the cross product to define the cup product. It is
also possible to extract the cross product from the cup product: given topological
spaces X and Y, let pry: X xY — X and pry: X XY — Y be the projection
maps. Then we have for o € HP(X; R) and g € HY(Y; R)

pry aUpry = A%(pr a x pry ) = A¥(pry x pry)*(a x f) = a x
by Lemma 3.3.4 (1) because (pry X pry)oA =idxxy.

Next up, we define the appropriate category in which the cohomology of spaces,
equipped with the cup product, lives.

3.3.13. Definition. A graded-commutative R-algebra (H,-,n) is a graded R-module
H =@,y H" together with a morphism
-H®rH—H

and an element n € H® such that the following holds:

(1) the product is associative: (ay - ag) - ag = a1 - (ag - a3));

(2) the product is unital: n-a=a=a«a-n;

(3) the product is graded-commutative: a; - ag = (—1)““1“’20[2 o for all aq,

g of homogeneous degree.
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A morphism of graded-commutative R-algebras ¢: (H,-,n) — (H',,
phism of graded R-modules ¢: H — H' such that p(ay - as) = ¢(aq) -
e(n) =1

The category of graded-commutative R-algebras and their morphisms will be
denoted by grCAlgg.

/.n') is a mor-
!/

p(az) and

Recall that we defined a distinguished element n € HY(*; R) which acts as a unit
element for the cross product. Since the projection map pr: X — * induces for each
topological space X a morphism H*(x; R) — H*(X; R), we obtain an element in
nx = pr*n € H°(X; R). By abuse of notation, we will denote this element also by

7.
3.3.14. Proposition. Sending a topological space X to the triple (H*(X; R),U,n)
and continuous maps to the induced map in cohomology defines a functor

H*(—; R): Top®® — grCAlgg.

Proof. We know that H*(—; R) is a functor with values in graded R-modules, so
we only have to show that the cup product equips H*(X; R) with the structure of
a graded-commutative ring, and that each continuous map f: X — Y induces a
morphism of graded R-algebras.

Fix a topological space X and let « € HP(X; R), 8 € HI(X; R) and vy € H"(X; R)
be elements in H*(X; R). Using Lemma 3.3.4 and the relation (A x id) o A =
(id xA) o A, we obtain

(aUB) Uy = A*(A*(a x §) x7)
— A*(A x i) (@ x B) x 7)
=A"(A xid)"(a x (8 x7)
— A*(id xA)*(a x (8 x 7))
= A(ax A*(B x 7))
A¥(ax (BU9))
aU(BU9).
Moreover, Lemma 3.3.4 also implies
aUpf=A"axp)
= A (=Dl IPlE (8 x o))
- (_1)IaHBI5 Ua,

where t: X x X — X x X is the flip map, because t o A = A. To see that 7 is in
fact a unit for the multiplication, we obtain from Lemma 3.3.4 (1) the commutative
diagram
H(x; R) ® H?(X; R) ——— H?(X;R)
pr* ® idJ{ (pr X id)*l id
H°(X;R)® H?(X;R) —— H?(X x X;R) SENN H?(X;R)

and Lemma 3.3.4 (3) shows that the instance of the cross product on the top line
sends 11 ® a to «. O

3.3.15. Remark. Let (H,-,7n) be a graded-commutative R-algebra. If a € H?"1 is
an odd-degree element, then o U v = (—1)(2”+1)2a U« by graded-commutativity, so

2(a@Ua) =0.



TOPOLOGY II 39

Unless R has characteristic 2, this already imposes some restrictions on the products
in graded-commutative R-algebras.

3.3.16. Example.

(1) Denote by Pr(z) the polynomial ring over R in one variable 2. For even d,
we can turn Pg(x) into a graded-commutative R-algebra by declaring

Pr(a)t Rz d divides k,
0 otherwise.

If R has characteristic 2, this definition also makes sense for odd d, see
Remark 3.3.15.

(2) In analogy to the preceding example, there are also truncated polynomial
rings Pr(x)/z" "1 for a generator in even degree d (and also for odd d if R
has characteristic 2).

(3) For arbitrary d > 1, the exterior algebra Ar(z) on a generator in degree d

has
R k=0,d
A k= T
r(@) { 0 otherwise.

Note that there is only one choice of graded-commutative R-algebra structure
on this graded module. If d is even (or the characteristic of R is 2), there is
an isomorphism of graded-commutative rings

Ag(x) = Pgr(z)/x?.
3.3.17. Example. We have
H*(8") = Ag(x)

with |z] = n.

3.3.18. Definition. Let H and H' be graded-commutative R-algebras. Define the
tensor product H ® g H' by

(HeH')":=  H"@r (H')
ptg=n
together with the unit map
R=Ror R™" HogH'
and the multiplication map
(HopH')®r (Hop H') = (Hop H)@p (H @r H') 2~ Hogp H'
which sends 2 ® ' and y @ ¢/ to (—1)*"Wlzy @ 2y

3.3.19. Remark. The tensor product allows us to easily make sense of polynomial
and exterior algebras with more than one generator, eg

Pr(z1,...,25) 2 Pr(z1) ® ... ® Pr(xy).
3.3.20. Lemma. The cross product map
x: H(X;R)®@r H*(Y;R) - H*(X xY; R)
s a morphism of graded-commutative R-algebras.

Proof. Let a; € H?(X;R), ap € H? (X;R) and 8, € HI(Y;R), B € HY (Y; R).
Then

(1 @ ) U (B1 @ B2) = (—=1)*1Pl (0 Uawy) ® (B1 U Ba),
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so we calculate using Lemma 3.3.4 that

(=Dl (g Uag) x (81U o)
= (=D)l=lPAL (1 x az) x AL (B1 x B2)
= (_1)|a2|\61\(AX X Ay)* (a1 x ag X 1 X B2)
= A%y (a1 X B1 X ag X B2)
= (a1 X B1) U (ag x B2) O
In the fortunate circumstance that all the Tor-terms in the Kiinneth theorem

vanish, Lemma 3.3.20 implies that the Kiinneth theorem actually describes the
entire cohomology algebra of a product of spaces. One instance is the following.

3.3.21. Corollary. For alln > 1, we have
H*(Tn) = Az(ajl, e ,.I'n)

with |z;| =1 for all 1 <i < n.
Proof. By Example 3.3.17, we have H*(S') & Az(x) with |z| = 1. Combining
Theorem 3.3.8 and Lemma 3.3.20, we obtain

n

H*(Tn) = ®Az(l‘1) = Az(xl, N ,J)n)
i=1

Calculating the cohomology ring of a space is typically a non-trivial task. We
will give a slightly ad-hoc argument to determine the cohomology rings of RP™ and
CP™; later on, we will obtain the same calculation as a corollary of Poincaré duality.
This alone will suffice to give a number of applications which hopefully illustrate
the usefulness of the cup product.

3.3.22. Theorem. Letn > 1.
(1) Let w € HY(RP™;F3) be the unique non-trivial element. Then
H*(RP";F3) & Pg, (w)/(w" ™).

Under this identification, the inclusion map RP™ — RP™! induces the
projection Pr,(w)/(w" %) — P, (w)/(w™t1).
(2) Let c € H*(CP™) be a generator. Then

H*(CP™) = Py(e) /(™).

Under this identification, the inclusion map CP™ — CP"™t! induces the
projection Pz(c)/(c"t2) — Py(c)/(c™t1).

For the proof of the theorem, it will be convenient, although somewhat technical,
to observe that we can also define relative cup products.

3.3.23. Definition. Let (X, A) and (Y, B) be pairs of spaces such that (X x Y, X x
B, A xY) is an excisive triad and let M and N be R-modules. Define the relative
cross product

x: H*(X, 4; M) @ H'(Y, B;N) = H*((X, A) x (Y, B); M @ N)
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as the composition
H(Csing(Xv A7 M)) ®R H(Csing(yv B; N))
A H(Csing(Xa A; M) ®R Csing(K Bv N))

AY, H(Hom(C™"8(X, A) @ C5™5(Y, B), (M @5 N)[0)))

= H(Cuing (X, A) x (Y, B); M @ N),
where the final isomorphism arises from Lemma 2.2.8.
3.3.24. Remark. The properties of the cross product from Lemma 3.3.4 carry over
in straightforward fashion to the relative case. In the following, we will only need to

know that the relative cross product is natural in maps of pairs, which is obvious
from the definition and Lemma 2.2.8.

The proof of Theorem 3.3.8 also carries over to obtain a Kiinneth theorem for
pairs of spaces.

3.3.25. Theorem. Let (X, A) and (Y, B) be pairs of spaces, let R be a principal ideal
domain and let M be an R-module. If H(X, A; R) is degrecwise finitely generated
and (X XY, X x B,AXY) is an excisive triad, then there exists a short exact
sequence
0— H*(X,A;R) ®g H*(Y, B; M) = H*((X, A) x (Y, B); M)
— Torf'(H*(X, A; R), H*(Y, B; M))[-1] — 0.

Moreover, this sequence splits.

In addition, we can define a relative cup product. This can be done is slightly

greater generality than what follows below, but we try to give a definition which is
completely parallel to the absolute case.

3.3.26. Definition. Let X be a topological space and let A;, A C X be subspaces.
If (X x X, X x Ay, A1 x X) is an excisive triad, define

U: H*(X,A1; R)QrH* (X, Ay; R) = H*((X, A1)x(X, A3); R) ES H*((X,A1UA3); R).
3.3.27. Remark. By definition, the cup product is natural (in triples (X, 41, As)
such that (X x X, X x Ag, A1 x X) is an excisive triad). It satisfies

ax f=pryaUpr f
for all « € HP(X, A; R) and € HY(Y, B; R), where pry: (X XY, AxY) — (X, A)
and pry: (X x Y, X x B) — (Y, B) denote the respective projections.

Let us not dive deeper into spelling out the formal properties of relative cross
and cup products, since this is all we will need to know for our argument.

Proof of Theorem 3.3.22. We argue by induction, the case n = 1 being clear since
RP! = St
We identify RP* with the subspace
{lzo:...: 2k :0:...: 0] € RP™ | (x0,...,xx) € RFT1\ {0}}
and denote the inclusion map by iz : RP* — RP™. The universal coefficient theorem
(Corollary 3.2.8) gives rise to the commutative square

H*(RP";Fy) —— Homp, (Hy(RP";F3),F,)

i =

H*(RP*;Fy) —=— Homy, (Hy(RP*;F,),F5)
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We know from Topology I that the right vertical map is an isomorphism, so the left
vertical map is an isomorphism as well.

In particular, the inductive assumption describes the entire product structure of
H*(RP™;F5) in degrees < n — 1 since %}, is a homomorphism of graded-commutative
rings.

Define now for kK <n

RP™  :={[0:...:0:2:...:2,] € RP™ | (wp,...,2,) € R"F\ {01}
and note that this subspace is homeomorphic to RP™*. In analogy to RP™* . define
for k<n
R™ = {(0,...,0, 2411, .., 2n) € R™ | (Tpy1,...,2,) € RTFY,

which is abstractly homeomorphic to R”~%, but embedded into R” in a specific way.
For k < n, consider the following commutative diagram:

H*(RP"; Fy) «—— HF(RP™,RP™ \ RP™#;Fy) —% Fk(R™ R™\ R™#; )

| I I
HF(RP*;Fy) +—— H*(RP* RPF\ RP**;[Fy) & HF(RFE,RF\ {0};F,)
The vertical maps and horizontal maps on the left are induced by the appropriate
inclusions. The right horizontal maps are induced by the following maps:

Cnk: R" = RP™, (z1,...,¢xp) = [m1: .t Tt L @pgr 1o @)
Note that ¢y is a characteristic map for the top-dimensional cell in RP*.

We claim that all maps in the above diagram are isomorphisms. To this end,
observe first that for k < n

(RP"\RP”’k) x [0, 1] — RP*, ([wo: oot aplyt) = [To i ov s gy s tag t oty
defines a deformation retraction onto RP*~! (considered as a subspace of RP" via

ix—1). This proves that both the horizontal map on the bottom left of the diagram
and ¢ are isomorphisms. The map ¢ ; is an isomorphism by excision. Finally,
g (R¥ RF\ {0}) — (R* R™\ R™*) is a homotopy equivalence of pairs, so it follows
that all other maps are isomorphisms as well.

By an analogous argument, we obtain a zig-zag of isomorphisms

H" ¥(RP™;Fy) = H" *(RP",RP" \ RP*; F,) = H" *(R" R"\ R¥:F,).
Naturality of the (relative) cup product now allows us to identify the cup product
U: HF(RP™; Fy) ®p, H" *(RP";Fy) — H"(RP™;Fy)

with the cup product
U: HE(R™ R™ \ R™*; Fy) ®p, H" *(R",R" \ R*; Fy) — H"(R™,R" \ {0};Fy).
Identifying
(R™,R™\ R™*) = (RF x R*™* (R \ {0}) x R"7F)
and
(R™,R™ \ R¥) 2 (R* x R*™*,R* x (R™"\ {0})

we apply Remark 3.3.27 to obtain the commutative diagram
H*RF, RN\ {0};Fy) @, H"F(RF,R"F\ {0} Fy) —» H™(R™,R™\ {0}; F2)

pri. ® prZ,_kl% /

HF(RF x R*=F (RF\ {0}) x R"*: Fy)
@, HF(R* x RP=F R x (R"=F\ {0}); F2)
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The top horizontal arrow is an isomorphism by Theorem 3.3.25, and the vertical
map is an isomorphism since the projection maps are homotopy equivalences. It
follows that the diagonal map given by the relative cup product is an isomorphism.
We conclude that

H*(RP";F2) = Py, (w)/(w"*")

as claimed.
Repeating the above argument with C replacing R, 2n and 2k replacing n and k
and Z replacing Fy, one obtains the second part of the theorem. O

3.4. Applications. Computing the cup product structure on projective spaces was
not entirely trivial, so let us reap some benefits from the work we invested.

3.4.1. Corollary. CP? is not homotopy equivalent to S% v S*.

Proof. If it was, H*(S?) would be a retract of H*(CP?). In particular, every degree
2 class would square to zero, which contradicts Theorem 3.3.22. (]

3.4.2. Lemma. Leti: A — X be a cofibration and let fo, f1: A =Y be homotopic
maps. Then X Uy Y ~ X Uy Y.

Proof. Exercise! O

In light of Lemma 3.4.2, we can infer from Corollary 3.4.1 that the attaching
map of the 4-cell in CP? is not nullhomotopic. One can try to turn this observation
into an invariant which aims to detect non-trivial maps S?"~! — S™.

3.4.3. Construction. Let f: $2"~! — S™ be a continuous map, n > 2. Taking f to
be the attaching map of a 2n-cell, we define the CW-complex X (f) by the pushout

SQn—l ! gn

| |

D™ —— X(f)

By inspection of the cellular chain complex and the universal coefficient theorem,
we obtain

Fy k=0,n,2n,

0  otherwise.

H*(X(f);F2) %{

Let af be the generator of H™(X(f);F2).

3.4.4. Definition. Let f: $?"~! — S™ be a continuous map. Define its Hopf
invariant to be

h(f) :=aUac H*™(X(f);Fy) = 7/2.

We want to show that the Hopf invariant allows us to detect non-trivial maps.
This rests on the following observation, which we will prove in the exercises.

3.4.5. Proposition. Let f: S?"~! — S" be a continuous map, n > 2.
(1) If f has Hopf invariant 1, then f is not nullhomotopic.
(2) If n is odd, then h(f) =0.
(3) The attaching map n: S — S? of the 4-cell in CP? has Hopf invariant 1.

Proof. Suppose f is nullhomotopic. Then Lemma 3.4.2 implies that X (f) ~ S™VvS?".
Hence H*(S™;F) is a retract of H*(X(f);F2), which implies that the generator in
degree n squares to zero. So h(f) = 0.
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The commutative diagram

H*(X(f);Z) —— Hom(H(X(f)),Z)

| l

H*(X(f);F2) —— Hom(Hy(X(f)),F2)

arising from the universal coefficient theorem shows that the non-trivial classes in
H*(X(f);F2) come from integral classes. Let 5 € H™(X(f);Z) be an integral lift of
the generator o € H"(X(f);F2). If n is odd, we have 26 U 8 = 0 by Remark 3.3.15.
As H?"(X(f);Z) is torsionfree, it follows that U 3 = 0, and hence o U o = 0.
Theorem 3.3.22 directly implies that h(n) = 1 because CP? = X (n). O

3.4.6. Remark. In analogy to 7, there exist maps v: S7 — S* and o: S¥® —
5% which serve as attaching maps for the top-dimensional cell in HP? and OPZ2,
respectively. As in Theorem 3.3.22, one can show that the cohomology rings of
these spaces are truncated polynomial algebras, which implies that h(rv) = 1 and
h(o) = 1. In particular, these maps are not nullhomotopic.

It is a theorem due to Adams that 7, v and ¢ are the only maps S?"~! — "
with Hopf invariant one.

Next, we fulfill a promise made last term and prove the general version of the
Borsuk-Ulam theorem.

3.4.7. Theorem (Borsuk-Ulam). Let f: S™ — R™ be a continuous map. Then there
exists some x € S™ with f(x) = f(—x).

Proof. The cases n < 2 were already discussed last term, so let us assume n > 3.
Assume to the contrary that f(z) # f(—=z) for all € S™. Then

_ f(z) — f(==)
g: 8" = 8l gy L T T
1f (@) = f(==)|
is a well-defined continuous map satisfying g(x) = —g(—x). Consequently, it induces

a map

h: RP™ — RP" 1.
Let A: [0,1] — RP™ represent the non-trivial element in 71 (RP™) = Z/2. Then its
lift po: [0,1] — S™ satisfies p(0) = —p(1): by covering theory, a loop in RP” lifts to
a loop in S™ if and only if it is nullhomotopic. Then

9(1(0)) = g(=p(1)) = —g(u(1)),

so gop: [0,1] — S™~1is a lift of h o A with different endpoints. Since n — 1 > 2, it
follows as before that h o A represents a generator of 7y (RP"™1) 2 Z /2, so 71(h) is
an isomorphism.

It follows that Hy(h) is also an isomorphism. By considering the commutative
diagram

0 — ExtL(HO(RP"1),Z/2) — HY(RP"';Z/2) — Homgz(H,(RP"1),Z/2) — 0

l lHWh) lHl(h)*

0 — ExtL(HO(RP"),Z/2) — H'(RP";Z/2) — Homg(H,(RP"),Z/2) —> 0

arising from Corollary 3.2.8, it follows that H!(h) is also an isomorphism because
HO(RP™) = Z is free.

Let v € HY(RP"1;Fy) and w € H'(RP™;F3) be the generators provided by
Theorem 3.3.22. Since H*(h) is a morphism of graded rings, we conclude from
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Theorem 3.3.22 that
0=H"(h)(y") = H'(y)" = 2" #0,

which is a contradiction. (|

Finally, we consider the question in which cases R™ admits the structure of a
division algebra.
3.4.8. Definition. A real division algebra is a bilinear map

w: R* x R* - R"

such that for all a # 0 in R™ and all b € R™ there exist z,y € R"™ with u(z,a) =b
and p(a,y) = 0.

3.4.9. Example. The multiplication maps of R, C = R?, H = R* and O = R?® are
real division algebras.

3.4.10. Remark. If y: R™ x R™ — R" is a division algebra and a € R™ is non-zero,
wla,—): R" — R™ and p(—,a): R™ — R™ are surjective, and therefore isomorphisms.
In particular, pu(a,b) = 0 if and only if b = 0.

3.4.11. Theorem. If ji: R" x R™ — R" is a real division algebra, then n = 2* for
some k > 0.

Proof. Note that p is necessarily continuous. Since the multiplication of any two
non-zero elements is non-zero, the map

f5 Sn—l % Sn—l — Sn—l7 (x,y) — /.L(J),y)
(@, y)|l

is well-defined and continuous.
Since f(—z,y) = —f(z,y) = f(x, —y), the composite
Sn—l % Sn—l i) Sn—l ﬂ> RPn_l
of f with the canonical projection induces a continuous map
g: RP" ! x RP"~! — RP" L.
Our goal is to determine the effect of the map g on cohomology.
We begin by observing that the commutative diagram

Sn—l % Sn—l f Sn—l

pxo g

RP"~! x Rpn—1 2 5 Rpn-!

allows us to determine the effect of g on fundamental groups: let A: [0,1] — RP™"~!
represent the non-trivial element in 71 (RP"~1). Then A lifts to a path A: [0,1] —
571 satisfying X(O) = —X(l). Letting ¢ denote the constant path at the basepoint
¢, we have

[[1(A(0), c(0)) [[(AQ1), e(1)]
so g o (A, ¢) represents the non-trivial element in 71 (RP™~!). Reversing the roles of
A and ¢, we find that the same is true for g o (¢, A). It follows that g induces the
addition map
m (RP" ! x RP" ) 2 1y (RP" 1) x 7 (RP"1) &5 7y (RP™ 1),

Since all fundamental groups in question are abelian, this also determines the effect
of g on Hj.
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The universal coefficient theorem yields a commutative square

HY(RP"1;Fy) - Homp, (H; (RP"~1; Fy), Fs)

% [
HY(RP~! x RP"~1;F,) —— Homp, (H;(RP"~! x RP"~1;F,), F)

Our choice of basepoints induces inclusion maps 41 : RP?~! x + — RP?~!1 x RP"~!
and ip: * xRP"~! — RP"~! x RP"~!. Applying the universal coefficient theorem
once more, these give rise to commutative squares

HY(RP~! x RP"~1:Fy) —— Homg, (H,(RP"~! x RP"1;F,),F,)

HY (RPL;Fy) — = Homg, (H,(RP""1; F,), Fs)

Tracing the generator w € H!(RP"~!;Fy) through these diagrams shows that
gFw)=wel+lewe H(RP" L, Fy) @ HO(RP" L Fy)
@ H°(RP" 1 Fy) @ H' (RP" 1 Fy).

It now follows that

n n—1

0=g"(w")=(wel+law)" = Z (Z) wh @ w ™k = Z (Z) wk @ w"*

k=0 k=1
since w™ = 0. Hence (Z) =0€Fyforalll <k<n-1.

