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1 Historical Perspective 3

Roots:
theory of functions ‘ ’ ODE / PDE ‘ ’ calculus of variations ‘ 18 century
Volterfé. ’ infinite systems of linear equations ‘ B 19" century
measure B E
theory equation . B e i
S ’functional analysis [~-1933 20t century

Figure 1: History of functional analysis

What is functional analysis?
e Study of functional dependencies between (topological) spaces
e Study of spaces of functions
e Language of PDF / calculus of cariations, numerical analysis
e Language of quantum mechanics

Shift in mathematics between 191 /20" century:

e Volterra’s speech on 1900 International Congress of Mathematicians in Paris:
“19" cenutry math is about the study of a single function.”
Le. definition of a function, continuity, differentiability

e Typical 19" century math:
Theorem 1.1 (Weierstrass 1872). A function f(z) = > o ja™cos(b"nz), 0 <a <1, b€ {2n+1|n € N} is
continuous but nowhere differentiable. ([l

e Special functions:

— Bessel function: J,(z) = ZZO:O nl.r((;ig;-u) (%)2n+a
2 gn g2

— Hermite polynomial: H,(z) = (—1)"e™ £=e

e Functional analysis shifted the view to the study of sets of functions:
definition of continuity ——  properties of sets of continuous functions
First theorem: Arzela-Ascoli theorem (coming soon).

Example 1.2 (temperature distribution on an infinite slab).

1t If T'(z,y) is the temperature at a point (z,y), then:
2 2
T(z,9) (1) 72T (2,y) + 55, T(@,y) =0
=0 T=0  (2) vyelo,00[: T(=5F,y) =0=T(+5,y)
0 Tl (3) Vee|-5,+5[: T(x,0)=1
-3 0 43

We guess
oo
T:]-5,+5[ 10,00 T(z,9)= Z zpe” DY cos((2n + 1)),
n=0

this automatically satisfies (0) and (1). For (b) we get the equation

1= Zmn cos((2n+1)x), x€ ]—%74-% [

n=0

Y1-¥70-GT0C



1 Historical Perspective 4

By subsequent differentiating and putting = 0 we get:

1:x0+30x1+70$2—|—...
0:$0+325€1+721’2—|—...

0=1m¢+ 3% + Taa+... O
We got a set of equations of the form:
o ailr aiz - T Y1
Z AnmTm = Yn L. ag1 Q22 2] = | v (%)
= . ) . .

Problem:

o0
Z AnmTm = Yn, Gnm,Yn € F (=R or C) given, 1z, unknown

n=1

How to solve it: 19" century: finite approximations:

N
pick N : N-th approximation Z anmxg) =y, n=1....N = get x%\’) fake , T
n—oo
n=1
Example 1.3.
Consider the following system: Then:
T+ T2+ ... =1 for odd N: z™) =(1,0,1,0,...)
T2 +T3+ ... =1 for even N: a;(N):(O,l,O,l,...)
I3 + Ty +...= ].
By looking: =z = (3,3,2,4,..). o

Options one can encounter:

A) ™) does converge, and the limit is a solution of eq. ()
B) 2®) does not converge, but eq. (*) has a solution

C) ™) does not converge, and eq. (*) has no solution

D) =™ does converge, but eq. (*) has no solution
Question: What is the problem we are facing?

Recall that we studied equations

o0
Z AnmTm = Yn o~ Az =y
m=1

Here is one more example that leads to such an equation:

Example 1.4 (Volterra equation). Let K: [0,1] x [0,1] — R and g: [0,1] — R be continuous functions. The Volterra
equation is:

Volterra equation of 1% kind: / K(s,t)- f(t)dt = g(s)
0

Volterra equation of 2" kind:  f(s) — / K(s,t)- f(t)dt = g(s)
0

Riemann integration: Divide [0, 1] into N subintervals, M = wn=0,...,N:

(V) N

/ COREM, 0 fdi= S KN 1) f(1) L +o(h)
0

LT-70-9T0¢C



1 Historical Perspective 5
Volterra equation of 15¢ kind:
agl)ng) + a(N)ng + o+ aﬁ%)xg\],v) = ygN) (N) — pr(¢(N) ¢(N)y L
oM g0 ) ) ) A = K (5t ) &
P 200 = )
: : : ; (N) — g(t(V)
QM) G0N ) ) Un = 9(tn)
Now:
N
Z a2l =y o) N2 e o,1] 0

m=1

Historical perspective — overview:

(1) Zzizl ApmTm 2: Yn
(@) Zeule,y) + Leulr,y) = 0
(3)  Jo K(s,) f(t)dt = g(s)

Problems:

(1) Notion of solution

(2) Continuity with respect to data
Concerning the continuity with respect to data:

Prop. 1.5. Let A(t) = (ai; (1))}

7,7=1

(y;(t))j=; smoothly on ¢. Suppose in addition V¢ :

smoothly on t.

Proof. Observe det A is a smooth function:
det A= (-1)*

sgn m
a1,7(1)a2,7x(2) - - -

Chapters:

QAn,m(n)s

is linear Ax =y where z «w (x,)22,

is linear Ax =y where z «w u(z,y)

is linear Az =y where z «w f(t)

be a matrix that depends smoothly on ¢ (smooth family), and vectors y(t) =

ker A(t) = {0}. Then the solution x(t) of A(t)z(t) = y(t) depends
O

_ det] -

xj = M det A is a smooth function

e Normed linear spaces, Banach spaces, Hilbert spaces

little bit more topology

Three big results in functional analysis:
principle

Geometry of Banach space

e Compact operators and spectrum

Furthermore, let in the following be F =R or F =

Linear operators on Banach spaces, dual spaces

Hahn-Banach theorem, Banach-Steinhaus theorem, open mapping

C.



2 Normed Linear Spaces

2.1 Linear Spaces

Definition 2.1 (linear space). Set X equipped with two operations, on which two operations

addition X x X — X, (z,y)—z+y
FxX—=X, (\z)— Az

multiplication by scalar

is called linear space over field T, provided the following axioms are satisfied for any z,y,z € X and a,b € F:

Group structure:

@F+y)+z=z+y+2)
r+0==zx

z+(—z)=0
r+y=y+x

e associativity:

identity element:
e existence of inverses:
e commutativity:

Compatibility with field:

compatibility of mul.:

a
compatibility of one: 1

x
distributivity I: a-(x4+y)=a-x+a-y
distributivity II:

Finite-dimensional euclidean space R™ or C"

Space of inifinite sequences (2,)52,, Tn € F

P, p € [0, 1], the space of all ()52, with > _|z,|? < oo
Space C([0,1]) of continuous functions on the interval [0, 1]

Solutions of Volterra’s equation

)
)
)
4) P, p € [1,00], the space of all (x,,)52; with > _y|zn|P < oo
)
)
)
)

Space of polynomials p € X if In € N: p(z) = Z?:o a;jz’

Proof that (4) in example 2.2 is a linear space.

If (z,)n with |2, |P < 00 and (yp), with > |yn|? < oo, then Y, |z, + yn|P < 00?

|z + yn|? < |2x"‘p + 2yn|? < 2p(‘$n|p + |ynl?).

Remark 2.3 (unit balls in ¢P). Further investigations of ¢P-spaces: normable?

T2 €2 €2

Z1 T1 Z1

unit ball for p = oo unit ball for p = 2 unit ball for p =1

Figure 2: Unit balls in ¢? for some p € [0, o]

P, p = o0, the space of all (x,)52; with sup,en|zn| < 00, i.e. the space of all bounded sequences

T2

1

unit ball for p = 1/2

//

LT-70-G10¢



2 Normed Linear Spaces 7

Definition 2.4 (linear subspace). U C X is called linear subspace if V1,25 € U, A1, 2 €F: Ajxg + Mgz € U.
Definition 2.5 (sum of subsets in vector spaces). If S, T C X then S+T:={z€ X |z=a+y, z €S, yeT}.

Theorem 2.6 (properties of linear subspaces).

(1) {0} and X are linear subspaces.

(2) The intersection of any collection of subspaces is a subspace.

(3) The sum of any collection of subspaces a subspace. O
Definition 2.7 (linear span). Given set M C X, the linear span span(M) is the intersection of all linear subspaces Y
such that M C Y.

Theorem 2.8 (properties of the linear span).
(1) The linear span of M is the smallest linear subspace that includes M.
(2) span(M) consists precisely of the vectors >°7_ ) Ajaz;, n €N, z; € M, \; € F. O

Definition 2.9 (convex set). Ounly for F = R! K is convex set if for x1,2z9 € K and A, Ay € F, A\; + A2 = 1 we have
Az + Agxo € X.

2.2 Normed Spaces

Definition 2.10 (normed space). Let X be a linear space and ||| : X — R a map that satisfies:

(1) non-negativity: Ve e X : lz]] >0
(2) absolute homogenity: Vee X, eF: ||A-z|| =\ |z
(3) triangle inequality: Vao,y € X : lz +yl < |zl + ||yl
(4) zero norm = zero vector: Vr e X : |z =0 & =0
Then ||-|| is called a norm on X, and (X, ||-||) is called a normed space. On every normed space, we define a distance

function d by:
d: X x X > R, d(z,y) = ||z — y]|.

Prop. 2.11 (norms are Lipshitz continuous). A norm ||-||: X — R is uniformly continuous, and in fact even Lipshitz
continuous. g
Proof. We have [[[z]| — [ly[[| <z —yll. Put y = —z + 2z into (3) to get [[|z[| — [l=][| <[]z — =|. u

Definition 2.12 (equivalence of norms). Let ||-||; and ||-||, be norms on a vector space X. They are called equivalent if
3C>0: CTH kMl < Il €Tl
or equivalent to this condition,

3C,C">0: C |y < Iy £ C - |1 ly

Theorem 2.13 (equivalence of norms). Norms ||-||; and |||, are equivalent iff the topologies they generate are the
same. o

Proof.

Proof of “=": Let 71,75 be topologies. If U € T;. B = {z | |lz|l; < r}. Then Bé?llé C
B0 c 5@
s =Dcs-

Proof of “<”: B{”) € T if Ty = T therefore By 2 B{Y). Let @ € X. Then - € B With
B(Cl) 2 B£2) it follows that ||ﬁH1 < C, and hence |z||; < C|z|,.

[¢-170-GT0C



2 Normed Linear Spaces 8

Theorem 2.14 (norms in finite-dim are equivalent). All norms on a finite dimensional space are equivalent. O
Proof.
The one inequality. Let {e!,... e"} be a basis of X, so for any 2 € X we have x = z1e! + ... + x,e". Consider the
infinity-norm ||z|| , = maxi<j<n|z;|. Let ||| be a different norm. Then

@] = [|z1e" + ... 4 zne”|

<lallle]| +- - + lwnllle™]
<l - (et + -+ lle™) -

=:C
The other inequality. We observe that [|-|| is continuous in 7o (because ||z|| < C-||z||). Let S7° := {z | ||z||,, = 1},
then S7° is compact, and hence a minimum exists, mingeg=|[z|| =: 6 > 0 (where the latter inequality follows from
0 ¢ S{°). For any € X we have Tai= € Si°, whereat
[ zs - etz ate .
—| = | 2 e (A |
/] o >

Theorem 2.15 (compactness of the closed unit ball). Closed unit ball By := {x € X | ||z|| < 1} is compact iff dimension
of X is finite. O

Proof of theorem 2.15 — part 1/2. If X is infinite-dimensional, then B; is not compact. |

Example 2.16. (>, ]-||,), i.e. all bounded sequences, where ||z||,, = sup;cyl|z;|. Then Vj : |le/| =1 and Vj # k :
el — €*||,, =1, where
el =(1,0,0,0,...)

e? =1(0,1,0,0,...)
e’ =(0,0,1,0,...).

In particular e', e?,e3, ... is neither convergent nor Cauchy. O

Lemma 2.17 (existence of projections). Let U be a proper closed linear subspace of X. Then there exists ¢ U with

||| =1 such that dist(z,U) > 3, where dist(z, U) = infycv ||z — yl|. O
Proof.
Pick any Z ¢ U, then dist(Z,U) = d > 0 (because U is closed). Pick yo € U such that 2 z
|Z = yo|| = 2d. Claim ist that x := 52 satisfies the requirements. Clearly ||z| = 1. Let
y € U. Then n U
LR - 2d =24 2
Since U is linear subspace yo + 2dy € U, and hence w& = % |
Remark 2.18.
Concering the dist(z,U) = inf,cp||z — y||: There exists a sequence y,, € U such that 2d
|yn —z|] "=3° d, in particular for any & > 0 there is a y(¢) such that ||y(e)—z|| < d+e. d+e % /
If instead of y(e) you consider Ay(e), eR. $
°z
Yo
FO) = [My(e) — 2], AeR U

//

Proof of theorem 2.15 — part 2/2. If X is infinite-dimensional, then B, is not compact. We construct a sequence
(0,15, Zn, ... ), x; € X where x¢ is arbitrary with ||z¢|| = 1. Given (zo, ..., ;) then consider span{x1, ..., z,} =:
U (closed because of finite dimensional, and hence proper). Use the lemma to pick x,41 such that Vj : ||z;|| =1 and
Vi# ko |lzy—al > 3. [ |



2 Normed Linear Spaces

Remark 2.19. We have a look at subspaces of (¢, ||-||):
[2] = max|z,|
neN

co = {inﬁnite real sequences (zp)nen | lim z, = O}
n— oo

cept = {sequences (T, )nen | (£n)nen has only finitely many non-zero elements}

Cept 1S a proper subspace of ¢

//

Repitition:
— equivalent norms
— topologies
— finite-dimensional < all norms equivalent
— unit ball is not compact in infinite-dimensional spaces

Question: Suppose you have two topologies 71, T2 induces by norms |||, ||-]l5- - --

2.3 Banach Spaces

Definition 2.20 (Banach space). Banach space is a normed linear space that is complete.

Motivation: Why Banach?
— numerical analysis:  lim, 00 Tn, |Tn — x| < precision, n,k > ng
— pure math:  z,41 = F(2n, p-1), limp ooy =2 & = F(x,2)

Example 2.21 (examples and counterexamples for banach spaces).

(1) ¢, the space of real/complex sequences (z,)52; such that lim, . =, exists. Equipped with norm |[|(2,),| =

max,en|®y,| it is Banach.

(2) co, the space cg C ¢ of sequences such that lim,_,. x, = 0. This is a closed subspace, hence a Banach space.

(3) cept, the space cepy C cg of sequences with finite number of non-zero elements.
Claim. cqpt is a proper dense subspace of cg.
Proof.
Proper: z,, = %
Dense: Let (zy,)n € ¢y and pick e. Find N such that |x,| < e for n > N. Define xglN) = {’”0" f‘;i 25% .
)

(@), € copr. Furthermore (@), — ()] = max, o) — 2, = max,s | <.

(4) Let (M,d) be a metric space and K C M be a compact set.
C(K), the space of all continuous functions f: K — R.
Norm on this space: || f||oo = sup,cg|f(x)| (called the max-norm or sup-norm)

Concering the fourth example:

Question: If f, € C(K) such that Vz € K : lim,_,o fn(z) = f(x), does it imply that f € C(K)?
Negative answer: No!, take f, = z".

Positive answer: Yes!, if f, = f. Recall:

S = f
fn=f

Vo : Ve >03Ing € NVn > ng: |fulz) — f(z)] <€
Ve>03ng e NVn >mng:Va: |fulz)— f(z)] <e
Ve >0 3ng € NVn > ng: maxgex|fn(z) — f(2)] <e
Ve>03ng e NVR>ng: ||fn— flleo <€

n—aoo

1fn = fllos —"0.

te o

Clearly

Remark 2.22 (convergence in sup-Norm = uniform convergence). Notion if convergence w.r.t. the norm ||| is equiv-

alent to the notation of uniform convergence.

E)

¥¢¥0-GT10



2 Normed Linear Spaces 10

Theorem 2.23 ((C(K), |||lso) is complete). (C(K), ||||s) is & Banach space. O

Proof. If f,, € C(K) Cauchy sequence, ||fn — fillco = maxpex|fu(x) — fx(x)| < e if n,k > N, then f, — f. For
each x € K, then f,(z) is a Cauchy sequence, then f(z) := lim,,_, o fn(x) exists.

To show:
(@) 1fa = flloo — 0
(b) feC(K)

Proof:

(a) Pick N from above. Then

1F = fllee = max|f(z) — fn(2)]

= gl |n(e) = Iv(e)

< sup sup | fn(z) — fn(2)]
zeK n>N
< sup sup|fn(z) — fn(2)]
n>Nzek
<e.
(b) Fix N such that [f(z) — fx(x)| < § and [f(y) — fn(y)| < 5. Now since fy continuous choose z,y such that
|fn(z) = fn(y)| < 5 if d(z,y) < 6. Then
[f(@) = f(W)] < |f(@) — In(@)] + | fn () = I+ 1Y) — In@)] < e u
<e/3 <e/3 <e/3

What are compact subsets of C(K)?

Prop. 2.24 (characterization of relative compactness). The following is equivalent for subsets N of complete metric
spaces:

(i) N compact
(ii) Every sequence (Z,)neN, Tn € N has a convergent subsequence

(iii) For each € > 0 exists a finite number of ; € N, j =1,...,n such that |J B.(z;) =N O

j=1,....,n

Remark 2.25 (prequesits for Arzela-Ascoli). Let K be a compact set, and consider (C'(K), |||, ), and let F C C(K).

