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Introduction

» given some X decide for p: X — B if
dxpx=0VV,px=1

» X finite ~ v

» Are there infinite X?
If X =N then LPO.

» But for the one-point compactification X = N v 7

» Martin Escardo proved this, modelling Ny as decreasing
binary sequences (n=1...10... and co = A, 1)

b Ny = Ty (00=5SS5...)
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» We work in the framework presented by Prof. Schwichtenberg
yesterday

> N =g (G, & — ¢) = ON[SNZN,
B =y (&, &) = 0P | 1P = False | True

» We use n, m for variables of type IN

» n, m for "total variables” of type IN, meaning that V, 3 are
relativized. (e.g. V,(A(n)) = V5(Tnn — A(R)))

» «, B for "cototal variables”. Everything relativized to “Ty.

v

p for variables of type IN — B.

» — (without subscript or dots) is Leibniz equality
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Extensionality and IN |

» Totality

TnO Vi (Tnn — T (Sh))

Yy (PO — ¥V (Pn— P (Sn)) — Pn)
» Similarity

0=7,0 b =S =t

» Closure axioms for “Ty and ~cory.
Vo (@ =0V 3y & = Sag)
Vepla~=p—=(a=0AB=0)V

Fug.po (& = Sao A B = SBo Ao ~ Po) )
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Extensionality and IN 11

» Greatest fixed point (coinduction) for “Ty
Vﬁ(Pﬁ—)
Vﬁ(Pﬁ-} n=0V Eﬁo (ﬁ: Shg A (Pﬁo V ng € COT]N)>)
—ne COT]N)
» GFP for =
If PAm and (the costep)
VH’,’,‘,(Pﬁﬁ\"I —
(n=0Am=0)V
Am=

Fio, o (M= Sio Smo A (P V i & o)) )
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Extensionality and IN 111

» pc EXtT]N%T]B =

VE’,?, (f‘l\: m— pﬁiT]B p/ﬁ)

& Vopn € TR AVpm(n=m— pn= pm)
» pc EXtCOTN*)T]B ~

Vim (A~ m— pn= pm)

& Vapa € T AVyp (e~ B — pa=pp)

» EXtCOT]N—>T]B C EXtTN_>T]B
» Note that

A m— A m e Ty
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Some arithmetic on “°Ty

Definition

» Minimum is a constant with defining equations
min(0, n) = min(n,0) := 0 min(Sh,Sm) := S (min(n, m))
» < is a constant with
(0<n):=True (Sn<0):=False (Sn<Sm):=(n<m)
B < is an inductive predicate with clauses

Vs (0 < Sﬁ) Vﬁyfﬁ (ﬁ <m—Sn< Sﬁ\”l)

00 = “Ry—nNnDummy ([u]InR(InRu)) =SSS...
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Things we can prove

Lemma

» < is an order relation. It is not decidable, but
Voap(n<a—=n<BVp<a)

» Furthermore
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Things we can’t prove

Lemma

Va,/goc<,8\/,8<a & VyTnaV-Tne < LPO

Vo(a 00— Tna) < MP

VoamooVazko <<  WLPO
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Definition (Selection function)

A selction function for § C (X — IB) is a functional
€: (X — B) — X such that for all p € §

p(e(p)) =1 = Viex p(x) =1 (1)
(X, T) is searchable if there exists a selection function.

Lemma
For a selection function € and p € §

Fxp(x) =0 ple(p)) =0 (2)
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Definition
Define 7 : (N — B) — IN.

ppie 0 if p(0)=0
- S(n(poS)) else

» 7 first checks if p0 = 0. If yes then return 0.
» if not check if pl =10 ...

Lemma
Vp (p € Ext Tn—Tg — P € COT]N)

Proof.

Easy coinduction on A(n) = ElperXtT]NﬁT]B (1po = 7).
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Theorem

1 is a selection function for Ext cory 13, i.€. for all

p < Ext oTn— Tg-

p(n(p)) =1 — Vup(a) =1 (5)

Proof.

We first prove some intermediate statements:

DV (Vpa#n— a=co)

@ vpeExtcoTHﬁT]B (Vapn=1— poo=1—V, px=1)
@ Vn,peExtcoTﬂ\ﬁT]B (np~ o0 — pn=1)

@ Vn,p (np~ n— pn=0)
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Proof.

D Ve (Voa#n— ar o)

By coinduction on Pnm :=n € Ty AV, n % kA m = oo.
Need to prove the costep, i.e. for n, m with Pnm

(
=

0,1770(

>
3)
I

=10

S)

0)

V
oAf/ﬁ:SﬁoA(Pﬁgrﬁ0Vﬁ0%ﬁ\70))

)

S)
I
wn
S

Since i € “°Tiy: n = 0 (which is impossible) or 0 = Sny for some
np € ©T. Since m = co = Sco we are in the right side of the
disjunction with mg = co.