From (Z) =0€F; foralll <k <n-—1,it follows that (1 4+ 2)" =1+ 2" in
the polynomial ring P, (z). The binary expansion n =", ;2" on the other hand
implies that

k k
(1+a) = [[a+2* = [[a+2>)
kel kel
because squaring is an additive operation in characteristic two. Expanding the

product, we obtain
1+z)" = Z a2nes 2",
JcI
Since binary expansions are unique, the exponents in this sum are pairwise different.
Therefore, it follows from 1 + 2™ = (1 + )™ that I contains exactly one element,
which means n = 2* for some k. O

3.4.12. Remark. Kervaire and Milnor have shown that R, C, H and O are the only
real division algebras that exist. As in the case of the Hopf invariant, proving this
requires more machinery.

4. POINCARE DUALITY

The overall goal of this section is to describe the (co)homology of manifolds. We
will show that being a compact manifold puts severe restrictions on the (co)homology,
which makes it much more computable than the (co)homology of an arbitrary space.

4.1. Topological manifolds.

4.1.1. Definition. A (topological) n-manifold is a second countable Hausdorff space
X such that for each point € X there exists an open neighbourhood U of x which
is homeomorphic to R”.

We will call any such open neighbourhood a coordinate chart around x.
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4.1.2. Remark.

(1) Equivalently, X is an n-manifold if for each point z € X there exists an
open neighbourhood U of x which is homeomorphic to an open subset of
R™.

(2) Every manifold is regular and paracompact. In particular, there exist
continuous partitions of unity subordinate to any open cover.

(3) In contrast to the notion of a smooth manifold, being a topological manifold
is a property of a topological space.

4.1.3. Definition. A topological n-manifold is closed if it is compact.

Definition 4.1.3 may look slightly odd. Many authors take “manifold” to mean
a more general concept, namely that of a manifold with boundary, in which case
“closed” always signifies “compact and with empty boundary”. The terminology
introduced in Definition 4.1.1 is more convenient for us, but we will say “closed
manifold” to formulate statements in a way which is closer to standard usage.

4.1.4. Example.

(1) The empty set & is a closed n-manifold for every n.

(2) Every countable discrete space is a 0-manifold. It is closed if and only if it
is finite.

(3) R™ is an n-manifold, and so is every open subset of R™.

(4) S™ is a closed n-manifold.

(5) Every surface ¥, is a closed 2-manifold, and the same is true for the Klein
bottle.

(6) RP™ is a closed n-manifold.

(7) CP" is a closed 2n-manifold.

(8) If X is an n-manifold and z € X, then X \ z is also an n-manifold.

It follows from Lemma 4.2.1 at the beginning of the next subsection that the
dimension of a non-empty manifold is well-defined.

It will be useful to know from the start that the homology of a compact manifold
is finitely generated. For smooth manifolds, this can be derived from the existence
of Morse functions, which actually shows that every compact manifold is homotopy
equivalent to a finite CW-complex. The analogous statement for compact topological
manifolds is also true, but much harder to prove. However, showing that the
homology is finitely generated can still be accomplished by elementary arguments.

4.1.6. Lemma. Let U CR™ be open and let € > 0. Then U can be equipped with the
structure of an n-dimensional CW-complex such that each open cell has diameter
<e.

Proof. The idea of the proof is fairly simply: start with a cubulation of R™ which

€

consists of sufficiently small cubes (eg R" = UZG\%Z" z 4+ [0, ﬁ]”) If a cube is

disjoint from U, forget about it. If a cube is contained in U, keep it. For all
remaining cubes, subdivide them into 2" smaller cubes and iterate this procedure
with the newly obtained cubes.

More formally consider the homeomorphism @ R™ — R™. It suffices to prove
the lemma for the image of U under this homeomorphism and € = 1, then we can
scale back to obtain the general case. Hence assume without loss of generality that
e=1.

Define

n
o= {1 [ 55 1=e2)

i=1
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By induction, let
Dy:={ceCy|cCR"\ X},
Dii1:=DpU{c€ Cry1 | cCR"\ X and there is no ¢ € Dy, such that ¢ C ¢'}.

Set D :=J,, Dx. This provides R" \ X = J . ¢ with a CW-structure, and we even
have preferred characteristic maps in the form of

O.: D" = c— R",
together with the restrictions of these maps to those faces which do not intersect

smaller cubes; consult eg [Hat02, Prop. A.2] to verify that this really defines a
CW-structure. O

We can use this lemma to say something about the homology of open subsets in
R™.

4.1.7. Definition. For a topological space X, denote by KXx the poset of compact
subsets of X, ordered by inclusion.

Note that Kx is a directed poset since the union of two compact sets is compact.

4.1.8. Lemma. Let X be a topological space and let M be an abelian group. Then
the map

colim Hy(K; M) — Hp(X; M)
KeXx

induced by the inclusions is an isomorphism.

Proof. Let 22:1 m;o; € Czing(X; M). Then K := Ui:l Ji(A’%Op) is a compact sub-
set of X, and clearly Zé:l a;o; defines a singular chain in K. Since C*8(K; M) —
Cs"&(X; M) is injective, the resulting chain is a cycle over K if and only if it is a
cycle over X.

This implies directly that the comparison map is surjective. Similarly, if a k-cycle
2 € CP"8(K; M) represents 0 in Hy(X; M), there exists a singular (k + 1)-chain z
with diy1(x) = 2. Then z € C’ZT%(L; M) for some L D K, so z also represents the
trivial element in the colimit. U

4.1.9. Corollary. Let U C R" be open and let M be an abelian group. Then
Hiy(U; M) =0 fork >n.

Proof. Let a € Hi(U; M). By Lemma 4.1.8, there exists some compact subset
K C U such that a € img(H,(K; M) — Hi(U; M)). Since K is compact, there
exists some € > 0 such that K, := {z € R" | d(z, K) < ¢} is contained in U. Using
Lemma 4.1.6, choose an n-dimensional CW-structure on R™ all whose cells have
diameter < % Then K is contained in a finite subcomplex X of R™ which also
satisfies X C U.

If k > n, it is immediate that a = 0 since Hx(X; M) = 0. For k = n, consider
the exact sequence

Hypi1(R™, X5 M) S Hy (X M) — H, (R M) = 0.

With respect to the chosen CW-structure, the left hand term is the homology of an
n-dimensional CW-complex relative to a subcomplex, so it vanishes as well. This
proves H,(X; M) = 0, which implies a = 0 as before. O

After this short detour, we return to the question why the homology groups of
closed manifolds are finitely generated.

4.1.10. Proposition. Let X C R" be compact. The following are equivalent:
(1) X is a retract of a finite CW-complex Y.
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(2) X is weakly locally contractible: for every x € X and every neighbourhood U
of x in X, there exists a neighbourhood V. C U of x such that the inclusion
map V — U 1is nullhomotopic.

(3) There exists an open neighbourhood U of X and a retraction r: U — X to
the inclusion map X — U.

Proof. We consider it known that CW-complexes are locally contractible (ie every

point has a neighbourhood basis consisting of contractible subsets). Let X 5V 5 X
be a retraction diagram, let z € X and let U be a neighbourhood of z. Then r~*(U)
is a neighbourhood of i(x), so there exists a contractible neighbourhood V' C r=1(U)
of x. Let h: V x [0,1] — r=}(U) be a nullhomotopy of the inclusion map. It follows
that V := i1 (V") is a neighbourhood of z, and

Vx[0,1] 25 v« (0,1 B t0) DU
defines a nullhomotopy of the inclusion map V' — U. This proves (1) = (2).

Let us now prove (3) = (1). Using Lemma 4.1.6, pick a CW-structure on U.
Since X is compact, it is contained in a finite subcomplex Y of this CW-structure.
Restricting the retraction map to Y exhibits X as a retract of a finite CW-complex.

The implication (2) = (3) is the most difficult one. Using Lemma 4.1.6, choose a
CW-structure on the open subset R™ \ X.

We claim that the following holds:

(4.1.11)
Ve>030>0Vx e X Vcopen cell in R"\ X: ¢N Bs(z) # @ = diam(c) <

Suppose to the contrary that there exists € > 0 such that for every § > 0 there are
x € X and an open cell ¢ such that ¢ N Bs(z) # @ and diam(c) > . Then we can
find sequences (0x )k, (z)r and (ck)x such that the open cells ¢ are pairwise distinct,
(0k)r is strictly decreasing with dy, LN 0, ¢k N Bs, (zx) # @ and diam(cy) > €.
Since X is compact, the sequence (zy); has an accumulation point z. After
rechoosing the sequence (Jy)r appropriately, we may assume that z; = z for all
k. Then the sequence of balls Bs, (z) is a descending chain, so we find an infinite
discrete set of points (yx)x in By, (). As the closure of this ball is compact, this is
a contradiction.

We proceed now inductively to define a subcomplex Y of R™ \ X and a map
7Y — X as follows: let Y be the entire 0-skeleton of X. Pick r: Y(© — X
such that d(y,r(y)) = d(y, X).

Given 74 Y 5 X, let YD have Y*) as its k-skeleton and add precisely
those (k + 1)-cells e whose boundary lies in Y(*) and such that (r}, o ®.)|gx is
nullhomotopic in X. Choose some extension 7} _ ; : Y (k+1) 5 X with the property
that

diam((r}, ., o @) (D) < 2+ inf{diam p(D*) | p extends (r}, o ®.)|gx }.
Set ' :=7r/ and Y :=Y,,. Then define r: Y UX — X by setting
r' ey,
) = { ()

Y y e X.

This is evidently a retraction to the inclusion map X — Y U X. We have to show
that r is continuous and that Y U X contains a neighbourhood of X.

Let € > 0 and = € X be arbitrary. Since X is weakly locally contractible, we can
choose a sequence of balls

By (%) 2 Bey (2) 2 ... 2 Boy () 2 Bey ()

€2n+1 I -

such that
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(1) e2n+1 =2¢;
(2) eqr < 2,
(3) for every k < n, every map S* — Be,, ., () N X becomes nullhomotopic in
Be,, ,(r)NX.
Apply (4.1.11) to find 6 > 0 such that every open cell ¢ with ¢N Bs(z) # & satisfies
diam(c) < 5. Without loss of generality, assume 0 < 5. Consider the subcomplex

Z = U c

copen cell in Y:
cNBs(x)#£2

of Y. If ¢N Bs(x) # &, then
cC B(S+%0(37) C B, ().

In particular, the entire O-skeleton of Z lies in B, (x). By the triangle inequality,
we have for any pair of O-cells 2,2’ € Z

d(r(z),r(z") <d(r(z),z) + d(z,z) + d(z,2") + d(z',7(2")) < 4deg < 1.

So r(Z©) C B., (x).

By induction, suppose that 7(Y(*)) C B.,, . (). Since all attaching maps of
(k + 1)-cells become nullhomotopic in Be,, ,(x) N X, the definition of 7" ensures
that r(Z++V) C B.,, ., (z). It follows that 7(Z) C B.(x).

By definition, Bs(z) C ZUX, so this arguments simultaneously shows that Z C'Y
contains a neighbourhood of x and that r is continuous at . Sor: YUX — X isa
continous retraction whose domain contains a neighbourhood of X. O

4.1.12. Proposition. Let X be a compact n-manifold. Then X satisfies the equiva-
lent conditions of Proposition 4.1.10. In particular, the homology of X is concentrated
in finitely many degrees and finitely generated in each degree.

Proof. The “in particular” part follows from the corresponding assertion for finite
CW-complexes. Since X is locally contractible, we only have to show that it can be
embedded as a compact subspace of some Euclidean space. Pick a finite collection of
charts {¢;: U; = R"}i=1,..» such that X = (JI_; U;. By collapsing the complement
of U; in X to a point, we obtain induced maps

Vi X — (RV)T = 8" C R

where (—)T denotes the one point-compactification. Then

T
1)/}: X (i)i HRn+1 o~ Rr(n+1)
i=1
is a continuous and injective map. Since X is compact and the target is Hausdorff,
1 is a homeomorphism onto its image, which is a compact subset of R"(»t1 O

4.2. Orientations. Let (X, A) be a pair of spaces. The relative homology group
H,(X,X \ A) involves only cycles comprised of singular simplices whose image
intersects A non-trivially. In this sense, we can think of H,, (X, X \ A) as the “local”
homology of X around A. Our first observation is that the local homology of a
manifold around a point is particularly simple.

4.2.1. Lemma. Let X be an n-manifold and let x € X. Then
M k=n,

Hip (X, X \ @3 M) = {0 else
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Proof. Let ¢o: U = R™ be a coordinate chart around z. Applying excision for the
open cover X = U U X \ z, we obtain

ﬁ'k(X,X\x;M) & Hy(U,U\x; M) % Hi(R™, R"\h(z); M) = H,(R",R"\0; M).
By homotopy invariance, we obtain

Hp(R™,R™\ 0; M) = Hy(D",S" ', M),
which proves the lemma. O

These local homology groups actually enjoy a certain amount of functoriality in
x.

4.2.2. Construction. Let X be an n-manifold and let M be an abelian group. Let
A: [0,1] = M be a path from z to y in X. Choose a subdivision 0 = tg < t; <

... <t, =1 of the unit interval such that Ay, ;. ,) maps to a single chart U; %5 R"™.

Then define a map «a; through the commutative diagram

Ho(X, X\ A(ti); M) «—— Ho(X, X\ ¢; {(Bi); M) —— Ho(X, X \ Mtiz1); M)

\//)

where B; C R” is a sufficiently large open ball which contains the image of ¢; o
Allti,ti1]- Then set
ax =0y 0...000: Hy(X, X\ 23 M) = Hp (X, X \ y; M).
We will show momentarily that this gives rise to a functor
vx: I(X) — Ab

by setting vx(x) := H,(X, X \ z; M) and vx ([\]) := ax.
Note that for any path A from z to y, the diagram

H,(X; M)
Hn (X, X\ a; M) e Hn (X, X\ y; M)

is commutative. Denoting by H,,(X;M): II(X) — Ab the constant functor with
value H, (X; M), this means that the family of maps (p,).cx is a natural transfor-
mation

p: Hy(X; M) = vx.

Proof that vx is a functor. We ahve to show that the definition of vx ([\]) is inde-
pendent of the choice of subdivision, choice of charts and choice of balls. Once we
know this, functoriality is clear since we can concatenate appropriate choices of data
to describe the morphism induced by a concatenation of paths.

Step 1: The construction is independent of the choice of balls B;. If B; and Bj
are two balls in R™ containing the image of ©; o A, +,.,], choose a ball B containing
both B; and B; in its interior. Then we obtain a commutative diagram

Ho(X, X\ ;' (B); M)

3

~ F \}

Hy (X, X \A(t:); M) +—— Ha(X, X \ ;' (Bi); M) —— Ho(X, X\ A(tit1); M)

627
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which expresses a; in terms of the ball B. The same argument applies to B; in
place of B;, so «; is independent of the choice of B;.

Step 2: We may arbitrarily subdivide A in a given chart. To simplify notation,
assume that the image of A lies in a single chart ¢: U Z R Let 0 = tg < ...<
t, = 1 be a subdivision of [0, 1]. Then we may choose balls B; C R™ such that B;
contains the image of ¢; o A, 4,,,) in its interior, and pick moreover a closed ball
B C R™ which contains (J;_, B; in its interior. Then we obtain a commutative
diagram

H,(X, X\ ¢~ '(B)

(X, X\ ™1 (Bo)) Ho (X, X\ ¢~ ! (B1))

H, (X, X\ A(0)) Hi (X, X\ A(t1)) Hp (X, X\ Alt2))

which shows that the induced morphism H,, (X, X \ A\(0)) = H,(X, X \ A(t2)) is
independent of the further subdivision. By induction, it follows that H, (X, X \
A(0)) = Hp (X, X \ A(1)) is well-defined.

Step 3: The construction is independent of the choice of chart. Assume @: U =

R™ and ¢: V =, R™ are charts such that the image of A is contained in U N V.
Then we may choose a subdivision 0 =ty < ... < t, =1 of [0,1] and balls (B;); in
R™ such that ¢ o A, ¢,,,] maps to B; and ¢(B;)) is contained in V. By Step 2, the
induced morphism with respect to the chart ¢ is given by a composition of maps of
the form

(X, X\ M) < Ho(X, X \ 7 1(Bi)) = Ha(X, X \ A(tis1)).

Since ¥ (p~1(B;)) C R™ is bounded, there exists some ball B; C R™ which contains
¥(p~1(B;)). Then we obtain a commutative diagram

Hy (X, X\ 9~ H(B]); M)

~ l ~

Hy (X, X\t M) «—— Ho(X, X \ 971 (Bi); M) —— Ho(X, X\ Ati1); M)

which shows that the morphism H, (X, X \ A(¢;); M) — H,(X, X \ A(ti1); M)
defined in terms of the chart ¢ is identical to the morphism defined in terms of the
chart ¢ (since we are free to choose whichever ball we like by Step 1).

Step 4: The definition of «y is independent globally of the choice of subdivision.
If we have two subdivisions of [0, 1], we may take their union to obtain a subdivision
refining both at the same time. For some choice of chart associated to the first
subdivision, we can apply Step 2 to each segment of A to see that the additional
subdivision does not change the definition of «;. The same argument applies to the
second subdivision, so ay is well-defined.

Step 5: The definition of ay is independent of the homotopy class of A relative
endpoints.

Let h: [0,1] x [0,1] = X be a homotopy relative endpoints between \g and A;.
Then subdivide [0,1] x [0, 1] into sufficiently small squares such that each square
is contained in a single chart. For a sufficiently large ball in the respective chart,
the restriction of the homotopy to an individual sub-square is contained in the
image of that ball, so the induced maps are the same. By induction, it follows that
Q)y = ),

This completes the proof. O
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Our first goal is to show that the knowledge of these local homology groups
implies the vanishing of the homology of an n-manifold above degree n. This requires
a little preparation.

4.2.3. Corollary. Let X be an n-manifold and let M be an abelian group. If X has
no compact path component, then the map

e Ho(X; M) = Hp(X, X \ 2; M)
is trivial for all x € X.

Proof. Since Hy,(X; M) = @ccr,(x) Hn(C; M), it suffices to show that H,(C) —
H,(X, X \ z; M) is trivial for all path components C of X.

If z ¢ C, then (C, @) — (X, X \ z) factors over (X \ , X \ z), and it follows that
the map factors over 0. If z € C, then each class a € H, (X; M) lies in the image of
the map H,, (K; M) — H,(X; M) for some compact subset K C X by Lemma 4.1.8.
Since C' is not compact, there exists some y € C'\ K. Choosing a path A from z to
y, we obtain the commutative diagram

H,(X; M)
Ho(X, X\ ;M) - Hy (X, X\ y; M)

Since (K, @) — (X, X \ y) factors via (X \ y, X \ y), we also have py(a) =0. O
4.2.4. Lemma. Let U C R”™ be open and let M be an abelian group. Then the map
H,(R",U; M) — H H,(R",R" \ a; M)
zeRM\U

18 injective.
Proof. Since R™ is contractible, the boundary map for the pair (R™,U) identifies
the map in question with the map

Hyy(Us M) = [ Hooa(R™\ 23 M).

zERM\U

Let a € fIn_l(U; M) lie in the kernel of this map. By Lemma 4.1.8, there exists a
compact subset K C U such that a € img(H,,—1(K; M) — H,_1(U; M). Without
loss of generality, we may assume that K = int K: otherwise, replace K by the
closure of an open neighbourhood which is still contained in U.

Let C be a closed ball such that K C int C. For each point 2 € C'\ U, choose a
closed ball B, around z which is disjoint from K. Since C'\ U C C' is closed, it is
compact. Hence there are finitely many points z1, . .., 2, such that C\U C | J;_, By,.
Set Dz =CnN Bml

Let b € H,_1(K; M) be a preimage of a. We will show by induction on r that

the inclusion map K — int C'\ |J;_; D; sends b to zero. Since the D; cover C'\ U,
we have a chain of inclusions

-
Kcc\|Jpicu
i=1
Hence this will be sufficient to conclude that a = 0.
For r = 0, the image of b in H,_1(C; M) is trivial since int C' is contractible. For
the induction step, write

r+1 r

i=1 =1
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Noting that

<1ntC’\ U D) (R"\ By, ,,)

i=1
is an open subset of R, Corollary 4.1.9 implies that the associated Mayer—Vietoris
sequence yields an injective map
r+1
Hy,_1(int C'\ | Dy; M) = Hy,—y (int €'\ UD“M & H,_1(R"\ B
i=1 i=1

wns M )-

The image of b in the first summand of the target is zero by the inductive assumption,
and the image of b in the second summand becomes zero by assumption because
Hn 1(R \BxTJrl,M)an 1(R \.137«_;,_1, )and .I‘T+1¢U (I

4.2.5. Proposition. Let X be an n-manifold and let M be an abelian group. Then

(1) H(X; M) =0 for k >n;
(2) H,(X; M) =0 if X has no compact path component.

Proof. Let a € H,(X; M). Again by Lemma 4.1.8, there exists a compact subset
K C M such that a € img(Hy(K; M) — Hp(X;M)). Choose finitely many charts
{U; =N R™} <<, such that K C [J;_, U;. We proceed by induction on r.

If » = 1, the subset K is contained in a single chart, and the composite
Hy(K;M) — Hi,(U; M) — Hy(X; M) is zero for k > n by virtue of Corollary 4.1.9.

By induction, assume that K = U UV such that U is part of a chart ¢: U =N R™,
the subset V' C X is open, and Hy(V; M) = 0 for k > n (respectively k > n if no
component of X is compact). Consider the exact Mayer—Vietoris sequence

Hk(U, M)@Hk(V7M) — Hk(UUV,M) % kal(UﬂV;M) — kal(U;M)@kal(V; M)

If k£ > n, the sum on the left is trivial by assumption, and Hy_1 (U NV; M) vanishes
by Corollary 4.1.9.

Hence we only need to consider the case that X has no compact component
and k = n. Since H,(U;M) and H,(V;M) still vanish, the boundary map 9
is a monomorphism and we must show that H, 1(UNV; M) —» H, 1(U; M) @
H,_1(V; M) is injective. Note that it is enough to show that the corresponding
map

Hy r(UNV; M) — Hyo1(U; M) & Hy, 1 (VM)
in reduced homology is injective.

Since U =2 R", we have H,,_1(U; M) = 0. Let now = € U\ U NV be arbitrary
and consider the commutative diagram

H,(UUV;M) ———— H,(X; M)

| |

H,(V,UNV; M) —2 H,(UUV,UNV; M) — H,(X,X \ z; M)

Lok |

H, ,(UNV;M) 2 — H,(U,UNV;M) — H,(U,U\ 2; M)

in which all arrows are either boundary maps or induced by inclusions.

