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1. Prove
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for every k = (k1, . . . , kd) ∈ [−π, π)d.

2. Prove rigorously that

χ(p) ≥ 1

2d(pc − p)
,

i.e., γ ≤ 1. To this end, consider the functions τnp (x, y) := Pp(x ←→ y in Λn) (with
Λn = {−n, . . . , n}d) and

χn(p) := max
x∈Λn

∑
y∈Λn

τnp (x, y).

Prove that the functions p 7→ 1/χn(p) are equicontinuous and χn(p) → χ(p) for every
p ∈ [0, 1]. Deduce that p 7→ 1/χ(p) is continuous and, in particular, χ(pc) = 0.

3. For p < pc and k ∈ [−π, π)d, prove that

τ̂p(k) ≥ 0.

For this purpose, it is most convenient to view τp(x, y) (=τp(y − x)) as an operator and
prove that it is of positive type, that is,∑

x,y∈Zd

f̄(x)τ(x, y)f(y) ≥ 0

for any summable function f : Zd → C (where f̄(x) is the complex conjugate of f(x)).
Then the claim follows from Bochner’s theorem.

4. Let p < pc. Prove that the triangle diagram is maximal at the origin:

∆p(0) = max
x∈Zd

∆p(x).

More generally, show that τ ∗sp (x) ≤ τ ∗sp (0) and (D ∗ D ∗ τ ∗sp )(x) ≤ (D ∗ D ∗ τ ∗sp )(0) for
every x ∈ Zd and s ≥ 1, where D(x) = 1{|x|=1}. Conclude that these bounds also hold for
p = pc.


