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We are in the situation of Milnor patching in the lecture.

Exercise 1. Assume that S € M, ,,(B’) is the image of an invertible matrix T' € M,, ;,(B). Then
M(A™, B™,S) is finite free and the A-linear maps A < M(A™, B™,S) — B™ induce isomorphisms

M(A™, B™ S)@4 A" =2 A™ and M(A™ B™,S)®4 B B™.
The resulting isomorphism
Bln o~ A/n ®A’ Bl o~ M(A,n,Bm, S) ®A B/ o~ Bm ®B B/ o~ B/m

is S.

Exercise 2. Let S € M, ,(B’) be an invertible matrix and assume that B — B’ is surjective. Then

S 0
( ) S Mm+n,m+n(B/)

the invertible matrix

0 s!

is the image of an invertible matrix in My, min(B).

Exercise 3. Assume P is a finite free A’-module, Q is a finite free B-module, and o: P ® 4o B’ =
Q@ ®p B’ is an isomorphism of B’-modules. Then M (P, @, «) is finite projective and the tautological
maps M (P,Q,a)®4 A" — P and M(P,Q,a)®4 B — @ are isomorphisms and the resulting composite
isomorphism

Py B 2M(P,Q,a)®4B =2Q®p B

is «.

Exercise 4. Let now (P,@Q,a) be a general object of Proj(A’) Xpyjpy Proj(B). Show that there
exists (P, Q’,a’) such that P @ P’ and Q & Q' are free and finish the proof of Milnor’s patching
theorem.

Exercise 5. Show that the map 0: GL(B’) — Ky(A) defined in the lecture is a monoid homomor-
phism.

This sheet will be discussed on 3 July 2025.