Let a € ker(H,_1(UNV; M) — H,_1(V; M)). Then there exists ay € H, (V,V N
U; M) with d(ay) = a. Since H,_;(U; M) = 0, there is also an element ay €
H,(U,VNU; M) with d(ay) = a. Then 9d(ivay — jray) = 0, this element lifts to
an element b € H,(UUV; M).
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The map H,(X; M) — H,(X,X \ z; M) is trivial by Corollary 4.2.3. Hence
ixay — jxay maps to zero in H,(X,X \ z; M). The inclusion map (V,UNV) —
(X, X \ z) factors via (X \ z,X \ z) (due to = ¢ V), so the image of j.ay in
H,(X,X \ z; M) is also trivial. This implies that the image of i,ay in that group
is trivial. By the commutativity of the lower right square, it follows that the image
of ay in H,(U,U \ z; M) is trivial.

Since (U, UNV) 2 (R",o(UNV)) and z € U\UNV was arbitrary, Lemma 4.2.4
implies that ay = 0. Consequently, a = 0. (I

As we saw in the proof of Lemma 4.2.1, a choice of coordinate chart around a point
x in a manifold X induces an identification H,, (X, X \z; R) & H,,(D",S""1; R) = R.
We can think of this as choosing a local orientation around x, and may wonder
whether it is possible to choose orientations around all points of X in a compatible
manner.
Let us introduce the following auxiliary notation: for (X, A) a pair of topological
spaces, set
H,(X|A; M) := H, (X, X \ A; M).
4.2.6. Definition. Let X be an n-manifold and let A C X be a subset.
(1) An R-orientation of X at A is an element ox 4 € H,(X|A; R) such that
0x,4 maps to a generator under the map
pz: Hy(X|A; R) —» Hy(X|x; R)
for every x € A.
(2) An R-orientation of X is an element

ox = (OX,K)K € lim Hn(X|K,R)
KeX

such that ox g is an R-orientation of X at K.
We call X R-orientable if there exists an R-orientation. For R = 7Z, we abbreviate
Z-orientation and Z-orientable to orientation and orientable.

4.2.7. Remark. If X is a closed n-manifold, X has a least element, namely X
itself. In this case, an R-orientation ox is the same as an element

ox € H, (X; R)
which maps to a generator in H,(X, X \ z; R) for every z € X.

4.2.8. Definition. Let X be an n-manifold and let A, B C X. Define
pap: Hy(X[A; R) — H,(X[AN B; R)

to be the map induced by the inclusion.
Since we will in particular be interested in the case that A and B are members
of a family (A, ). of subsets of X, we also introduce the shorthand

Pa,p *= PAa,Ap-

4.2.9. Definition. Let (U,), be a collection of open subsets in an n-manifold X. A
collection (sq)q is a compatible family of R-orientations if s, € H,(X|Uy; R) is an
R-orientation of M at U, for every o and pa,g(Sa) = pg,a(sg) for all o and £.
4.2.10. Lemma. Let X be an n-manifold and let K C X be compact.

(1) H(X|K; M) =0 for k > n and any abelian group M ;

(2) Suppose that (Uy)a is an open cover of X and that (Sq)a 15 a compatible

family of R-orientations.
Then there exists a unique R-orientation ox of X such that

OX oz = pw(sa)
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for all o with x € U,

Proof. For the second assertion, it suffices to show that for each compact subset
K C X, there exists a unique R-orientation ox x of X at K such that p,(ox ) =
pz(8q) for all € K and all a with « € U,. Therefore, both statements reduce to
claims about a fixed compact subset K C X, which we can prove in tandem.

Assume without loss of generality that each U, is the domain of a coordinate
chart ¢, : Uy =, R™. We write K = Ui_, K; as a union of finitely many compact
subsets K; C X, each of which is contained in some U,: for example, each point
x € X is contained in some U,. Then set K, := ¢_1(Bi(¢a(z))). By compactness,
there exist 1,...,2, € X such that K =J,_; K N K,,.

We proceed by induction on 7. If K is contained in a single chart U,, excision
implies isomorphisms

H(X|K; R) = H,(Uy|K; R) =2 Hy(R"|po(K); R).

The vanishing assertion for k£ > n is now a consequence of Corollary 4.1.9. Moreover,
the image of s, under H,(X|Uy; R) — H,(X|K; R) is an R-orientation of X at
K. Given the above isomorphism, the uniqueness of this element follows from
Lemma 4.2.4.

For the induction step, assume that K = Ky U K5 such that K; is the union
of r compact subsets, each lying in a single chart, and K5 is contained in a single
chart. Note that K7 N K> is then also the union of at most r compact subsets, each
contained in a single coordinate chart. Consider the Mayer—Vietoris sequence

Hi1(X|K; N Ko R) % Hy(X|K; U Ko R)
— Hk(X‘Kl, R) D Hk(X|K2,R) — Hk(X|K1 n KQ;R)

of Lemma A.0.2. For k& > n, the vanishing assertion follows immediately by induction.

For k = n, let ox k,, 0x,Kx, and ox k,nk, be the unique R-orientations at K7,
K5 and KN K> provided by the inductive assumption. By uniqueness, ox x, maps
to ox,k,nk, under H,(X|K;; R) — H,(X|K;1 N K2; R).

Remembering that the last map in the above exact sequence takes the difference
of the inclusion-induced maps, it follows that (ox x,,0x k,) maps to zero. Since
Hpt1 (XK1 N Kg; R) = 0, we obtain a unique lift ox x,ux, with the desired
properties. As each point in K; U Ky lies in K; or Kj, the class ox k,uk, is an
R-orientation of X at K; U K. O

4.2.11. Theorem. Let X be a non-empty n-manifold.
(1) There is a bijection

{R-orientations of X} ~ {isomorphisms vx = R}.

In particular, X is R-orientable if and only if vx is isomorphic to the
constant functor R. If X is connected and R-orientable, the set of R-
orientations of X is an R*-torsor.
(2) If X is closed and connected, the following are equivalent:
(a) X is R-orientable;
(b) the natural transformation p: H,(X; R) = vx is an isomorphism;
(¢) Ho(X;R) &2 R.
(3) If X is orientable, then it is R-orientable for every R.
(4) If X is Fy-orientable for some prime p > 2, then X is orientable.
(5) There is a unique Fo-orientation of X.
(6) If X is closed and orientable, then H,_1(X) is torsionfree.
(7) If X is closed, connected and not orientable, then Hy,(X) = 0 and the torsion
submodule of H,_1(X) is isomorphic to Z/2.
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Proof. Let ox = (ox,x )k be an R-orientation of X. Then define
Tz R — vx(x) = Hy(X|z; R)

as the unique morphism sending 1 to ox .. Since ox , is assumed to be a generator,
each 7, is an isomorphism, and we only have to show naturality. Therefore, let
A: [0,1] = X be a path from z to y. Choose a subdivision 0 =ty < ... < t. =1l asin
Construction 4.2.2. Then it is enough to show that a;(0x zt,)) = 0x,a(t:4,) (nOtation
as in Construction 4.2.2). Let B; be (the preimage of) a sufficiently large ball
containing both A(¢;) and A(¢;;1). Then B; is compact, and oxF € H,(X|B;; R)
restricts to both ox x¢,) and ox as required. In total, 7: R = vx is an
isomorphism.

Suppose conversely that 7: R = vx is an isomorphism. Pick a coordinate chart

i+1)

Yz Uy =, R" around each z € X , and consider the open cover by
Ve = ¢, (Bilpa(@))).

For each x € X, we have isomorphisms

1

o

wet Hy(X|[Vai R) = Ho(X|Va: R) = Ho(X|2; R)

T

R

s

by homotopy invariance. Let 5, := w; (1) € H,(X|V,; R). Denote by s, the image
of 5, in the group H,(X|V,; R).

We claim that (s;), is a compatible family of R-orientations. For this, we show
that the images of 5, and 5, agree in H,(X|V, NV, R) for all z,y € X. Let
z2€V,N Vy. Choose a path A from z to z in V, and a path u from y to z in Vy.
Then consider the diagram

IR

H,(X|V4R)

\ %\Lax J{id
7 T Tid

= Ho(X|y;R) % R

H,(X|Vy: R)

The right part of this diagram commutes because 7 is a natural transformation, the
left part commutes due to the definition of oy and «,. This implies that 5, and 5,
map to the same element in H, (X|z; R) . Since V, NV, is contained in a single
chart U, excision identifies the map r with the map

H,(U|V,.NV,;R) = H,(U|z; R).

Using that U =2 R" and z € V, NV, is arbitrary, Lemma 4.2.4 implies that s,
and 3, map to the same element in H, (X|V, N Vy;R) as required. Now apply
Lemma 4.2.10 to obtain an induced R-orientation ox of X satisfying ox , = 7, *(1).

By inspection of the above constructions, we see that this sets up the desired
bijection between the set of R-orientations of X and the set of trivialisations of vx.

If X is connected, any two isomorphisms vx = R differ by an R-linear auto-
morphism of R. It follows that the set of R-orientations is an R*-torsor if it is
non-empty and X is connected.

Let % be the version of vy for integral homology. Then observe that vx = v ®R.
Therefore, every isomorphism Z/)Z( ~ 7 induces an isomorphism vy = R, which
implies R-orientability.

Suppose X is Fp-orientable for p > 2. Observe that for any ring R, we have an
equivalence

Fun(II(X), R-Mod) ~ [[ Fun(Bm (C,zc), (-ModR)),
CETF()(X)
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where z¢ denotes some base point in the component C' and BG is the category with
a single object x and Hompg(*, *) := G. This allows us to assume without loss of
generality that X is connected with some base point x.

Then Fp-orientability amounts to the assertion that the m (X, z)-action on
H,(X|z;F,) encoded by the functor vx|pnx, (x,q) is trivial. Since H,(X|z) —
H,, (X|z;Fp) is surjective by the universal coefficient theorem, any generator o, €
H,(X|z) maps to a generator in H, (X|z;F,). For [A] € m1(X,z), we then obtain a
commutative diagram

Z3)
Hy (X]r) ———— Hn(X]|z)

| |

V]Fp
Ho(X|a:Fy) X g (X F,)

Consequently, vZ([\])(0;) is a generator lifting the same element in H,, (X|x;F,)

because V;F(p(P\]) =id. Since p > 2, such a generator is unique, which implies that
v%([\]) = id as well. Hence X is orientable.

Over Fo, note that there is precisely one isomorphism Fy = Fy, namely the
identity. Therefore, every functor v: II(X) — Fy-Mod satisfying v(z) = Fy for all
x € X is isomorphic to Fy. In similar fashion, uniqueness of the orientation follows
from F = {1}.

Consider from now on the case that X is closed. Note that the exact sequence

Hyo (X \ @; R) = H,(X; R) £5 H, (X|x; R)

and Proposition 4.2.5 imply that p, is always injective.

If X is R-orientable, then p, is also surjective, so p is an isomorphism. Since
H,(X|z; R) 2 R by Lemma 4.2.1, this in turn implies that H,(X;R) = R.

We have to show that H,(X;R) = R implies R-orientability. Assume first
that R = Z. Then p, is given by multiplication with a non-zero integer k (after
choosing generators). If k was different from 41, the universal coefficient theorem
for homology would yield a commutative square

H,(X)®Z/k —— Hn(X;Z/k)

o] |

H,(X|z) ® Z/k —— H,(X|x;Z/k)

in which the unlabelled arrows are injective, which is impossible. So k = 41, which
means that any choice of generator in H,(X) is an orientation of X.

Since p, is injective, H,(X) = 0 if X is not orientable.

Over R = IF,, we can argue similarly: since p, is an injection into the 1-
dimensional F,,-vector space H,,(X|z;Fp), this map is an isomorphism if H, (X;Fp) =
F,. Hence any generator in H,(X;F,) defines an F,-orientation of X.

Let us use this information to deduce the description of H,_1(X). If X
is orientable, the map H,(X) ® F, — H,(X;F,) is an isomorphism. Hence
Tor%(Hn_l(X),IFp) = 0 for all primes p. Since Tor%(Hn_l(X)7 F,) is isomorphic to
the p-torsion part of H,_1(X), it follows that H,_;(X) is torsionfree.

If X is not orientable, then X is also not Fp-orientable for p > 2. Hence H,,(X) =0
and H,(X;F,) = 0 for all p > 2. This implies that Tor{(H,_1(X),F,) = 0, so
any torsion element in H,_1(X) is a 2-primary torsion elements. Since X is not
orientable, there exists a loop A at some point x € M which induces multiplication
by —1 on H,(X|z). Hence p, = —p, over any ring R, which implies that p, maps
H,(X; R) injectively to the 2-torsion part of R. Considering R = Z/2*, it follows
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that H,(X;Z/2%) injects into Z/2. Since H,(X) = 0, the map H,(X;Z/2F) —
Tork(H,_1(X),Z/2*) is an isomorphism for all k, so the torsion part of H,_;(X)
is a subgroup of Z/2. The case k = 1 implies that the torsion part of H,,_1(X) is
non-trivial because H,,(X;Fs) = Z/2.

As an upshot of this discussion, if H,(X;R) = R and R contains an element
which is not 2-torsion, then X is orientable, which implies R-orientability. So the
only situation left to consider is the case that H,(X;R) = R for a ring R in which
every element is 2-torsion. Then R is an Fa-vector space, so the universal coefficient
theorem yields a commutative square

H,(X;F3) @, R — Hp(X;R)

E b

H,(X|z;F2) @5, R —— H,(X|z; R)
Consequently, p,. is surjective for all x, which is equivalent to R-orientability. [

4.2.12. Definition. Let X be a connected n-manifold and let z € X. Define the
orientation character of X as the composition

wyx: m(X,z) = Hompyx) (7, 2)° — Aut(H, (X|x))°? = Z/2.

4.2.13. Corollary. Let X be a connected n-manifold and let x € X. Then X is
orientable if and only if wx is trivial.

Proof. By Theorem 4.2.11, X is orientable if and only if vx is isomorphic to the
constant functor Z.

Consider 71 (X, z) as a category Bmy (X, z) having a single object with endomor-
phism monoid 71 (X, z). There is a fully faithful functor By (X, z)°P — II(X).

If vx: II(X) — Ab is isomorphic to Z, this implies that wy is trivial. If wx is
trivial, this implies that vx|px, (x,z)o» is iSsomorphic to the constant functor with
value Z on Bri(X,x)°P. Since X is connected, the functor B (X, z)°? — II(X) is
an equivalence, so vx = Z O

4.2.14. Corollary. Let X be a connected n-manifold. If the fundamental group of
X contains no subgroup of index 2, then X is R-orientable for every R.
In particular, every simply-connected manifold is orientable.

Proof. If X is not orientable, then wy is non-trivial by Corollary 4.2.13. This
implies that ker(wx) is an index 2 subgroup of m (X, x). O

4.2.15. Remark. Since Z/2 is abelian and H;(X) is the abelianisation of m (X, x),
the orientation character induces a homomorphism H;(X) — Z/2. By the universal
coefficient theorem, we have an isomorphism H!(X;Z/2) = Hom(H;(X),Z/2). In
this way, wx gives rise to a unique class

wi(X) € H'(X;Z/2),
the first Stiefel-Whitney class of X. By the preceding discussion, wq(X) = 0 if and
only if X is orientable.

4.3. The Poincaré duality theorem. We have almost everything in place to
state and prove the main result of this section. The only missing ingredient is a
comparison map between cohomology and homology which will allow us to state
the Poincaré duality theorem.

4.3.1. Definition. Let (X, A, B) be an excisive triad and let M be an R-module.
Define a “diagonal” transformation as follows: the composite

Csing (A)
_—

Csing(X) Csing(X X X) A_W> Csing(X) ® Csing(X)
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is a natural map. By naturality, it restricts to a map
CSing(A) + Csing(B) N Csing(A) ® Csing (X) + C«sing(X) ® CSing(B),
and thus induces a natural map

Csing (X)
Csing (A) + Csing(B)

— CI"8 (X, A) @ C5'"8(X, B).

The domain admits a natural map to C*8(X, AU B) which is a chain homotopy
equivalence, so precomposing with a chain homotopy inverse yields a map
A: C"8(X, AU B; R) — C*"8(X, A) ® C*"¢(X, B; R).

If A= @ or B = @, the map we have to invert in the last step is an isomorphism,
and we agree to choose the inverse isomorphism. This makes A strictly functorial
for triples of the form (X, A, @) or (X, @, B).
From this diagonal map, we obtain the (chain-level) cap product as the composi-
tion
N: Caing(X, A; M) ®p C*"¢(X, AU B; R)

HO2, Cling (X, A; M) @ C¥"8(X, A) @ C¥™8(X, B; R)

O A 0] @ CSS(X, By R) = C5"8(X, B; M)
The chain-level cap product induces the cap product
N: H*(X,A; M) @ H(X, AU B; R) = H(Csing(X, A; M)) ®g H(C*"8(X, AU B; R))
L H(Cuing (X, A; M) @ C¥8(X, AU B; R))
2O, H(cse(x, B; M) = H(X, B; M)

4.3.2. Remark.

(1) The most important instance of this definition is the case A = & or B = &,
in which (X, A, B) is automatically an excisive triad. On occasion, it will be
convenient to have the general version of the cap product at our disposal.

(2) Asusual, it makes sense to figure out the correct indexing on the (co)homology
groups. Remembering that cohomology is concentrated in non-positive de-
grees, the cap product is given in each degree by sums of maps of the
form

N: H?(X, A; M) ® g H,(X,AUB; R) — H,_,(X, B; M).

Given the definition of the cap product, it is to be expected that properties of
the cap product rely heavily on properties of the “diagonal” A.

4.3.3. Lemma.

(1) Let f: (X, Ay, As) — (Y, By, Ba) be a map of excisive triads. Then
C5M8(X, AL U Ag) —2— C5"8(X, A1) @ C¥"8(X, Ay)
f*l lf@f*
C*M(Y, By U By) —2— C"8(Y, By) @ C*M8(Y, By)

commutes up to chain homotopy. The square commutes strictly if Ay = & =
Bl OT'AQZ,@:BQ.
(2) Let X be a topological space. Then there exists a chain homotopy

(id®A)o A~ (A®id) o A: C*"8(X) — C*"8(X) @ C¥"8(X) ® C*"8(X).
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(3) Let X be a topological space. Then

Csing( ) A Csing( ) Csing (X)

~— Ld o

Csmg ® 7, [O]

commutes up to chain homotopy.
(4) Let X be a topological space. Then

Csing( ) A Csing( ) Csing (X)

T, b

Csmg ® Csmg( )

commutes up to chain homotopy.

Proof. This is an immediate consequence of Proposition 2.1.6. O

Knowing these basic properties of A, we can establish some fundamental state-
ments about the cap product.

4.3.4. Lemma. Let X be a topological space. The adjoint of the map
N: HP(X; M) ®p Hy(X; R) — Ho(X; M) > M
coincides with the evaluation map
ev: HP(X; M) — Homg(H,(X; R), M)
of the universal coefficient theorem.

Proof. The diagram

Csing(X) ® Csing(X) % Csing(X) ® Csing(X) ® Csing(X) ev®id Osmg( )

= J{id Qe le

Ciing(X) ® C*"8(X) ® Z[0] ——— Z[0]

commutes up to chain homotopy by Lemma 4.3.3 (3). Now observe that the
composition along the top right corner describes the cap product followed by the
augmentation map, while the composition along the bottom of the diagram induces
the evaluation map. O

The next lemma establishes a sort of “naturality” for the cap product.
4.3.5. Lemma. Let f: (X, A1, As) = (Y, By, Ba) be a map of excisive triads. Then
feoNo(f*®id) ~ Nofy: Caing(Y, B1; M)@rCH"8(X, A1UA2; R) — C¥™8(Y, By; R).

These maps are equal if Ay = @ = Ay or By = @ = Bs.
In particular,

[ (f*BNs) = BN fis € Hop(Y, Ba; M)
for € HP(Y,B1; M) and s € Hy,(X, A1 U Ag; R).
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Proof. Consider the following diagram, in which we abbreviate C*"8(—) to C(—)
and Cying(—) to C(—)":

C(X, Ar; M)Y @ C(X, A1 U Ay; R) 992, O(X, Ay; M)Y @ C(X, A1) ® C(X, Ay R)

Tf*@id Tf*@id &

C(Y, Bi; M) @r C(X, Ay U Ag; R) “2225 O(Y, Bi; M)Y ®r C(X, A1) ® C(X, As; R) C(X, As; R)

lid & f« lid ®f @ fx lf*

C(Y, Bi; M)¥ @p C(Y, B U By) 25 C(Y, By; M)Y @g C(Y, By; M) @ C(Y, By; R) —— C(Y, By; R)

The upper left square evidently commutes, and the right part of the diagram
commutes since evo(f* ® id) = evo(id ® f«). The lower left square commutes up to
homotopy by Lemma 4.3.3 (1), and it commutes strictly in case A1 = @ = Ay or
By = @ = Bs. O

Again, it is probably most instructive to consider only the absolute version of
this statement on first pass. However, we will have to use the relative version in
some of the upcoming proofs.

The next lemma allows for a slightly more conceptual way to phrase Lemma 4.3.5.

4.3.6. Lemma. Let X be a topological space and let « € HP(X; R), € H1(X; R),
s € Hy(X;R). Then

(aUB)Ns=an(BNs) € Hy_p_q(X; R).

Proof. Abbreviate notation by writing C'(—) := C®"8(—; R), (—)V := Hom(—; R[0]),
and dropping the subscripts on the tensor symbols. Consider the following diagram:

C(X)Y ® C(X)Y © O(X) U998 o(x)V g O(X)Y ® O(X) ® O(X ' 2LEA8 0 X )V ¢ 0(X)Y ® O(X) @ C(X) ® C(X)

X@idl lA@id@id l}@id@id@id
(C(X)®C(X))Y ® C(X) 2122, (C(X) @ C(X))¥ @ C(X) ® C(X) L2 (o(X) » C(X))Y ® C(X) ® C(X) @ C(X)
A\}\'*l lAVV* ®id ®@id lAVV* ®EZ®id
C(X x X)V @ O(X) — 422, (X x X)V @ C(X) ® C(X) —2228 |, (X x X)¥ @ C(X x X) @ C(X)

A*@idl lA*@id ev®id

CX)VeCOX) — M9, o(X)VeC(X)eC(X) ovoid c(X)

Note that the composition along the bottom left corner computes the cup product
followed by the cap product.