Recall that: AR
— F is bounded if sup ;¢ z|| f|l .. < 0. %
— F is called equicontinuous if

Ve: Ve>035>0VfeF: Yy: dlz,y) < = |f(z)— fly)| <e.

//

Repitition:
— (relative) compactness
— Arzela-Ascoli theorem
— equicontinuity

Prop. 2.26 (continuous functions map compact sets to compact sets). Continuous functions map compact sets to
compact sets. In particular, continuous function on a compact set attains its maxima/minima. ([l

Motivation: Problem: Given function f: K — R, find mingex f(x). — find a topology, that has so much open sets
such that f is continuous, but so less open sets, such that K is compact.

Remark 2.27. Every finite set of continuous functions is equicontinuous. //

Theorem 2.28 (Arzela-Ascoli). Let K be a compact set, and consider (C(K),|-||.,), and let 7 C C(K). Then F is
relatively compact, iff F is equicontinuous and bounded. O

8¢-170-GT0¢



2 Normed Linear Spaces 11

Proof of F relatively compact = F equicontinuous €& bounded.

For any e there are functions {f]};v:(i) such that: J K
Ld ] L
N : fac
ULy Be(f;) 2 F.

Let f € F and pick «, then ) )
[f(@) = f)l < |f(@) = fi(@)] + () = )]+ 1fi(x) = fi()] < 3e,
where pick a j such that ||f — f;]| < ¢, and a § such that d(z,y) < = |f;(z) — f;(y)] <e.
Idea for bounded is similar. ]
Proof of F relatively compact < F equicontinuous & bounded.
We need to prove that given f,, € F, then there is a subsequence f,(;) such that lim; . f,.(j . . K

exists.

o If € C(K): |If = fupll — 0 . (z\ K.(2)

e For j, k large || fn(k) — fu@)ll — 0 meaning that subsequence f, ;) is cauchy.

Steps (overview):

1. Find the covering K C |, ¢ K;(2), i.e. construct such K,(z)’s and S.

z€S

2. Diagonal trick:
Consider f,(z) for z € S. Then there is a n(j) such that f,;)(z) converges for all z € S (use boundness).

3. Use construction of S to prove that f,(;)(z) is Cauchy (use equicontinuity).
Steps (details):

1. Construction of K.(z)’s:
For each € > 0 and z € K define

Ke(z) ={z e K |Vf € F|f(z) — f(z)| <e}.

Because F is equicontinuous, K (z) is nonempty and open, and K C {J, ., K:(2).
Construction of S:
Pick N such that K C |, Ki1/n(2). Choose Ky C K such that Ky = {z1,...,2,} discrete set and

K< |JEynz)C | Kyn(z
zeK zEKN

Define S := {Jycy Kn, then S is countable.

3. Claim: f, ;) constructed in step 2 is a Cauchy sequence.
Proof: For all x € K and z € S it holds that

| Fn) (@) = Fugey(@)] < [Fa() (@) = Faiy (2] + [ Frry (@) — (2)| + | fri) (2) = fain (2)]-

Pick N > 0 and z € Ky such that | f,,(j)(z) — fu(;)(2)| < & for all j. Pick j, k such that |fn(j)(z)—fn(k)(z)| <+
Then for all z there exists IV, ng such that

Bk =m0 = [ fa) (@) = fag(@)] < 3,
and hence || fr;) — fa)ll < ¥

2. Lemma (diagonal trick). Let S be a countable set and let f,(z),n € N be a sequence such that there is a M > 0
with Vn € N,z € S : |f,(2)] < M. Then there exists a subsequence n(j) such that f,,(;(z) is convergent for all

zeS.

Proof. Since S is countable, S = {z1,22,...} = {zm}men. Then we have sequences | n
fn(zm). Because the sequence {f,(z1)}nen is bounded, there is a subsequence ni(j)

such that f,, (;)(z1) is convergent, and there is a subsequence no(j) of n1(j) such that (=) fal21)
Jna(j)(22) is convergent, and so on. Continuing this process, you can find subsequence fi(z2)

nm(j) such that f,  (;),) converges for k& < m.

Naive: Define noo(j) := limy,—y00 7m (). It may happen that lim,,— o 1y (1) = .
Correct: Pick a subsequence no(j) := n;(j). Claim is that f, ;) (z) is convergent for
all z € S.

Proof: Pick any z, let say 2z = 2100, then f,;(;) is convergent, nioo (j) is a subsequence
for which f,,,,0(j)(?100) is convergent.
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This finishes the proof.

2.4 Inner Product Spaces

Definition 2.29 (inner product space). Let V be a linear space and {-,-): V x V' — C a map that satisfies
(1) non-negativity: VexeV: (x,z) >0
(2) linear in 2"! argument: Vz,y € V,A€C: (z,ay) = alz,y)
) linear in 2°¢ argument: Va,y,z € V : (z,y+2) = {(z,9) + (z,2)
(4)  hermitian: Ve,y eV : (z,y) = (y,z)
) (z,
)

definiteness: VeeV:
Then (-,-) is called a scalar product in V', and (V, (-,

)y =0x=0
) is called a normed space. We claim:
(2’) semilinear in 15" argument: Vr,y e V,Ae€C: (az,y) =a(z,y)
(3’) semilinear in 15" argument: Vz,y,z €V : (x+y,z) ={x,2) + (y, 2)
Furthermore, the scalarproduct (-,-) induces a norm ||-|| by

IV = R, [lz] = /(z, ).

Example 2.30 (examples of inner product spaces).

(1) C™ equipped with (z,y) = Z?Zl T; - y; is an inner product space, and a Banach space.

(2) C(]0,1]) equipped with (f, g) fo z) dz is an inner product space, but not a Banach space.

Definition 2.31 (orthogonality).
set, if they are mutually orthogonal and Vj € J : ||z;|| = 1.

The Pythagorean theorem states that, if * L y then ||z + y||?> = ||z]|® + ||y||>. We generalize this
statement.

Theorem 2.32 (Pythagoras theorem). Let {x;}52, be an orthonormal set and z € V. Then

n n
2l1? =[xy, @) |2 + || = > (w2
J=1 j=1

Proof. Notice that (z — i g, x)) L @y

<xk,:17 — Zo:j<xj,x>> = (z,x) — (zK,x) =0

Then use pythogorean relation ||z + y[|? = ||z||* + [ly||* repeatly:

n n
v= 2= wlaga) | + D z(ze
j=1 j=1
n
2] = [z = @i, o) ||+ | D w5z, 2) |2
j=1

n
= I—ZI]<IJ,«I> 2"' I1<I1,I>+ZIJ<$]7I> 2
j=1

n
=z =z, o) ||> + (on,2) | + || D 2, ) ||?
j=1

Vectors z,y are orthogonal, L y, if (z,y) = 0. A set of vectors {x;};cs is called an orthonormal

G0-G0-ST0C
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Corollary 2.33 (Bessel inequality). For any orthonormal set {z;}7_; and vector x € V, we so-called Bessel inequality

holds, that is
o2 > Z 25,32 0

Corollary 2.34 (Cauchy-Schwarz inequality). For all z,y € V' it holds that

]| - llyll = [{=,y)]. 0
Proof of Cauchy-Schwarz — using Bessel inequality. For any y # 0 {m} is an orthonormal set. Bessel inequality
implies
2
[l ]|* > ‘<y,x> Q—LC’yé‘ . [}
lyll [l

Proof of Cauchy-Schwartz — typical proof. Suppose (x,y) € R. Then for all ¢ € R we have that
0< (2 —ty,x —ty) = ||z]|” — 26z, y) + ¢*ly||*.

This expression is minimal at t = ?‘z ﬁ’i , and so
2
x?
llyll
Every parallelogram, e.g. the one drawn on the righthand side, satisfies the identity C

|AB|? + |BC|* + |CD|? + |DA|* = |AC|* + |BD|?.

We transfer this identity to normed spaces (where it doesn’t have to be true, cf. proposi- A
tion 2.35), and call it parallelogram identity:

Yo,y € Ve o +yl® + o —ylI* = 2 (Il=* + lyl?) -

Prop. 2.35 (characterization of inner product spaces). Norm is associated to a scalar product, iff the parallelogram
identity holds. [

2.5 Hilbert Spaces
Definition 2.36 (Hilbert space). An inner product space complete in this norm is called a Hilbert space.

Example 2.37 (examples of Hilbert spaces).

(3) L?([0,1]) of functions with f01|f( )|? dz < 0, equipped with (f, g) fo x)dz is a Hilbert space.
(4) €2 of sequences with >~°7 | |z,|? < 0o, equipped with (z,y) := Y "7 | Ty, - yy, is a Hilbert space. O
Remark 2.38. No other /? spaces, except for 2, are Hilbert spaces. //

Prop. 2.39 (product of Hilbert spaces). Let H1,Hz be two Hilbert spaces. Then Hiy x He := {(z,y) | © € H1,y € Ha}
is a Hilbert space with inner product ((z1,y1), (2,¥2)) = (T1,%2)5, + (Y1, Y2) 4, - O

Remark 2.40. Preview: Decomposition of Hilbert spaces: “R? = R, x R,”. x //
Definition 2.41 (orthogonal complement). Let U be a linear subspace of H. Then Ut :={z € H |Vy € U : = L y}

Lemma 2.42 (properties of the orthogonal complement). U~ is linear subspace, and in fact it is a closed subspace. [

Proof. Closed: Exercise. Linear: If y;,ys € UL, then also ay; + By, € UL. Pick x € U, we need to prove
(z,ay1 + By2) = alz,y1) + Blx, y2) = 0.
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Lemma 2.43 (existence of projections). Let U be a closed proper linear subspace of H (Hilbert space), and = € H.
Then there exists a unique z € U that minimizes ||z — y|| for y € U, i.e.

dist(z,U) := ynel[f]Hx —yl| = ||z — =] O

Proof. Let d := infycy ||z —y||. And let 2, be a minimizing sequence, i.e. ||z — 2z,|| "=3 d, for example ||z — 2,||? =
d2 + 1

e

We are going to show that (z,)nen is Cauchy. //%7\\
20 = 2mll? = (& = 2m) — (& — 20)|I? A+ hd4l

:2(”$_Zn”2+||33_Zm||2)_||2$_Zn_zm||2 ./ \‘\ >d \\\
=4d® +2 (1 + 1) — 4|z — L(zn + 2m) || o s
<dd?+2(L+ L) 442 \
_ 1 1 AN ‘\ //
=2(5+ ) SN

Therefore the sequence is Cauchy. NG

Existance is done, now uniqueness. Let z and Z be two minimizers, ||z — z|| = || — Z|| = d. Use parallelogram identity

on x —z and z — Z yields ||z — Z|| <0. |

Repitition:

e Inner product spaces, Hilbert spaces
e Bessel inequality, Pythogoras theorem
e orthogonal complement

e existence of projection

Lemma 2.44 (existence of projections — convex version). Let K be a closed convex set, K C H. Then for each z € H,

there exists a unique y € K that minimizes the distance of x to K. O
Proof. Similar to proof of the same for linear subset K. |
Example 2.45 (existence of projections — counterexample).

Lemma 2.44 is not true if we consider non-convex spaces. ‘8 O

Lemma 2.46 (projection lemma). Let U C H be a closed linear subspace. Then each point € H has a unique
decompositon = z + w where z € U and w € U+. O

Proof. Let x € H, then there exists a z € U, such that dist(x,U) = ||z — z||. We have z, and put w = x — z. Claim
w € UL. We know that for each y € U and o € C:
lz = 2||* < [lz — 2 — ay||®
=(x—z—ay,z—2z—ay)
= llo —2[|” = (& — 2, ay) — (ay,z — 2) + (ay, ay)

=z —2]* — ofw — 2,9) — @z — 2,9) + |al[ly]*

Therefore:
VyeUVaeC: 0 < |al?|yl? — alz — 2z,y) —alz — 2,y)
VyeUVa=rcR:0<t?|y||? —2tRe(z — 2,7)

Therefore Re(x — z,y) = 0, and with a = it it follows that (w,y) = (x — 2z,%) = 0, and hence w € U~. [ ]

Prop. 2.47. For every closed linear subspace U C H, the dirct sum U @ U™ is isometric to H, and an isometry is
given by (z,w) — z + w. O

Proof. f(a) = |l — = — ayl|2, f(0) = 0. n

80-G0-GT0C
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2.6 The Dual Space to a Hilbert Space

Definition 2.48 (dual space). A map ¢: H — C is called a linear functional, if it is a bounded linear map, i.e.:
(1) Linearity: Yo,y € H, a € C: ¢(z + ay) = ¢(z) + ap(y)
(2) Boundedness: 3C € R: [p(z)| < C||z|,

The space of all linear functionals on # is called the dual space H* of H. We equip H* with a norm ||-||,,.,

lp(2)]
lollae == sup  |p(z)| = sup .
weH, ||z =1 cera20 (2]l

Remark 2.49. Remark by the typesetter: This definition holds for any normed space, not just Hilbert spaces. Anyway,
the more general definition will come in definition 3.6. Furhtermore, the norm ||-||,,. conincides with the operator

norm |||y - //

Remark 2.50 (kernel of linear functional is a hyperplane). Hyperplanes in R™ can be denoted by a121 +asza+. . . 4+anx, =
0 where a; € R. Given any ¢, the solution of ¢(z) = 0 forms a hyperplane. //

Prop. 2.51 (properties of dual spaces). If H is a Hilbert space, then H* is a Banach space, and in fact it is a Hilbert
space. (Il

Example 2.52 (examples for dual spaces).
(1) For H = L*([0,1]), for any g € L%([0,1]), o(f) = fol g(z)f(z)dz. O

We generalize example 2.52 to arbitrary Hilbert spaces.

Lemma 2.53 (every vector induces a linear functional). Let H be an arbitrary Hilbert space. Then any y € H induces
a linear function ¢, by ¢, () = (y,z). O

Proof. Bounded because of Cauchy-Schwarz,

oy (@) = [{y, )| < lyllll=]] .. Hshlgl\soy(w)l < [lyll-

Other way to see boundness:
N :=kerp,(z) := {x € H | ¢, (x) = 0} = span(y)*.
Because H = N 4+ N+, we can decompose any x € H into x = ay + w.

oy(z) = (y,ay + w) = afjy|?
[2]1? = | ®|lyl1* + [|lwl|?

w=0and a= ﬁ implies ||z| = 1.

py() = mrllyll® = llyl

Sup py() = oy(x) = [y u
z||=1

Theorem 2.54 (every linear functional is induced by a vector = Riesz representation theorem). Let ¢ € H*. Then there
is a unique y, € H such that Vo € H : p(x) = (y,, x). Furthermore, |¢[;,. = [|ypll4- O

Proof. Let N =kerp = {z € H | ¢(x) = 0}. Then N is closed linear subspace (closed follows from boundness of ¢,
more explicit proof later). If N = then ¢ = 0 and y, = 0. Suppose that N' # H. It follows by the projection
lemma that there exists a wy € N, then we can write a decomposition,

. <x _ p(2) wo) 4 o) wo.

¢(wo) ¢(wo)
————
=yeN eNL

where y € N follows by
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All functionals a{wg,z),a € C. We need to just find the o« € C such that ¢(wg) = a(w,wp). Hence a = %.
Claim is that ¢, (z) = <%wo,x>, ie. y, = %wo.

Uniqueness: Suppose we have y, and §, that satisfy the lemma. Then Vo € H : (y, — ¥y, z) = 0, in particular
T =y, — G, therefore |y, — 7,2 = 0, and hence y,, = ¥, |

Corollary 2.55 (norm of induced functional). In particular it follows from theorem 2.54 that

VyeH: |loylla- =yl and Vo e 1™ : [lellae = llyplla- 0

Corollary 2.56 (H* is isomorphic to H ). H* is isomorphic to H: By lemma 2.53 and theorem 2.54 every vector y € H
corresponds to a linear functional ¢ € H* (via y — ¢, ), and vice versa. Furthermore, by corollary 2.55 this bijection
(y — ¢y) is isometric. O

Remark 2.57 (visualization of linear functionals in finite dimensions). Remark by the typesetter: This remark is written
by the typesetter of the script, and is not part of the lecture itself, but it extends remark 2.50.

For the sake of imagination, we consider the Hilbert space (R™,(-,-)). Let h=0 h=1h=2 h=3

p € (R™)* be a linear functional. The level sets of ¢: R™ — R are parallel
hyperplanes. If we choose the levels to be equidistant (e.g. 0,1,2,...), then
the levels sets are equidistant too. We can also think of these hyperplanes as
wave fronts of a plane wave. By virtue of the Riesz representation theorem,
—Y —Y

© corresponds to a vector y € R™ such that Vo € R™ : p(z) = (y,x). This y

stands orthogonal on the levels sets of ¢, and points in the direction where lyll =2 lyll =1
o increases. The longer y is, the narrower are the level sets, the shorter is here: ¢ € (R3)*
the wavelength of the corresponding plane wave.

We can think of ¢ as a machine, that takes a vector x € R™, computes the number of level h=0 h=1 h=2 h=3
sets that are pierced by x (where we consider only the level sets 0, 1,2,...), and outputs
this number as op(x). In particular ¢(y) = (number of level sets pierced by y) = ||y||?,
because the levels sets have the distance ﬁ, and y is orthogonal to the level sets. Note T

that this is in accordance to ¢(y) = (y,y) = ||y||*.
p(x) =3

For whom who study physics: The duality “linear functional ¢ € (R3)* <+ vector y € R3” is similar to the nature
of light waves in physics. The levels sets of ¢ correspond to the wavefronts of the plane wave, and the vector y
corresponds to the momentum vector of the wave (in appropriate units). //

2.7 Bases of Hilbert Spaces — Motivation

We have Hilbert space H. We pick any e; € H with |le;|| = 1, then pick es € {e;}* with [|es| = 1, and continue. We
get a sequence (e1,€3...,€n,...).

