SHEET 8

Ex3. When char k does not divide d, we take the example F = 8 + ...+ 2%,
where n > 1.

First we calculate the partial derivatives:

oF

8zi
Then for any point [ag : ... : ant1] € X := Vpat1(F), there exist an 0 < i < n + 1,
such that g—i(ao, ..oy Gpy1) # 0. Hence X is smooth.

Then we need to show that F' is irreducible. Use Eisenstein’s Criterion for
polynomial F = zf + ...+ 2%, € k[z1,...,2p41][x0]. It suffices to show that
Fo=a{+... 42t €k[zx,...,2,41] is irreducible. Thus by induction, we need
to show that 2+ y? + 2¢ € k[z,y, 2] is irreducible. Note that since (y+ z)|y? + 24,
to show 2 + y? + 2% irreducible, again by Eisenstein Criterion, we just need to
show that (y + 2)? [ (y? + 2%).

Assume that

Yy 2% = (2 + 2yz + 2 (ag—2y? % + ag_sy 3z + .. 4 a1yz?T3 + agz?7?).

_ d-1
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Expanding it and comparing the coefficients of both side, we get ag = 1,a7 = —2,
and
aqd—i +2aq4_;—1 +aq—;—2 = 0.
Hence the general term formula is
ap, = (—=1)"(n+1).

however, we also get ag_o = 1 by comparing the coefficients, which is a contradic-
tion. Hence F' is irreducible.
1) When char k = 2, n is odd and d = 2, we can just take

F = Z Ly Ly -
i1#72
2) When char k = 2, n = 2m is even and d = 2, we can take

m
= g TiTm41+i-
i=0

3) In general, when d > 2 and char k divides d, we can take the so called Gabber’s
hypersurface
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