@ vPEEXtCOT}N"T]B (vn pn=1— poo=1—V, pa = 1)

@ Vn,peExtco-,—NﬁT]B (ﬂp AR 00— pn = 1)

@ Vp (ypan— pn=0)
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Proof.

DV (Vpa%n— a=co)

@ VPGExtcoT]NHTJB (vn pn=1— poo=1—V, pa = 1)
Assume pa # 1. Then by the extensionality of p: V, a % n and
& % 00, This is impossible by @

@ vn,peExtmTH\ﬁT]B (np =~ 00— pn=1)

® Vo, (np=n— pn=0)

11/18



Proof.

D Vo (Voa#n—a~ o)

@ VYpetateory ory (Vapn=1— poo =1V, pa = 1)

® Vnpebiteory ,n, (1P = 00 = pn=1)

By induction on n: p0 = 1, since otherwise 17p = 0 % oo.
Assume V,, (1p = 00 — pn = 1) and 57p =~ c0. By Definition
7 (poS) =~ co. So by the induction hypothesis p(Sn) = 1.
@ Vp (ypan— pn=0)
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Proof.

DOV (Vpa%n— axco)

@ VPEEXI’CDT]N*)T]B (vn pn=1— poo=1—V, pa = 1)
@ vn,peExtcoTH\ﬁT]B (np = 0 = pn = 1)

@ Vnp (7p = n— pn=0)

By induction. If 7p ~ 0 < p0 = 0. Assume

Vo(p =~ n— pn=0) and 7p ~ Sn. Apply poS to the
Induction hypothesis to get

n(poS)~n— p(Sn) =0

and S(51(poS)) = np ~ Sn = n(poS) ~ n.
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Proof.

DV (Voa#n— a=oo)

@) Voebxteor iy (Vo PN =1 poo=1— VY, pa=1)
@ vn,peExtcaTH\ﬁT]B (np~ oo — pn=1)

@ Vap(mp~n— pn=0)

Finally assume p(y7p) = 1. We have

> YV, 7p # n. If yp = n then p(y7p) = 0 by (4).

» 11p ~ co. By @

» V,pn=1 By@.

» poo = 1. By n7p = oo, extensionality and the assumption
p(np) = 1.

» VYV, pa =1 By@.
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Corollary

Ext cory— 1 IS S€archable, i.e.

VPEEXtCOTN—»T]B (3{)(0 pPXo = 0 V v“ px = 1) (6)

The realizer is given by

Ap [if (p(np) = 0) (InL(y1p)) else InR|
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Definition
A map p € ExteoryTy is

» strongly extensional iff

Vo (p(a) # p(o0) = & € TN)

» continuous iff

3.Va (n < — p(a) = p(e0))

Corollary

If p € Extcory 13 IS Strongly extensional then

In(pn # poo) V Y, (pn = poo)
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Theorem

Any p € Extr_ T that is eventually constant extends to a

p € Extcory_ 1 and p is strongly extensional and continuous.

Proof.
Assume ng € T with ¥, (ng < m — pm = png) and define

p = A [if (7 < no) (pn) else (pno)]

(i) We need to show p € Extcory Ty, SO let @ = B. We have
min(ng, &) < Sng, so

a < SngV min(ng, &) < &

@(x<Sn0:>oc:ﬁ€ T and pa = pa = pp = pp.
®mln (ng, &) < & = ng < a, B and pax = png = pp.
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Proof (Cont.)

(ii) Clearly continuous with n.

(iii) Assume pa # poo. Again & < ng V min(ng, &) < a.
Da<n=a<co=ac Ty
®min(n0,zx)<zx:>no<a:>50¢:pn0:ﬁooé. Ol
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Extending decreasing functions?

Definition
For p € Extry 1, define p € Extr, 1, by

p0 = p0  p(Sn) == (pn)(p(Sn)) 9)
Lemma
For p € Extry 1, P is decreasing and

V,,(,En:O—>ngnanO)/\(Vnﬁnzlﬁvnpnzl)

(A) Any decreasing p € Extr,_, 7, extends to a strongly
extensional continuous p € Exteory 7y
(O) Any decreasing p € Extr, 15, With =V,pn = 1 extends to a

strongly extensional continuous p € Exteory Ty 16/18



Theorem

(i) (A) < LPO (vPEEXtTN%T]B (3npn =0V V,pn= 1))
(i) (O) < MP
Proof.

i) =. Assume p € Extr, ,7,. By (/A\) p extends to some
N B
q € Extcory 1. We have (with the selection function):

Jaoqro =0V Veqa =1

@ gug = 0. We distinguish cases on goo € Tp.
@ goo = 1. By strong extensionality Tya&o and
[/J\Oéo =0= ngaopm = 0.
@ qgoo = 0. By continuity exists ng such that V,~p, gx = goo.
l.p. pSng = qSnp = 0 = J<sp, Pm = 0.
®Vnﬁn:1:>V,,pn:1. Ol
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