Remark: Index sets don’t have to be countable, they can be any arbitrary set.

Remark: Hilbert spaces with countable many directions are called seperable, and otherwise not separable.

2.8 Digression: Zorn’s Lemma

Definition 2.58 (partial order, linear order, upper bound, maximal element).

e A relation x < y on a set S is called partial order, if it is reflexive, transitive, and anti-symmetric (i.e. * < yAy =<
T =z =y).

e A set S is linearly ordered, if for each z,y € S either x <y or y <X z.
e An element p € S is called an upper bound of a subset O C S, if for each x € O it holds that x < p.

e An element m € S is called maximal element, if for each x € S it holds that m <z = m = .

Example 2.59 (example for a partial order).
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(1) S=2¥ and A< B:<= ACB. O

Statement 2.60 (Axiom of Choice). Function g: A — set of sets. AC: Suppose that Vx € A : g(z) # 0. Then exists a
fwithVz € A: f(x) € g(z). O

In Zeremlo-Fraenkl-set theory, equivalent to Axiom of Choice is Zorn’s lemma:s:
Statement 2.61 (Zorn's lemma). Let (S, <) be a partial ordered set. Assume that each linearly ordered subset has an

upper bound. Then each linearly ordererd subset has an upper bound that is a maximal element. O
e emax max
——
max
w.b.

Figure 3: A partial ordered set S. Marked are two linearly ordered subsets Oy, Os (as blue braces), two upper bounds
of Oy, all four maximal elements of S.

Example 2.62 (applicability of Zorn's lemma for “C"). X C 2% suppose that X is closed on taking unions. We order
it, (¥, <), A1 < Ay :& A; C Ay. Then each linearly ordered subset {A,}o has upper bound (J,, Aa. O

2.9 Digression: Infinite Sums

Remark by the typesetter: This section was rewritten by the typesetter of the script, and hence does not correspond 1:1
to the lecture.
Definition 2.63 (infinite sums — definitions).

e Sum of a sequence (real analysis):
Let X be a normed space, and denote natural numbers by N.
Let (2,)neny € XN be a sequence.
Define the sum ), as the limit of the sequence (ny:l Tn)Nen € XN, ie. Y, @i =z iff

N
E Ty —
n=1

We say > T is absolute convergent, iff ) |x,| converges.

Ve>0 dNoeN VN > Np: <e.

e Sum of a measureable function (measure theory):
Let 2 be countable set, denote counting measure by p, consider measure space (2, P(£2), u).
Let (2,)wen € R? be a measureable function.

Define the sum Y_ ., 2., as the integral [ _,z, p(dw), i.e. 3 oo 2w = 2 exists iff

B = /w(au_)w u(dw)f/w(:c_)w wu(dw) determined.

always exists always exists

e Sum of a family (functional analysis):
Let X be a Banach space, and I an arbitrary set.
Let (x;)icr € X! be a family.
We say > ;v =z iff

Ve >0 dFy C I finite VF D Fy finite : <e.

E r; — X

i€F

¢1-G0-GT0¢
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We say » ..,z is absolute convergent, iff } _; [z;| converges.

nel
Lemma 2.64 (infinite sums — equivalance of the definitions). In the notation of definition 2.63 (denote (I) := {i €
convergent, but not ) G - only for
Z Tn heolute convergent Ve € X 3J: N — N bijection : Z Tjn) = [X _ R
neN neN
Z x, absolute convergent = VJ:N — N bijection : Z Tyn) = Z Tn
neN neN neN
. S absolute
Z x,, determined < 3J: N — 2 bijection : Z T j(n) convergent
we? neN
S absolute
Zwi absolute convergent <  3J: N — (I) bijection : Z T y(n) convergent
zel neN
Note that the latter “3J: N — (I) bijection” says that, in this case, at most countable z;’s are nonzero. (]

Prop. 2.65 (properties of the “functional analysis definition” ).
(a) IfViel:x; >0, then ), x; converges if and only if SUppc; fnige 2 jep Ti < 00

(b) IfViel:z; >0and Zz‘e ; ; converges, then only countable many x;’s are nonzero. O

Proof. Proof of (b): Let I, = {i € I | #; > 1}. Then {J, .y I, = {i € I | x; > 0}. If the righthand side is uncountable,
then there exists a N such that Iy is infinite. Then clearly suppc; > icp i = 00. u

2.10 Bases of Hilbert Spaces

Definition 2.66 (orthonormal basis). An orthonormal set S = {e,}aca,€a € H, then S is called an orthonormal basis,
if any orthonormal set S’ C S implies S’ = S.

Remark 2.67. An orthonormal basis don’t have to be a (linear algebra) basis of H. //

Theorem 2.68 (every Hilbert space has an orthonormal basis). Every Hilbert space has an orthonormal basis. [

Proof. Let S1,S2 be two orthonormal sets. We order them by inlusion, S; < Sy if S C Ss. (Set of all orthonormal sets, <)
is a partially ordered set. Each linearly ordered chain {S,}acr then | J,; So is an upper bound. It follows with Zorn’s
lemma that there exists a maximal orthonormal set S. Being maximal means that if S’ C S then S’ = S. ]

Theorem 2.69 (properties of orthonormal basis). Let S = {e,}aca be an orthonormal basis. Then the following holds:

(1) Coordinate representation: Every vector € H can be represented as

x = Z ea(Ca, ).

acA

(2) Parseval identity: For every vector « € H, the so called Parseval identity holds,

Izl = [{ea, )%

acA

(3) Let (co)aca € F4 be an arbitrary family. Then (both sums in the “functional analysis”-sense)

E CQQ < converges = E Cq€q COnverges . [l
acA acA
“coordinates” converges absolutely “infinite linear combination” converges

Proof. Let F' C A be a finite set, then by Bessel inequality, . p[(ea,2)|? < ||z|?, and therefore

Z|<€a,$>|2 < ||z||? converges.
acA
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By virtue of (b) above, it follows that (es,x) # 0 only for countable many elements, aj,as,as,.... We have
> jenleas @ z)|? < ||z||?. We claim z,, := 22;1 €a;(€a;,r) is Cauchy sequence. Let n > m. Then

n m
2 = 2mll? = || Y €a, (eays @) || = D [(eay, 2)]%,
j=m j=n

and hence (z,), is a Cauchy sequence. Because H is a Banach space, it follows that z,, — Z.

<e%7x - i‘> = J\}iinm<eaj,x - xN>

N

= ]\}i_rfloo<604]‘7x - Zeak<eak’x>>
k=1

(e} — (uys2)

=0

If @ # aj, then also (eq,z — &) = 0. Then for all @ € A,en € S, (€a,z — ) = 0. Therefore z — & = 0, because
otherwise S U { ﬁ} is an orthonormal set.

N

N N
2
- E <eaj,1'>6aj =\T—- § <eo¢ eaJ7 E eakv eozk
j=1 k=1

j=1

N
_”xH2_2Z‘ (ar, @ Z (eay, @
= ||Z‘H2 - Z’<eak7x
k=1

N
0= lim :cfg Cay (€op, T
N—o0 1

N
= J\}gnoo (”‘rQ - Z’eak <eak"r>‘2>

k=1

=] = Z| (ear,2)|?

Steps:
1. Only countable many c, is non-zero
2. Prove that partial sums Zjvzl Ca,Ca, is Cauchy
3. If Cauchy, then convergent. ]

Recap:

Theorem 2.70 (characterization of orthonormal basis). Let S = {e,}aca be an orthonormal set. Then each of the
following statements is equivalent to “S is a basis”:

(i) VS" orthonormal set: S'2 5 = §' =85

(i) St ={0},ie. VaeH: (Va€ A: (z,e4) =0) = =0

(iv) Vo e H: lz]|* = Epeal(@ ea)|®
(V) VeeH: 2= c4cal€aT)

(Vi) V‘T7y eH: <x,y> = ZQGA <6a,.’17> . (ea,y) U

)
)
(iii) span S =H
)
)

Proof. We proved the hard parts in the last lecture.

G1-G0-GT0C
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“(v) = (vi):

(z,y) :< €a<€a,$>,zeﬂ<€ﬁ,y>>
a B
= Z (€a,x) - (€8,Y) - (€as€p)

eaax> : <ea7y>

"]

Jj=1

N N 00 00
Nhinoo<zeaj<eaw1f>’ Zeﬁk <e/3k’x>> = <Z 6%‘<e%"x>’zeﬁk<eﬁk’x>>
k=1 j=1 k=1

[ ]
Definition 2.71 (separable space). A topological space X is called separable, if it contains a countable dense subset S,

S={z,}2, € X" and S=X.

Algorithm 2.72 (Gram-Schmidt orthonormalization). Let {v,}52; be a set of independent vectors. Define recursively:

wy
w1 = V1, €1 = m
- wn+1
Wn41 = Un41 — Zej<ejavn+l>; €nt1 = ||w ”
j=1 n+1
Then:

1) {e;}_, is orthonormal
( 7J5=1
(2) span{v;}?_; = span{e;}7_; forany 1 <n < N O

Theorem 2.73 (characterization of separable Hilbert spaces). A Hilbert space is separable iff it has countable orthogonal
basis. |

Proof. Proof of “=7: {x,}>°, =H
1. Get sequence {v, }Y_, (where N € Ny U {o0}) of linearly independent vectors such that {v,}N_, = H
2. Now do Gram-Schmidt orthgonalization process to get S = {e, }22,, by construction span(S) = H
Proof of “<”: Consider alls rational finite linear combinations of basis vectors (see exercise). |

Corollary 2.74 (coordinate representation is isometry). A separable infinite-dimensional Hilbert space H is isometric to
2. A finite-dimensional Hilbert space is isometric to C™ for some n. (]

Proof. Separable Hilbert space has a basis {e,}52 ;. Define map
H— 02,z {{en, )},
then:
e Well-defined because of Bessel inequality
e Isometry because of Parseval identity (||x(,, = [[{(en,z) }nZ1]ls2)

e Bijective because of ... ]

2.11 [Digression] Applications
2.11.1 Measure theory
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Theorem 2.75 (Radon-Nikodym). Let p,v be finite measures on a measureable space (X, X). Suppose that v is
absolutely continuous w.r.t. u, then there exists a g yu-measureable and g > 0 such that

VE € X V(E):/gdu,
E

[rar=[ (g

g is called the Radon-Nikodym derivative, “dv = g du”. O

what is equivalent to

Remark 2.76. The theorem also holds for o-finite measures. Recall:
— Finite: pu(X),v(X) < o0
— o-finite: ...
— Absolutely continuous v < p: VF € X: p(F)=0 = v(F)=0 //

Proof by von Neumann. L?(X,u+v) is a (real) Hilbert space,

<f79>:/X(f-g) (v +du), |If] = /Xf2 (dv + du).

Consider a functional f — [  J dp. Claim: This is a bounded functional H — R.

’/de”’<\//Xﬁd“'\//xd“<\//XfQ(dqudv)~u(X)

By virute of the Riesz representation theorem (“H* = H”), there exists a function h such that

/deu:/x(fg) (dpe+ dv)
Jra=mau= [ (m) . (+)

Define function f such that f = f% Claim 0 < h < 1 almost surely:

e Let F:={z | h(z) < 0}. Put f = characteristic function of F' into (*):
WE) < [Qemdp= [ hav<0 o WE)Z0 o WE)=0 o WF)=0 o (usn)(F) =0
F F

e Let FF = {z | h(z) > 1}. Put characterisitic function of F into (x),

/F(l—h)du:/thu.

Suppose that p(F') > 0, then the left hand side is negative, but the right hand side is non-negative. Contradiction,
hence p(F) = 0, and therefore (pu + v)(F) = 0.

/f—du /dey.

Conclusion: g = % satisfies the theorem. |

Put f = f% into (%),

2.11.2 Fourier transform

Classical result in Fourier theory:
Definition 2.77 (Fourier coefficients). To each function f, define the fourier coefficients of f to be

Cp = e f(x n € Z.

L /+7'[
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Theorem 2.78 (Fourier series — classical viewpoint). For every 27-periodic function f € C(]—m, +m|), its Fourier series
converges uniformly to f,

1 o N
_— oot N0 orly
\/ 27T ZN J uniformly f( )
J=-

O

Theorem 2.79 (Fourier series — functional analysis viewpoint). Consider the space L?(]—1,+1[). Then (e,)nen, en(z) =

ﬁeim is an orthonormal basis of L2(]—1,+1[), i.p. Vm # n : (em,e,) = 0 and Vn : (e,,e,) = 1. Therefore, for

every function f € L?(]—1,+1])

n=-+oo
chen ——— f where ¢, :={(en, f) ie f

Z en<ena f>,
L?-conv. Lz—eq‘

n n=—oo
where the latter equality is in the L?-sense, not pointwise equality. (I

Proof. Use Stone-Weierstrass theorem, to get that S = {e,,}22, is dense in C(]—m, +]). [ ]
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3.1 Bounded Linear Maps

M, N normed linear spaces (over the same field F).
Definition 3.1 (continuity, linearity, boundedness of maps). Let L: M — N be a map.
o L is called linear, if Vo € F, z,y € M : L(z + ay) = L(z) + aL(y)
n—oo n—oo

o L is called sequential continuous, if x,, — = L(zy,) — L(z).
mn

mn
Note that in metric spaces, continuity is equivalent to sequential continuity.

e L is called bounded, if 3C > 0: || L(z)| 5y < C - ||lz|,-
This condition is equivalent to supy, —1[|L(z)|y < oo

Definition 3.2 (diameter, boundedness of sets). Set S is bounded if diam(S) := sup, ,csllz —yll,, < co. @/6

Prop. 3.3 (characterization of bounded maps). A map L is bounded iff it maps bounded sets to bounded sets. a
Proof. Proof of “=":

diam(L[S]) = sup [|L(z) ~ L)y < C sup [z —y[l,, = C diam(s)

z,yeS z,yeS

Proof of “<”: L[B;] is bounded set then diam(L[B;]) < oo:

sup ||L(z)| 5y < diam(L[B]) < oo |

lzlla=1

Theorem 3.4 (characterization of continuity for linear maps). Let L be a linear map M — N. Then the following is
equivalent:

(i) L is continuous
(ii) L is continuous at 0
(iii) L is bounded U
Proof.
o “(i) = (ii)”: clear.

e “(ii) = (iii)”: Because f is continuous at 0, there exists a § > 0 such that ||z||,, < M N

§ = ||L(z)||y < 1. Then
—
1 1 5 — (D),
sup || L(6x)]|y < 5 < oo.

sup [ L(z)|y = 5
llzll =1 llzll pr=1
e “(iii) = (i)”: Because f is bounded, there exists a C such that .... Pick ||z —y[|,, < & =, then
L@z =)y < Cllz —yly =
u

Definition 3.5 (space of all bounded linear maps, operator norm). Let L(M, N) denote the space of all bounded linear
maps from M to N. The elements of L(M, N) are called bounded operators. For the special case M = N we also write
L(M,N) = B(M). We equip L(M, N) with the so-called operator norm |-|| ., _, x>

-l = sup [|La|y < oo

(lZM:

61-60-GT0C
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Definition 3.6 (dual space). Recall definition 3.5 and consider the special case N = F (where F = R or C). Then
L(M,F) = M* is the dual space of M, and the elements of L(M,F) are the linear functionals on M.

Recall:

Definition 2.48 (dual space). A map ¢: H — C is called a linear functional, if it is a bounded linear map, i.e.:
(1) Linearity: Yo,y € H, a € C: ¢(z + ay) = ¢(z) + ap(y)
(2) Boundedness: 3C € R: [p(z)| < C||z|,

The space of all linear functionals on # is called the dual space H* of H. We equip H* with a norm ||-||,,.,

lo(z)]
ol ;= sup |p(x)] = sup :
w€H, |zl =1 cera20 2]l

Remark 2.49. Remark by the typesetter: This definition holds for any normed space, not just Hilbert spaces. Anyway,
the more general definition will come in definition 3.6. Furhtermore, the norm |-||,,. conincides with the operator

norm |||y - //

Notation 3.7. Sometimes, we omit braces “(”, “)” and the composition symbol “o”:
e For L: M — N linear map and = € M, we write L(z) := Lx.

e For Lll M1 — M2 and LQZ M2 — Mg, we write L2L1 = LQ OL12 Ml — M3. //

Two inequalities about |||/, y:

Theorem 3.8 (submultiplicativity of the operator norm).

(W) L2l y < 1Ll wolll ag-

(2) [1L2Lallngy —nry < W2l ngy—sng 1Ll ag, - U
Proof.
(1) [Lzlly < sup L(yllzlly) = ll@llallLlla—
llyllr=1
(2) I LaLall g, —pz, = uzﬁpﬂHLQle”M?’ < zsipzluLQHMﬁM?’”le”Mz = L2l gy na 1 L1 g, — u
1 1

Theorem 3.9 (properties of L(M, N)). The space (L(M,N), |||y, ) is @ normed linear space. And if N is a Banach
space, then so is L(M, N). O

Proof. ||-|| y;_,n is a norm:

[1La + Lally sy = sup [[(La+ Lo)zl|y < sup [[Lazlly + sup Lozl y = [Lallyon + 12l n

lzllpr=1 =l =1 | pr=1

Consider Cauchy sequence (L,)22 ,,
|Ln — Ll oy < €if n,k is large.