The left column commutes for obvious reasons, and so do the top right and
bottom right square. Remembering that A = AW oA, the center right square
commutes up to chain homotopy since AW and EZ are chain homotopy inverses of
each other. Since AW o EZ ~ id, we also see that the composition of the vertical
maps on the right of the diagram is chain homotopic to

(eve(x)go(x) ®id)o(ARid ® id ® id)

CX)®0(X)®C(X)2O0(X)®C(X) C(X).

The definition of A (see Construction 3.3.1) requires the diagram
C(X)V®C(X) ®CX)eC(X)EA oX) @ CX) e C(X) ®CX)

A®id ® idl lev ® ev

(C(X)eCX)VeO(X)CO(X) & Z[0]




TOPOLOGY II 63

to commute. Therefore, the composition of the vertical maps on the right of the
large diagram is chain homotopic to the composition

CX)VeOX)e0(X)®C0(X)®C(X)

Meredald, o(x)V o C(X) © O(X)" © C(X) ® O(X)

ev®ev®id C(X)

Now consider the diagram

CX)VROX)Yel(X) — 9482 L o(X)Ve C(X)' @ C(X) e O(X) —2Ev8H , o(X)V @ C(X)

id ®Al lid ®RA lid ®A

C(X)V @ C(X)' ©C(X)®C(X) C(X)Y @ C(X)¥ ® C(X) ® C(X) ® C(X) L2 o X )V ¢ C(X) ® C(X)
id@cid@A@oidl W ev®id
C(X)Y ® C(X)Y 8 C(X) ® C(X) ® C(X)* R0 (X)Y 0 O(X) ® C(X)Y @ C(X) ® C(X) —=22@Hd o)

and note that the composition along the bottom left corner in this diagram is chain
homotopic to the composition along the top right of the previous large diagram.

The upper right square in this diagram is commutative. The top left part of the
diagram commutes up to chain homotopy since

(T®id)o(A®id)c A~ (A®id)o A~ (id®A)o A
by Lemma 4.3.3 (2) and (4). For the bottom right part of the diagram, let a ®
B ®x®y® z be an elementary tensor such that each component has homogeneous

degree. If |a| # |z| or |B] # |y|, both images of this element in C(X) are zero.
Otherwise, they also agree because

((ev®id) o (id®ev®id) o (dRIAETRI))(aR Rz R Y ® 2)
= (-1 Wa()p(y)z
= () la(z)B(y)
= ((evRev®id) o ((d®T®id®id))(a® QYR 2).

Observing that the composition in the top right of the last diagram computes the
iterated cap product, this finishes the proof. O

4.3.7. Remark. Recalling once more that cohomology lives in non-positive degrees,
one can conclude that H(X; R) is a graded left H*(X; R)-module; Lemma 4.3.6
asserts that the scalar multiplication is associative. With this interpretation of the
cap product, Lemma 4.3.5 asserts that f.: H(X) — H(Y) is H*(Y)-linear for any
map f: X —» Y.

As in the case of homology, we introduce the shorthand
HP(X|A; M) := HP(X, X \ A; M)
for a pair of topological spaces (X, A).
4.3.8. Definition. Let X be a topological space.
(1) Define the cohomology of X with compact supports by
H})X;M) = Ic(oelégl( H"(X|K;M).
(2) Dually, define the locally finite homology of X by
HY(X;M):= lim H,(X|K;M).
KeX$

X

If X is an n-manifold, an R-orientation of X is an element of H¥(X; R). The
following observation can make it easier to determine these groups.
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4.3.9. Lemma. Let C be a category and let I and J be directed posets. Suppose that
f:J — I is a cofinal morphism of posets, ie f is order-preserving and for every
i € I there exists some j € J with i < f(j).

(1) Let D: I — @ be a diagram such that D o f admits a colimit. Then define
for each i € I a morphism 71;: D(i) — colimy D o f by choosing j € J with
i < f(j) and taking the composite

70 D) = D(f(5)) — co}]imDOf,

where the second map is the structure morphism of the colimit. Then (7;);
exhibit colimy D o f as a colimit of D.
(2) Let E: I°® — C be a diagram such that E o f°P admits a limit. Then
lim jop E o f°P becomes similarly a limit of E.
In particular, if X is compact, then H'(X; M) = H™(X; M) and H¥(X; M) =
H,(X;M).

Proof. If j and j’ are two elements from J such that ¢ < f(j) and ¢ < f(j'), then
there exists some j” € J with j < 5" and j' < j”. Then the diagram

D(f(3))
\

(f(5”)) — colimy Do f

T

(f(4")

commutes, which shows that the definition of 7; is independent of the choice of j. In
particular, for ¢ < i’ in I, we may choose j € J such that i’ < f(j) to see that (7;);
defines a cone under the diagram D. Hence it suffices to show that the induced map

D(i)

/N

Home(colim Do f,y) — lim Home(D(7),y)

is a bijection for every y € €. Since Home (colimy Dof,y) = limjc joo Home(D(f(5)), ),
this reduces the first assertion to the second assertion for the case € = Set.

For the second assertion, we obtain an analogous transformation by choosing for
each i € I some j € J with i < f(j) and setting

o lim o f° = B(f(j)) = B().
This induces a comparison map

Hom@(ﬂc,l}mEo foP) — lign Home (z, E(7)).
op i€ Iop

An element in the target of this map is given by a family of morphisms (a;: z —
E(4));cr such that for ¢ < ', the diagram

commutes. This implies that (ay;y: x — E(f(j)))jes defines a preimage of (a;)icr
under the above map. Injectivity is obvious, so we are done. U
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4.3.10. Construction. If K C L C X are compact subsets, the diagram

HP(X|K;M)®pr H,(X|L; R) —— HP(X|K; M) ®pr H, (X, X|K; R)

| o

HP(X|L; M) ®p Hy(X|L; R) ———— H,_ ) (X; M)

commutes by virtue of Lemma 4.3.5. This amounts to the assertion that the maps
HP(X|K; M) — Hom(H,/(X; R), Hy—p(X; M)
a— [(sg)k — anN skl
induce a morphism
N: H?(X; M) @p HY(X;R) — H,_,(X; R).
4.3.11. Theorem (Poincaré duality). Let X be an n-manifold and let ox € HY¥(X; R)
be an R-orientation of X. Then
—Nox: HY(X; M) — H,,_,(X; M)

18 an isomorphism for all p.

4.3.12. Remark. We are mostly interested in the Poincaré duality theorem for
closed manifolds, where we are not required to mention cohomology with compact
supports or locally finite homology. These are rather auxiliary concepts that will
be useful to formulate the proof of the theorem. However, it will be important to
record the functoriality of these invariants:

(1) Suppose f: X — Y is proper in the sense that f~!(L) is compact for every
compact subset L C Y. Then f induces for each compact subset L C Y a
map

H*(Y,Y \ L; M) — H™(X, X \ f~}(L); M).
These maps are natural in L, so we obtain an induced map
[ HXNY; M) — HI(X; M).
Similarly, we have compatible maps

Ho(X, X\ f7H(L); M) — H,(Y,Y \ Ly M)

which induce
fer HY (X3 M) = Hy (Y5 M).

(2) Suppose that i: U — X is the inclusion of an open subset. By excision, we
obtain for each compact subset K C U a morphism

H"(U,U\K;M) = H"X, X\ K;M)— H}X; M).
Taking the colimit over K yields
iy HY(U; M) — H}(X; M).

Similarly, the excision isomorphisms in homology yield for each compact
subset K C U a map

HY(X; M) — H, (X, X\ K; M) = H,(U,U\ K; M)
which assemble to a morphism
it HY(X; M) — HY(U; M).

All of these constructions are functorial for the respective type of map.
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4.3.13. Lemma. Let X be a regular' Hausdorff space and let s € HY(X; R).
(1) Leti: U C X be the inclusion of an open subset. Then

HP(U; M) —— HP(X; M)

m“(s)l lﬁs

Hy_p(U; M) —= H,_,(X; M)

commutes.

(2) Let (U, V) be an open cover of X. Denote byi¥: UNV — U,iV:UNV =V,
YU = X, V.V = X and jY"V: UNV — X the respective inclusion
maps.

Then the diagram

iy iy =i
HP(UNV; M) M HP(U; M) ® HP(V; M) T, HP(X; M)
mjumv,u(s)l lij,u(s)EBﬂjV,ﬁ(s) lﬂs
14

(YY) 34
H, ,(UNV;M) =% H,_,(U;M) & H,_,(V; M) = H,_,(X; M)

Z-Uy,L-V
—° 5 HPPY (U NV; M) _GH) HPHY(U; M) @ HP(V; M)

lmj”””(s) lﬁjw(s)@mj‘/vﬁ(s)
U .V

) Hy o (UAVM) S (U M) ® Hy o (VM)

commutes, and both rows are ezxact.

Proof. Every class in HP(U; M) is represented by a class o € HP(U,U \ K; M)
with K C U compact. The class i%(s) is represented by t € H,(U,U \ K;R)
satisfying i.t = sk, where sg € H,(X,X \ K; R) is the K-th component of s. Let
B € HP(X, X \ K; M) be the unique class satisfying i*8 = «. Then Lemma 4.3.5
implies that

i (anif(s)) =i (i*BNt) = BNit = BNsk =iz(a)Ns.

This proves the first assertion.
For the second assertion, observe first that

K x Ky = Kyav, (K,L)I—)KﬁL
Ky x Ky — Kx, (K,L)HKUL

are both surjective maps: for the first map, this is obvious; for the second, let C C X
be compact and choose for each x € K NU a closed neighbourhood U, which is
contained in U. Similarly, choose for each z € KNV a closed neighbourhood V,,
which is contained in V. Then {int U, },exnv U {int V, }zexnv is an open cover
of K, so there exist finitely many points {z;};=1, ., and {y;},;=1,. s such that
{Us, }i=1,..r U{Vy, }j=1,....s cover K. Then K :=Cn Ui, Uz, is a compact subset
contained in U and L :=CnN U;:I V,,; is a compact subset contained in V' such that
KuL=C.

In particular, both of these maps are cofinal. This allows us to express the
compactly supported cohomology groups in the upper row as colimits indexed by

IReminder: X is regular if every closed subset C' C X and every point z € X can be separated
by open neighbourhoods. This implies that if U is an open neighbourhood of a point z, then there
exists a closed neighbourhood V' of z which is contained in U: applying the separation condition
to z and X \ U yields an open neighbourhood W of X \ U which is disjoint from some open
neighbourhood of z. Then X \ W is a closed neighbourhood of z which is contained in U.
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the same directed poset. Since filtered colimits preserve exactness, it is now enough
to show that for each pair (K, L) € Xy x Ky we have a commutative diagram

WUV UV
HY(UNVIKNL) 2% gr|K) e HA(V|D) 2% HP(X|KUL)
ﬁjUnV’”(s)KQLl lﬂjU’u(S)K@ﬂjv'n(s)L lmsKUL
(7 5Y) 3y —=i¥
H, ,(UNV|IKNL) " H, (U|K)® H,_,(V|L) 2= H,_,(X|KUL)

(if i})

% L, Y UNV|IKNL) — " HPYYU|K) ® HP(V|L)

lﬁjUﬁV’u(S)KnL lﬂju’n(S)KGBij’ﬁ(S)L
) (G
—— H,_ ,2(UNV|KNL) —= H,_, 1(U|K)® H,_,_1(VI|L)
with exact rows; we are suppressing the coefficients to save some space. All squares
which do not involve boundary maps commute by virtue of the first assertion.
Excision allows us to identify the top row:

H?(X|KNL) —— H?(X|K)® H?(X|L) —— HP(X|K UL)

T

iy ) i =iy

HY(UNVIK N L) 8 g k) @ HY(V|D) 222 Hr (XK U L)

—2  HPY(X|KNL) — HPTY(X|K) ® HPT(X|L)

N HPYY UNVIKNL) —— HPYYU|K) ® HPTY(V|L)
The upper row is an instance of a Mayer—Vietoris sequence, and therefore exact.
We are left with showing that the square involving the boundary map § commutes.

To see this, we abbreviate t := sgur and tn := jY"V4(s)gnr and consider the
following diagram:

HP(X|KUL) —%— HP(X\ L, X\ KUL) +=— H?(X\KNL X\ K) —5— H"*'(X|KNL)

b |

t Hn o(X\L,V\L) HPP (UNV,UNV\KNL)
lg* lmtm
Hy p(X) — L H, (X,V)+—=  H, (UUNV)—2 S H, . (UNV)

Here we are using the maps

(X, X\KUL,2) ER (X, X\KUL, V)& (X\L,X\KUL,V\L)
and define t' € H,(X \ L, (X \ KUL)U (V \ L)) as the image of ¢t under the
composition

Hn(X|KUL)fi)Hn(X,(X\KUL)UV)%HR(X\L,(X\KUL)U(V\L)),

using that (X \ KUL)UV and X \ L form an open cover of X.

By unwinding definitions, one finds that the composition of the horizontal arrows
along the top and bottom of the diagram are the boundary maps of the respective
Mayer—Vietoris sequences. Note that the map § comes from the long exact sequence
of a triple of spaces.
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It now suffices to show that both parts of this diagram commute. For the left
part, we use Lemma 4.3.5 to see that
g (gfant)y=angt =an fit = f(ffant) = f.(ant),

where the final identity stems from the fact that f*: HP(X|KUL) — HP(X|KUL)
is the identity morphism.
The right part of the diagram can be expanded into the slightly larger diagram

HP(X\L,X\KUL) +—— H(X\KNL X\K) — H(X\KNL) ——— HP*Y(X|KNL)
nt/ m(U \ L,lUE\ KUL)
Hy (X \L,V\L) «—— H, ,(U\ lelm VL) —25 H, , (UNV\L) H Y (UNV,UNV\KNL)
Hnt%X, V)¢ an((% unv) o \anll(;ﬁm V)

All occurrences of § and 9 are now boundary maps of long exact sequences of pairs,
and all unlabelled arrows are induced by inclusion maps. All isomorphisms arise
from excision. The class t” is defined as the preimage of ¢’ under the excision
isomorphism

H,(U\L,(UNKULYUUNV\L) = H,(X\L,(X\KUL) U (V\L)).

The part of the diagram labelled (*) commutes by Lemma 4.3.5, and the two other
parts on the left of the diagram commute already on the space level.

For the remaining part of the diagram, we make some explicit calculations on
the chain level. Since U\ L, UNV and V' \ K form an open cover of X, the class ¢
can be represented by a singular chain

Z = Zy\L T 2Uunv + 2v\K
such that each z4 is a singular chain on the subset A and d(z) is a cycle on X \ KN L.
Then f.[z] = [z 1] Since d(zin 1) = d(2) — d(zunv) — d(2y\ k), this is a cycle on
(U\ND)N(X\KUL)UUNV)U(V\K))=U\KUL)UUNV\L).

Consequently, z;7\ 7, represents the class ¢”.
Similarly, ¢~ is the image of ¢ under the composite

Hy(X,X\KUL) = H,(X,X\KNL) < H,(UNV,UNV\KNL).

Since 2y + 2v\k is a chain on (U\ L) U (V \ K) = X \ K N L, the equality
d(zunv) = d(z) — d(zp\1) — d(zy\ k) shows that zyny and z represent the same
class in H,(X,X \ KN L). Since zyny is a singular chain on U NV such that
d(zunv) is a cycle on

UNV)N((X\KUL)U(U\L)U(V\K))=UNV\KNL,

the class tn is represented by zyny .

Now represent an arbitrary class in H?(X \ K N L, X \ K) by a homomorphism
a: C3"8(X \ K) — M such that a|x\x = 0 and da = 0; here and in the rest of the
proof, we will write «|4 for the restriction of « to the subgroup of singular chains
lying in a given subset A.

We first look for a cycle representative of [a|n ] Nt”. Letting ¢: (U\ L, @, @) —
(U\NL,U\KUL,UNV\ L) denote the map induced by the identity, the chain
level statement of Lemma 4.3.5 shows that this class is represented by

te(alone N 2zo\L),
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using the absolute cap product on U \ L. By the explicit description of the boundary
map in homology, the class O([a|p ] Nt"”) is therefore represented by

d(aline Nzpnp) = 0alp\p Nz + (=1)Palin g Nd(zon L)
= (=DPalp\p Nd(z0n\L),

where we have used that the cap product is a chain map and that da = 0. Now
observe that d(zyny) is a cycle on UNV \ K N L, so the equation

d(zonp) + d(zunv) = d(z — 2v\k)

shows that this element is a cycle on U\KUL C U\ L. Moreover, d(zynv) is then also
a cycle on U\ L. Applying Lemma 4.3.5 to the map (U\KUL, &, o) — (U\L, 2, @),
we obtain the equality (!)

algnr Nd(z — 2v\k) = al\kur Nd(z — 217\ k),

where the second cap product is taken over U \ K U L. Since a|X\K =0, it follows
that this cycle is zero. Consequently, we obtain

(—=1)Palpne Nd(zinz) = (=1 alpyz Nd(zunv).

This element represents the image of o under the composition along the bottom left
corner. In particular, it is an (n —p — 1)-cycle on U NV \ L.

In order to determine the image of [«] under the composition along the top
right, extend a to a map a: C;ing (X) — M. Using the explicit description of the
boundary §, the image of [a] is then represented by

dalynv Nzunv-

Applying Lemma 4.3.5 to the map (UNV,2,20) - (UNV,UNV\ KNL,o), we
see that this representative may be computed using the absolute cap product over
U N V. Since the cap product is a chain map, we have

§alunv Nzunv = (1) aluay Nd(zunv) + d(@uav N zuav),
so (—=1)PT'alyny Nd(zuny) is a cycle representative of the image.
Now we can apply Lemma 4.3.5 to the inclusions U\ L — U «+~ U NV and use
that d(zpynv) is a cycle on U NV \ L to obtain the following chain of identities in
Csre(U):

alp\r Nd(zunv) = @l Nd(zunv)
= a|U n d(ZUﬂV)

= alunv Nd(zunv)-

Since CS"8(U NV') — C*8(U) is injective, this shows that these are the same cycle
in C5"8(U N V), which finishes the proof. O

Proof. The strategy of the proof is to show that the theorem holds for individual
charts, and then to successively patch these together to obtain the global statement.
We make the following claims:

(1) The theorem holds for open subsets of R™.

(2) If U and V are open subsets of M such that the theorem holds for U, V
and U NV, then the theorem holds for U U V.

(3) If I is a linearly ordered and {U, }icr is a family of open subsets such that
U; CUj for ¢ < j and each U; satisfies the theorem, then UZ—GI U; satisfies
the theorem.
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The first and second claims imply that the theorem holds for finite unions of
coordinate charts. Writing X as an ascending union of such, the third claim shows
that the theorem holds for X.

Observe that, if i: U — X is the inclusion of an open subset, if(ox) is an R-
orientation of U. In particular, the second claim is an immediate consequence of
Lemma 4.3.13.

Let us first show that the theorem holds for R™. The collection of closed balls
around 0 defines a cofinal subposet of the poset of all compact subsets in R™, so we
have

HE(R"; M) 2 colim H(R",R" \ Br(0); M) = HP(R",R" \ 0; M),

the second isomorphism coming from the fact that all maps in the colimit system
are isomorphisms. In particular, H?(R™; M) = 0 for p # n, and the theorem holds
trivially in this case. For p = n, the duality map is isomorphic to the map

Nogn o

H™(R"™,R"™\ 0; M) Ho(R™) 2 Z.

Since og= o is a generator, it follows from Lemma 4.3.4 and the universal coefficient
theorem that this map is an isomorphism.

Next, we prove the third claim. Set U := colim; U; and let oy, be the image of
ox under H¥(X; R) — HY(U;; R) (and analogously for U). For i < j, the square

HP (U M) 225 H,_p(Us; M)

incul linc*

ﬂon
HE(Uj; M) — Hyp(Uj; M)

commutes by Lemma 4.3.13 because oy, = incf oy, The same holds if we replace
U; by U. Hence we obtain a commutative square

colim; H?(U;; M) —— colim; H,,_,(U;; M)

| |

HP(U; M) —2Y 5 H,,_(U; M)

in which the upper horizontal arrow is an isomorphism. The right vertical map is
an isomorphism by Lemma 4.1.8. For the left vertical map, observe that the map of
posets

{(i,K)|iel, K CU; compact} - Ky, (i,K)— K
is cofinal, so

colim colim  HP(U;,U; \ K; M) — colim HP(U,U \ K; M)
i KCU,; compact KeXy

is an isomorphism. It follows that the theorem holds for U.
This can now be put to use to prove the first claim: an arbitrary open subset U
of R™ can be written as a countable union

=1

of open balls (pick a countable dense set in U, and consider all rational radii such
that the corresponding balls are contained in U). Then

U=JJB:(x)

i=1j<i
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exhibits U as a countable increasing union over finite unions of convex open subsets
of R™. Since we have already proved the third claim, it suffices to show that the
theorem holds for finite unions of convex open subsets of R™. This can be proven by
induction on the number of open convex subsets. For a single convex open subset U,
the theorem holds since U is homeomorphic to R™. If U is a union of n convex open
subsets, U satisfies the theorem by induction. For V' a convex open subset, U NV
is also a union of n convex open subsets, so the second claim and the inductive
hypothesis imply that the theorem holds for unions of n + 1 convex open subsets.
This finishes the proof. O

4.4. Consequences and applications of Poincaré duality. Poincaré duality
imposes some restrictions on the Euler characteristics of closed manifolds.

