SHEET 5

Ex3 (c).

Denote the homogeneous coordinates of P+ =1 4 he [200 : 210 ¢ ---:
Zn,0 t 201 -2l et 20m S e Znm)-

Let X = Vpn(I) and Y = Vpm (J) for I, J being homogeneous ideals.

Claim: ¢(X xY) = Vpmryimtn-1(P), where the homogeneous ideal P, is gen-
erated by the following homogeneous polynomials:

{zij 2eg—2ig- 2k, | 0<i,k<n;0<jl<m}

{f(z05,---+y2n,;) | 0<j <m,f €I ahomogeneous polynomial}
{9(#i,0,---,2im) | 0 <i<mn,g € J ahomogeneous polynomial}.

Proof of the claim: “C” is clear, which is similar to the argument in (b).
“D” For any point z = [{z; ;}] € V(P). As that in (b), we can assume that
Zig,jo 7 0 for some 4o, jo. Then there is a unique point

([Zo’jo st Zn.go ],[Zio’o Tt L“’m])

Zig,jo Zig,jo  Ziosjo Zig,j0
in P" x P™ that maps to z through ¢ by (a). Also, note that

20,50 Zn,jo Zig,0 Zig,m
[ o2 e X, [ ey
zloJo ZZOJO ZZOJO zloyjo
since f(20,jo,- - - %n,jo) = 0 for any homogeneous polynomial f € I, and g(2iy,0, .- -, Zig,m) =

0 for any homogeneous polynomial g € J.

Now it remains to show that ¢(X x Y)) is irreducible. Thus it suffices to show
that X x Y is irreducible.

Assume BY CONTRADICTION that X xY = ZU Z’ with Z and Z’ two closed
proper subset such that Z ¢ Z’ and Z/ ¢ Z. Consider the following two open
subsets

U={yeY | Xx{ylCZh U ={yeY | X x{y} 7'}

Note that Y = U U U’. Since Y is irreducible so WLOG we can assume U is
dense in Y. Claim that the Zariski closure X x U is actually X x Y. In fact, note
that the closed subset of X x Y is given by the pullback of the closed subset of
H(X xY) c PO+ =1 - Any closed subset ¢(X x Y) is defined by homogeneous
equations h(zoo : ... : zZn,m) = 0. Plugging z; ; = x;y; into h, one get a bihomoge-
neous polynomial H([xzo :...: Znl,[Yo : .. : Ym]) in {x;} and {y;}. Thus any closed
subset of X xY is the vanishing locus of some bihomogeneous polynomials H. Now
consider any bihomogeneous polynomial H. If it vanishes on X x U, then it van-
ishes over the whole X x Y by continuity (Reason: Take any point (a,b) € X x Y.
Consider any bihomogeneous equation H. Then H(a,y) vanishes on the dense open
subset {a} x U C {a} x Y. Hence H(a,b) = 0.). Hence X x U = X x Y. Thus
X xY C Z. Then we get a contradiction, which implies X x Y is irreducible with
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the topology induced from ¢.

(d) As described in the remark, we transport the topology from the image ¢(P™ x
P™) (which is inherited from the topology of the ambient space P(*+D(m+1)) to the
product P x P"™. Thus it suffices to show that the image ¢(P™ x P"™) can be covered
by open subsets that are isomorphic to A"+,

Thus it suffices to show that for U; := {z; # 0} C P*, V; := {y; # 0} C P,
o(U; x Vj) = A" WLOG, we consider Uy, Vj, and the following maps:

\IIZQS(UOXVEJ) %Anij; d’([l:zl : ---5zn}7[1:y1 : ym]) = ($17-'-axnay1~--ym)
and
QA" p(UgxVo); (T4, oy Ty Y1 oY) = (L@ T S Y1 1YL e S T YL 5 -t T

Note that ¥ and ® are regular maps, and

d(Liay o iap),[Liyr:eciym)) =1 i T Y1 i T1YL : o S Y1 e T Ym)

Thus ¥ and ® are inverse to each other. Hence we have the isomorphism ¢(U; x
V) = A,