Then for each x € M, (L,x), is Cauchy sequence in N,
|Lnw — Lzl y < [|Ln = Lill o pll@llar < ellzllpy
Because N is a Banach space, it follows that Lz := lim,, .., L,z exists for each x € M.
e Linearity: L(z +y) = lim, 00 Lpn(z +y) = limy 00 Lz + L,y = Lx + Ly

e Boundedness: Observe (|| Ly, . n)n is a Cauchy sequence, ||L|| — [|L||| < |IL — LIl. I (|Lnllprn)n i
Cauchy, then there is a €' > 0 such that Vn € N : [|Ly|y,,x < C. Then we have sup, —i[Lz|y =
SUP g =1 liMn ool Ln|| 5 < SUP|g)p, =1 limnoo Cllzl 5 = C < 0.

Let n be such that for all k¥ > n it holds that
Ve e M : klim | (Ly, — Li)z|| v < ellz]l
—00

[(Ln = L)zl < ellzllar
sup [|(Ln — L)z|[y < e
ol =1

In = Lllyn <€ =
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Example 3.10 (examples of linear maps).

(1) Consider M = C(]—1,41]) and a linear functional ¢ € M* defined by ¢(f) = f(0). Then |p(f)| < ||fHM7 and
hence [|¢][;,» <1, and actually [[¢] 5. = 1.

(2) Consider M = C([0,+1]) and continuous function K: [0,+1] x [0,+1] — C, then (Lf)(z) := fol K(z,y)f(y)dy
is an operator in L(M).

ILfllpr = sup [(Lf)(z)] = sup
z€10,1] z€[0,1]

/ K(z,y)f ‘ sup |K(z,y)ll[fllar o ILlaroar < suplK(z,y)
z,y€[0,1] z,y€[0,1
O

Question: Let L: M — N be a bounded norm, L € L(M,N), and consider the norm |||, n- Is [ L] yyn =
SUPue o], <1 |1 L] i & correct relation?

3.2 Digression: Unbounded operators

Remark 3.11 (unbounded maps).
e unbounded # not bounded
e unbounded = not defined everywhere (very important)

e discontinuous = not bounded (obscurity) //

Definition 3.12 (Hamel basis). Hamel basis (algebraic basis) of M: This is a set S = {e, }aca satisfying:
e Any finite subset of S is linearly independent

e All x € M can be uniquely written as finite linear combination of {e, }aca

Prop. 3.13 (every linear space has an algebraic basis). Every normed linear space M has an algebraic basis. [
Remark 3.14. If M is a Banach space and dim M = oo, then the Hamel basis is uncountable. //
Prop. 3.15 (existence of discontinuous maps). Not bounded maps do exist. O

Proof. Let M be a Banach space of dim M = oo. Pick a countable sequence (e, )52, (w.lo.g. |eq, || = 1). Define
L: M — C by Ley, = n, and Le, = 0 if e, # e,, for any n, and linearity. Then L is linear, but clearly not
bounded. |

3.3 The Dual Space of a /’-Space

Consider (P, at first only p € ]1,00], and p € {1,000} later.
Theorem 3.16 (Hélder inequality). For x € (P and y € £%, where p, ¢ conjugate numbers, e.g. % + % =1, then

0o 1/p 0o 1/q
< (lenlp) : <Z|mnq> = llzl, - lyll- 0
n=1 n=1

Proof. Omitted. ]

Lemma 3.17 (every vector in {9 induces a linear functional in (¢?)*). For y € ¢%, define

p: = C, py(x anyn

Then ¢, € (P)*, i.e. ¢, is bounded. O

¢¢-50-910¢
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Proof.

zx "

Lemma 3.18 (norm of induced functional). For every y € £4, it holds that

loyll = sup fpy(2)] = sup

x| = lzll,=1|,

= suplllz\lp\lyllq = llyll, o

=

H‘Py”(zp)* = [lyllga- O
Proof. From the proof of lemma 3.17 we know [|¢y || 4n) < ||yl Furthermore, for any ||z[|, = 1, [|¢y[| = SUP|\1|\p:1|<Py(33)| >
loy(2)]. We claim that equality is achieved if |z, |? = |y, |9, i.e. |:En| |9,]9/P. Proof of claim: Take 2 = |y,,|9/P sgn(yy,),
then Z € 7, because ||Z[[,? = 3207 lyn|? = [yl % Take z = W’ then
q
[yn? —alp N\ _
Z o =yl m 7Y lyal P = yll, " Pl =

Hyll 2

We conclude [[yl[ g+ = [[llga- [ |

Lemma 3.19 (duality between p- and g-norm).

||x||p sup Zmnyn = Ssup |90y($)| U
lyll,= lyll,=1
Proof. Righthand side is
sup |y ()] < sup H%Hllxll = [ll,-
llyll =1 llyll,=
Pick y,, = |1.n|p/q sgn(zn), then ||£C||p = SUP\|y|\q:1|§0y($)|’ u

Lemma 3.19 can be used in convex optimization. Another application of lemma 3.19 is proving that the p-norm ||-|| »
is indeed a norm.

Corollary 3.20 (Minkowsi inequality = triangle inequality for [|-|| ,). [|-||, satisfies the triangle inequality. O
Proof.
[z + 22|, = H Sﬁlpll%(ﬂ?l +x)| < S (ley (@)l + loy(@2)]) = llzall, + ll221l, =
yll,= yll,=
Corollary 3.21 (p-norm is a norm). From corollary 3.20 it follows that [|-||,, is a norm. O

Lemma 3.22 (every linear functional in (¢P)* is induced by a vector in £1). For all ¢ € (¢P)*, there exists a y € £2 such
that Vo € 7 : p(x) = ¢, (z). O

Proof. Let ¢ € (¢#)* and e; = (1,0,0,...), ea =(0,1,0,...), etc.. Define y by y, := ¢(e,). Things to check:
1. y et

Il = s | = ) ZW en)| = sup l¢(@)] < el < o0
z|| =1 T p:l
2. p =y
By construction ¢ = ¢, on cepy C 2. We know that cqpy is dense in #7,p < oo, so it follows that ¢ = ¢, (if
continuous map coincide on a dense subset, then they are the same everywhere). |

Corollary 3.23 ((¢P)* is isomorphic to £7). (¢P)* is isomorphic to £7: By lemma 3.17 and lemma 3.22 every vector y € ¢4
corresponds to a linear functional ¢ € (¢7)* (via y — ¢, ), and vice versa. Furthermore, by lemma 3.18 this bijection
(y — ¢y) is isometric. O

Remark 3.24.

.= su T by definition
el e p oy (@)| by
z€l?, ||zl p=1

lzll,, = sup lo(z)] by claim
pe(P)*,llell ppyx=1
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//
Remark 3.25. (“=” means isometric)
o (£1)* 2>
e (¢>°)* is more complicated, since cqpy is not dense in £
o (LP(X, X, p))" = LUX, >, p) for p € ]1,00]
o (LY(X, X u))* =2 L>®(X, >, ) if p is o-finite
o (L>®(X, X 1))* =2 bq(X,> ) = space of all o-finite bounded measures v <<
Example: (L*°([—1,41])* constains inter alia of:
- Forany g € LY=L, +1)), f =[5 [ (@) - g(a) do
— Measures: “0-function: f — f(0)”
//
3.4 Hahn-Banach Theorem
Prop. 3.26. Let M be a normed linear space and = € M.
el = sup  |p(z)| a
peEM™,|lpll=1
Proof of proposition 3.26 — Part 1/2. Steps:
L supy,=1le(2)] < supjg=illellllz] = [l]|
2. Try to find ||¢|| = 1 such that p(z) = ||z|.
This is a constrait on Y = {Az | A € F}. We finish the proof later. |

Theorem 3.27 (Hahn-Banach theorem — real version). Let X be a linear space and p a function X — R that satisfies
(i) positive homogeniety: Vz € X, > 0: p(az) = ap(z), and
(i) sub-additivity: Va,y € X : p(x +y) < p(z) + p(y).

Let ¢ be a linear functional defined on Y C X, where Y is a linear subspace, such that

YyeY: ¢(y) <ply).

Then there exists an extension of ¢ to X such that Vo € X : ¢(z) < p(z). O
Remark 3.28.
e If p is absolute homogeneous, i.e. Va € R : p(az) = |a|p(z), then p is a pseudo-norm, i.e. a norm without

Vee X :plx)=0=2=0.

e Typically, p is a norm. //

Proof of theorem 3.27 — Part 1/2. Steps:

1. Suppose Y # X then thereisa z € X,z ¢ Y. We aim to define ¢(z) such that ¢ < p on span(Y U{z}). We need
to find ¢(z) such that Vy € Y, € R : p(y+az) < p(y+az). For a > 0 we have p(y+az) = ap(L+z) = ap(y'+2),
where we have put ' := £ € Y. We need to verify the cases a = +1 and o = —1, i.e. ¢(y+ 2) < p(y + 2) and
oy —2z) <p(y —z). We have Vy,y’ € Y

o(y) + ¢(z) < ply + 2) ) ,

o) — () < ply/ — 2) e(y") —p(y" —2) < p(2) <p(y+2) —0(y)
e o) -y —2) <ply+z)—ey)
e o) +el) <ply —2) +ply+2)

/

oW +y) <ply+y)=ply+z+y —2)<ply+z)+ply —-2) Vv

3
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2. Next lecture. n

Repitition: Hahn-Banach theorem (real version): Let X be a real linear space and p: X — R satisfiying:
(i) Ya>0: p(az) = ap(x)
(i) p(z +y) < ple) +p(y)
Let Y be a linear subspace of X and ¢ a functional on Y such that
VyeY: oly) <py), (%)

then there exists an extension of ¢ to all X such that ¢ is linear and Vo € X : ¢(z) < p(x).

Proof of theorem 3.27 — Part 2/2. Steps:
1. For any z ¢ y, there exists an extension to span(Y U {z}), such that (x) holds on span(Y U {z}).

2. Apply Zorn’s lemma: Let (W, ) be a set of all extensions (that satisfy (x)), is partially ordered by (W) =<
(W) it W W and ¢ = ¢’ on W. All satisfy W 2 Y and ¢ in Y is as in the theorem. Let (W,, ) be
a linearly ordered subset, then W := J,c 4 Wa and ¢(z) = {cpa(x) for x € W,. We need to check Va € A :

(Wa, pa) < (W, p), but by construction W, € W and ¢ = ¢, on W,, so (W, ) is an upper bound. By virtue of
Zorn’s lemma, the set of extension has a maximal element. Let (W, ) be a maximal element, then W =X. R

Theorem 3.29 (Hahn-Banach theorem — complex version). Let X be a complex linear space and p: X — R a pseudo-
norm (i.e. change condition 3.27.(i) to Yoo € C: p(ax) = |a|p(z)). Let Y be a linear subspace of X and ¢ a linear
functional on Y such that Vy € Y : |¢(y)| < p(y). Then there exists an extension of ¢ to X such that ¢ is linear and
Ve e X @ |p(z)| < p(z). O

Proof. Similar to the proof of the real version. |

Application of Hahn-Banach theorem:

Lemma 3.30 (existence of tangent). Let X be a normed linear space and zy € X. Then there exists a ¢ € X* such
that ||| =1 and ¢(x0) = ||zo]|- O

Proof. Let zo # 0, and define Y = {azg | « € F} and p: X — R, p(z) = ||z||. On Y define p(azg) = a||zg||. Then by
Hahn-Banach theorem, there exists a ¢ on X such that |¢(x)| < ||z|| and ¢(azg) = al|zg||. By construction ||| <1,
but ¢(zg) = ||zo]|, and hence ||¢|| = 1. [ |

Definition 3.31 (hyperplane, half space, tangent). Let X be a real vectorspace.

A subspace Y C X is called a hyperplane, if there exists ¢ € X* and a € R such that
Y={zeX|pk)=a}={p=a}. Sets {z € X | p(z) < a}, resp. {z € X | p(z) > a} are Saq
called open half spaces.

A tangent to a set K at a point g € K is a hyperplane Y = {¢ = a} such that 29 € Y and
K C {p < a}. Look at By = {||z|| < 1}. We have any ||zo|| = 1, therefore there exists ¢ such
that ¢(xg) = 1 and for € By ¢(x) < 1.

Remark 3.32 (uniqueness in Hahn-Banach theorem). Concering lemma 3.30:

To Tol

Zo

Zo

Figure 4: Tangents to subspaces of R?

Middle figure: At some point there may be more than one tangent.

-G0-GT0C
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Right figure: One tangent can be tangent to several points. //

Geometrical versions of Hahn-Banach theorem in real vector spaces:

Theorem 3.33 (Mazur's theorem). Let X be a real normed linear space.

Let further K be an open convex subset of X, and 29 € X, 29 ¢ K. Then there exists
a hyperplane Y = {¢ = a} such that g € Y and K C {¢ < a}.

O
Theorem 3.34 (Geometrical Hahn-Banach theorem). Let X be a normed linear space.
Let K, K be two disjoint open convex subsets of normed linear space X. Then there
exists ¢ € X* and a € R such that Yy € K : ¢(y) < a and Vj € K : p(3) >

O

Remark 3.35 (complex projective space). Look at C, z = zy, C?> ~ (2,w). ¢(z,w) = (3+ 1)z +w = 0 (can’t read
blackboard). CP = {space of all lines in C?}. By Poincare duality, CP ~ sphere in S3. //

Lemma 3.36 (dual representation of norm). Let X be a normed linear space. Then, for any z € X

[zl = sup  fp(x)]. O
peX* [loll=1

Proof. |p(x)| < |l¢lll|lz]], in particular sup,ex+ 4 =1/0(®)] < [|z]. By existence of tangent, there is a ¢ such that
p(2)| = [|l2]| and [j¢]] = 1. u

3.5 Reflexive Spaces

Definition 3.37 (bidual space, canonical embedding). Let X be a normed linear space and Y = X*, then Y* = X** is
called the bidual space of X. By definition X** is a normed linear space and for ¢ € X**

lell = sup  [e(o)l.
peX™ [lpll=1

Let x € X and define J, € X** by
Jo: X* = F, Jx(@) = gp(x)

We obtain a map J: X — X**, x — J,, the canonical embedding.

S —

Figure 5: Schematic illustration of the bidual space and the canonical embedding.
Proof that J, € X** in definition 3.37.
(1) Linearity: Jo(p 4+ a@) = (¢ + ap)(x) = () + ap(r) = Ju(p) + aa(P)
(2) Boundedness: [|Jo(@)|| = [¢(x)] < [lo]|[|] =

Theorem 3.38 (canonical embedding is isometry). The canonical embedding is an isometric isomorphism of X —
JIX] € X*. O

Proof. We only proof the “isometric” part of the claim:

[ el = sup | (@)l = sup  |p(x)] = =[] u
peX" ol =1 peX* llell=1
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Remark 3.39 (linear isometries are injective). Linear isometries are always injective. //
Definition 3.40 (reflexive space). Space X is called reflexive if J is surjective, i.e. J[X] = X**.

Remark 3.41.

e Reflexive spaces are always complete, hence Banach.

o If J[X]| C X** (Remark by the typesetter: this is always true), then J[X] is a Banach space. J[X] is a completition
of X.

e There exists a space X such that X and X** are isometrically isomorphic, but X is not reflexive.

//

Remark about completitions:

Definition 3.42 (completition). Let X be a normed linear space. A mapping ¢: X — Y is called completition of X, if
Y is complete, ¢[X] is dense in YV, and ¢ is an isometric homomorphism. The pair (¢,Y) is called completition of X.

Example 3.43 (standard completition). Consider the space of all Cauchy sequences (2, )nen in X and equip it with the
equivalence relation

[(@n)nen] = [(Zn)nen] & Jim 2, = lim 7.
Then put Y = {[(zn)nen] | (Tn)nen € XN cauchy}. O
Prop. 3.44 (Hilbert spaces are reflexive). All Hilbert spaces are reflexive. (I

Proof. Preliminary remark: X =H, X = X* by Riesz duality:
P:H =M, P(x) =¢o,  $a(y) = (2,9)

So é &
()" = H =M.

Proof itself: Let @ be a Riesz duality between H and H*. H* itself is a Hilbert space, (¢4, ¢y) = (y, ). Then we have
a map

P H = 1, 0u = D) = Cpus i (Py) = (P Py)-
We will check that & o @ = J:

(D 0®)(2)) (2y) = (B(¢2)) (0y) = 0. (y) = (Pur py) = (Yo 2) = py(2) = Ju(ipy) . Pod=1J u

Example 3.45 (examples and counterexamples of reflexive spaces).

(1) LP(X, X, u) is reflexive for p € ]1, 00}, in particular ¢ is reflexive for p € |1, oo].
(LP)* = L9, (L) =L, 2+ 1 =1.

(2) L' and L* are not reflexive.

(3) co,c1,C([0,1]) are not reflexive. O

3.6 The Conjugate of an Operator

Definition 3.46 (Banach conjugate). Let M, N be normed linear spaces and L € L(M, N). Then the Banach conjugate
L’ is a linear map L' € L(N*, M*) defined by Vo € N*,z € M : (L'(p))(x) = ¢(L(x)).

¢0-90-9T0¢
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T
v { L { o L'(p)=¢oL

F

Figure 6: Schematic illustration of the banach conjugate of a bounded operator.

