Exercise 3:
For the scheme (Y, Oy) and the closed subscheme Z, take an open affine cover {Y; = Spec 4;}ics of X. Let
Z; = ZNY; be the closed subset of Y;. By Ex2, we can assume that Z; are underlying topological spaces of the
scheme (Z;, Oz, := Ogpeca,/1,), Where I; C A; is an ideal with I; = V/I;. Especially, Z; are reduced. We denote
the closed imbedding

Gi Zi =Y.

The we have the following data:

o Y;; :=Y; NYj, with structure sheaf (¥,, \Ilg) =1d :Y;; = Yj;, with trivial gluing data for Y.
e Z;j == Z; NY;; as topological space and Oz, := OZ”ZU.

e Now we construct the gluing isomorphism

(QOZ_W()OBJ) ( ]laOZ ) — (Zijaozij)
where ¢;; = Id and we have the following commutative diagram

W, ;=1d
Xji — Xij

¢] J\th
Pij =Id Z

Ly —— Ly

<

The sheaf morphism gogj : Oz, — 9ijxOgz;, is defined as follows: for any open set U C Z;;, and any section
s € Og,(U), since Z; are closed subscheme of X, we can take a covering U = |J, W, of U, such that
s= {[sa, «]}, and s, can be lift to elements 3, in Ox,(V,), where V,, is open in X; and V, N Z = W,. Then
cpfj is defined to be

wli(s) = {[¥};(3a), Wa)l},

where the equivalent class is get from the surjective map qﬁﬁ Ox,; — ¢jxOz,. This map is a well defined map,
since two different lifting of s, are upto a element evaluatlng zero at Z, and it will be killed after taking direct
limit to get a section on W, C Z;. And for the same reason, {[w! (5a), Wa)l} is glued to a section in O, (U).
Then we get the morphism gaij, Similarly we can construct the morphlsm @gi.Easy to check that (p;;, ‘ng) and

(©jis cpgz) are the inverse to each other. It is clear that we can check the three cocycle condtions (¢;;, gpgz) =1dx;;
(pijs @fj) = (pji, @ﬁi)*l; and (Y, ‘Piz) o (¢ij, gogj) = (pkj, gpij) by reducing them to the cocycle conditions for
{(\IJU,\IJ )}, since the ambiguities envaluating zero along Z. With the new constructed gluing data, we get
a scheme (Z,0z) and morphism (j,j%) : (Z,0z) — (X,0x), which is induced by (qﬁi,qﬁg), since (gbi,qbf) is
compatible with the gluing data, i.e., ¢i|z,, = ¢;|z,,- (Z,Oz) is reduced since we can reduce it to each affine
piece (Z;, Oz,), which is reduced by construction.

Ex 4: “C” For all a € a C A, then ¢ € ady, and ¢; (%) = a.
“D” For any a € (i, ¢; (aAy,), pi(a) = ¢ € ady, for all i. Thus there exist b; € a and m;Z=° such that

a __

b;
T=7m
such that f7(af™ —b) =0 in A for all i. Especially, f/"™"a € a for all i.

Since U, Uy, = U (X =V (f;)) = X, we have (";_, V(f;) =0 = V (., < f; >). This implies there exist t; € A
st. 1=3" t:fi. Now we take large enough mteger N such that 1 = (30 tif)N =3 Fe(fis-- . fn), with

each monomial containing at least one f; of power great than n+m. Thus we have a = a->_, Fi(f1,...,fn) € a.

in Ay,. Thus there exists n; s.t. f]" (af]"" —b;) = 0 in A for all i. We can choose m and n large enough