4.4.1. Proposition. Let X be a closed odd-dimensional manifold. Then x(X) = 0.

Proof. Since every manifold is Fy-oriented, Poincaré duality and the universal
coefficient theorem imply that

bn,p(X; Fg) = dimﬂr2 HP(X; Fz) = dimFZ HP(X; ]FQ) = bp(X; ]FQ)
It follows that

NE

X(X) =) (=1)Pbp(X;F2)
=0
e n
=D ()P (X;Fa) + > (—1)Phy(X;Fa)
p:O p:n;1+1
n—1
2 n
= ()P p(XiF2) + > (—1)Pb(X;Fy)
p=0 p="51 41
= D (D)X F) Y (—1)Pha(X;TFy)
p="77+1 p="5+1
=0
because p and n — p have different parities for odd n. O

Next, we want to explain how Poincaré duality can be used to compute cup
products. For an R-module M, define

M*:={meM|3IreR:rm=0}
and
Mtf — M/Mtors.
Then M*' is the initial torsionfree module under M: any R-linear map M — N to
a torsionfree R-module N factors uniquely over M*.
4.4.2. Definition. Let M and N be finitely generated R-modules over an integral
domain R. A bilinear form ¢: M ®g N — R is non-degenerate if both maps
MY — Homp(NY R) and NY — Homg(MY,R)
induced by the adjoints of ¢ are isomorphisms.
4.4.3. Proposition. Let R be a hereditary integral domain (eg a principal ideal

domain) and let X be an R-oriented, closed and connected n-manifold. Then the
cup product pairing

(., ): HP(X;R)@r H" P(X; R) = H™(X;R) "% Ho(X;R) = R.
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18 non-degenerate.
Proof. Lemma 4.3.6 shows that the diagram
HP(X;R)®p H" P(X;R) —~— H"(X;R)
id®(7mox)lg gi—mox
HP(X;R)®p H,_,(X;R) —— Hy(X;R)=R

commutes. The vertical maps are isomorphisms by virtue of Poincaré duality. Using
Lemma 4.3.4, this identifies the adjoint of ( , ) with the evaluation map of the
universal coefficient theorem. Since the homology groups of X are finitely generated
by Proposition 4.1.12, it follows from the universal coefficient theorems that the map
H" P(X; R)* — Hompg(H,_,(X; R)", R) induced by evaluation is an isomorphism.

Since the cup product is graded-commutative, it follows that ( , ) is non-
degenerate. O

For illustration, we determine the cup product structure on the cohomology
of CP™; similar arguments apply to real and quaternionic projective spaces. In
particular, this provides an alternative proof for Theorem 3.3.22.

4.4.4. Corollary.
H*(CP") = Py(c)
with |c| = 2.

Proof. We know that

H*(CP™) =

Z 0<k<2n even,
0 else

as a consequence of the universal coefficient theorem. Since the inclusion CP* — CP™
induces an isomorphism in degrees < 2k, it suffices to show by induction that
generators in degree 2p and 2(n — p) multiply to give a generator of H*"(CP").
Proposition 4.4.3 implies that ¢? U c¢"~P is a generator of H>"(CP™). O

There are also versions of Poincaré duality for manifolds with boundary which
we prove next.

4.4.5. Definition. An (n 4 1)-manifold with boundary W is a second countable
Hausdorff space such that every point z € W has a neighbourhood which is
homeomorphic to R"*! or to the closed half-space R™ x [0, o0).

4.4.6. Remark. Suppose that x € W has a neighbourhood which is homeomorphic
to R™ x [0,00). If « corresponds to a point whose last coordinate is positive, then x
also has a neighbourhood homeomorphic to R"*1. Otherwise,

H,(Wlz) 2 H,(R" x [0,00),R™ x [0,00) \ {0}) = 0.

Hence the points of W which correspond to points in R™ x {0} are a well-defined
subset called the boundary of W and denoted OW. Evidently, the boundary of W
is an n-manifold.

The subspace of non-boundary points W is called the interior of W. We will
denote it by int W and hope that this does not cause too much confusion. Note
that int W is an open subset of W, so OW is closed.

4.4.7. Example.

(1) If V is k-manifold with boundary and W is an l-manifolds with boundary,
then V' x W is an (k + [)-manifold with boundary satisfying

AV x W)= (aV x W)U (V x aW).
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(2) The disc D" is an (n + 1)-manifold with boundary S™.
(3) If X is a closed n-manifold, then X x [0,1] is a compact (n + 1)-manifold
with boundary satisfying
(X x [0,1)) =2 X x {0,1}.
(4) The solid torus D? x S is a 3-manifold with boundary satisfying
A(D? x Sy =12,
It is relatively easy to prove a version of Poincaré duality for manifolds with

boundary if one accepts the following.

4.4.8. Proposition (Existence of collar neighbourhoods). Let W be an (n + 1)-
manifold with boundary. Then the inclusion map OW — W extends to a homeomor-
phism W x [0,1) — V onto an open neighbourhood of OW in W.

Proof. See eg [Hat02, Proposition 3.42]. O

4.4.9. Corollary. Let W be an (n + 1)-manifold with boundary. Then the inclusion
int W — W is a homotopy equivalence.

4.4.10. Definition. Let W be an (n+ 1)-manifold with boundary. An R-orientation
of W is an R-orientation of int V.

4.4.11. Construction. By definition, an R-orientation of a n (n 4+ 1)-manifold
W with boundary is an element oy € HY,,(int W). If W is compact, we can
translate this to a class in ordinary homology through the following observation.
The collection of subsets

Cw = {W\ C | C is an open collar neighbourhood of W}

is a cofinal sub-poset of Ki,;w. By Lemma 4.3.9, we have
1f /- = . .
Hy (int W) — Klé%lw H,(int W|K).
Since each W'\ K is an open collar neighbourhood of OW for K € Cy, we also have
K1gélw H,(int W|K) — Klérélw Hy(W,W \ K) «— H,(W,0W)

by excision. This provides an identification
H) (int W) = H,(W,0W),

so we may equivalently view an orientation of W as a class in H,, 1 (W, 0W).
A completely analogous argument provides an isomorphism

HP(W,0W) < colim H?(W|K) = colim H”(int W|K) = HP(int W).
KeCw KeCw

4.4.12. Corollary. Let W be an R-oriented, compact (n+1)-manifold with boundary.
Denote by ow the image of the orientation class of W under the isomorphism
HY  (int W; R) = Hp,41(W,0W;R).
Then

HP(W,0W; M) =22 H,_(W; M)

s an isomorphism for every R-module M.

Proof. Consider the diagram

oy

HP(W,0W; M) ———— HP(int W; M)

lﬁow J/moint w

Hyt1-,(W; M) = Hyt1_p(int W3 M)
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whose top horizontal maps are given by Construction 4.4.11. This diagram commutes
as a consequence of Lemma 4.3.5, and the left vertical map is an isomorphism by
Poincaré duality. (|

There is also a version of Poincaré duality for compact manifolds with boundary
which compares the cohomology to the relative homology. This will follow from the
next lemmas.

4.4.13. Lemma. Let W be a compact (n + 1)-manifold with boundary.
(1) If ow is an R-orientation of W, then Qow € H,(0W; R) is an R-orientation
of OW.
(2) If s € Hoy1(W,0W; R) is a class such that 0s € H,(OW;R) is an R-
orientation of OW, then s is an R-orientation for every component of W
with non-empty boundary.

Proof. Let x € OW. Choose a collar for W such that there exists an open
neighbourhood U of z in OW such that U x [0,1] is contained in a coordinate
chart around z. Letting w denote the point corresponding to (z,1) and suppressing
coefficients everywhere, we obtain the following diagram:

HY  (int W)

-

lim H, 1 (int W,int W\ K) —— H, 1 (int W, int W \ w)

KeCw J
dim Hypt(WWA\K) ——— Hyp (W, WA\w) ———2 5 Hy((W\ w,W\ L)
Hyi1 (W, 0W) —— = Hy  (W,0W x [0,1)) —2— H,(OW % [0,1), (W \ z) x [0,1))

Tg

H,(0W,0W \ z)

\
H,

Here, we have identified OW x [0, 1] with its image, and L denotes the line segment
{z} x [0,1]. The diagram commutes by the definition of the limit and naturality of
the boundary map—mnote that the horizontal boundary maps are those associated
to a triple of spaces.

The boundary map 0: H,, 11 (W, W\w) — H,(W\w, W\L) is also an isomorphism
because excision yields an identification

Hypir (W, W\ 0) 2 H,(W\w,W\ L)

4 Tg

Hn+1(Rn X Rzo,Rn X Rzo \ (J},t)) i) Hn(Rn X Rzo \ (l‘, 1),Rn X Rzo \ {.T} X [0, 1])

(ow)

and the lower map is an isomorphism since R” x R>¢ \ {z} x [0,{] = R" xR>g is a
homotopy equivalence.

The lemma follows now by tracing the respective classes through the above
diagram. The second assertion also uses that p, and p, are isomorphic maps
whenever w and w’ lie in the same path component. O

4.4.14. Lemma. Let (X, A, B) be an excisive triad. For a class s € H,(X, AU B),
define t € H,(B, AN B) as the image of s under

Ho(X,AUB) % H,_ (AUB,A) & H,_,(B,ANB).
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Then the diagram
ar(x, ) "% gr(B, AnB)
e |
Hy—p(X, B) —2— H,_, 1(B)
commutes.

Proof. Let z € C*"8(X) represent the class s. In particular, dz € C*"8(A U B) and
d(s) = [dz] € H,—1(A U B). Using excision, we can write

dz=a+b+dc
for some a € C*™8(A), b € C5™8(B) and ¢ € C58(A U B). Replacing z by z — ¢,
we obtain a representative z of s satisfying dz = a + b for some a € C3%(A) and
be C3"8(B).

Consider o € Csing(X, B) with da = 0. Letting j: (X, @) — (X, B) denote the
inclusion map and using Lemma 4.3.5, the class 9([a] N s) is represented by

d(j*anz) =" anz+ (1) andz
= (-Dlj*ana+b)
= (=) ((ia)(iaj N a) + (ip)« (5" a D))
= (—1)*l(ip)s(i5j"a N0)

because a vanishes on A by assumption. Hence 9([a] N s) is represented by
(—=1)l*li%j*a Nb. By construction, ¢ = [b] and the lemma follows. O

4.4.15. Lemma. Let (X, A) be a pair of spaces and let s € H, (X, A). Then
HP(A) —%— HPH(X, A)

o] oo

(_1)P+li*
Hyp1(A) — Hn*pfl(X)
commutes.
Proof. Let a € Cging(A)_, with o = 0 and let z € C5"8(X) represent the class s.

Then §[a] is represented by §@, where @ is some extension of a to C*"8(X). Using
Lemma 4.3.5, we obtain

Sa]Ns=[danz]
=[d@nz) — (-1)*andez]

because dz € C5"8(A). O

4.4.16. Proposition. Let W be a compact, oriented (n + 1)-manifold. Denote by
ow the image of the orientation class in Hypy1 (W,0W), and let i: OW — W be the
inclusion map. Then the diagram

(=DFi*

HP(W,0W) —— HP(W) ———— HP(OW) —2— HPTL(W,0W)

J{ﬂow J{f‘low J{ﬂaow J{I’TOW

—1 P+1i*
Hyirop(W) —— Hypyr_p(W,0W) —2 H,_0w) 2% (W)
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commutes.
Proof. By applying Lemma 4.3.5 to the maps of triads
(W, 0W, @) — (W, 0W,0W) + (W, &, 0W),

we see that the left square commutes. Applying Lemma 4.4.14 to the excisive triad
(W, 2,0W) shows that the middle square commutes, and Lemma 4.4.15 implies
that the right square commutes. O

4.4.17. Corollary. Let W be a compact, oriented (n + 1)-manifold and denote by
ow the image of the orientation class in Hyp41(W,0W). Then both

—Now: HP(W,0W) — Hpy1—p(W)
and
—Now: HP(W) — Hypp1-,(W,0W)
are isomorphisms for all p.
Proof. The first statement is Corollary 4.4.12. The other follows from Proposi-

tion 4.4.16 and Lemma 4.4.13 from Poincaré duality for 0W; note that the signs in
4.4.16 do not affect the exactness of the two rows. O

One can ask which closed manifold can appear as the boundaries of compact
manifolds with boundary. The following shows that the Euler characteristic of a
closed manifold provides an obstruction.

4.4.18. Corollary. Let X be a closed n-manifold. If there exists a compact (n + 1)-
manifold W with OW = X, then the Euler characteristic x(X) is even.

Proof. By Proposition 4.4.1, we only need to consider the case n = 2k. Suppose that
W is such an (n+1)-manifold. Then the product W x I is a compact (n+2)-manifold
with boundary

OW xI)=W x{0}UoW x TUW x {1}.

Then {O(W x I)\W x {i}},=0.1 is an open cover of d(W x I) such that both members
of the cover are homotopy equivalent to W. Since (W x I) is (2k + 1)-dimensional,
we obtain from Proposition 4.4.1 that

0= x(O(W x I)) = x(W) + x(W) — x(X),
so x(X) = 2x(W). O
4.4.19. Corollary. Neither RP?" nor CP?" are boundaries of compact manifolds.
Proof. We have x(RP?") =1 and x(CP") = 2n + 1, both of which are odd. O

One can extract further numerical invariants from the middle dimensional homol-
ogy of closed manifolds.

4.4.20. Definition. Let X be a closed, connected and oriented 2n-manifold. Define
the intersection form of X as the bilinear form

I: Hy(X)®@ Hy(X) = Hy(X) =27, z@y~— PD '(z)Ny,
where PD: H"(X) — H,(X) denotes the Poincaré duality isomorphism.

4.4.21. Lemma. Let X be a closed, connected and oriented 2n-manifold.

(1) The intersection form is non-degenerate.
(2) If n is even, the intersection form is symmetric.
(3) If n is odd, the intersection form is skew-symmetric.
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Proof. Denote the orientation class of X by ox. By Lemma 4.3.6, we have
PD ' (z)Nny=PD ! (z) N (PD ' (y) Nox) = (PD"'(z) UPD ' (y)) Nox,

so the intersection form is non-degenerate is non-degenerate because the cup product
is non-degenerate. The same formula shows that

I(z,y) = (PD ' () UPD ' (y)) Nox
— (-1)"" (PD"'(y) UPD"}(2)) Nox

— (=) I(y, z).
If n is even, so is n?. Otherwise, n? is odd. This shows that the intersection form is
symmetric or skew-symmetric, depending on the parity of n. U

4.4.22. Corollary. Let X be a closed, orientable (4n + 2)-manifold. Then the Euler
characteristic x(X) is even.

Proof. By Poincaré duality, we again have b,(X; Q) = bant2—p(X;Q). Since 4n + 2
is even, p and 4n + 2 — p have the same parity, so

4dn+2 2n
X(X) = D7 (1)h,(X;Q) = —bops1 (X3 Q) + > (~1)72b,(X; Q).
1=0 =0

Thus, it suffices to show that b := by, 41(X; Q) is even.

The rationalised intersection form I ® Q is a non-degenerate, skew symmetric
bilinear form on Ho,,41(X; Q) by Lemma 4.4.21 (and the universal coefficient theorem
for homology). Choosing a Q-basis of Ha,11(X;Q), the intersection form I ® Q is
represented by an invertible quadratic matrix A € M,(Q). Then

I(z,y) = —1(y,2) = —y' Az = —z' Ay,
so A= —A! Tt follows that
det(A) = det(—A") = (=1)"det(A).
Since det(A) # 0, it follows that b is even. O
4.4.23. Definition. Let X be a closed, connected and oriented 4n-manifold. Then
Lemma 4.4.21 and Sylvester’s law of inertia imply that
o(X) := #positive eigenvalues of I ® R — #negative eigenvalues of I @ R € Z

is a well-defined integer, called the signature of X.

4.4.24. Example.

(1) Since its middle homology vanishes, the signature of S*" is zero.

(2) Consider CP?" and let ¢ € H?(CP?*%;R) be a generator. Let ocpzn €
H,,(CP?%R) be the element whose dual corresponds to ¢?" under the
isomorphism

H*"(CP?";R) = Homg (Hy,(CP?";R),R)

of the universal coefficient theorem (note that this choice of orientation is

independent of the choice of ¢). Then PD(c") is a generator of Ha, (CP%n;R),

and we obtain

I(PD(c"),PD(c™)) = " N PD(c™) "™ 436 c2n g po, = 1.

We conclude that o(CP?") = 1.
4.4.25. Lemma. Let p: V Qr V — R be a non-degenerate, symmetric bilinear form
over the finite-dimensional real vector space V. If ¢ admits a Lagrangian, ie there

exists a subspace L C 'V such that 2dimg L = dimg V' and ¢|rgr, = 0, then the
signature of  is zero.
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Proof. Let n be the dimension of L. It suffices to show that ¢ has at least n positive
eigenvalues: by considering —¢, it then follows that there are also at least n negative
eigenvalues, and consequently the signature of ¢ is zero.

We argue by induction. Let z1,...,2z, € L be a basis and let z7,..., ], be the
dual basis in Homg(L,R). Let o;: V' — R be some extension of z}. Now define
y1 € V by o(y1,—) = a1, and set

1—
gy = Lol

2
Then
plarmy +y1, 121 +y1) = afe(zr, m1) + 2a10(x1, 1) + o(y1,91) = (1, 91) = 1,
so a1x1 + Y1 is an eigenvector with eigenvalue 1. The homomorphism
’l/) = (80(331, _)a so(yla _)) V= R2
is surjective because ¢ (x1) = (0,1) and ¥(y1) = (1, ¢(y1,y1)). Since ¢ is a non-

degenerate, symmetric bilinear form on kerv and (zs,...,z,) spans an (n — 1)-
dimensional subspace of ker ¢ on which ¢|ker pokery vanishes, the inductive assump-
tion applies. 0

4.4.26. Proposition. Let W be a compact, oriented (4n + 1)-manifold. Then
c(OW) = 0.

Proof. Let i: OW — W be the inclusion map. By Lemma 4.4.25, it suffices to show
that
ker (iy: Hop(OW;R) — Ha, (W;R))
is a Lagrangian of the intersection form.
From Proposition 4.4.16, we conclude that the Poincaré duality isomorphism
induces isomorphisms

img(i,) = coker(i*) and ker(i,) = img(i").
The universal coefficient theorem implies that the dual of ker(i*) is isomorphic to
coker(i*). Since Hs,(0W) is finite-dimensional,
dimg Ha, (OW;R) = dimpg ker(.) + dimg img (i, ) = 2 dimpg ker (4, ).
Moreover, we have for z,y € ker(i,) that
i I(z,y) = i.(PD" z)Ny)) = iu(i*aNy) = aNiy = 0.

Since i, : Ho(X) — Ho(W) is injective for every connected component X of OW | it
follows that I vanishes on ker(i,) ® ker(i.). O
4.4.27. Definition. Let Xy and X, be closed and oriented n-manifolds. An oriented
bordism from Xy to X3 is a compact, oriented (n + 1)-manifold W with boundary
together with a homeomorphism h: Xy Ll X3 =, OW such that h is orientation-

preserving on Xy and orientation-reversing on Xj.

4.4.28. Lemma. Oriented bordism is an equivalence relation on closed and oriented
n-manifolds.

Proof. For reflexivity, consider for an oriented and closed n-manifold X the compact
(n + 1)-manifold with boundary X x [0,1]. From the exact sequence

0= Hypp1 (X %[0,1]) = Hpyr (Xx[0,1], Xx{0,1}) & H,(X x{0,1}) = H,(Xx[0,1]),

we conclude that the element (0x, —ox) € H, (X x {0,1}) has a unique lift 0x «[o,1]
under the boundary map. Lemma 4.4.13 implies that oy [o,1] is an orientation of
X x [0,1].
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For symmetry, observe that an oriented bordism (W, ow,h) from Xy to X3
produces an oriented bordism (W, —ow, h) from X; to Xj.

For transitivity, let (W, oy, h) be an oriented bordism from X, to X; and let
(W’ ow, ') be an oriented bordism from X; to Xs. Consider the pushout

h‘xl
X1 — W

h’lxll J{
W —V
For points in X3, we obtain charts by gluing a collar of X; in W to a collar of X,
in W’ so V is an (n + 1)-manifold. Now consider the commutative diagram

Hyyi 1 (W, 0W) @ Hpit (W, 0W') & H,(0W) & H,, (OW')

Ji-+e |

Hni1(OVUX1,0V) 5 Hyy(V,0V) —— Hy (V,0V U X)) —2— H,(0V U Xy,0V)

Note Hy(0V U X1,0V) = H(X;). It follows that d(i.ow + jeow) = 0, 80 i.ow +
jxow has a unique lift to an element oy € H,+1(V,0V) since H,1+1(X;) = 0 by
Proposition 4.2.5. Replacing the pair (0V U X;,0V) by the pair (9V U X1, X;) in
the above diagram shows that oy induces the same orientations on Xy and X5 as
ow and ow. It follows from Lemma 4.4.13 that oy is an orientation of V. [l

4.4.29. Corollary. The disjoint union operation induces an abelian group structure
on the set of bordism classes of closed, oriented n-manifolds.

Proof. The empty manifold (which is not only a closed manifold of any dimension,
but also carries a unique orientation!) represents the neutral element. Associativity
and commutativity are clear. Since oriented bordism is reflexive, [X, —ox] is the
inverse of [ X, 0x]. O

4.4.30. Definition. Denote by Q3TOF the abelian group of bordism classes of closed
and oriented n-manifolds.

4.4.31. Corollary. The signature defines a homomorphism
o: QEEOP — 7.

4.4.32. Remark. One can refine the definition of Q%TOP to define an abelian group
Q%TOP(Z ) for topological spaces Z: elements are represented by closed, oriented
k-manifolds X with a reference map X — Z, and the bordism relation asks for an
extension of the maps at the two ends of the bordism to a map defined on the entire
bordism.

It is possible to show that the assignment Z +— Q%TOP defines a homology theory
(at least for sufficiently nice topological spaces) in the sense that it is homotopy
invariant, admits a long exact sequence for pairs of spaces (by associating to a pair
of spaces (X, A) the abelian group QTP (X U C(A))) and satisfies a form of the
excision theorem—this becomes quite a bit easier, but remains non-trivial, if one
restricts to smooth manifolds everywhere, which is also the case typically discussed
in the literature. The corresponding groups are then denoted by QEO(Z ).

The second part of Example 4.4.24 now asserts that CP?" defines a non-trivial
element in QFTOF = OSTOP(4) and the same is true for Q9. This indicates that
this homology theory is significantly different from singular homology, even though
it enjoys similar formal properties.

As a final application of Poincaré duality, we will obtain some information about
the homology of compact Euclidean neighbourhood retracts (ie compact subsets
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K C R™ satisfying the equivalent conditions of Proposition 4.1.10). Our goal is to
prove the following.

4.4.33. Theorem. Let X be a closed, connected and orientable n-manifold and let
K C X be a compact subset. Then there exists an isomorphism

li P ~H,_ K).
voponmina T () Hnop (X XA
of K in X

If K is in addition weakly locally contractible, then the comparison map

colim HP(U) — HP(K)
U open nbhd.
of K in X

s an isomorphism.