Prop. 3.47 (calculation rules for the Banach conjugate). Let M, N, P be normed linear spaces and o € F, T\ L €
L(M,N), S € L(N,P). Then we have (recall So L € L(M,P)):

¢
(ii

(iii

) 1L = Iz
) (a L) =a-L'

) (L+T) =L +T'
(iv) (SoL) =L'os' O

Proof. Recall that Vo € N*: L'(¢) = ¢ o L, so linearity follows. We prove only || L'|| = || L.

Vo e N": |IL'(¢)l = s (L' () (@) = sup |o(L(x))|

xeM
HTH 1 llll=1
IL'| = sup [L(¢)| = sup sup |p(L(z))| = sup IL()[| = [IL]| u
QEN* PEN* wEM
llell=1 Hw\l 1llzll=1 ”fc“ 1

Definition 3.48 (Hermitian conjugate). Let H be a Hilbert space, L € L(H) a bounded operator, L' € L(H*) its
Banach conjugate. Then we define L* = &' o L' o ® € L(H) to be the Hermitian conjugate of L.

E’H*
LQ|:|H vz(y) = (z,y)

F

Figure 7: Schematic illustration of the hermitian conjugate of a bounded operator.

Prop. 3.49.
(z,L(y)) = (L*(x),y) O

Proof.
(z, L(y)) = (a0 L)(y) = (L'((2)))(y) = (87" o L' 0 P)(2),y) = (L (2),y) u

Definition 3.50 (Hermitian operator). An operator L € L(H) is called Hermitian, if L* = L.

3.7 Compact Operators

Definition 3.51 (compact operator). Let M, N be Banach spaces. A linear operator L: M — N is called compact, if it
maps bounded sets M to relatively compact sets in N. The space of all compact operators is denoted by Leps (M, N).
Prop. 3.52 (characterization of compact operators). Equivalent definitions of a compact operator:

(i) L maps bounded sets M to relatively compact sets in N.

(ii) For any bounded sequence (x,)nen the bounded sequence (Lx,)nen has a convergent subsequence.

(iii) If we denote By = {x € M | ||z|| < 1}, then LBy is a relatively compact set. O
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Definition 3.53 (finite-rank operator). A linear operator L: M — N is called finite-rank if L € L(M, N) and im(F') is
a finite-dimensional space. The space of all finite-rank operators is denoted by L¢(M, N).

Prop. 3.54 (properties of Lpt(M, N)). Let M, N be Banach spaces. Then:
(i) Le(M,N) C Lepe(M,N) C L(M, N).
(i) If (Lp)nen is a sequence in Lepy (M, N) and Ly N=2go L,ie. | Ly — L] N=2go L, with L € L(M,N), then
L e Lo (M,N). Le. Lept(M,N) is closed.

(i) If L € L(M,N),S € L(N,P), then So L € L(M,P) is compact if L or S is compact. Le. Lcp(M,N) is a
two-sided ideal in £L(M, N).

O

Example 3.55 (Volterra integral operator is compact). The Volterra integral operator L: C([0,1]) — C([0,1]), (Lf)(z) =
Jo K(z,y) - f(y)dy is compact. O
Theorem 3.56 (properties of Lcpe(M,N)).
(i) Le(M, N) C Loge(M, N) C L(M, N)
(ii) Lept(M, N) is a closed subspace of L(M,N)
(iil) Lept(M, N) is a two-sided ideal, i.e. for any T',L € L(M, N), TL is compact whenever T or L is. O
Proof.
(i) If L € Lept(M, N) then LBy is relatively compact hence bounded.

(i) We need to prove that if L, € Lept and L, =3 L, i.e. ||Ly, — L|| "=3° 0, then L € Lepi(M, N).

Fix ¢ > 0. We know L,, is compact, so there are x1,...,x; € By such M N
that B L,B ndj
k | P
U Be(Lnz;) 2 LnB1. N
j=1
I can find n large enough such that ||L, — L|| < e. For each z; we
have ||L,z; — Lz;|| < e. It follows that N
k
U Bo.(Lz;) D LB.
j=1

(ili) We want to show that T'L is compact.
Case 1: L compact: then LB is relatively compact.
Claim: Bounded operator maps relatively compact sets to relatively compact sets. If x, "% 1, then of course
n—oo

Tx, — Tx.
Case 2: T relatively compact: L maps B; into a bounded set.

Corollary 3.57. Let L € L,(X) be a compact operator in an infinite-dimensional Banach space X. Then the operator
does not have a continuous inverse. |

Proof. Inverse map L~'L = id (then LL~! =id). Suppose that L~! is bounded map. Then by (iii) id is a compact
map. Contradiction to theorem 2.15. ]

Question: Does L = Lcpt hold?
Answer: Not always, but often (e.g. in Hilbert spaces).
In the following, we fix H, separable Hilbert space with basis {e,}32,. Lept(H) C L(H).

G0-90-GT10¢
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Definition 3.58 (matrix element). For L € L(H) we define the (j, k)-th matrix element of L as L;, = (e;, Ley,).

Recall chopping infinite systems of linear equations in the introduction:

L1 L1 X Y1
L21 L22 Z2 Y2
Lyn TN yn

If ¢ = Lcpt, then we can approximate compact operators by finite-rank operators, i.e. the chopping works. But at
first, we have to define “chopping” rigorously.

Definition 3.59 (chopping of operators). Define P as orthogonal projection into span{ey,...,ex}:

oo N N
P> wje; | =D zje; or P()= ejle;,)
j=1 j=1 j=1

“Chopping” of L is operator Py LPy. By definition Py LPpy is finite rank. Note that also Py L and LPy are finite
rank.

Concering the matrix elements: Let x € H, x = > 72| xje;, x; = (ej, x). Isometry L < ) owe (25)52.

For a bounded operator L:

oo

o0 o0 o0 o0 o0
Lx = Lerej = Z:L’j(Lej) = Z:z:j Zek (ex, Lej) = Z Zijxj ek
j=1 j=1 j=1 k=1 T k=1 \j=1
- J

Projection:

Py() = Z enfen, )

Isometry £ <+ £%:
T = (Tn)ney

oo
oo
Lx — Z Lnjxj
J=1 n=1
N
N
PyLPyz — Z Lyjz; forn <N
j=1 n=1

PyLPyz— 0 forn>N

Remark: Decomposition of identity in Hilbert spaces:

Theorem 3.60 (approximation of compact operators by finite-rank operators). Let H be a separable Hilbert space and
L € Lpe(H). Then

N—o00 N—oc0 N—oc0

PNL—>L, LPN—)L, PNLPN—>L

In particular

In order to prove theorem 3.60, we need:
Prop. 3.61 (characterization of relatively compact sets in Hilbert spaces). Let H be a Hilbert space and {e, }5°; basis.
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A bounded set K is relatively compact iff

Ve>0dN eNVzxe K : Z’(ej,x>|2<5. O
n=N

Remark 3.62 (Remark to proposition 3.61). Recall Parseval’s identity:

)
> les a)| = Nl
n=1

Here in proposition 3.61 in addition, N can be choosen uniformly. //

Proof of proposition 3.61. Direction “=-":

If K is relatively compact, then there exist x1,...,z, such that K
n
U B-(z)) 2 K.
Jj=1 e l2
By Bessel inequality, there exists a N such that

VeE=1,...,n: Z

o
|<ej,:17k>|2 <e.
j=N

Let z € K, then there is a x; such that ||z — z;|| <e. Then

Z ’<€j7$>’2

j=N+1

calculation

SR A= Pyl =11 = Py)(z —2;) + (1= Py)a|| < (1= Py)(@ = 2))ll + (1= Pyl < e+ Ve,

where we have used that |1 — Py|| = 1. [ |

N—oc0

Proof of theorem 3.60. Only ||PyL — L|| "— 0. ||P~L — L|| = ||(1 — Pn)L||. For each ¢ > N it holds that
(1 = Pn)L| <e. Let K = LBy, then [|(1 — Py)L|| = sup,ep, (1 — Py)Lz|| = sup,cxl|(1 — Py)z||. Furthermore,

oo

1= Pr)zl?= D Ifen )],
n=N+1
because if z = >"°7 | e, (e, x) then
(1-Pn)x= Z en(en, )
n=N+1
Z enlen,z)||? = Z |(en,z)|?> (Pythagoras).
n=N+1 n=N+1

We know that K is relatively compact, and so there exists a N such that Vo € K : 72 o [{en,2)]* < e. We
conclude ||(1 — Py)L|| <e [ |

Remark 3.63. It is |lid — Py|| = 1. Hope P, Rima ol ¥ | (but not true in this norm). For each z ||Pyz — z|| Nz, //

3.8 Weak Topology and Weak Convergence

Definition 3.64 (weak convergence). Let X be normed linear space. We say that (2, )neny € X converges weakly to
X

)
w

Ty — T,

10¢

ot
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if for all ¢ € X™* we have
p(zn) = ¢(z).
Prop. 3.65 (basic properties of weak convergence).
(1) Weak limit is unique.
(2) If x, — « then z,, — . O
Proof.

(1) Suppose x, % z and x, — &. Then for each ¢ € X* we have o(x — ) = 0. By existence of tangent there is
¢ € X* such that p(z — %) = ||z — Z|| = 0.

(2) @ —an)| < ol —2a] v (]
Definition 3.66 (weak*-convergence). Let X be a normed linear space and X* its dual space. We say that for (¢, )nen €
(XN

Pn ~ @,

if for all z € X we have
on(z) — ().

Remark 3.67 (illustration of weak and weak* convergence). Recall the canonical embedding J: x — £, where £,(¢) =
().

X**

W -COnv. X*
J W-CORV.

$12

W-conv.
. \‘%%\)l

L]
1’1‘1:2

Figure 8: illustration of weak and weak™ convergence

//

Prop. 3.68 (basic properties of weak* convergence).

(a) Weak*-limit is unique

(b) If ¢, — ¢ then ¢, AN P. O
Proof.

(a) Omitted.

(b) Suppose that ¢, — ¢. For all € € X**, e(p,)) — (). We know that for each z € X, we have

() = ex(pn) — ea(p) = ¢(2),
and hence ¢, AR ©. [ |

Prop. 3.69 (weak and weak* convergence in reflexive spaces). If X is reflexive, then notions of weak convergence and
weak*-convergence coincide. |



3 Bounded Operators 36

Proof. Let o, AN . We know that for all ¢ € X**, there exists x € X such that € = ¢,. Then
e(pn) = @n(r) — ¢(z) = £(p),
and hence ¢, —— . ]

Example 3.70.

(1) Consider X = cp, X* = £}, X** = (>,
Note co* = £': For each ¢ € cp* there exists a unique y € ¢! such that Vo € ¢o : ©(z) = > 00| YnTn.
Consider sequence
er = (1,0,0,0,...),

es = (0,1,0,0,...),
e3 = (0,0,1,0,...),....
Claim:
(a) e, does converge weak*ly, e, 50
(b) e, does not converge weakly.
Proof:

(a) For each x € ¢p we need to check that e, (z) = Z;’;l(en)jxj = Z,,. Then it follows that lim,, , e,(x) =
lim;, o0 zp, = 0 = 0(x).

(b) We have (£')* = (. Let’s take y = (1,1,1,...) € €. Then y(e,) = 377, yj(en); = 1.
(2) Consider an arbitrary Hilbert space H.
Claim: Let {e,}22, be an orthonormal set in H, then e,, — 0. %
Proof: By Riesz duality, for each ¢ € H* there exists y € H such that
p(x) = (y, ).

Hence we need to check that for all y € H each (y,e,) — 0. Bessel’s inequality:

D e < lyll?

n=1
The sum is convergent, and hence for all n € N each |(y, e,)| — 0. This proves the claim.

(3) Let f € L?(R) and (t,)nen € RY such that ,, — oo, and consider f,(z) := f(z — t,).
Claim: f, — 0.
Proof: We need to prove that for each g € L?(R) we have

—+oo
/ (@) - (@ — ) dz —> 0.
We calculate:

tn/2 400
‘ / a() - (& — ) de + / o) - f(z —t,) dz

— 0o /

tn/2
tn/2 tn/2 +oo +o0
<[ arae | [ s tran s [ [ g@rdee [0 pe - )2
—00 —00 tn/2 tn/2

— 0

because, by dominated convergence theorem:

Ftn/2 —tn/2
/ f(a:—tn)zdx:/ f(x)?dz —0

—00 — 00

Hllustration: Shifting the function to infinity:
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f In

/\ 1 x
\D/‘V\/Utn

Figure 9: illustration for the proof of example 3.70.(3)

(4) Let X = C([0,1]). Then f,, — 0 iff the f,’s are uniformly bounded and Vz € [0,1] : f,(z) — 0. %
Remark 3.71 (concentration compactness principle). What does it mean z,, — 0 if ||z,|| = 1.
translation from origin M) oscillation
transform
Example:

cos(nz) € L*([0,7])
NN AN

| VARVARVARY,

wide peak oy narrow peak
transform

Example:
for z € [0, n]

=5

fn(as) - { else
— @)~ F@/2), A> 0

Figure 10: concentration compactness principle

//

Remark 3.72 (the dual space of the space of continuous functions). We have:

({space of continuous functions on [0, 1])* = space of Borel measures on [0, 1]

Denote X = C([0,1]). If ¢ € X*, then o(f) = fol f(z) dug. Example p, = §(z) and ¢, (f) = f(x). //

Question: (X, T) topological space. Suppose 7 has more (open) sets then
(A
(B
(
(

) there are more contiunuous functions X — R and less compact sets on X.

)
C) there are less contiunuous functions X — R and less compact sets on X.

)

there are more contiunuous functions X — R and more compact sets on X.
D) there are less contiunuous functions X — R and more compact sets on X.
Recall:

e A function f: (X,7T) — R is continuous if f~![Ja,b[] is open

e A set K is compact iff each cover by open sets has a finite subcover

Answer: The correct answer is (A).

¢1-90-G10¢
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Prop. 3.73 (continuous functions map compact sets to compact sets). Continuous functions on a compact set achieves
its minimum and maximum. O

Weak topology:
e (X,7) is a topological space
e We require that functions in X* are continuous. This means that ¢ € X*, then you neeed that

¢ a,b[] open < {x € X |a< ¢(x)< b} open.

Definition 3.74 (weak topology). The weak topology is generated by finite intersections and unions of sets

{z | a<|p(z)| <b}.
A set U is weakly open if for each x € U there exists ¢1,...,¢, € X* and € > 0 such that
Ux:={yecX|Vi=1,...,n:|p;ix)—¢;(y)| <e} CU.
Prop. 3.75 (convergence in weak topology = weak convergence). A sequence (Z,)nen converges to x w.r.t. the weak
topology, if and only if z,, — . O

Proof. Proof of “=": For each open set U 3 x there exists ng such that Vn > ng : x, € U. We need to show that
T, =z, ie Vo € X*: o(x,) — @(x). Let € > 0. In particular, U, = {y | |¢(z) — ¢(y)| < €} is open, so there
exists ng such that for n > ng we have x,, € Uy, hence |p(zg) — ¢(x)| < . We conclude p(z,) — .

Proof of “<”: See lecture notes. |

Remark 3.76. Set of weakly converging sequences does not define weak topology. There are spaces where convergence
weak convergence conincide, but not topology and weak topology. //

Example 3.77 (Schur’s lemma). A sequence (,,)nen € €' converges weakly iff it converges in ||||,-norm. O

Lemma 3.78. Let X be an infinite-dimensional normed linear space. And let U be an weakly open set containinig 0.
Then there exists a closed non-zero subspace M such that M C U. In particular U is unbounded. O

Proof. There exists @1, ..., o, and € > 0 such that
U={z]lp;x)| <e} CU.

We claim that

M = ﬂ ker(p;) C U
j=1

is non-zero (in the sense of M # {0}) closed subspace. Suppose that M = {0}, then the map
L: X — Fna T = (@1(1‘)7 s 7@”(1‘))

is injective (suppose that Lz = Lz, then L(z — &) = 0, hence (p1(x — Z),...,pn(x — %)) = (0,...,0), contradiction
because there is no injective map infin.-dim. space — finite-dim. space). |

Remark 3.79. z,, — 0, ||z,|| =1 @ //

Definition 3.80 (weak* topology). Let X* be the dual of X. The weak* topology on X* is generated by unions and
finite intersections of
{p|a<|px)| <b}, z€X, a,b>0.

In particular U C X* is weak*-open if for each ¢ € U exists x1,...,x2, € X and € > 0 such that

W | [¥(z;) — p(z;)| <e} CU.
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Prop. 3.81.

(a) If (@n)nen converges to ¢ in weak™ topology, then ¢, >, ©.

(b) Tt is the weakest topology on X* in which functions in J[X] are continuous, where J denoted the canonical
embedding.

(c) If X is reflexive, then weak topology on X* and weak* topology on X* conincide.

Remark 3.82.

S e ; PVESE B C RS
[ X

Figure 11: Illustration of dual space and canonical embedding.

//
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Where we are now?
e Landscape: ¢, cg, (P, LP, C([0,1]), C1([0,1]), ...
e Notions: Banach space, norm, compactness, linear operator, ...

