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Problem 13 (Spectrum of the product). Let X be a Banach space and S, T € B(X).
(1) Prove that o(7'S) U {0} = o(ST) U {0}.
(i7) Show that o(T'S) = o(ST) is not true in general.

Problem 14 (Spectrum of self-adjoint operators). Let A be a bounded self-adjoint ope-
rator on a Hilbert space H, i.e. A* = A. Prove the following:

(i) o(A) C e?g,lﬁgnzl@’A@ 7x€7jl|]|-:13—1<m714x>] C R
(1) 0r(A) =

i) o
(zi1) If z,y € H and A # p are such that Az = Az and Ay = py then (z,y) = 0.
() If 0(A) = {0} then A = Q.

Problem 15 (Weyl sequences). Let X be a Banach space and T' € B(X). A sequence
(Tn)nen in X is called a Weyl sequence of T at A € C, if ||x,]| = 1 for all n € N and
| Tx,—Ax,|| — 0 as n — oo. Prove:

(i) If T has a Weyl sequence at A € C then A € o(T).
(i7) If X € Jo(T') then T has a Weyl sequence at A € C.

Now, let ‘H be a Hilbert space and let T' € B(H) be self-adjoint.
(17i) Prove that T" has a Weyl sequence at \ iff A € o(T).

Problem 16 (Multiplication operators II). Let (X, ) be a o-finite measure space, let
1 < p < 00, and for a measurable function h : X — C let

Qn:={felPX,u):hfel’(X,u}.
Let My, : Qy — LP(X,p), f— hf.
(1) Prove that M), € B(LP(X,p)) iff h € L>®(X, p).
Assuming h € L*°(X, u) prove the following:
(i1) op(My) ={X € C: pu({z € X : h(z) = A}) > 0}.
(1i1) p = {A € C:3c> 0 such that |A — h(z)| > c ae.}.
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