Proof. We may assume without loss of generality that K is a proper subset, otherwise
this is just the Poincaré duality theorem. Let U denote the poset consisting of open
neighbourhoods U of K in X, ordered by inclusion. Then the map

qu—>in\K, U'—)X\U
is an isomorphism of posets: the inverse map sends L to X \ L. This allows us to

express

HE(X\ K) 2 colim (X \ KU\ K)

and

HY X\ K) = Jim HP(X\ K, U\ K).

Choose an orientation ox € H,(X). Then ox induces an orientation on OX\K =

(ox\k.v)veu € HY (X \ K).
For a fixed open neighbourhood U of K, consider the following diagram:

HY(X,U) —— HP(X) —— HP(U) —— 5 HP+(X,U)
(,1)P*1lg lmoU(K (—1)”l’£
HP(X\ K,U\ K) (-7 (—nox) Hy_p(U, U \ K) HP (X \ K,U \ K)

ﬁox\]cb’l (—1)p+1l’=“ lmox\x,v

Hy p(X\K) ——— H, p(X) —— Hy (X, X\ K) —2— H, _, 1(X\ K)

The rows come the corresponding sequences of pairs, and all isomorphisms come
from excision. Since U is an open subset of X, it is an n-manifold, and U inherits
an orientation from X via the excision isomorphisms H, (U, U\ L) N H,(X,X\L),
which in particular defines the class oy x € H,(U,U \ K). We claim that this
diagram commutes.

Noting that (—1)P~! = (=1)PT!] one sees that the left square commutes by
applying Lemma 4.3.5 the maps of excisive triads

(X\K,U\K,2)— (X,U,9) + (X,9,9).

For the middle square, commutativity follows from Lemma 4.3.5 applied to the
maps of excisive triads

(U,9,U\K) = (X,9,X\K) + (X,90,09).
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The right square can be expanded into the diagram

HP (X, U)

/ |

HP(U) W HP(U\ K) -, HPY X\ K,U\K)

mOU,KJ/ J{aOU,K J{OX\K,U

_1\p+1
Hyp(U.UNK) —2 Hyoy o (UNK) 0 By i (X K)

l(ﬂ)f’“ 5

Hyp(X, X\ K)

The two triangles commute by naturality of the boundary map. The left square
commutes as a consequence of Lemma 4.4.14, and the right square commutes as a
consequence of Lemma 4.4.15.

In sum, the large ladder diagram above commutes. Passing to the colimit over U,
the outermost vertical maps become isomorphisms by Poincaré duality for X \ K.
Since X also satisfies Poincaré duality, it follows that the map

5(&1&12) HP(U) - Hp—p(X, X \ K)
induced by the cap products with (oy, i )ueuy is an isomorphism.

We are left with showing that the domain of this map is isomorphic to H?(K)
if K is weakly locally contractible. We know that X can be embedded into some
Euclidean space RY. This also embeds K into R¥, and since K is weakly locally
contractible, Proposition 4.1.10 shows that there exists an open neighbourhood
V of K in RN which retracts onto K. Setting U := X NV, we obtain an open
neighbourhood of K in X which retracts onto K. In particular, every class in H?(K)
admits a preimage via pullback along the retraction U — K.

For injectivity of the comparison map, let U be an arbitrary neighbourhood of
K in X and let w € HP(U) represent an element in the colimit which maps to zero
in H?(K). Since K admits an open neighbourhood which retracts onto K, assume
without loss generality that there exists a retraction r: U — K. Then the map
U 5 K C RY is homotopic to the inclusion map U — RN since RN is contractible.
Let h: U x [0,1] — RY be such a homotopy.

By Proposition 4.1.10, X admits an open neighbourhood V in RY and a retraction
rx:V — X to the inclusion map. Then A~1(V) is an open neighbourhood of
K x[0,1] in U x [0, 1]; by compactness, there exists an open neighbourhood U’ C U
of K such that h[yx[o,1] is @ homotopy in V. By composing this restricted homotopy
with rx, we obtain a homotopy

U x[0,1] = X

which is constant on K, which is the inclusion map at one end, and which is given

Ty

by a composition U’ — K — X.
The same type of argument applied to (h')~1(U) yields a homotopy

KU % [0,1] > U

rlyn

between the inclusion map and the composition U —— K < U. Hence H?(U) —
le}//

HP(K) —— HP(U") agrees with the map induced by the inclusion U” C U, so
u € HP(U) represents zero in the colimit. O
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4.4.34. Corollary (Alexander duality). Let K be a non-empty, proper, compact
subset of S™. Then there exists an isomorphism
colim HP(U) = H,_,_1(5" \ K).

Uopen nbhd.
of K in S™

If K is in addition weakly locally contractible, this induces an isomorphism

ﬁp(K) = anpfl(sn \ K).

Proof. For n =0, all terms involved are zero, so assume n > 0. From the long exact
sequence of the pair (S, 5™\ K), we find that

Hyp(S", 5"\ K) & Hyopo1(S™\ K)

is an isomorphism for p # 0 (the case p = n uses that K is a proper subset). In the
case p = 0, choose a point z € K. Then an inspection of the proof of Theorem 4.4.33
yields a commutative diagram

H(K) +—— colimgcy HO(U) —— H, (5™, 5™\ K)

| | J

HO(x) +—— colim,cpy H'(U) —— H,(S™, 5"\ z)

The upper map pointing left is an isomorphism if K is weakly locally contractible.
Since the composite

H,(S™) = H,(S",S"\ K) — H,(5",5"\ z)

is an isomorphism, the right vertical map splits, and this yields the desired identifi-
cation of reduced (co)homology groups. O

4.4.35. Remark.

(1) If K is as in Corollary 4.4.34, then Corollary 4.4.34 implies in particular
that the homology of S™ \ K is concentrated below degree n.
(2) The invariant
colim HP(U)
Uopen nbhd.
of K in S™
is called the Cech cohomology of K. Theorem 4.4.33 asserts in particular
that the Cech cohomology of a compact space K C RY coincides with its
singular cohomology if K is weakly locally contractible.
(3) Suppose that f: S»~! — S™ is a topological embedding. Then Corol-
lary 4.4.34 implies that

ﬁo(sn \ f(Sn_l)) o~ ﬁn—l(sn—l) ~7

so the complement of f(S™"~1) has exactly two path components.

For n = 2, this is also a consequence of the Jordan curve theorem,
which additionally asserts that both components of the complement are
homeomorphic to discs. This is not true in higher dimensions: for n = 3, the
“Alexander horned sphere” gives a counterexample. If one assumes in addition
that the embedding of S"~! extends to an embedding of S"~! x [0, 1], then
one can show without restrictions on the dimension that both components
are discs.
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5. HOMOTOPY THEORY

One of the heuristics to describe what singular homology is doing says that
singular homology detects “holes” in topological spaces. For example, the calculation
ﬁn(S”) = 7 is compatible with our intuition that the n-sphere has exactly one
n-dimensional “hole”. The homotopy groups of a space constitue an alternative
formalisation of this idea. We can think of continuous maps S™ — X as tentative
“holes” in the space X, and we can ask whether this can be filled (extending the
map to D"*1) or not. By now, we have grown used to the fact that good invariants
are homotopy invariant, so we consider such maps up to homotopy. Generalising
the construction of the fundamental group, we want to equip these sets of homotopy
classes of pointed maps with a composition operation. Geometrically, this operation
is induced by the pinching map S™ — S™ V S™. However, the definition is easier to
write down if we identify S™ = I"/OI™, where I" := [0,1]™ denotes the n-cube.

5.1. Homotopy groups. The contents of this section are mostly a recap of notions
and statements discussed in Topology I.

In order to construct homotopies, it is convenient to know that we can obtain
some homotopies “for free” as encoded by the homotopy extension property.

5.1.1. Definition. A map i: A — X is a cofibration if it has the homotopy extension
property: every map

(A x[0,1]) Uaxqoy (X x{0}) = Y
extends to a map X x [0,1] - Y.
5.1.2. Remark. By applying the homotopy extension property to the identity map,
it follows that i is a cofibration if and only if (A x [0,1]) Uaxqoy (X x {0}) is a
retract of X x [0, 1].
5.1.3. Example.

(1) The inclusion map S™ — D"*! is a cofibration.
(2) 1t
A—— B

X —Y

<

is a pushout and i is a cofibration, then j is also a cofibration.

(3) If (ia: Aq = Xqo)a is a family of cofibrations, then | |, in: [ |Aa — [, Xa
is also a cofibration.

(4) The previous two examples imply that the inclusion A — X of a subcomplex
into a CW-complex is a cofibration.

5.1.4. Lemma.

(1) Consider a commutative diagram

A
7N
x— 1 Jy
in which © and j are coftbrations. If f is a homotopy equivalence, then f is
also a homotopy equivalence relative A.

(2) If i: A — X is a cofibration and a homotopy equivalence, then A is a
deformation retract of X.

Proof. See [May99, Chapter 6.5]. O
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We will make use of the following notation:
(1) I" :=10,1]™ denotes the n-cube;
(2) oI™ :={(x1,...,2n) € I"™| i: x; = 0} is the boundary of the n-cube.
Note that the pair (I",dI™) is homeomorphic to the pair (D™, S™~1).

5.1.5. Definition. Let (X, ) be a pointed space. Define
(X, x) := {homotopy classes of maps (I",0I") — (X, z)}.
5.1.6. Definition. Let f,g: (I"™,0I™) — (X, z) be maps. Define
fxrg: 1" =X

) R f(2ty,ta, ... t) 0
Y g2ty — Lta, ... tn) %

The resulting map is a map of pairs f *; g: (I",0I") — (X, ).
Let 71;: I — I" be the automorphism which switches the first and i-th coordi-
nate. Then define

frig:=((for)*i(gom))omi: (I",0I") = (X, ).

The first key point is that, despite appearances, we have defined a single compo-
sition operation on 7, (X, ). This rests on the following observation.

5.1.7. Lemma (Eckmann-Hilton argument). Let M be a set with two unital binary
operations - and *. If

(v-w)*(z-y) = (v*z) - (Wxy)
for allv,w,x,y € M, then - = %, and this operation is commutative.

Proof. Let e be the neutral element for -, and let e, be the neutral element for x.
Then
ex=€ike, = (e e )x(ex-e)=(exey) (ex*e)=e-e=ce,

so the neutral elements coincide. Now it follows that

Ty =(exa)-(yxe) = (e y)x(z ) =y*a
and

voy=(zxe) (e-y)=(z-e)x(e-y)=axy,
so both operations conincide and are commutative. O

Remark. One way to remember the equation featuring in Lemma 5.1.7 is to say
that - is a homomorphism with respect to * (or the other way around). With
this observation, one can upgrade the Eckmann—Hilton argument to the assertion
that the category of monoid objects in monoids is equivalent to the category of
commutative monoids.

5.1.8. Proposition. Each operation *; induces the same group structure on m,(X, ),
and this group structure is commutative for n > 2.

Proof. The proofs for well-definedness, associativity and unitality work essentially as
in the case n = 1, where the given formulas define the fundamental group. Inverses
for *; are obtained by applying the inversion [0,1] — [0,1], t — 1 — ¢, to the i-th
coordinate.

By inspection, one finds that (f *; g) *; (h*; k) = (f *; h) *; (g *; k), so the
Eckmann-Hilton argument shows that all operations *; coincide and are commutative
if n > 2. O



TOPOLOGY II 85

5.1.9. Corollary. The preceding constructions define homotopy invariant functors

mo: Top, — Sety,
w1 : Top, — Grp,
my,: Top, — Ab, n > 2.

5.1.10. Remark. Note that Corollary 5.1.9 asserts that maps which are homotopic
relative to the given basepoints induce the same maps on m,, and therefore pointed
spaces which are pointed homotopy equivalent have isomorphic homotopy groups.
This restriction is not overly problematic due to Lemma 5.1.4: if we consider well-
pointed spaces, ie spaces X for which the inclusion {z} — X of the base point is a
cofibration, then a pointed map which is a homotopy equivalence is also a pointed
homotopy equivalence.

5.1.11. Remark. Observing that
Im/orm = sm,

we can identify 7, (X, x) with the set of pointed homotopy classes of pointed maps
(8™, s) = (X, z) for some basepoint s € S.

After fixing such an identification, the composition operation *; is induced by the
pinch map S™ — S™ Vv 8™ which collapses an equatorial (n — 1)-sphere, the index i
designating the hyperplane which contains the equator.

5.1.12. Definition. A map f: X — Y is a weak homotopy equivalence if the induced
map fi: (X, z) = m(Y, f(x)) is a bijection for all x € X and all k > 0.

5.2. Fibrations and the Whitehead theorem. A key concept that will allow us
to organise homotopy theoretic information is that of a Serre fibration, which is dual
to the notion of a cofibration. Among other things, it will allow us to establish long
exact sequences of homotopy groups for arbitrary maps of spaces, and it will allow
us to show that weak homotopy equivalences between CW-complexes are homotopy
equivalences.

5.2.1. Definition. A map p: X — Y is a Serre fibration if, for all n > 0, every
lifting problem

D”X{O}*:X

S

D™ x [0,.1] — Y

has a solution: given any commutative square as depicted by the solid arrows, there
exists a dotted arrow making the resulting diagram commute.

Let us first make sure that we have a reasonable supply of Serre fibrations.
5.2.2. Lemma. FEvery fibre bundle is a Serre fibration.

Proof sketch. For the purpose of this proof, identify D™ = ["™. Let p: E — B be a
fibre bundle and consider a lifting problem

I x {0y L5 E

I”x[07i] B
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Pick an open cover U = (U,), of B and trivialisations

p (x *>UXF

\/

for each . Then f~'U is an open cover of I™ x I. Pick a subdivision 0 = 3 <

. <t =1 of the interval such that each cube HZ:% [ti,, ti,+1] is contained in an
element of f~'U. Proceeding along the lexicographic ordering of {0,...,r — 1}7*1,
one constructs a lift using the local trivialisations ¢,. The important observation is
that in each step of the construction, one needs to extend a map from a union of
faces of the (n 4 1)-cube which is properly contained in the boundary to the entire
cube; this can be achieved by composing with a suitable retraction of the cube onto
the subcomplex of the boundary. O

RS

5.2.3. Example.

(1) The unique map X — * is a Serre fibration for every topological space X.

(2) The projection map X x F' — X is a Serre fibration for any two topological
spaces X and F.

(3) Every covering is a Serre fibration since it is a fibre bundle with discrete
fibres.

(4) The projection maps S?"*! — CP™ are fibre bundles with fibres homeomor-
phic to S!, so they are also Serre fibrations. This includes in particular the
Hopf map 7: S — S? (ie the attaching map of the 4-cell in CP?).

5.2.4. Lemma.

(1) If p: X =Y and q: Y — Z are Serre fibrations, then qop is also a Serre
fibration.
(2) If p: X =Y is a Serre fibration and

X — X
pl lp
Y —— Y

s a pullback, then p’ is also a Serre fibration.
(3) If (pa: Xo — Ya)a is a family of Serre fibrations, then their product
[I.7a: 1, Xa = 11, Yo is also a Serre fibration.

Proof. For (1), the lifting problem

D"X{O}%X

| ‘ i”
= iq

D" x [0,1] — Z

can be solved by successively choosing lifts along ¢, and then along p.
For (2), note that a lifting problem for p’ gives rise to a diagram

D"x {0} — X' — X

D" x[0,1] — Y —— Y
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Since p is a Serre fibration, there exists a map D™ x [0,1] — X which solves the
lifting problem given by the outer corners. Since X’ is a pullback, this induces the
desired solution to the original lifting problem.

For (3), a lifting problem

D" x {0} —— [[, Xa
D" x [0,1]] —— Y,
can be solved by choosing a solution in each component separately. U

The homotopy lifting property which defines Serre fibrations holds for a much
larger class of spaces than just discs.

5.2.5. Lemma. Let p: X — Y be a Serre fibration. If (B, A) is a relative CW-
complex and i: A — B is the inclusion map, then every lifting problem

A x[0,1] Uaxoy B x {0} — X
incl e lp
B x [0,1] .y
has a solution.
Proof. Observe first that there is an isomorphism
S7=1 % [0, 1] Ugn-15 g0y D x {0} —2% D™ x [0,1]

- -

D" x {0} e D" x [0,1]

Hence every lifting problem for the relative CW-complex (D™, S"~1) has a solution.
It follows that every lifting problem for the relative CW-complex (| |, D™, [ |, S™ 1)
has a solution.

Suppose now that B is obtained by attaching n-cells to A, ie that there exists a
pushout

L, st —— A

Lok

L, D" —— B

Consider the commutative diagram

L1, 5™ x {0} A x {0}
L1, 5" x [0,1] | Ax[0,1]
L, D™ x {0} B x {0}
/ /
LI, S™ 71 x [0,1] Ugn-1 g0y D™ x {0} A [0,1] Uaxqoy B x {0}
1 1
LI, D" % [0,1] B x [0,1]

The back face of the upper cube is a pushout by assumption, and so are the left
and right faces of that cube. By the pasting lemma for pushout squares, the front
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face of the cube is a pushout. Since crossing with [0, 1] preserves pushouts, the four
outer corners at the front also form a pushout square, so another application of the
pasting lemma implies that the square at the bottom is a pushout. Given a lifting
problem for (B, A), this pushout fits now into a diagram

Ll $™71 % [0, 1] Usn1x g0y D™ x {0} —— A x [0,1] Ungoy B x {0} —— X

| o]

L, D™ x [0,1] Bx[0,1] —— Y

The lifting problem given by the outer four corners has a solution, so the universal
property of the pushout yields a solution to the original lifting problem.

For an arbitrary relative CW-complex (B, A), we have B 2 colim,, B™ with
B = A. Since [0, 1] is compact and colimits commute with each other, we have
an identification

colim,, (A x [0,1] Uax (o) B™ x {0}) —— A x [0,1] Uax o} B x {0}

| |

colim,, (B™ x [0, 1]) = B x [0,1]

Therefore, we can start by solving the lifting problem

Ax[0,1]Uaxgoy BO x {0} — X

BO x[0,1] — ¥

which is possible since B arises from A by attaching O-cells. A choice of solution
induces a map

B % [0,1] U x oy BY x {0} = X,

and now we can proceed by induction find to compatible solutions on each n-
skeleton. Passing to the colimit, we obtain the desired solution to the original lifting
problem. O

5.2.6. Corollary. Let (B, A) be a relative CW-complez and let p: X — 'Y be a Serre
fibration. If the inclusion map i: A — B is a homotopy equivalence, then every
lifting problem

—— X

4 . X
1l ﬂ lp

B——Y

has a solution, and any two such solutions are homotopic through a homotopy relative
A which projects to the constant homotopy in'Y .

Proof. Since i is a cofibration and a homotopy equivalence, it is a deformation
retraction. Let r: B — A be a retraction and let h: B x [0,1] — B be a homotopy
ir ~ idg. The map ar: B — X satisfies ari = a and par = Gir ~ § via Sh. By
Lemma 5.2.5, the lifting problem

caUar

A x[0,1]Uaxoy B x {0} -— X

Bx[O,l]LY
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has a solution v: B x [0,1] = X. Then 7v;: B — X is the desired solution to the
original lifting problem.

In the composition A x [0,1] = A x [0,1] Uaxo,1} B x {0,1} — B x [0,1], the
first map and the composite map are homotopy equivalences, so the second map
is also a homotopy equivalence. Since it is also the inclusion of a subcomplex, the
previous paragraph applies to the lifting problem

caUv1U7] X

A x [0, 1] Uax{o} B x {071}

B % [0,1] — % Y
arising from two such lifts, which shows that v ~ 7] relative A as needed. O

5.2.7. Proposition. Let p: E — B be a Serre fibration. Let b € B be a basepoint,
and let e € p~1(b) =: F. Then there exist maps O0: mp41(B,b) = m,(F,e) such that
the sequences

Tni1(Fre) = a1 (B, e) = Tni1(Bb) 5 mn(Fre) = mu(E, e) — (B, b)

are exact for n > 0; for n = 0, exactness means the following:
(1) there exists an action of m(B,b) on wo(F) such that O([a]) = [o] - [e];
(2) two classes [a] and [b] in mo(F) map to the same element in wo(E) if and
only if they lie in the same orbit under the w1 (B,b)-action;
(3) an element [a] € mo(E) maps to the class of the basepoint [b] € mo(B) if and
only if it lies in the image of the map mo(F) — mo(E).

Proof. We begin by constructing the boundary maps 0. Any pair of maps
B: (1"t 01"y — (B,b) and o: (I",0I") — (F,e)
gives rise to the lifting problem

ceUp

oI™ x [O, 1] UaI”X{O} I x {0} 4{

E

Jp
mx01]—" B
Applying Corollary 5.2.6, a lift 3 exists, whose endpoint 3,: (I",0I") — (F,e) is
well-defined up to homotopy relative 9I™. To see that this is independent of the
choices of B and ¢, let h: 8 ~ v and k: ¢ ~ ) be homotopies relative OI"T! and
01", respectively. Then we have a lifting problem

ce.Uk

oI™ x [0, 1] X [0, 1] Uarnx {0} x[0,1] I™ x {O} X [0, 1] *\% E

l Jp

1" % [0,1] x [0,1] h B

which admits a solution. The restriction of the resulting lift to I™ x {1} x [0, 1]
provides a homotopy relative 01" between §; and 7, Hence we obtain a well-defined
element

8] - [#] := [1] € mn(F €).
It also follows from Corollary 5.2.6 that this construction satisfies ([5'] - [8]) - [¢] =
(8] ([8] - [¢]), so this defines an action of m,1(B,b) on 7, (F,e).
By stacking elements in 7,11 (B, b) using a coordinate in I" instead of the last
coordinate, we also find that ([5] - [5]) - [¢] = ([8] - [«#]) - (8] - [¢e])-
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The boundary maps 9: m,11(B,b) — m,(F, e) are now defined by 9[3] := [B] - [c.],
and the preceding consideration implies that 0 is a homomorphism.

We need to check exactness. The low-dimensional cases are left as an exercise, so
let n > 1. The composite m,(F,e) — m,(B,b) is clearly trivial. If \: (I",0I") —
(E, e) maps to the trivial element in 7, (B, b), we choose a nullhomotopy h relative
OI™ in B and solve the lifting problem

ceUA

OI™ x [0,1] Ugrnx oy I™ x {0} —= FE

I"x0,1] —"—— B

and obtain a preimage of [\] in 7, (F,e) by evaluating the lift at the endpoint.