Now, we’re going towards the deep theorems of functional analysis.
4.1 Alaoglu Theorem and its Corollaries

Remark 4.1. Recall e; = (1,0,0,...), e; = (0,1,0,...), ... in ¢! then e, % 0 but en A 0. //

Theorem 4.2 (Alaoglu theorem). Let X be a Banach space. Then the closed unit ball in X* is weak* compact. [

Proof. Omitted. ]
Theorem 4.3 (Banach-Bourbaki theorem). Let X be a Banach space. Then the closed unit Ball is weakly compact iff
X is reflexive. O
Proof.

e Proof of “X reflexive = unit ball in X weakly compact”:

Situation:
J J
Claims:

(C1) If X is reflexive, then J is a homoeomorphism (X, weak top.) — (X**, weak* top.)
(C2) X is reflexive iff X* is reflexive.
Proofs:

— Proof of (C2) in direction “=": ~
If « € X*** then ao J € X*. We will show J(ao J) =a. ¢ € X** eache =¢, = J,.

J(aoJ)(e)=J(aoJ)(ey) =ezx(ao ) = (aoJ)(z) = ale,) = ale)

— Proof of (C2) in direction “=":
We don’t need this direction here.

e Proof of “unit ball in X weakly compact = X reflexive”: Omitted.

|
Repitition:
Theorem 4.2 (Alaoglu theorem). A unit closed ball in a dual space of a Banach space X is weak* compact. (]
Theorem 4.3 (Banach-Bourbaki theorem). Suppose X is reflexive. Then Bj(z) is weakly compact. O
4.2 [Digression] Existence of Solutions to Partial Differential Equations
Example 4.4 (heat equation). Heat equation:
~Au+u=f where feCPR?Y) and wue L*(RY). (%)

Repitition:

e Laplace operator A: Au = Z?Zl ag—%QU
J

¢1-90-GT0¢
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e Gradient operator V: (—u G U)
Applications:

e This describes heat distribution in a room.

e Similar differential equation for Black-Scholes equation which models prices on the stock market.
Remark:

e We skip technicalities (e.g. we require v € L?(R?), although the consider Au, it would be more correct to use
Sobolev spaces.)

How can we solve (x)? O

Steps to solve the heat equation

1. Rewrite the equation as minimization problem.

min F(v), F:L*RY =R
veL?(R%)

Spoiler: Using the Dirichlet principle, we will find:
1 1
= f/ |Vo(x)|? dz —i—f/ v(x)?de— | f(z)-v(z)de
2 Rd 2 Rd R4

2. Prove that F' is bounded from below and weakly lower semi-continuous.

3. Use Banach-Bourbaki to conclude that F' achieves its minimum.

1%t step to solve the heat equation
Lemma 4.5 (Dirichlet principle). Let

= ’U/‘sz 1 ’U/x2if— xX) - ulx x
= [ V@R drts [ a@pPae= [ f@)-u@s.

provided the integrals exist, otherwise F'(w) := oco. Suppose u is such that F(u) < oo and F(u) = inf, F(v), then u
solves (). O

Proof. Let g € C3°(R%) and let define F: R — R, F()\) := F(u+ A\g), then YA € R: F(0) < F()\). We calculate

F(\) = ( Rd|Vu(x)|2d:c+2>\ Vuw(z) - Vg(z )dx+)\2/ |Vg(x)|? dx)

+ L (/ u(z)? dz +2>\/ w(z) - g(x) dx +)\2/ g(x)? dx)
2 \ Jpa R4 Rd
([ @ vtz [ se)-ge)as).
Rd Rd
where we have used that
|Vw 4+ AVg|? = (Vw + A\Vg, Vw + A\Vg) = |[Vw|? + 2X\(Vw, Vg) + \2|Vg|2.

We note that F is a quadratic form in A, and because 0 minimizes F, we have F’ (0) =0.
F'0)=0 < 2[ Vuw(z)- Vg(z) dsc—i—/ w(z)-g(z)de— | f(z)-g(z)de=0
Rd R Rd
S —Aw(z) - g(x) dx—i—/ w(x) - g(z)dz —/ (—2Au+u— f)-g(x)de
Rd Rd R4
& —Aw(x)+u(r) — f(z) =0

step at (x): multivariable version of intgegration by parts = stokes theorem / green identity.
Division by factor 2 yields the claim. |

3¢ step to solve the heat equation
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Definition 4.6 (lower semi-continuity). Function F': X — R on a topological space X is lower semi-continuous if for all
a € R the set {x € X | F(x) > a} is open, or equivalently, if z, —  implies F(z) < liminf,_ _, F(z4).

o «

Figure 12: Example of lower semi-continuous (left), upper semi-continuous function (middle), and continuous function

(right).
Lemma 4.7. A lower semi-continuous functions achieves its minimum on a compact set. ([
Proof. We assume compactness < sequential compactness. Let m := inf,cx F(z). Let (z4)n be a sequence in
K such that F(z,) — m. Because K is compact, there exists a subsequence z,, — x € K. Then m < F(z) <
liminf, _,, F(zs) = m, and hence F(z) = m. [ ]
Consequence:

Lemma 4.8. Let X be a reflexive Banach space and F': X — R a function. Assume:
(i) JaeR: {re X | F(z) < a} bounded
(ii) F weakly lower semi-continuous
Then F achieves its infimum on X. O

Proof. The set {x € X | F(z) < a} is bounded and weakly closed, hence by Banach-Bourbaki it is weakly compact.
Then by lemma above, it achieves minimum m on {z € X | F(z) < a}, and therefore m < a, so it is also a minimum

on X. |
Lemma 4.9. Let X be a Banach space, then ||-|| is weakly lower semi-continuous. O
Proof. Exercise. |

2"d step to solve the heat equation

Check conditions: Let o > 0.

3 [veracs] [u@rac [ ) o ds<a
”“‘i/WM@2®+§/wm%M—/f@rwmm3?;wﬁ—¢/ﬂm%m¢/w@%—yv2—wwm
Therefore:

1
IolZ = 1£llel < @

So property (i) follows.

F(o) =5 [IVo@?do 3ol - [ 7(0)-v(o)dz
S —

weakly continuous

Claim:
||I-]| is weakly continuous

Proof: See lemma above.

Claim:

|Vo(z)|? dz is weakly semi-continuous
Rd
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Proof: Let v, — v where v, € C§°(R?). I need to compute liminf,, ., fRd |V (z)|? da.

Ii9va)? = [ Ve
/ 9(x) - Vg (z) dz
Rd

= sup
geCS (RY)

llgll=1

= sup
geC(‘)’O(Rd’)
llgll=1

- /]Rd Vg(x) - va(x)de

Vg(z) - ve(z) de

hmmf|||V1}a| | =liminf sup
R

Vo —V gecgo (Rd)
llgll=1

Vg(z) - ve(z) de

IN

sup
9€Cs° (RY)
llgll=1

Rd

IN

sup
geCS (RY)
llgll=1

gesgf()m \//g(x)zdw\//wu(x)p da

lol=1
1702

/]Rd g9(z) - Vo (z)dz

IN

IN

Claim:

A function v — [ |Vu(z)|?dz is weakly lower semi-continuous on L?(R?).
Rd

Let v — v, vy € C§°(R?).

Vo —>V

lim inf / |Vue(z)| dz = lim inf|| Vo, ||
R Vo —V

= lim inf sup I(f, Vua)|
VaV feCse | fll=1

=liminf  sup [V f,va)]
VaV fecge| fll=1

> sup  lminf[(Vf, va)]
Fecs lifll=1 v

= sup  [(Vf,0)]
fecslifll=1
= [V
Where we have used that:
ava (“)fj
(Vf,va) / V() va(z)de =Y / iz . Z/Rd 8% o(z)dz = — Rde(x).va(x)dx
Note that:
liminf = inf cluster points
To—T
mf sup F(x,y) > sup inf F(z,y)
€X yey yey z€X
Conclude:
VyeY : LHS > inf F o, LHS > inf F(x,
y€ 2 inf F(z,y) 2 sup inf (2,y)

4.3 Baire Category Theorem and its Corollaries

61-90-GT0C
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Question: Let X,Y be normed linear spaces and L: X — Y be a linear operator. Suppose that there exists a ball
B.(z) in X such that L[B.(z)] is a bounded set in Y. Is L then a bounded map?

Prop. 4.10. Let X,Y be normed linear spaces and L: X — Y be a linear operator. Suppose that there exists a ball
B.(z) in X such that L[B.(z)] is a bounded set in Y. Then L is a bounded map? O

Proof. We have B.(z) = z+ B.(0), and so L[B.(0)] = B.(z) — Lz is bounded, and B;(0) = £ L[B.(0)] is bounded set.
Let « € B1(0), then y = z 4+ ¢ € B:(2). Then, if Vy € B.(2) : ||Ly|| < M, we have

|La] = HLy‘Z <

1 2M
€ €

1yl + 1L2]) < ==, .

Definition 4.11 (interior and closure). Let (X, T) be a topological space and A C X a subset. We define:

interior of A: int(A) = U B
B open with BCA
closure of A:  cl(A) = m B

B closed with BDA

Figure 13: Interior and closure of a subset of a topological space.

Definition 4.12 (nowhere dense). A set A is called nowhere dense if int(cl(A4)) = 0.

Theorem 4.13 (Baire category theorem). A Banach space X cannot be a countable union of nowhere dense sets. [

Proof. By contradiction.
— Let 1 ¢ Ay and B, (z) be a small ball such that B,, (z1) N A; =0 and r < 1.
— Let 23 € By, (71) and B,,(x2) such that B, 2 B,, and B,, N Ay = () and 75 < %
— Inductively: z,, and B, (x,) such that B,, C B, _, and B, NA, =0 and r,, < %

Let m,n > N, then z,,,z, € B, (zn), X
: ) \
[2n =zl < [lzn — 2N + l2m — 2ol < 55 ©
Ay
142
therefore (z,)nen is a Cauchy sequence, and hence x,, convergent to a point z, x [ oy — 43

On the other hand, z,, for n > N is such that dist(z,, A,) > & > 0, and therefore = ¢ A,

for any N. Contradicition with X = (J,, A,.
]

Remark 4.14 (categories). Why category? A set A is called first category, if A is a countable union of nowhere dense
sets. Anything else is second category. //

Remark 4.15. Algebraic or Hamel basis on X. (If X is infinite dimensional Banach space, the Hamel basis is uncount-

able). //

Example 4.16. Let A be a set of functions in C([0, 1]) such that f € A if there is € X such that f is differentiable at
x. Then A is a set of first category, and therefore there exists f € C([0,1]) such that f is nowhere differentiable. ¢

Theorem 4.17 (uniform boundedness principle). Let X be a Banach space and Y be a normed linear space. Let
F C L(X,Y). Then the following is equivalent:

(i) pointwise bound: Vo € X : suppcz||Lz|| < oo
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(ii) uniform bound: supyc£|| L] < oo O

Proof. “(il) = (1)": [[La|| < [[L][[l=[]. “() = (ii)":
Let
Ap={z e X |VLeF: |Lzl| <n} = ({z € X | ||La|| < n}.
LeF

Claim (i), then X = J,,c An, and hence by the Baire category theorem there exists N such that Ap has non-empty
interior. Then there exists z € Ay and ¢ > 0 such that B.(z) C Ay. Therefore L[B.(z)] is bounded for all y € B.(z),
ie. ||Ly|| < N. If for all L € F it holds that Vy € B.(z) : ||Ly|| < N, then it follows that for all L € F we have
|L|| < 2. So, for all L € F L is bounded. [ |

Remark 4.18 (counter-example). Counter-example:

T
Then Vz € X : sup,,cy f(x,n) bounded, but sup,,cysup,cx f(z,n) not bounded, i.e. — oo. //

Theorem 4.19 (Banach-Steinhaus theorem). Let X be a Banach space and Y be a normed linear space. Let (L, )nen €
(L(X,Y))N be a sequence of maps. Suppose that for each € X the limit lim, . L, exists. Denote L: X —

Y, Lx =lim, o Lpx. Then L € £(X,Y), in particular L is continuous. O
Proof. Later. [ |
Repitition:

Theorem 4.13 (Baire category theorem). A complete metric space X cannot be countable union of its nowhere dense
sets. O

Theorem 4.17 (uniform-boundedness principle). Let F be family of bounded linear maps X — Y, where X is a
Banach space, then

(Vz € X : supl||Lz|| < o0) < (sup|L])
LeF LeF

Remark 4.20. Let f € C([0,1]) and € > 0.

Figure 14: e-ball around function f = ¢ strip following the function f.

//

Lemma 4.21. C*([0, 1]) is dense in C([0, 1]). O

Proof. Let f € C(]0,1]), then mollifier f5 is

it = [ () s

2

1 .
Graph of m exp(—;?) .

1
el T
t

—
]

. 2
Figure 15: Graph of \/2175 eXp(‘gt?)'
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Note that 50
6 >0 f5 € C2(0,1]), fi(@) = f(2). u

Theorem 4.22 (set of somewhere differentiable functions is first category set in C([0,1])). Let

A={feC(0,1]) | Fz €[0,1] : f'(x) exists},

where
J'(z) exists < lim J@) = Jy) exists.
y—r T —y
The set A C C([0,1]) is a first category set. In particular A # C([0,1]). O
Proof. We express
A= Anm,

where A, ., are closes nowhere dense sets.

An,m{feC([o,l]) ‘ JrVy, 0<|z—y|<L: = ‘W' §n}.

If f € A, then exists = for which () exists, then exists n, m such that f € A, ,,. It follows that
A=U,m Anm-

o gt L
Closed: Let fy € A, such that f — f € C([0,1]). Then there exists points ) such that for all y satisfying

0 < |z —y| < & it holds that M < n. We have a sequence xj € |0, 1], so there exists a subsequence
m Tr—Y

xr — x € C([0,1]). Thne fx(xzr) — f(x). Then we have

Vg, 0< o —y| < L ’f(z)—f(y)‘ ~ lim fk(zk)_fk(y)‘ <n
=Yy k—o0 T —Y
Nowhere dense: Since A,, ,, is closed, we need to check that no ball is inside A,, .
Let f € Aym and € > 0, then there exists h € B.(f) such that h ¢ A, . R
For function g: lg—fll <5
g(z) — g(y) such that

sup H‘ <M g is smooth

T,y -

TFy

Claim: The function g = g + P does not belong to A, ,,.

g P

wlm

]
f T

0 1
|%‘5(y)| > M +n+1 provided 0 < |z —y| <

3
e(M+n+1)

Figure 16: ...

‘ h(z) — h(y) ‘ _ ‘g(:v) —9(y) | Pl) = PQy)

r—y r—y r—y
Then: L L
inf (x)_(y)‘zM—l—n—&—l—M:n—i—1>n
y:0<|w7y\<m r—Y
Therefore:
h¢ A,,m
Note:

ja+ 8] > [la] — [b]]
1Pl <5, If-gll<s If-g=-Pl<If-gl+IPI<% u
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Theorem 4.19 (Banach-Steinhaus theorem). Let X be a Banach space and L,, € £(X,Y). Suppose that for all z € X
lim,, 00 L2 exists and denote Lx := lim, o Lyx. Then L € L(X,Y). O

Proof. L is linear. L is bounded since L,z converges for all x. Therefore

uniform boundedness principle

Vo € X @ sup||Lpz| < o0 sup|| Ly || < oc.
neN neN

Then let M such that sup,cy||Ln|| < M, then we have
[Lz]| = Tim [[Lpz| < sup||Lnz|| < supl|Ly|[[|lz] < M||z[]. u
n—oo neN neN

Prop. 4.23. Suppose that X is a normed linear space and (z,)nen € XV is weakly converging. Then (z,)nen is
bounded. (]

Theorem 4.24. Let (z,,)nen be a bounded sequence (sup,,cyl||zn|| < 00) in a reflexive Banach space. Then (z,)nen
has a weakly converging subsequence.
Rephrasing: The closed unit ball in a reflexive Banach space is weakly sequentially compact. O

Remark 4.25 (nets). Nets is a generalization of sequences, e.g. they fix the difference “compactness <> sequential
compactness”. //

Prop. 4.26 (closed subspaces of reflexive Banach spaces). Let X be reflexive Banach space and Y a closed subspace.
Then:

(a) Y is reflexive Banach space.

(b) If Y is separable, then Y* is separable. O
Proof.
Let p € Y* and p € X*. If p € X* th eY* If e Y* th e X**, =¢ . X
(a) Let ¢ and ¢ ® en |y 5 en ¢ e(p) =E(ely) X

We need to prove that for all € € Y** there exists y € Y such that (@) = ¢(y), i.e. € = jy We know that there
exists € X such that e(¢) = p(x). Suppose that z ¢ Y, then there exists ¢ € X* such that ¢(z) = 1 and
¢ly = 0. Then

0=2é(ply) =e(p) = p(z) =1,

contradicition, hence x € Y. We need to prove that for all » € Y* indeed &(¢) = ¢(y).
(b) Omitted. [ |

Question: Let L € £(X,Y) and suppose ,, — x; does it imply that Lz, — Lx?
Answer: Yes.
Proof: If p € Y*.

(L' (@) (xn) = p(L(zn)) — @(L(x)) = (L'(p))(2), L]l = [IL]]
X o rry P2
X L |y

Figure 17: Illustration of the dual of a linear map.

Theorem (later): Suppose that L € £(X,Y) is compact. Then z,, — z implies Lz,, — Lz.

Prop. 4.27 (closed subspaces of reflexive Banach spaces). Let X be a reflexive Banach space and Y a closed subspace
of X. Then Y is a reflexive Banach space.
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Paci
Pl

Proof. We proved that there exists x € Y such that e(¢) = ¢(z). We need to check for all ¢ € Y* we have (@) = ¢(z).
By Hahn-Banach there exists ¢ € X* such that ¢|y = @. Then we have

X*5¢p — |y eY*

X" 5ece—ceyw @) =elly)

-~ z€Y and p|ly=¢ .

