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10. Let A be the C*-algebra of a quantum spin system on Γ = Zd, with
Hx = H for all x ∈ Zd. Let Zd 3 z 7→ τz be the family of *-automorphisms
of spatial translations. Prove that A is asymptotically abelian with respect
to τ , viz.,

lim
|z|→∞

[τz(a), b] = 0, (12)

for all a, b ∈ A.

11. Let A be a C*-algebra with a unit and let {τt}t∈R be a weakly con-
tinuous one-parameter group of *-automorphisms of A, which by definition
means

• for all t ∈ R, τt is a *-automorphisms of A

• τ0 = id and τs ◦ τt = τs+t holds for all s, t ∈ R

• for any state ω and x ∈ A: limt→0 ω(τt(x)) = ω(x).

(i) Let ν be a τt-invariant state, ν ◦ τt = ν for all t ∈ R. Prove that there
exists a densely defined self-adjoint operator H on the GNS Hilbert
space H such that

π(τt(x)) = exp(itH)π(x) exp(−itH), and HΩ = 0 (13)

Hint: Stone’s theorem.
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(ii) Show that there always exists a τt-invariant state
Hint: You can safely assume that E(A) 6= ∅. There is a natural opera-
tion on any state ω that yields a candidate invariant state.

12. Consider the C*-algebraA of a one-dimensional infinite chain of spins-
1/2. Here, Γ = Z and the local algebras AΛ =

⊗
n∈ΛAn, with the on-site

Hilbert spaces being Hn = C2 for all n ∈ Γ and An = M2×2(C). Note that
An is generated by the identity and the Pauli matrices σx

n, σ
y
n, σ

z
n, and each

A ∈ An is identified with the corresponding element . . .⊗1n−1⊗A⊗1n+1⊗. . .
of A. The goal of this exercise is to show that A admits two inequivalent
representations (H±, π±).

Let

S+ := {s = (sn)n∈Z : sn ∈ {−1,+1} and sn 6= 1 for at most finitely many n}
S− := {s = (sn)n∈Z : sn ∈ {−1,+1} and sn 6= −1 for at most finitely many n}

H± = l2(S±) = {f : S± → C :
∑
s∈S±

|f(s)|2 <∞} (14)

Note that since S± are countable, then l2(S±) is separable with canonical
orthonormal basis {es}s∈S± given by fixed spin configurations

es(t) =

{
1 if s = t

0 otherwise
(15)

For any n ∈ Z, let furthermore Θn : S± → S±

(Θn(s))m =

{
−sm if n = m

sm otherwise
(16)

Finally, let π± : A → B(H±) be defined by

(π±(1n)(f))(s) := f(s) (17)

(π±(σx
n)(f))(s) := f(Θn(s)) (18)

(π±(σy
n)(f))(s) := isnf(Θn(s)) (19)

(π±(σz
n)(f))(s) := snf(s) (20)

for all f ∈ H±, s ∈ S±.
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(i) Prove that π± define representations of A in H±

(ii) Show that π± are irreducible representations
Hint: Recall that a representation is irreducible if and only if any
vector is cyclic; for any f ∈ H±, any basis vector can be approximated
arbitrarily well by π±(xiN ) · · · π±(xi1)f , where xj ∈ A{j} and of the
form (1j ± σz

j )/2 or σx
j .

(iii) For each N ∈ N, consider the local average magnetisation operator
MN := 1

2N+1

∑N
n=−N σ

z
n ∈ A. Prove that

π±(MN)→ ±1 weakly, in the operator sense (21)

i.e. for any φ±, ψ± ∈ H±, limN→∞〈φ±, π±(MN)ψ±〉H± = 〈φ±, ψ±〉H±

(iv) Conclude that π± are inequivalent representations

(v) Argue that A admits in fact infinitely many inequivalent representa-
tions
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