
Ex 1. (a) Let F = x61 + x62 − x40x1x2
(1) If chark 6= 2, 3, we have the partial differentials of F

∂F

∂x0
= −4x30x1x2;

∂F

∂x1
= 6x51 − x40x2;

∂F

∂x2
= 6x52 − x40x1.

Let F = ∂F
∂xi

= 0. Note first x0 6= 0, otherwise, x1 = x2 = 0. Hence we get x0 6= 0 and x1 = x2 = 0. Thus in this
case the singular point is [1 : 0 : 0].
(2) If chark = 2, we have the partial differentials of F

∂F

∂x0
= 0;

∂F

∂x1
= −x40x2;

∂F

∂x2
= −x40x1.

Let F = ∂F
∂xi

= 0. Hence we get x61+x62 = 0, i.e., x1 = ξx2 with ξ6 = 1. If x0 6= 0, we have x1 = x2 = 0. If x0 = 0,

then we have x1 6= 0 and x1 = ξx2 with ξ6 = 1. Hence the singular points are [1 : 0 : 0] and {[0 : ξ : 1] | ξ6 = 1}.
(3) If chark = 3, we have the partial differentials of F

∂F

∂x0
= 2x30x1x2;

∂F

∂x1
= −x40x2;

∂F

∂x2
= −x40x1.

Let F = ∂F
∂xi

= 0. Hence we get x61+x62 = 0, i.e., x1 = ξx2 with ξ6 = 1. If x0 6= 0, we have x1 = x2 = 0. If x0 = 0,

then we have x1 6= 0 and x1 = ξx2 with ξ6 = 1. Hence the singular points are [1 : 0 : 0] and {[0 : ξ : 1] | ξ6 = 1}.

(b) Let F = x41 + x42 − x31x0
(1) If chark 6= 2, 3, we have the partial differentials of F

∂F

∂x0
= −x31;

∂F

∂x1
= 4x31 − 3x21x0;

∂F

∂x2
= 4x32.

Let F = ∂F
∂xi

= 0. Note first x0 6= 0, otherwise, x1 = x2 = 0. Hence we get x0 6= 0 and x1 = x2 = 0. Thus in this
case the singular point is [1 : 0 : 0].
(2) If chark = 2, we have the partial differentials of F

∂F

∂x0
= −x31;

∂F

∂x1
= −3x21x0;

∂F

∂x2
= 0.

Let F = ∂F
∂xi

= 0. Hence we get x1 = x2 = 0. Hence the singular point is just [1 : 0 : 0].
(3) If chark = 3, we have the partial differentials of F

∂F

∂x0
= −x31;

∂F

∂x1
= 4x31;

∂F

∂x2
= 4x32.

Let F = ∂F
∂xi

= 0. Hence we get x1 = x2 = 0. Hence the singular points is just [1 : 0 : 0].

(c) Let F = x30 + x33 + x0x2x3
(1) If chark 6= 3, we have the partial differentials of F

∂F

∂x0
= 3x20 + x2x3;

∂F

∂x1
= 0;

∂F

∂x2
= x0x3;

∂F

∂x3
= 3x23 + x0x2.

Let F = ∂F
∂xi

= 0. Note that x0 must be zero. Then x3 = 0 and x1, x2 cannot be both 0. If x0 6= 0. Hence the
singular locus are [0 : x1 : x2 : 0].
(2) If chark = 3, we have the partial differentials of F

∂F

∂x0
= x2x3;

∂F

∂x1
= 0;

∂F

∂x2
= x0x3;

∂F

∂x3
= x0x2.
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Let F = ∂F
∂xi

= 0. Note that x0 must be zero. Then x3 = 0. Hence the singular locus are [0 : x1 : x2 : 0].

Ex 4. (a) This is a local problem (the Zariski tangent space can be defined intrinsically), we can assume X ⊂ An

is an affine variety with coordinate functions {xi}, Y ⊂ Am is an affine variety with coordinate functions {yj},
and f : X → Y can be written into f(x) = (f1(x), . . . , fm(x)). Now take any element G ∈ I(Y ), we have
G(f1(x), . . . , fm(x)) = 0 for any x ∈ X. Hence the composition function G(f1, . . . , fm) ∈ I(X). Now we fix any
closed point a ∈ X. WLOG we can assume that a = (0, . . . , 0) ∈ An and f(a) = (0, . . . , 0) ∈ Am. Thus for any
tangent vector v = (v1, . . . , vn) ∈ TX,a, we have

n∑
k=1

∂G(f)

∂xk
(a)vk = 0.

Hence we get
m∑
j=1

∂G

∂yj
(f(a)) · (

n∑
k=1

∂fj
∂xk

(a)vk) = 0,

i.e., df(a)G(daf1(v), . . . , dafm(v)) = 0 for any tangent vector v ∈ TX,a. Then we get (daf1(v), . . . , dafm(v)) ∈
TY,f(a) for any v ∈ TX,a. Thus f induces a linear map daf : TX,a → TY,f(a).

(b) Consider the regular map f : A1 → Y := VA2(x22 − x31), given by t 7→ (t2, t3), where t is the coordinate
function of A1.
(1) If a = 0 ∈ A1, then daf = [2t, 3t2]|t=0 = [0, 0]. Hence daf is of rank 0.
(2) If a 6= 0 in A1, then daf = [2t, 3t2]|t=a = [2a, 3a2]. Hence daf is of rank 1.
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