(@) = e(p) = p() =" o). u
Prop. 4.28 (dual space of separable reflexive Banach spaces is separable). If X is separable reflexive Banach space, then
X* is separable. ([l
Proof. Omitted. |

Theorem 4.29. Let X be reflexive Banach space and (z,,)52 ; a bounded sequence. Then there exists weakly converging
subsequence. O

Proof. Let Y = span({z,}52), then Y C X and it is a closed linear subspace. We know that Y is reflexive and Y*

is separable (because Y 5 y ~ Z,JLl QU Zp, now choose «a,, € Q). We need to prove that there exists subsequence
(Tn, )ken of (Zn)nen such that (¢(xy, ))ken converges for all ¢ € Y.

e (o(zn))nen is a bounded sequence in F, |o(z,)| < [lo||]|zn||-
o We have @1, p2,... € Y* such that (¢,)>2, is dense in Y*.

We have a countable number of sequences (¢, (%n))nen-

Claim: We can find a subsequence (¥n)nen of (Zn)nen (Yn = Tj(n), where J: N — N and ¢ is non-decreasing) such
that (¢k(yn))nen converges for all k € N.

Diagonal trlck

— Let ( )neN be a subsequence of (z,,)nen such that (gol(mgll)))neN converges.

— Let ( ) en be a subsequence of (:ESL ))nGN such that (g@(mf)))neN converges.

— Let (:vn Jnen be a subsequence such that ((pl(x%k ))nens - - (gok(gc%k)))neN converges.

— Put y, := x%n)7 then (¢k(yn))nen converges for all k: Fix k: then (yn)nen for n > k is a subsequence of x( ),
We got (yn)nen subsequence of (z,)nen such that (@k(yn))neN converges for all k& € N. Hence for all ¢ € Y*

each (¢(yn))nen converges. Let e be given, and find & such that [[¢ — k| < § and N such that Vm,n > N :

|0k (Yn) — or(ym)| < 5. Recall that (z,)nen is bounded, and hence [|y,|| < M. Then

lo(n) — @Wm)| < lokWn) — €k(ym)| + 10Yn) — 0xWn)| + 10(Ym) — r(ym)| < § +25M.

Let 5( ) = lim,, 00 ¢(zy). then (by Banach-Steinhaus theorem) ¢ € Y**. By reflexivity e(¢) = ¢(y), we claim

Yn — y. We know that for all ¢ € Y* it holds that o(yn) — ©(y). So Ve € X* ¢ ¢(yn) = ¢|y(yn) and hence
Yo € X* 1 o(yn) — ¢(y), which is equivalent to y, — y. |
Theorem 4.30. Suppose that L € £(X,Y) is compact. Then x,, — z implies Lz,, — Lz. a

Proof. We know:
1. Since x, — x, then (z,)ney is bounded.
2. Then (Lz,)nen (as a set) is relatively compact, and also La,, — L.

Claim: Norm and weak convergence on compact sets conincide. Proof: Suppose that Lz, does not converge to Lz,
then there exists € and subsequence (x,, )ren such that Vk € N: ||Lz — Lay, || > €. (Lzy, )ken has a subsequence
(L:ES?,B);CGN such that Lz'? — y and hence Lz{? — y. On the other hand ly — Lz|| > &, but La'? Y La,
contradition. This proves the claim. Illustration:
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weakly inside

- open set
K
= D if L is compact
— \X norm induced
open set
Figure 18: ...
|
Prop. 4.31 (characterization of weak convergence in compact spaces). Norm and weak convergence on compact sets
conincide. ]
Proof. See above. |

Remark 4.32 (historical remark). Hilbert called operators that map weakly convergent sequences to norm convergent
seuqneces totally continuous. Then Riesz introduced compact operators. //

4.4 Open Mapping Theorem and its Corollaries

e Question: Suppose that L € £(X,Y) is a bijection; is then L~=! bounded?

e Recall bounded < continuous. Do all continuous bijections have continuous inverse?
— O

e f~1is continuous, if for all open sets U in X (f~1)~1[U] = f[U] is open in Y.

e Example: f:[0,2n] — Sy, ¢t — (cost,sint). Illustration:

Definition 4.33 (open map). A map f is called open if for each U open also f[U] is open.

Prop. 4.34 (characterization of open maps). A function is open iff ot maps all neighborhoods of x into neighborhoods
of f(x). O

Prop. 4.35. A continuous bijection has continuous inverse of f is open. a

Theorem 4.36. Suppose that X and Y are Banach spaces. Then every L € £(X,Y) such that L[X] =Y is open. O

Repitition:  Let XY topological spaces and f: X — Y a map.

f is open < image of open set is open
f is continuous & preimage of open set is open

f is homeomorphism :&  f is continuous bijection with continuous inverse

A neighborhood V' C X of x € X is a set iff there exists U C X open such that z € U and U C V.

Question: Under what conditions a continuous bijection has contiuous inverse.

Prop. 4.37. f is open iff it maps neighborhoods to neighborhoods. O

Proof.
o “=": Picture:
Y
Y /] f[U] open =

@ f[V] is nbh of f(z)

Figure 19: Proof of “f open = f maps neighborhoods to neighborhoods”.

0€-90-GT0¢



4 Theorems 50

e “&": A set is open if it is a neighborhood of all its points. Now assume f maps neighborhoods to neighboorhoods,
then for all V open and x € V, it follows that f[V] is neighborhood of f(x), and hence f[V] is open.

Theorem 4.38 (open mapping principle). Let X, Y be Banach spaces and L € L(X,Y). Assume that L is surjective,
ie. LIX] =Y, then L is open. O

Proof. Steps:

1. Observations: We need to check if L maps neighborhoods to neighborhoods. If V' is (B,
a neighborhood of = then —z + V' is a neighborhood of 0, f

Ll—z+V]=—L(x)+ L[V].

Each neighborhood V' of 0 includes a ball B, C V for some r > 0. We need to check
that B, is mapped into a neighborhood.

2. To show: There exists ball B, for some r such that B, C L[B].

We have X = |J,,cy Bn, and therefore Y = L[X] = |,y L[Bn]. By Baire category theorem there exists n € N

such that the interior of L[B,] is non-empty, i.e. there exists y € ¥ and ¢ > 0 such that B.(y) C L[B,].
By assumption there exists € X such that y = L(z), and hence B.(L(x)) C L[B,]. It follows that:

) @

Be = —L(z) + Be(L(x
L(z) + B: = B<(L(x)) C L[By]
B. C LI~z + B,] C L[B, |||
TB = sl TBstal] . Boytyy < I (),

3. We aim to prove: L maps open sets to open sets.

We proved: there exists d > 0 such that By C L[Bj].

We need to get of of closure. We are going to prove By C L[Ba].

By approximation:
~ There exists z; € By such that ||L(z1) — L(z)|| < 4. Let me call y, = L(z1) — L(z), then y; € Byjs C

L[By ).

~ There exists x3 € By, such that ||L(z2) — y1]| < 4. Again y» = L(x2) — y1, then yo € Byq C L[Bj4].
— Continuing this process we find @, € By jgn-1, i.e. ||@n]| < g2t such that || L(z) — L(z1 + ...+ 2,)| < 5.

Now I put = = 3200 @, = limy o0 S0 @, this limit exists because 300 [z, = 0%, 5ir = 2, and
therefore ||z|| < 2. Why Y07, ||z,|| < oo = 77, z, exists? Because X is Banach. In fact

X Banach <« (V(:cn nen € XN Z”IT,H <oo = Zmn ex1sts> .

For any y € By we found = € By such that y = L(z), i.e. By C L[B3].

4. We proved B/, € L[By], therefore L is open.
Proof of this conclusion: Let V' be a neigborhood of € X. Then there exists a ball B.(x) C V. Then —z +V
is a neighborhood of 0 and B. € —z + V. Then L[B.] C L[~z + V], and therefore B..q/2 C L[B.] C L[z + V],
hence B..q4/2(L(x)) € L[V]. This proves that L[—z + V] is a neighborhood of 0. This also proves that L[V] is a
neighborhood of L(z), hence L is open.

5. Further remarks:
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I for any € > 0 there exists z.
By) «—— B such that ||y — L(z.)| <e,
y= Lz

Figure 20: Hlustration for the proof of the open mapping principle.

Theorem 4.39 (inverse mapping theorem). Let X,Y be Banach spaces and L € £(X,Y) be a bijection. Then L~! €
LY, X). O

Proof. Tf L is bijection then L[X] =Y and hence L is open. Then open continuous bijection is homeomorphism. W

Definition 4.40 (graph of a map).

Let X,Y be normed linear spaces and L: X — Y a map. Then the graph I'(L) of L is defined as Y
L) ={(z,y) eXxY |y=L(z)} C X x Y.

X

Remark 4.41. Recall that X x Y can be equipped with norm |[(z,y)|| = ||z]| + ||y||. Then X x Y is normed linear
space and if XY is Banach, then so is X x Y. //

Theorem 4.42 (closed graph theorem). Let X,Y be Banach spaces and L: X — Y a linear map. Then the following
is equivalent:

(1) L is bounded.

(2) I'(L) is closed. O

Repitition: For L: X — Y graph of Lis I'(L) = {(z,y) €e X xY | y = L(x)}.

Theorem 4.42 (closed graph theorem). Let XY be Banach spaces and L: X — Y linear. Then the following is
equivalent:

(i) L is bounded.
(ii) I'(L) is closed (as a subspace of (X x Y, ||(z,9)| = llz|lx + llyllv))- O

Proof.

e “(i) = (ii)”: Let L be bounded and (x,, L(x,)) — (x,y). We need to check (z,y) € I'(L) < y = L(z).
Indeed, because L is continuous, x,, — x implies L(z,) — L(x), and hence L(z) = y.

e “(ii) = (i)”: X xY is a Banach space, and by assumption I'(L) is closed, therefore I'(L) is a Banach space.
Coordinate projections (functions):

x: X XY =X, (x,y) >z
my: X XY =Y, (z,y)—y

For (z, L(z)) € I'(L) we have wx (z, L(z)) = « and 7y (z, L(x)) = y and
my (ny' (2)) = L(x),

where 7y exists as operator 75': X — I'(L), because the operator mx: I'(L) — X is a bijection. Then
Ty © 7r;(1: X =Y.

€0-2L0-GT10¢
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Claim: mx, 7y are bounded maps and 77)_(1 is a bounded map X — I'(L). Proof:

my is bounded: [[my (,y) | = [yl < el + gl - llmy | < 1.

75" bounded as map X — I'(L): mx: I'(L) — X is a bijection and I'(L), X are Banach spaces, therefore 7'
is bounded by the inverse map theorem.

Now consider map
Ty omy : X = I'(L) =Y, (ny omy')(x) = L(2),

then 7y o 7r)_(1 = L, and hence L is bounded as composition of two bounded maps.

Remark 4.43. unbounded operators # not bounded operators //

4.4.1 Application 1: Hellinger-Toeplitz theorem

— see exercises.

4.4.2 Application 2: Projections on Banach spaces

Definition 4.44 (kernel, range). For a linear operator L: X — Y:
Kernel: ker(P) ={z € X | L(z) = 0} cX
Image: im(P) ={yeY |IreX: y=L(x)}CY

Definition 4.45 (projection). Let X be a linear space. A linear operator P: X — X is called projection if Po P = P.

Prop. 4.46. If P is a projection and z € X, then there exists an unique decomposition = y + z such that y € im(P)
and z € ker(P). O

Proof. Existence:

€im(P) cker(P)

We need to check (P(1 — P))(z) = (P — P?)(x) = (P — P)(x) = 0. Uniqueness: Suppose x = y + z with z € ker(P).
Then P(x) = P(y) + P(z) = P(y) = y, where the latter inequality follows from Vy € im(P) : P(y) = y, because if
y € im(P) there exists x € X such that y = P(z), and P(y) = P%(z) = P(z) = v. [ |

Example 4.47. P,: R* > R, P, = (}9), P2="r,.

Figure 21: Illustration of the projection P, = [[1,a], [0, 0]].

¢

Definition 4.48 (sum of subsets). Let X be a lineas space and Y, Z subsets of X. We define Y +Z ={z € X | Jy €
Y, z€Z: z=y+z}.

Definition 4.49 (direct sum of linear subspaces). Let X be a linear space and Y, Z subspaces of X. Then we write
X =Y ®Z provided Y NZ = {0} and Y + Z = X. This is equivalent to the existence of a unique decomposition
r=y-+2zwherey €Y and z € Z.
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Remark 4.50 (algebraic <+ geometric). Given P we define Y = im(P) and Z = ker(P). Given X =Y & Z, we can
define P: X — X given by P(x) =y given = y + 2. Claim: P is projection. //

Question: If X is normed linear space, would the decomposition X =Y @& Z contiuous? (z =y + z)
Answer: This is equivalent to P being bounded.
Proof: y=P(x); x = P(z)+ (1 — P)(z); xp > & = Yn — Y.

Lemma 4.51. Let X be a normed linear space and L a bounded map on X. Then ker(L) is closed linear subspace. O
Proof. Let (z)nen € (ker(L))N be such that z, "3 z. By continuity of L we have 0 = L(x,) "=3 L(z), therefore
L(z) =0, ie. z € ker(L). ]

Theorem 4.52. Let X be a Banach space and Y, Z two subspaces such that X = Y @& Z. Then the following is
equivalent:

(i) Associated projection P is bounded.

(ii) Y, Z are closed. O

Proof.

o “(i) = (ii)”: Put Y = im(P) and Z = ker(P). Then Z is closed by the lemma above, and Y is closed because
Y =ker(1 — P).
Let’s proof Y = ker(1 — P): “C”: If y € im(P) then y € ker(1 — P), because y = P(x) implies (1 — P)(y) =
(1-P)(P(z))=(P—P)(x)=0. “2D”: Let y € ker(1 — P), then (1 — P)(y) =0, hence y = P(y).

e “(ii) = (i)”: Suppose that Y, Z are closed. We want to show that P(x) =y (z = y + 2) is bounded.
'P)y={(z,y) e X xY |z=y+=z}

1%t wersion of the proof:

I'(P) closed & x, = yn+2, and (24, yn) — (x,y) then y € Y. In particular x,, — x and y,, — y, and therefore
zn — 2. We conclude © =y + 2.

2 yersion of the proof:

I'(P) closed < z, = yp + 2n. U (zp,yn) — (2,y) then (z,y) € I'(P). From z, — x and y,, — y it follows
that z, — z such that x = y 4+ z. Since Y and Z are closed, y,, — y implies y € Y and z, — z implies z € Z,
together this implies (z,y) € I'(P). By closed graph theorem, this implies that P is a bounded operator.

Repitition: Banach space X =Y & Z <« P projection with Y = ker(P), Z = im(P)
Claim: P bounded < Y, Z closed

Example 4.53.

(1) Consider ¢ = {(xy)nen sequence | lim,,_,, z, exists}, in particular ¢y C c.
Let Z be a subspace generated by z = (1,1,1,...). Then c=cy ® Z.

Ve€c: x= x9 +_ a -z
~— =~
€co €R

Pz =z( lim x,)
n—roo

=«

(2) Let (X, X, u) probability space u(X) = 1. Random variable is measureable function f: X — R. For f € L}(X)
the expectation value E[F|] of f is

Em:/deu.
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Let H = {f random variable | E[f?] < oo}, then (H, (-,-)) is a Hilbert space, where (f, g) = X — R
E[f - g]. Consider a random variable g and subspace G generated by g, g @>).
G = {h € H | Ifunction F: R - R: h = F o g almost surely}. g :

Now orthogonal projection Py: H — H with im(P,) = G, i.e. the projection corresponding to H = G & G+. And
P,(f) is conditional expectation.
Claim:

VheG: Eh-E[f|g]] = E[h- f] (%)
Proof:

Elh-E[f]g]] = (h, Py (f)) = (b, Py(f) + (1 = Py)(f)) = (b, f) = E[h - f]

Comparison to standard definition:
Def.: Conditional expectation E[f|g] is a unique random variable measureable w.r.t. sigma algebra generated by
g such that (x) holds.
Claim: Py is uniquely defined by requirements (x) and Vf : Py(f) € G.
Geometric interpretation of random variables:

(1= Py)(f) € G+

is an element

dist(G, f) = |12 (f) — flI.

Figure 22: Geometric interpretation of random variables

(3) Example of example (2):

T : Temperature of day

A: Amount of icecream sold in a shop

Tin°C |34 24
Ainkg | 20 10

E[T] : Average temperature of a day in data
E[A] : Average amount of icecream sold in data

E[A|T]: Average amount sold on days with temperature T’
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5.1 The Spectrum of an Operator

Let X complex Banach space, we consider space £(X).

Def./Lemma 5.1 (kernel, image, invertibility). For L € L(X) we have:
kernel of L: ker(L) := {z € X | L(z) =0} C X
image of L: im(L) = {zeX|IyeX: 2=Ly)}CX
invertability of L: L invertible :&= IL '€ L(X): L 'oL=id=LoL!

inverse map theorem: L invertible < ker(L) = {0} A im(L) =X

Definition 5.2 (spectrum). For L € L(X) we have:
resolvent of L: o(L) = {A e C | L— \id invertible} C C

spectrum of L: o(L) := {AeC| ker(L —Aid) # {0} V im(L —\id) # X} CC
point spectrum of L: op(L) = {A€o(L) | ker(L —Aid) #{0}} ={A€o(L) | #0: L(z)=Xr-z} CC

Theorem 5.3 (basic properties of the spectrum).
(i) o(L)Ne(L)=10
(if) o(L)Uo(L)=C
(iii) o(L) is a compact subset of C O
Proof.
(i) v
(ii) By inverse map theorem for each A either ker(L — Aid) # {0} or im(L — Aid) # X or L — Aid invertible.