For [A] € m,41(E,e), then X itself solves the lifting problem which defines the
action of p.[A] on the trivial element in 7, (F,e). This proves that dp.[\] = 1.
Suppose that the solution to the problem defining 9[f] ends at a map which is in F'
homotopic relative 9I™ to the constant map at e. Then the concatenation of the lift
with this homotopy lifts 3 x ¢, along p, which provides a preimage of [3] under p..

By construction of 9[5], its image in 7, (E, e) is trivial. If an element ¢ in 7, (F,e)
maps to the trivial element in 7, (E, e), this corresponds to a homotopy relative
OI™ from ¢ to the constant map at e. By construction of 9, this means that the
image of this homotopy in B yields a preimage of ¢ under the boundary map. O

5.2.8. Corollary. Let p: X — Y be a covering map. Then
pi: (X, x) = (Y, p(x))
s an isomorphism for k > 2.
5.2.9. Corollary. For k > 3, the Hopf map n: S® — S? induces isomorphisms
76(S%) = 1 (S?).

Proof. Since R is the universal covering of S*, the group 7;,(S?) is trivial for k > 2.
Hence the corollary follows from Proposition 5.2.7. (]

We can obtain a long exact sequence associated to any map since maps can be
replaced by Serre fibrations. The construction is dual to the one of the mapping
cylinder.

5.2.10. Construction. Let f: X — Y be a map. Define
PY := Map([0,1],Y)
and consider the pullback

Ef —— PY

(q(f),p(f))l Je"

Xxy 2%y xy
The map on idy X f: X — X x Y and the map X — PY sending x to the constant
path at f(z) induce a map i(f): X — Ey such that idx = ¢(f) o i(f). Since

Epx[0,1] = By, ((2,7),8) = (z,7(t- =)

defines a homotopy i(f) o q(f) ~ idg,, these maps are mutually inverse homotopy
equivalences.

Since (p(f),q(f)) is a Serre fibration by Lemma 5.2.4, the map p(f) is a Serre
fibration satisfying p(f)oi = f.
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5.2.11. Example. Let Y be a space and let y € Y. Replacing the map y: * — Y by
a Serre fibration, one obtains the endpoint projection PyY — Y from the pointed
path space. In particular, we observe that P,Y ~ .

5.2.12. Definition. Let f: X — Y be a map and let y € Y. Define the homotopy
fibre of f over y as the pullback

hofiby (f) — P,Y

l lew

x—71 Ly

5.2.13. Remark. By construction, the homotopy fibre of f: X — Y over y € Y has
the following universal property: any map a: A — X together with a nullhomotopy
h: ¢y ~ fa induces a map A — hofib,(f) by interpreting the nullhomotopy h as a
map A — P,Y. This observation gives reason to define a homotopy fibre sequence as

a sequence of composable maps F — X Ly together with a nullhomotopy ¢, ~ fi
such that the induced map F' — hofib, (Y) is a weak homotopy equivalence.

From Proposition 5.2.7, it follows that every homotopy fibre sequence induces a
long exact sequence of homotopy groups.

There is a very useful analogue of Corollary 5.2.6 in which we require the Serre
fibration to be a weak equivalence (instead of the inclusion of the relative CW-
complex being a homotopy equivalence). To prepare for the proof, we formulate an
easy lemma.

5.2.14. Lemma. Let a: S™ — X be a map and let s € S™. Then « represents the
trivial element in 7, (X, a(s)) if and only if there exists a commutative diagram

s —% 4 X

o
Dt

Proof. If o represents the trivial element, there exists a pointed nullhomotopy
S™ x [0,1] — X. Since S™ x [0,1]/S™ x {1} = D"*!, the nullhomotopy induces a
diagram of the required form.

Conversely, such a diagram induces a commutative diagram

[e3

Wn(Sn, 5) — Wn(X7 04(5))

|

T (DL 8)
Note that a,[idsn] = [a]. Since D"*! is convex, it deformation retracts onto any
given basepoint, so 7, (D" s) = 1. 0

5.2.15. Proposition. Let D C N be a set of natural numbers. Let (B, A) be a
relative CW-complex which contains only d-cells for d € D. Suppose thatp: X =Y
is a Serre fibration which induces

(1) an injection m4—1(X,z) = 74—1(Y,p(x)) for alld € D and all x € X;

(2) a surjection wy(X,x) — 7a(Y,p(x)) for alld € D and all x € X.
Then every lifting problem

A—25 X
zl 7 lp
T
B——Y

has a solution.
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Remark. By Proposition 5.2.7, the assumptions of Proposition 5.2.15 are equivalent
to requiring that 74(p~*(p(x)), x) is trivial for all d € D.

Proof of Proposition 5.2.15. We begin by considering the relative CW-complex
(B,A) = (D%,8%1) with d € D, which we may replace by the homeomorphic
pair (I¢,019). After a choice of basepoint s, the map « represents an element in
Ta—1(X, a(s)). Then Lemma 5.2.14 implies that p.[a] € m4_1(Y, pa(s)) is trivial.
By assumption, [a] € m4—1(X,a(s)) is then also trivial, and we obtain a map
@: 11~ D? - X extending a.

We begin by considering the relative CW-complex (B, A) = (D%, 5971) with
d € D. Pick a basepoint s € S?~!. Then Lemma 5.2.14 implies that p.[a] €
ma—1(Y, pa(s)) is trivial. By assumption, [a] € m4—1(X, a(s)) is then also trivial,
and we obtain a map @: D? — X extending a.

Then @ induces a map

§% e D¢ Ugus DL 2Py,

which defines an element [pa U ] € m4(Y, pa(s)). By assumption, there exists a
map 7: (8%, s) — (X, a(s)) such that py is pointed homotopic to pa U 3.

We claim that we may assume without loss of generality that 7| pt = a. To
see this, note that @ and ~| pe are pointed homotopic through a homotopy h since

their domain Di deformation retracts onto the basepoint s. Since Di — S%is a
cofibration, we can apply the homotopy extension property to solve the extension
problem

h
D% % [0,1] Upay oy S x {0} — 2 X

S % [0,1]

The endpoint of this pointed homotopy is a map (5S¢, s) — (X, a(s)) which represents
the element [y] € T4(X, a(s)) and is given by @ on D%.
Set § = Y|pa. Then B extends «, and we claim that p8 is homotopic to 3

relative S¢~1. For this, it is convenient to regard 3 as map
B (I, 0171 x [0,1] Upra—1, (13 171 x {1}) = (X, a(s))

so a corresponds to the restriction of this map to I?~! x {0}. The same reasoning
applies to @ and B. Letting & denote @ composed with the inversion map on the
last coordinate, we obtain a chain of homotopies relative 91¢

pB >~ pa * pa * ph ~ pa xpax B ~ B,

where the second homotopy witnesses that py = pa * pf is pointed homotopic to
pa U B. Pictorially, this chain of homotopies looks as follows, red lines indicating
points that map to the basepoint of X:

b ba ba pa
pa pa

B ~ pg pag pa pag B8
B p

Passing to the quotients again, this corresponds precisely to the required homotopy
H: pB ~ f relative S4~1.
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To finish the proof, solve the lifting problem

Ca UB

Sd—l X [O7 1] USd—lx{O} Dd X {O} ﬂ X

D? x [0,1] a Y

and observe that the endpoint of the lift solves the original lifting problem.
Knowing this, it is immediate that the proposition holds for CW-pairs of the
form (||, D4, |, S4 ') with d € D. As in the proof of Lemma 5.2.5, this implies
the proposition whenever B arises from A by attaching d-cells, and the general
statement follows by induction along the skeletal filtration of B. O

5.2.16. Corollary. Let D C N be a set of natural numbers. Let (B, A) be a relative
CW-complex which contains only d-cells for d € D. Suppose that f: X — Y is a
map which induces

(1) an injection wg—1(X,x) — ma—1(Y,p(x)) for alld € D and all z € X;

(2) a surjection mq(X,x) = wa(Y,p(x)) for alld € D and oll x € X.

Then for every commutative square

there exists a map f: B — X such that fi = a and pf ~ 3 relative to A.

Proof. Using Construction 5.2.10, the map f can be factored into a homotopy
equivalence j: X — Ey followed by a Serre fibration p: £y — Y, and X is even
a deformation retract of E/y. Since j is in particular a weak homotopy equiva-
lence, it follows that p is a Serre fibration and has the same properties as f. By
Proposition 5.2.15, the lifting problem

A&Ef

{ 7ﬁ‘ym

has a solution. Letting j~!: E; — X be a homotopy inverse retraction to j, the
map (= j 'y satisfies fi = j7'ja = a and

pB=pi v =p(fii v =p(fly =15
as desired. O

5.2.17. Definition.

(1) A space X is d-connected if 7, (X, z) is trivial for all d <n and all x € X.
(2) Amap f: X =Y is d-connected if hofib,(f) is (d — 1)-connected for all
yevy.

Remark. Equivalently, a map f is d-connected if f,: m,(X,2) = m, (Y, f(z)) is a
bijection for all n < d and an epimorphism for n = d. This follows directly from the
long exact sequence for homotopy groups.

5.2.18. Theorem (Whitehead). Let f: X — Y be a d-connected map and let A be
a CW-complex. Denote by
fer [A,X] = [A,Y]

the map on the sets of homotopy classes of maps given by postcomposition with f.
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(1) If the dimenson of A is < d, then f. is surjective.
(2) If the dimenson of A is < d, then f, is bijective.

Proof. If the dimension of A is at most d, apply Corollary 5.2.16 to

g —— X

L
A2y
to obtain a preimage of [g] under f,.

Assume that the dimension of A is < d. Then injectivity follows by applying
Corollary 5.2.16 to the commutative square

A x {01} 2 x

l B = Jf

A x [0, i] Iy
where h is a homotopy pgo =~ pgi; this works because A x [0, 1] has dimension
<d. O

5.2.19. Corollary. A weak homotopy equivalence between CW-complexes is a homo-
topy equivalence.

Proof. Let f: X — Y be such a weak homotopy equivalence. By Theorem 5.2.18,
there exists a map ¢g: Y — X such that fg ~ id. By inspection, ¢ is necessarily
also a weak homotopy equivalence. Hence Theorem 5.2.18 also implies that there
exists f': X — Y with gf’ ~ id. Now use the two-out-of-six property for homotopy
equivalences or observe directly that

9f ~gfgf ~gf ~id
to see that f is a homotopy equivalence. O

5.3. The cellular approximation theorem. Something that gives us some control
over the homotopy groups of spaces is that there exist connectivity estimates for
cell attachments. The key statements is the following lemma.

5.3.1. Lemma. Let A be a topological space and suppose that X arises from A by
attaching n-cells. Then the inclusion map A — X is (n — 1)-connected.
In particular, 7(S™) is trivial for k < n.

Proof. Note that the statement about m;(S™) is the special case in which A = x
and we attach a single n-cell.

The assertion that A — X is (n — 1)-connected is equivalent to showing that for
every diagram

ort — 4

1
r 2 x

with k < n, there exists a map g: I¥ — A such that §j = ¢ and ig ~ ¢ relative 9I*:
by taking f to be the constant map at a basepoint of A, we find that 71 (A) — 71(X)
is surjective. If f: S¥=1 =2 GI* represents an element in 74 (A) which becomes trivial
in 7, (X), then Lemma 5.2.14 provides such a diagram, and the assumption together
with Lemma 5.2.14 implies that f is trivial in 7;(A). The converse follows from
Corollary 5.2.16

We prove the lemma by induction on n. For n = 1, we have k = 0, and the
statement is obvious.
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Assume that the lemma holds for n and pick a pushout

L], oI+t — 2 4 4

| |

Uy I —2— X

Let C be an open collar around A, and choose for each o an open cube U, C I™*!
such that the open subsets Uy, := x(UL) C xo ("™ \ 01" 1) give rise to an open
cover U := {C, Uy}, of X. Consider the open cover g~ U of I*. For an appropriate
subdivision 0 = ¢ty < ... < ¢, = 1 of the interval, each cube Hle[tsi,ts,iH] is
contained in some element of g~ 'U.

Since A is a deformation retract of C, it suffices to find a homotopy relative
OI* between ¢ and a map sending I* to C. We construct such a homotopy by a
sub-induction on the CW-structure of I* which is given by our choice of subdivision.
Concretely, consider maps o: {1,...,k} — ({1,...,r =1} x {0,1}) U {(0,1)} and
define for each such map

k
15 =] torii)s tos ()+oa(d) »
i=1

where o1 and o9 denote the first and second component of o. Letting

(o) :=#071({0,...,r — 1} x {1}),
we observe that I* is homeomorphic to the I(o)-cube I'(%).

The 0-cells in this CW-structure correspond to the cubes I* with I(o) = 0. If
I § gets mapped to C, choose the constant homotopy on this point. Otherwise,
this point is an interior point of I¥ and maps to a unique (n + 1)-cell in X. Since
n+ 1 > 1, we can connect the image of this point under g with a point in C' by
some path. This defines a homotopy on the union of I* and the 0-skeleton of I*.
Use the homotopy extension property to find a homotopy I* x [0,1] — X relative
OI* whose end point maps the entire O-skeleton to C.

By induction, assume that g maps the I-skeleton of I*¥ to C for some [ < k. Then
we choose the constant homotopy on I* and consider all cubes I¥ with I(o) = [+ 1.
If such a cube is mapped to C, we also pick the constant homotopy on this cube.
Otherwise, the choice of the open cover {C, Uy} forces I* to map to a unique open
set U,. By assumption for the sub-induction, the boundary 9I* gets mapped to
C, 80 glpyx defines an element in m(C'NU,) = m(S™) (with respect to some choice
of basepoint). The inductive assumption implies that this group is trivial, so g|g Ik
extends to a map I*¥ — C'NU,. Since U, is the homeomorphic image of a convex
subset of R¥, there exists a linear homotopy between these maps; as they agree on
the boundary, this homotopy is relative to dI¥. Now use the homotopy extension
property to obtain a homotopy on the entirety of I*. O

5.3.2. Corollary.
7'('2(52) =7

Proof. Since S? is 2-connected by Lemma, 5.3.1, the long exact sequence of homotopy
groups associated to the Hopf bundle 7: $3 — S? implies that

72(52)%7r1(51)’£Z. O
5.3.3. Corollary. For every CW-complex X, the inclusion X(™ — X is n-connected.

Proof. Since X ) arises from X*~1 by attaching k-cells, this is immediate from
Lemma 5.3.1. O
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5.3.4. Corollary. Let I be a finite set and let n > 1. Then the inclusion map
\ s —=T[s"
I I

is (2n — 1)-connected.

Proof. The standard CW-structure on S™ induces a CW-structure on the prod-
uct [[; S™ whose (2n — 1)-skeleton is \/; S™. Hence the corollary follows from
Corollary 5.3.3. O

The cellular approximation theorem states that every map between CW-complexes
is homotopic to a cellular map. The hard work towards proving this theorem has
already been done. Before we give the proof, we recall the following lemma, which
also features in the proof that the inclusion of a subcomplex into a CW-complex is
a cofibration.

5.3.5. Lemma. Let (X, A) be a relative CW-complex and suppose that
{hn: X x[0,1] = Y},>1
18 a sequence of homotopies on X with the following properties:
(1) hn(_7 1) = hn-‘rl(_a O):
(2) there exists a sequence (ky)n of natural numbers such that lim,, k,, = co and
h, is a homotopy relative the k,-skeleton of X.

Then there exists a homotopy h: X x [0,1] = Y relative A such that h(—,0) =
hi(=,0) and h(z,1) = lim, 00 An(z, 1).

Proof. Define h: X x [0,1] = Y by
h(z,t) = h, <x,n(n +1) (t -1+ i))

iftel—L11- n%rl] This is well-defined as a map of sets since the end point
of h,, is the start point of h,1. To check continuity, it is enough to show that h
restricts to a continuous map X*) x [0,1] — Y on each skeleton. For each k, the
assumptions imply that there exists some N such that h,, is a homotopy relative
X&) for n > N. Hence h is given by the concatenation of finitely many homotopies
and a constant homotopy on X*)_ and this is obviously continuous. Since each h,,

is a homotopy relative A, the same is true for h. (|

5.3.6. Theorem (Cellular approximation theorem). Let (B, A) and (Y, X) be relative
CW-complexes. Suppose that f: (B, A) = (Y,X) is a map. Then there exists a
cellular map g: B —'Y such that g is homotopic to f relative A.

Proof. By Lemma 5.3.5, it is enough to show the following: assuming that A and X
are the n-skeleta of B and Y, respectively, n > —1, and that f|4: A — B is cellular,
there exists a homotopy relative A from f to a map g: B — Y such that g maps
the (n + 1)-skeleton of B to the (n + 1)-skeleton of Y.

The inclusion map Y1) — Y is (n + 1)-connected by Corollary 5.3.3. Since
B+ arises from A by attaching (n 4 1)-cells, Corollary 5.2.16 implies that
flpm+n is homotopic relative A to map ¢': B+ — y(»+1) Ag B(»+1)  Bis a
cofibration, this homotopy extends to a homotopy B x [0,1] — Y relative A whose
end point restricts to g’. This is all we have to show. ([

5.3.7. Remark. One consequence of Theorem 5.3.6 is the fact that every topological
space Z admits a weak homotopy equivalence X — Z from a CW-complex. See the
lecture notes for Topology I for a proof.

This gives a good excuse to restrict one’s attention to CW-complexes if one
wishes to avoid point-set pathologies.



TOPOLOGY II 97

5.4. The homotopy excision theorem. One of the key features which allows
for calculations in singular (co)homology is the excision isomorphism. A prominent
incarnation of of this isomorphism appears in the case that we express a CW-complex
X as a union of two subcomplexes A and B, in which case the excision isomorphism
on relative homology groups gives rise to the long exact Mayer—Vietoris sequence
relating the homologies of AN B, A, B and X. It appears natural to ask whether a
similar statement holds for homotopy groups, and the following theorem tells us to
which degree the analogous statement is true.

5.4.1. Theorem (Blakers—-Massey; Homotopy excision theorem). Let X be a space
and let A and B be open subsets of X with non-empty intersection AN B. Consider
the commutative diagram

ANB —y 4

A, b

B— X
Let p,q > 1 be natural numbers. Suppose that

(1) the inclusion map i* is p-connected;
(2) the inclusion map i® is q-connected.

Then the comparison map hofib, (i) — hofib, (j?) is (p+ q — 1)-connected for every
a€A.

Most of the techniques that go into the proof of Theorem 5.4.1 have already
appeared in earlier arguments. The main additional ingredient is the following
technical lemma.

5.4.2. Lemma. Let go: I' — Z and let Y C Z. Define
k 1 1
Sy ={zel|x; < 3 for at least p components of x}

and
k 1 1
By :={zxel |z > 3 for at least p components of x}

Suppose that | > p.

(1) If the intersection of gy ' (Y) with each face of I' is contained in Szlfl, then
there exists a homotopy relative OI' to a map g1 such that g7 *(Y) C S

(2) If the intersection of go_l(Y) with each face of I* is contained in Bffl, then
there exists a homotopy relative OI' to a map g1 such that gfl(Y) - le).

Proof. The second assertion follows from the first by flipping all coordinates, so we
only have to show the first assertion.

Set z := (%, cee %) Given a point € I', consider the ray r(x) emanating from
z through x. If r(x) has no intersection with the complement of [0, %]l, then the
homotopy we wish to define is constant on all points of 7(x) N I*. Otherwise, let
a be the intersection point of r(x) and 90, %]l, and let b be the intersection point
of 7(x) and OI'. Then the homotopy we want to define collapses the line segment
between a and b to the boundary point b, and stretches the line segment from z to
a out onto the line segment from z to b. By performing these homotopies linearly
along each ray, we obtain a homotopy h: I' x [0,1] — I' relative 9I' from hy = id



98 CHRISTOPH WINGES

to some map h; which restricts to the identity on the boundary.

b

™~ red part gets collapsed
to boundary point b
a
homotopy constant on \\ blue part gets stretched
black i rey region out to line segment from
/grey reg — © seen

Then gh is a homotopy relative dI' from gg to g1 := ghy. Consider z € I' with

g(z)eY. Ifx € Sll, then there is nothing to show because [ > p. Otherwise,

there exists one component x; > % Then hy(z) lies by construction in dI', so

hi(x) € OI' N gy '(Y). By assumption, this means that at least p many components
1 1

of hi(z) are smaller than . Since hy(z); = + + A(x; — 1) for some A > 1, we

conclude that z; < § whenever hy(z); < 3. Hence x € SJ. O

Proof of Theorem 5.4.1. Applying Construction 5.2.10 to both i and jZ, we obtain
the commutative square

A
Ea 20, 4

iBl " lj“

B 2 x
Note that, up to a reversal of the time coordinate, the fibres of p(i?) and p(j?)
are the homotopy fibres of i4 and j?, respectively. By the long exact sequence of
homotopy groups associated to a Serre fibration (Proposition 5.2.7), the theorem
will follow if we can show that the induced map

C: EiA — EJB Xx A

is (p + ¢ — 1)-connected.
As we saw at the beginning of the proof of Lemma 5.3.1, this assertion is equivalent
to showing that for each commutative square

arr — 7 g

incl lc
" 2 B xx A
with k < p+ g, there exists a map g: I* — FE,4 such that §j = f and g ~ g relative
to OI*.

We can actually get away with a little less. It suffices to homotope (g, f): (I*,9I*) —
(Ejp xx A, E;a), as a map of pairs, to some map taking values in E;a. Then we can
precompose with an appropriate map I*¥ x [0,1] — I* x [0, 1] to obtain a homotopy
relative OI* to a map with values in E;; the following picture indicates such a map:

o ——o
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It is worth noting that this works for any pair of spaces in place of (E;5 xx A, E;a).

Since F;a is a subspace of Map([0, 1], A) and E;, X x A is a subspace of Map([0, 1], X),
we can adjoin the time coordinate to the other side and translate the above square
to a commutative square

ar* x [0,1] —— 4

[

IFx[0,1] —4— X

such that g[;x (o} takes values in B, the restriction f|y7x (o} takes values in AN B
and g|7ry 1y takes values in A. Let us call maps of pairs (I* x [0,1],8I% x [0,1]) —
(X, A) with these properties good. Our goal is now to find a homotopy h through
good maps from g to a map g such that g maps to A: such a homotopy translates
precisely to a homotopy through maps of pairs (I*,91%) — (Ejp xx A, E;a).

