Ex 1. (a) Let F = 2% + 25 — zdz122
(1) If chark # 2,3, we have the partial differentials of F’
OF oF = oF 5
G = 74508:1019:2; e = 6z7 — xéxg; B = 6zy — :cé:rl.
Let F = 3 = 0. Note first zg # 0, otherwise, 1 = x5 = 0. Hence we get g # 0 and 1 = 2 = 0. Thus in this

case the smgular point is [1: 0 : 0].
(2) If chark = 2, we have the partial differentials of F'

OF  OF  , OF

4
= O = —I .TQ' = — 371~
3x0 ' 8:61 0 8£82 0

Let FF = 2£ = 0. Hence we get 2§ +2§ = 0, i.e., 1 = xgy with €6 = 1. If 2y # 0, we have 21 = 29 = 0. If 29 = 0,
then we have z1 # 0 and 21 = £y with €5 = 1. Hence the singular points are [1: 0: 0] and {[0: £ : 1] | £ = 1}.
(3) If chark = 3, we have the partial differentials of F'

oF 03 OF 4 OF 4
—— =2TT1X0; —— = —Tako; —— = —Toxq.
6$0 012 8%1 02 3:1:2 01
Let I = ——O Hence we get 28 +12§ = 0, i.e., 71 = £xo with €5 = 1. If 29 # 0, we have 1 = x5 = 0. If 29 = 0,

then we have 71 # 0 and 21 = £xo with £% = 1. Hence the singular points are [1:0: 0] and {[0: &: 1] | €5 = 1}.

(b) Let F = a1 + 23 — 23x¢
(1) If chark # 2,3, we have the partial differentials of F’

OF , OF

3
—x7; = 4x5,.
8x0 b 8x1 2

OF
= 4z} — 32ixo; 925
Let F = 8— = 0. Note first xg # 0, otherwise, 1 = 22 = 0. Hence we get g # 0 and z; = o = 0. Thus in this
case the singular point is [1: 0 : ()].

(2) If chark = 2, we have the partial differentials of F’
OF 5 OF 9 OF

—— =1} —— = -3alwe; ~— =0.
an e 81171 L1ro; 8I2

Let F' = % = 0. Hence we get 21 = 5 = 0. Hence the singular point is just [1: 0 : 0].
(3) If chark = 3, we have the partial differentials of F

OF 5 OF OF
— = —a}; — =da}; — = 4ad.
81’0 Rk 8x1 s &rg T2
Let F = o = = 0. Hence we get 1 = zo2 = 0. Hence the singular points is just [1: 0 : 0].

(c) Let F = a3 + 23 + xoz2m3
(1) If chark # 3, we have the partial differentials of F'

OF 9 OF OF
7 =305+ 22x3; 5 — =0; 53— = Tows;

= 322 )
al'o 8:171 ’ 8172 3 + Totz

F
8173
Let F = % = 0. Note that o must be zero. Then x3 = 0 and z1, x> cannot be both 0. If zy # 0. Hence the

singular locus are [0:21:29:0].
(2) If chark = 3, we have the partial differentials of F'

oF _ OF _ OF _ . OF
8$0 - 8$1 o 8$2 N



Let F = g—f; = 0. Note that xg must be zero. Then z3 = 0. Hence the singular locus are [0 : z1 : 25 : 0].

Ex 4. (a) This is a local problem (the Zariski tangent space can be defined intrinsically), we can assume X C A™
is an affine variety with coordinate functions {x;}, Y C A™ is an affine variety with coordinate functions {y;},
and f : X — Y can be written into f(x) = (fi(x),..., fm(z)). Now take any element G € I(Y), we have
G(fi1(x),..., fm(x)) =0 for any x € X. Hence the composition function G(f1,..., fm) € I(X). Now we fix any
closed point @ € X. WLOG we can assume that a = (0,...,0) € A” and f(a) = (0,...,0) € A™. Thus for any
tangent vector v = (vl, . ,vn) € T'x,q, we have

Hence we get
9G-S i () —
;ayj (f(a)) (k: B, (W) =0

ie., dy)G(dafi(v),...,dafm(v)) = 0 for any tangent vector v € Tx 4. Then we get (dof1(v),...,dafm(v)) €
Ty, ¢(a) for any v € Tx . Thus f induces a linear map dof : Tx o — Ty, f(a)-

(b) Consider the regular map f : Al — Y := Vj2(23 — 23), given by t — (¢2,¢3), where t is the coordinate
function of Al.

(1) If a =0 € AL, then d, f = [2¢, 3t%]|;=0 = [0,0]. Hence d, f is of rank 0.

(2) If a # 0 in Al, then d, f = [2t, 3t?]|;=a = [2a,3a?]. Hence d, f is of rank 1.