Main claim: There exists a homotopy g ~ g through good maps such that the
images of g71(X \ A) and g~!(X \ B) under the projection pr: I* x [0,1] — I* are
disjoint.

Assuming the claim, we can finish the proof as follows. Note that OI* is contained
in prg—*(A), so it is disjoint from prg=—'(X \ A). Choose a function o: I* — [0,1]
such that olyreuprg-1(x\5) = 0 and o, 5-1(x\4) = 1; this is possible since these
are disjoint closed subsets of I*. Then

he I% % [0,1] x [0,1] = X
(x,t,8) = gz, t+ s(1 — t)o(z))

defines a homotopy through good maps from a map g to g:

e for z € OI*, we have h(z,t,s) = g(x,t) € A because o(z) = 1;

e we have h(x,0,s) = g(x,so(z)); if there exists any u € [0,1] such that
g(xz,u) ¢ B, then o(z) = 0 and hence h(z,0,s) = §(z,0) € B; otherwise,
h(z,0,s) € B as well;

e we have h(z,1,s) = g(x,t) € A;

o finally, h(z,t,1) = g(x,t + (1 — t)o(x)); if there exists any u € [0, 1] such
that g(z,u) ¢ A, then o(z) =1 and thus h(z,t,1) = g(z,1) € A; otherwise,
h(z,t,1) € A as well.

Therefore, it suffices to prove the claim.
Since (4, B) is an open cover of X, we can choose a subdivision 0 = t; <

. < t, = 1 of the interval such that each cube Hfill [ts,,ts;+1] maps to A or

B under g. The homeomorphisms [0, 1] N [ti,ti+1] sending s to t; + s(tip1 — ;)
induces a homeomorphism between I*¥ and this cube which restricts to the analogous
identification on each face of the cube. In particular, if C' is such a cube or one of
its faces with dimension [, then S]lg and le, correspond to subsets SZI,(C) and le,(C)
of C.
We will establish the claim by showing that there is a good homotopy h between

g and a map g such that the following holds for each face C of a cube in the
subdivision:

(1) if g(C) € A or g(C) C B, then h(C x [0,1]) € A or h(C x [0,1]) C B,

respectively;

(2) if g(C) C AN B, then h is constant on C;

(3) if g(C) C A, then g~ (A\ ANB)NC C 8551 (0);

(4) if g(C) € B, then g~(B\ ANB)NC C BIR°(C);
Once again, we want to construct the required homotopy by an induction along
the CW-structure of I* which is given by this subdivision. Suppose by induction
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that g itself satisfies the conclusion of (3) and (4) for all cubes C' of dimension <[
for some [ > —1. Let C be a cube of dimension [ + 1. If g(C) C AN B, then we
choose the constant homotopy on C. Assume ¢g(C) C A. If | < p, then we use
Corollary 5.2.16 to find a homotopy of g|¢ relative to OC within A to a map with
image in A N B; this uses that AN B — A is p-connected. Then (3) holds for C. If
l>p+1, we apply Lemma 5.4.2 with Z = A and Y = AN B to find a homotopy in
A whose endpoint satisfies (3). The case g(C) C B is handled analogously, using
that AN B — B is g-connected.

Note that if C C I*¥ x {0}, then g maps this cube to B, so the homotopy stays
in B. Similarly for cubes C' C I* x {1}, and for cubes in 9I* x {0}, the chosen
homotopy is even constant. This defines the required homotopy on the(l4 1)-skeleton
of I*¥ x [0,1]. Using the homotopy extension property, we extend the homotopy
cube by cube to the entirety of I* x [0, 1], making sure that the resulting homotopy
is a homotopy through good maps. The endpoint of this homotopy is a good map
which satisfies (3) and (4) for all cubes of dimension <+ 1.

Let g be the final result of this homotopy and suppose that z € I* lies in
prg 1(X\ A)Nprg (X \ B). Then there exist t4 and ¢ such that g(x,t4) € X\ A
and g(z,tp) € X \ B. Then (3) and (4) imply that with respect to a cube C4

containing (x,t4), we have (z,t4) € Bgi_“{ “4(C,) (“at least g + 1 coordinates are

big”), and that for a cube Cp containing (z,tp) we have (z,tp) € Sf;ifi C5(Cp). We
can choose these cubes such that Cy = C x I[4 and Cg = C x Ig for appropriate
sub-intervals T4, Ig C [0,1]. Hence x has at least p coordinates which are “small” in
C and ¢ coordinates which are “large” in C'. But x has only k < p + ¢ coordinates.

So there is no point x like this, which proves the main claim. O

To avoid point-set problems in the following discussion, we will restrict our
attention to CW-complexes.

5.4.3. Definition. Let X be a topological space. Define its suspension SX by the
pushout

X x{0,1} —— X x[0,1]

| |

{0,1} ——— SX

If X is pointed, then define the reduced suspension and reduced cone as the spaces
given by

SX = SX/{z} x [0,1] and CX := X x [0,1]/X x {1} U {&} x [0, 1].
5.4.4. Remark.

(1) Spelling out the universal property of the quotient space, a map CX — Y
amounts to a map X — Y together with a pointed nullhomotopy.

(2) The reduced suspension is a left adjoint to the loop space functor Q: the
map

u: X = QXX, z— [t [z,t]

induces a bijection Homre, (3X,Y) = Homrp, (X,Y) for all pointed
spaces X and Y.

(3) £S™ is homeomorphic to S"! (for example, one can see this by inspecting
the induced CW-structure on £.5™).

(4) If the inclusion of the basepoint is a cofibration, then the projection map
SX — XX is a homotopy equivalence. This is easy to see if X is a CW-
complex pointed by a 0-cell (since we collapse a contractible subcomplex of
SX in this case). For the general case, see Corollary B.0.5.
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5.4.5. Theorem (Freudenthal suspension theorem). Let (X, x) be a pointed space
such that {x} — X is a cofibration. If X is p-connected, then the unit map
ux: X = QXX is (2p + 1)-connected.

Proof. Let N and S denote the north pole and south pole of the unreduced suspension
SX. Then SX = (SX \ N)U (SX \ S) is an open cover of SX by contractible
subsets, and

(SX\N)U(SX\ S) ~ X

Consider the diagram

X X *

| | l

hofib, (i) —— SX \ {N,S} —— SX\ N

| L

hofib, (j) — SX \ {§} —L— SX

| | J

Q,5X * SX

in which all rows are homotopy fibre sequences, the bottom row using the non-trivial
nullhomotopy
02,5X x[0,1] = SX

which comes from evaluation. The composite map X — SX \ {N} is nullhomotopic
through the contraction to the south pole, and the map SX \ {S} — SX is
nullhomotopic through the contraction to the north pole. This induces the vertical
maps in the left column.

Since X — SX \ {N,S} is a deformation retract, it follows that the maps
X — hofib, (i) and hofib, (j) — Q,5X are weak homotopy equivalences.

By assumption, the map p: X — x is (p 4+ 1)-connected. The homotopy excision
theorem 5.4.1 therefore implies that the map

hofib, (i) — hofib, (5)

is (2p + 1)-connected, and therefore the composite map X — Q,5X is also (2p + 1)-
connected. Tracing through the definitions, one finds that this composite is the
canonical comparison map X — §2,5X. Composing with the homotopy equivalence
Q,5X — Q¥ X induced by the projection map, the corollary follows. O

5.4.6. Construction. Let a: (I"™,0I") — (X, z) represent an element in m, (X, z).
Then the map

axid

sa: " =17 x [0,1] 225 X x [0,1] = BX

sends O™+ to the basepoint in XX, and therefore represents an element 7, 1 (3X, z).
This defines the suspension map

s: (X, ) = Ty (2X, x).
5.4.7. Lemma. The diagram
(X, 2) —— m1(BX, 2)
o b
T (XX, 1)

commutes, where 0 is the boundary map of the Serre fibration evy: P,XX — X X.
In particular, s is a homomorphism.
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Proof. Let a: (I",0I"™) — (X, ) represent an element in 7, (X, z). The homotopy
I" x [0,1] = B.XX, (t,5)— [u— [a(t),su]]
solves the lifting problem
OI™ % [0,1] Uppn oy I" x {0} — P,TX

l lem

1" x [0,1] sa ©X

which defines ds[a], and the endpoint of this homotopy is given by ux o «.
The boundary map 0 is an isomorphism since P, X is contractible. O

5.4.8. Corollary.

(1) Let n > 1. Then the suspension map s: 7,(S™) — mpy1(S™TL) is an
isomorphism for k < 2n — 1 and an epimorphism for k = 2n — 1.
(2) Using a fized identification I™/OI™ = S™, the induced map

deg: 7,(S™) = Hom(H,(S™), H,(S™")) 2 Z, [a]+— .

is an isomorphism.
(3) 73(S?%) 2 Z, and the class of n: S* — S? is a generator.

Proof. Lemma 5.4.7 identifies the suspension map with the map
(ugn)s: mp(S™) = mp(QXS™),

so the first assertion follows from the Freudenthal suspension theorem 5.4.5.

We have seen already in Corollary 5.3.2 that m2(S?) = Z. By the first part, the
suspension map s: m1(S1) — m2(S?) is an epimorphism. Since this is an epimorphism
from an infinite cyclic group onto an infinite cyclic group, it is an isomorphism.
For n > 2, the first assertion says directly that s: m,(S™) — m,4+1(S"*1) is an
isomorphism.

Applying Corollary 5.2.9, we see that 7 (more precisely, 1 o ¢, where c: I —
I3/0% =2 S3) generates m3(S?). O

5.4.9. Remark. The connectivity estimate in the Freudenthal suspension theorem
(and hence in the homotopy excision theorem) is optimal. The theorem implies
that s: m3(S2%) — m4(S®) is surjective. Using Corollary 5.4.8, we find that 74(S?)
is cyclic and generated by s[n] = [£n]. Considering S* C C2, the map 7 is given
by S3 — CP! = §2, (20, 21) = [20 : 21]). Hence 7 is equivariant with respect to
the Cs-action given by complex conjugation on both domain and codomain. The
conjugation map c: S? — 52 corresponds to reflection along the equator, so it
has degree —1. On S3, complex conjugation corresponds to reflection along two
hyperplanes, and thus has degree 1. Since we have just seen that the mapping
degree classifies elements in 73(53), we find that 7 ~ con. After suspending, the
degree —1 map Xc is homotopic to the reflection in the suspension coordinate, and
this map evidently commutes with ¥n. Hence 2[Xn] = 0 € m4(S?).

This means that m,(S?) is either trivial or cyclic of order two. It turns out that
74(S®) = 7Z/2, but showing this requires more sophisticated tools.

5.4.10. Remark. Let us finish with an outlook on some consequences of the homotopy
excision theorem. As we have seen in Remark 5.4.9, the connectivity estimates in
the excision theorem are optimal in general. If we are really insistent in our desire to
build some sort of “homology theory”, we could try to artifically create a situation
in which everything becomes arbitrarily highly connected. Since we do not want to
consider only weakly contractible senses, some explanation is needed what we mean
by this.
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For simplicity, let us consider only CW-complexes X which are pointed by a 0-cell
x in the following discussion. Note that XX is always connected because every point
admits a path to one of the cone points of the suspension (which happen to become
identified in ¥X). If X is path-connected, then the Seifert—van Kampen theorem
tells us that XX is simply-connected. For an n-connected space X with n > 1, the
Freudenthal suspension theorem (together with Lemma 5.4.7) implies that XX is
(n + 1)-connected. This may motivate us to define the k-th stable homotopy group
of (X,x) as

S

73 (X, ) = colim (mc(X7 ) S (52X, ) B mee (22X, x) S L ) .

Note that this colimit system is eventually constant for each X and k, again by the
Freudenthal suspension theorem.

Then 73 is evidently a homotopy invariant functor with values in the category of
abelian groups on the category of pointed CW-complexes. We can extend this to a
functor on pairs (X, A) of CW-complexes by setting 75 (X, A) := 73*(X/A). Since
Y71 X and X"t A are n-connected, the homotopy excision theorem can be applied
to the square

En+1A EnJrlX

| l

§ —— IHL(X/A)

to see that the induced map on horizontal homotopy fibres is 2n-connected (at
least for n > 2). Hence the sequence X"t A4 — 31X — X /A induces an exact
sequence of homotopy groups in a range of degrees, roughly up to degree 2n. As
we are taking the colmit over all n, we find that there is an induced natural exact
sequence

E)
7TISct+1(A) - Witﬂ(X) - 7TlsctJrl(X/f‘l) =

(4) = T (X) = mia (X/4)

for all k. If we want to compare this to the properties of singular homology,
this sequence in some sense combines the existence of the long exact sequence
of a pair with the existence of an excision isomorphism. For example, from the
existence of these sequences one obtains directly that for a CW-complex X covered
by subcomplexes A and B, there exists a Mayer—Vietoris type sequence comparing
the stable homotopy of AN B, A, B and X (since X/B =~ A/AN B).

Moreover, if \/!_; X; is a sum of pointed CW-complexes, then ...

In this sense, the collection of functors {73}, defines a “homology theory” on
pointed CW-complexes. Note that singular homology also induces such a functor
by sending a pointed CW-complex X to Hy (X, ).

It is a general observation that the values of such homology theories are mainly
governed by their evaluation on S°. More precisely, assume that {hy}, and {h} }x
are sequences of functors on pointed CW-complexes with these properties (plus
the additional data of the boundary maps required for the long exact sequences)
and that {73: hy — h},}r is a sequence of natural transformations which induce
transformations of long exact sequences for each pair (X,A). If 7,(S%) is an
isomorphism for all k, then 74 is an isomorphism for every finite CW-complex X as
seen by the following argument.

By homotopy invariance, 73 (D) is an isomorphism for all k£ and n. Then one
argues by induction on the dimension of X, using that an (n+1)-dimensional pointed
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CW-complex X can be written as a pushout the pushout of pointed CW-complexes

Vo 7 —— X

| |

VDt —— X

and applying the inductive hypothesis to the Mayer—Vietoris sequences for {hy }
and {h} }; associated to this pushout.
If the functors hy and h}, additionally send directed unions to directed colimits,
this statement implies that 74 is an isomorphism on all pointed CW-complexes since
every CW-complex is the directed colimit over its finite subcomplexes.
The claim from Remark 5.4.9 that m4(S%) 2 Z/2 implies that 5*(S%) = Z/2 (by
the Freudenthal suspension theorem). This shows already that stable homotopy is
genuinely different from singular homology, but much more is true:
(1) 75¢(S9) is finite for k > 1;
(2) the p-torsion part of 73}, 5(S°) is isomorphic to Z/p; in particular, m3*(S°)
is non-trivial in infinitely many degrees, and there exists p-torsion in the
graded abelian group 7%¢(S°) for every p;

(3) conjecturally(!), m5*(S°) = 0 for only finitely many k;

(4) there is no general description of what 73*(S°) looks like; for a first idea
of the existing knowledge on these groups, one can start with an internet
search for the keyword “stable homotopy groups of spheres”.

APPENDIX A. MORE LONG EXACT SEQUENCES

In our discussion of orientations and the Poincaré duality theorem, we had to
rely on a Mayer—Vietoris type long exact sequence which is potentially not covered
as part of a standard discussion. As preparation, let us prove that there exists a
natural long exact sequence associated to every triple of spaces A C B C X.

A.0.1. Lemma. Let X be a topological space and let A C B C X. Then the
sequences

Hpi1(X,B) S Ho (B, A) — Hy(X,A) — Hy(X,B) % H,_1(B, A)

are exact for every n, where the unlabelled arrows are induced by inclusions and the
boundary map is defined to be the composition

H,y1(X,B) % H,(B) — H,(B, A),
with O being the boundary map of the pair (X, B).

Proof. The long exact sequences associated to the pairs (X, B), (X, A) and (B, A)
can be combined into the commutative braid

H,1(X,B) H,(B,A) H,_1(A) H, 1(X)
\‘ / \ % \ /
Hn(B) Hn(XvA) anl(B)
HVL(A) HVL(X> Hn(X~B) Hn—l(B'rA)

The claimed exact sequence is also a part of this braid, and proving exactness is a
matter of diagram chasing. O
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A.0.2. Lemma. Let X be a Hausdorff space and let K and L be compact subsets of

X. Let
i (X, X\KUL) = (X, X\ K)
" (X,X\KUL) = (X,X\L)
JE (X, X\K) = (X,X\KNL)

GE (X, X\ L) = (X, X\KNL)
denote the respective inclusion maps. Then
Kk
Ho(X|K N L) S Ho (XK U L) 2, (X|K) @ H, (X]L)

K _ L

L L (XIKNLD) S Hy 1 (X|KUL)
1s exact, where 0 is defined to be the composition
Hp1(X|IKNL) 9, H,(X\KNL,X\L) & H,(X\K,X\KUL) = H,(X|KUL).
Proof. Apply Lemma A.0.1 to the triples

(X, X\K, X\KUL) and (X, X\KNL,X\L)

to obtain the map of exact sequences

Hp 1 (X|K) —2— Hy (X \K,X\KUL) — Hy(X|KUL) — H,(X|K) —— H,_y(X\L,X\KUL) — H,_(X|KUL)

| 5 | | 5 |

Hy1 (XK 1 L) —2— Hy(X\ K 0L X\ L) —— Ho(X, X|L) —— Hy1(X|K 01 L) —— Hoot(X\ KN LX\ L) —— Ho1(X|L)

The maps marked as isomorphisms are indeed isomorphisms by excision because
(X \ K, X\ L) is an open cover of X \ K N L with intersection X \ K U L. O

A.0.3. Remark. Both Lemmas A.0.1 and A.0.2 have evident analogues for coho-
mology.

APPENDIX B. MORE ON COFIBRATIONS

B.0.1. Proposition. Let X be a topological space, let A C X be a subspace, and
denote the inclusion map by i: A — X. The following are equivalent:

(1) i is a cofibration;

(2) the map A x [0,1] Uy oy X x {0} = X x [0,1] admits a retraction;

(3) there exist a map u: X — R>q and a homotopy h: X x [0,1] — X relative

A such that
(a) uoi=0;
(b) hlxxqoy =idx;
(¢) h(x,t) € A fort > u(x).

Proof. If i is a cofibration, one obtains a retraction as in (2) by solving the homotopy
extension problem

Ax[0,1] Uaxqoy X x {0} —4% A% [0,1] Uaxoy X x {0}
X x[0,1]

Conversely, the existence of such a retraction allows us to solve any homotopy
extension problem by precomposing with the retraction.
If r: X x[0,1] = A x[0,1]Uaxqoy X x {0} is a retraction, define

w: X = [0,1], z+ max{t —pry(r(z,t)) |t €[0,1]}
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and
h: X x[0,1] = X, (x,t) — pry(r(z,t)),
where pr; denotes the respective projection map on X x [0, 1].

The map u is continuous because [0, 1] is compact. Since r is a retraction, we
have r(a,t) = (a,t) for all a € A, so h is a homotopy relative A. Similarly, we have
u(a) = 0. The property r(z,0) = (z,0) implies that h(z,0) = z for all z € X. If
t > u(z), this implies that pry(r(z,t)) > 0, so r(x,t) € A x [0, 1].

Conversely, if v and h are given, we obtain a retraction by defining

(h(x,t),0) t < u(),

r: X X [0,1] — Ax [0,1] UAX{O}X X {O}, (l‘,t) — {(h(:mt),t - u(x)) i u(l.)

B.0.2. Remark. Suppose that A C X is a closed subspace and that the inclusion
i: A — X is a cofibration as witnessed by maps u: X — R>¢ and h: X x[0,1] — X.

Suppose that u(x) < 1. Then it follows for sufficiently big n that h(z,u(z) + 1)
is defined, and thus lies in A. By continuity, we conclude that

h(z,u(zx)) = nhﬁn;oh (x,u(m) + le> S
because A is closed.
B.0.3. Proposition. Leti: A — X be a closed cofibration and let j: B —'Y be an
arbitrary cofibration. Then the induced map

iXj: AXY Upxp X XB—=> X XY

18 also a coftbration.

Proof. Choose u: X - R>g,v: Y = Rsg, h: X x[0,1] > X and k: Y x[0,1] = V
as in Proposition B.0.1 (3). Then define
w: X XY = R>g, (z,y)— min(u(z),v(y))
and
H: X xY x[0,1] > X xY, (x,y,t) = (h(z,min(t,v(y)), k(y, min(t, u(z))) .

We claim that this pair also satisfies the conditions of Proposition B.0.1 (3).
Set C := AXxY Uaxp X x B. If (z,y) lies in C, then x € A or y € B, so w
vanishes on C. If x € A, we have

H(z,y,t) = (h(z,min(t, v(y))), k(y,0)) = (z,y)
because h is a homotopy relative A and k|y (o = idy. Similarly, we have
H(z,y,t) = (z,y) if y € B. Moreover,

H(z,y,0) = (h(z,0), k(y,0)) = (z,y).

Suppose now that ¢ > w(z,y) = min(u(z),v(y)). If v(y) >t > wu(z), then
h(z, min(t,v(y))) = h(z,t) € A, and similarly if u(z) > ¢ > v(y). The remaining
caseist > u(x) and t > v(y). If u(x) > v(y), then k(y, min(t, u(z)) = k(y,u(z)) € B.
Otherwise, v(y) > u(x). Using that u(xz) < t < 1, Remark B.0.2 implies that we
then have h(z, min(¢,v(y)) = h(z,v(y)) € A. O

B.0.4. Corollary. Leti: A — X be a cofibration and let Y be an arbitrary topological
space. Then i X idy: AXY — X XY is a cofibration.

Proof. This is immediate from Proposition B.0.3 since @ — Y is a closed cofibration.
O
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B.0.5. Corollary. Let (X,x) be a pointed space such that {x} — X is a cofibration.
Then the canonical map SX — XX is a homotopy equivalence.

Proof. Proposition B.0.3 implies that
A= {z} x[0,1] Ugzyxgo,13 X x {0,1} = X x [0,1]
is a cofibration. Then a choice of retraction
X x[0,1] x [0,1] = A x [0, 1] Uaxoy X x [0,1] x {0}
induces a retraction
SX < [0,1] = {a} x [0,1] Uayxgoy SX x {0},

so {z} x [0,1] — SX is a cofibration. Since {z} x [0, 1] is contractible, it follows
that SX — XX is a homotopy equivalence. O
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