(iii) Little bit work.
Claim: o(L) is open subset of C (this implies o (L) is closed). ~
Proof: Let A € o(L), then (L — Xid) ™! exists by the lemma below. For each A

1

H(L—)\id . (L—S\id))H - ‘)\—5\‘ < TR

therefore L — Mid is invertible, in particular A € (L), and hence o(L) is open.
We prove (iii) by proving that I'(L) is bounded. [ |

Lemma 5.4 (invertiblity is perserved under small perturburations). Let L € L£L(X) be invertible and S € £(X) such that
|S — L|| < [[L7]| 71, then S is invertible. O

Proof. We calculate:
S=S8—L+L=Lo(L 'o(S—L)+1)
We are going to use the geometric series:

oo

1 1 -
VeeC,lz| <1: 02— (=1)"z™ resp. VzxeC,|z|<1: T2 = RZ:OQL‘"

n=0
Observations:

1. Y0 x™ is absolutely converging (||z™| < [|z[|™), therefore limpy_ o0 Zg:o x™ exists.

2. (1-2) YN ga"=(1-a)- (1+a+a?+...+aV)=1-aN+ =5,

To finish the proof observe that
L7 o (S=L)|| < [|[L7Y - IS = L]l < 1,

therefore L= o (S — L) + 1 is invertible and

St=(Lto(S—L)+1) oLt [ |

2L0-L0-GT0¢
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Prop. 5.5. If [\| > ||L||, then L — Aid is invertible, hence o (L) C By - O

Proof. L — Aid = A\(% —id), and since ||£|| < 1, then

Lemma 1

(L — )\id)71 ahove 7} i <f\/>n —— i ALl

n=0 n=0

Repitition: X complex Banach space, L € L£(X).
— Spectrum o(L) = {A € C| ker(L — X) # {0} Vv im(L — ) # {0}}
— Resolvent p(L) = {\ € C | L — X invertible}
— Claim: o(L) is a compact subset of {\ € C | |A| < ||L|}

5.2 Applications of Spectral Theory
5.2.1 Overview

Overview:

(A) functional calculus

(B) diagonalization

(C) transformation to canonical form

5.2.2 (A) Functional Calculus

Given function f: C — C, the task is to complete f(L).
Example: For f(t) =t we have f(L) = L%

5.2.3 (B) Diagonalization

Little bit of linear algebra. Consider X = C¢ (finite-dimensional) and L € £(X).

Definition 5.6 (eigenvalues and eigenvectors in finite dimensions). Let A € C and x € X \ {0}. If z, solves the equation
L(zy) = A - xy, then z) eigenvector and X eigenvalue.

Remark 5.7. If ker(L — A) # 0, then X € op,(L), i.e. A belongs to the point spectrum of L. //
Prop. 5.8 (Fredholm alternative). In finite dimensions ker(L) # 0 < im(L) # X. O
Proof. L(z) =y is solveable iff det(L) # 0. |
Corollary 5.9. o(L) = set of all eigenvalues of L O

5.2.4 (A) Functional Calculus

Theorem 5.10. Assume that L has d linearly independent eigenvectors (z,,)n=1,...,¢ associated to eigenvalues (A, )n=1,....d-
Then there exists invertible matrix V such that

A 0
. =VLV~'
0 Ad
If L = L* then V=! = V* (unitary). In that case:
A1 0 f(A1) 0
f = and f(VLV Y =VvfL)Vv!

0 A\ 0 f(Aa)

0T-L0-GT0C



5 Spectral Theory 57

O
Prop. 5.11. f analytic
f(L) = L% f(z) dz, -~ such that o(L) C int(y)
2mi J, 2 —L 7 -
Note: 1+ = (2id — L)~ O
Proof.
For diagonal: ¥
! 0
1 % zZ—A1 //;R
— @ f(z) dz
2mi [, 0 . QLJ
z2—Ag
By Cauchy’s formula:
1 fz) _
27Ti7§z—)\1 =F)
|

5.2.5 (C) Transformation to Canonical Form
A quadratic form in R?: z = (21, 22), Q(¥) = 222 + 2z122 + 223, then equation Q(z) = 1.
Representation of () as matrix:

Q) =(ota). 1= (] )

Diagonalization:
11 2 1y 1 /1 1Y\_ (30
2\1 -1 12\@1—1701
Ilustration:
d _ 1
do dy 3
dq T 1e2vel set for
4y =1
——
dy

Figure 23: The level sets of quadratic forms on R? are ellipses. Diagonalization with unitary matrices align these
ellipses with the z- and y-axis

Infinite quadratic form (Hilbert 1906):

Q(x) = r122 + o3 + T3T4 + . ..

5.2.6 Overview

Overview of infinite-dimensional functional case:

(A) - Riesz holomorphic functional calculus
— Functional calculus for L = L*

(B)

Diagonalization of maps L = L*
— Spectral theory of compact operators

(C)  — Only for hermitian operators

These are the topics of functional analysis II.

5.2.7 General Theory
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Definition 5.12 (dual operator). Recall: X, X*. For L € L£(X) define the dual L' € L(X*) by
(L'(@) (@) = ¢(L(z)), p € X", z € X.

Definition 5.13 (annihilator). Let M be subspace of X and N subspace of X*.

annihilator of M C X: M* = {p e X* |Vz e M : o(z) =01ie. |y =0} C X*
annihilator of N C X*: | N = {z € X |VpeN:p(z)=0ie N =0} C X
Lemma 5.14. | (M1) = M. O
Lemma 5.15. Let L € £(X) and denote the dual of L by L' € £L(X™*). Then:
(i) (im(L))* = ker(L')
(i) ker(L) = | (im(L'))
(iii) im(L) = 4 (ker(L')) O

Proof.

(i) Let ¢ € (im(L))*, this means Vz € X : ¢(L(z)) = 0. Because 0 = ¢(L(x)) = (L'(v))(x) it follows that
L'(p) = é), i.(e. )g)pJ_e ker(L'. Let ¢ € ker(L'), then 0 = (L'(¢))(z) = ¢(L(x)), and therefore Vy € im(L) : ¢(y) =0,
ie. ¢ € (im(L))~.

(ii) Do it yourself.
(iii) Taking (i) and applying , (-) implies (iii). |
5.2.8 (B) Diagonalization

Relevance of L’ for diagonalization: We consider d x d matrix L.
Prop. 5.16. Every eigenvalue of L is also an eigenvalue of L', i.e. VA€ C: A€ o(L) = M€ a(L)). O

Proof. Let X\ be an eigenvalue of L, then
ker(L—A)#0 . im(L—X)#X .. ker(L'—\)#0,
hence A is an eigenvalue of L'. |

Prop. 5.17. Let X\ be an eigenvalue associated to x. Let further A be an eigenvalue z5. If A # :\, then x5 €
im(L — A). O

Proof. If A\ € (L), then A € o(L'), hence Vo) € X* : L'(px) = A - px. By (iii), for any = € im(L — A) we have
ea(z) =0.

Theorem 5.18. Suppose again that L has d distinct eigenvalues with eigenvectors xy, then L’ has the same eigenvalues
to which we can choose ¢y with L'(py) = X - ¢, such that

L(x) = Z A cxa - o).

A€o (L) =:right =:left
eigen- eigen-
value value

Why this is diagonalization? It holds that py(zx/) = dxn. If 2 = Z)\EU(L) ATy, then

L(z) = Z Az (x) = Z Ay,

A€o (L) A€o (L)

where ¢y € C. O
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Proof. We know that there exist ¢y with @x(zg) if A # \. Since ) is nonzero, then we can find py = #x$x such

that oy (xy) = 1 where #), = m. Therefore we have sets {oa}reo(r) (basis of X*) and {2x}req(r) (basis of X).

pa(zy) =0y 5. I need to check L(z5) = 325\ co(r) ATapA(25) = 5@5\. [ |
5.3 Spectral Theory of Compact Operators

5.3.1 Introduction
Consider a Hilbert space L?(X,u) =: H. Then for f € H

I£l2 = [ 1@ du(o) < ox.
X
Given ¢ € L*°(X, 1), then we define Ly € L(H) by

(Lo f)(z) = ¢(z) - f(z).
This map has very nice properites:

(a) Ly is bounded:
ILo £1I3 = /leb(w) f(@)? dule) < 19115 - I1F13.
(b) The spectrum o(Ly) is the essential image of ¢, i.e.
Aeo(Ly) & Ve>0: p{reX ||o(x)—Al >e}) >0.
Why? z € o(Lg) iff (Lg — zid) =" exists. If (Ly — 2id) =2, then Liy_.)-1(Lg — 2id)(f) = (6 — 2) "2 — 2)f = f,

and z € o(Ly) iff ¢£Z € L>(X, u).

(c) Ais in the point specturm op(Lg) if p({z € X | ¢(z) = A}) > 0:

Neop(Ls) & IHELXX, )\ {0}: A-falz) = (A~ fi)(2) = (Lofr)(@) = ¢(2) - fa(x)
= 3fn € L*(X,p) \ {0} : f\ is supported on {x € X | ¢(z) = \}

Ezxample: X =R, p= M.
Consider ¢(x) = max{—a, min{z, +a}}.

Then o(Ly) = [—a,+a] and op(Ly) = {—a, +a}. —

(d) If ¢ = ¢, then Ly = Ly*, i.e. Ly is hermitian:
oog) = | T Log an= [ F@)-o(a)-o(w) du(o)
= / o(x) - f(x) - g(x) du(z) = / Lyf-gdu=(Lef,g) = (f Lsg)
X X

(e) Given F: C — C bounded and continuous, then
(F(Lg)f)(x) :== F(op(2)) f(z) <  F(Ly) = L)
Check for F' = @™ Lf = Ly--- Lyf = ¢"f = Lyn .

Theorem 5.19 (spectral theorem for hermitian operators). Let H be a Hilbert space and H € L(H) with H = H*, i.e.
H hermitian. Then there exists measure space (X, X, u) and ¢ € L°°(X) and a unitary map U: H — L*(X, X, p)
such that

H=U"oLyoU. a

Why do we want to compute functions of operators?

¥1-L0-9T0¢C
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Example 5.20 (linear ordinary differential equation). Given ODE %2 (¢) = L(z(t)) where z(t) € X and L € £(X). The
solution of this equation with initial condition z(0) is

x(t) = exp(Lt) - z(0)

because
dx o Lt
a(t) = L(exp(Lt) - x(0)), exp(Lt) = 7;0 ol 0

Example 5.21 (discrete time). Let k € C([0,1]?) and consider map
1
K: C([0,1]) — C([0,1]), (Kf)(z) := / k(z,y) - f(y)dy (Fredholm operator).
0
Assume that Va : fol k(xz,y)dy =1 and that Va,y : k(z,y) > 0. If p(z) is probability density on [0, 1], then

1
/O Kz, 9)p(y) dy

is a density (stochastic map). When we apply K again and again on f, then we get a Markov stochastic process in
discrete time,
Pnt1 = Kpn.

Solution is p, = K"py. What happens if n — co? O
Prop. 5.22 (a criterion for quasi-nilpotence). If o(K) is strictly bounded in By,
VAeC: deo(K) = |\ <1,

then
K™ "=300.

Proof. This follows from Gelfand formula. ]

5.3.2 Spectral Theory of Compact Operators

Example 5.23 (sounds from instruments). Any sound from instruments can be described with that. For example

0%u 0%u
Auy = A = "ol
Ux )\U/\v ’U’(xa y) o2 (LU, y) + 8y2 (.’IJ, y)

for u € L%(£2), where 2 C R? is the shape of the drum. However, L: u — Au is not bounded (not everywhere defined),
in particular non-compact operator. Luckily, (L — zid)~! is compact provided z € go(L). A map R, that maps g to a
solution of Az — zu = g is compact for z ¢ R. O

Definition 5.24 (bounded from below). A map L: X — Y between Banach spaces X,Y is called bounded from below if

3C >0Vz € X : ||Lz|| > C7Y||z|.

Lemma 5.25 (image of bounded-from-below operator is closed). If L € L(X,Y) (between Banach spaces X,Y) is
bounded from below, then im(L) is closed. (]

Proof. Let (yn)nen € (im(L))N such that y, "= 3. To show y € im(L). Because y, € im(L) we have 3z, € X :
Yn = Lx,, and
|zn = zmll < Cllyn = Yml — 0,

i.e. (@n)nen is cauchy, hence z;, "3 x. Tt follows that Lz, — Lz and thus y € im(L). [ ]
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Lemma 5.26 (image of disturbed bounded-from-below compact operator is closed). Let K be a compact operator on a
Banach space X and A # 0. Then im(L — Aid) is closed. O

Proof. Generally, if f € ker(L — Aid) with || f|| # 0, then ||(K — Aid)f|] = 0. So K — Aid cannot be bounded from
below.

So we need a side step: Decompose X = ker(K — A\id) & Y, where ker(K — Aid) is closed. But ker(K — Aid) being
closed subspace is not enough for X to be decomposable. We further need:

Claim: ker(K — Aid) is finite-dimensional.

Proof of claim: K |ier(k—xia)y = Aid. If ker(K — Xid) is infinite-dimensional, then id is not compact, contradicition.

Step 2:

Claim: (K — Md)[Y] = im(K — Xid).

Proof of claim: For each x € X we have x = z + y where 2z € ker(K — \id), and therefore (K — Aid)z = (K — \id)y
onY.

(K — Aid) is bounded from below. [ |

5.3.3 Fredholm alternative
Theorem 5.27 (Fredholm alternative). Let K be a compact map on a Banach space X and A # 0. Then

ker(K — Aid) =0 < im(K — Mid) = X. O

Remark 5.28 (equivalent formulation of the Fredholm alternative). Equation for x with y given: Kx — Az = y. Either
it has unique solution for all y, or it has a nontrivial solution with y = 0. //

Example 5.29 (nilpotence and ker(L) +im(L) = X in finite dimensions). Examples:

Matrix im ker  dimker+dimim ker®im
Li=(}9) X 0 240=2 X
Ly=(39) a-line y-line 1+1=2 X
Ly=(,9) 0 X 0+2=2 X
Ly=(8¢) a-line a-line 1+41=2 x-line

&

£
—~
O
oR
S~—

Table 1: Images and kernels of some linear maps in finite dimensions.

The obstruction for ker L + im L # X is nilpotence.

66

Example in R3:

0 0 1 0 0 O
0 0 0 =(0 0 0 O
0 0 0 0 0 0

Example 5.30 (quasi-nilpotence). Right shift:

R: (* — (* defined by (Rx),, = x,_1, (Rx); =0 ie. (21,22,73,...) — (0,71,72,...)

Then:
ker(R) =0, im(R) = {x | 21 = 0}
Theorem 5.31 (Schauder theorem). K is compact iff K’ is compact. O

Proof of theorem 5.27.

LT1-L0-GT0¢



5 Spectral Theory 62

o ‘ker(K — Aid) =0 = im(K — Aid) = X”: Define M,, := im((K — Aid)™). Then
X=My2 M DM;2...2M,,

we will prove that In e N: M,, = M, 4.

R™(e1) = e,.] Reisz lemma: If U C X is a proper subspace, then there exists € X with ||z|| =1
such that dist(z,U) > % By virtue of the Riesz Lemma I can pick x,, € M,, with ||z,| € M,, such
that dist(x,, My41) (Mpy1 € M,). Claim: (Kz,),en is not cauchy (none of its subsequences).
Proof of claim: For m > n:

First, for construction suppose that M, is a proper subspace M,,. [If e; = (1,0,0,...), then @

|K2zn — Kzl = |(K = Nzp — (K — X)X — Ay + A2y |
= [ly + Aza||
= A3y + 2]
1

>3
Contradiction to K compact. We conclude In € N: M, 11 = M,,.
Claim: M,4+1 =M, = M, = M,_1. Proof of claim: Let x € M, _;. Then:
re€M, .. (K-Nx€M,=M,; =im(K-X\d)"™" - (K-Nz=(K-\""2 - z=(K-\N"2 . =x¢
It follows that M,, C M,,_1 and hence M,, = M,,_1.
By induction im(K — \id) = M; = My = X.

e “iIm(K —Aid) =X = ker(K — Aid) = 0”: Assume im(K — Aid) = X. By Schauder theorem ker(K’ — Aid) = 0.
By part 1 im(K’ — Aid) = X. Tt follows that ker(K — Aid))0.

Example 5.32 (Fredholm equation).
1
Fredholm equation of first type: / K(z,y)- f(y)dy = g(x) where g is given
0
1
Fredholm equation of second type: / K(z,y)- fy) — f(z)dy = g(x)
0

K compact, Kf =g, (K —=0)f =g, (A= 3)f =g, if £+ € 0(K) then for each g exists unique solution f. O



5 Spectral Theory 63

Remark by the typesetter: This section is written by the typesetter of the script, and is not part of the lecture itself.

Sequence spaces (Vs = for all except finitely many)

Vp,re[l,o0]: p<r = P ; Vpe]l,oof: {0} oo S TP Ceg CeC e =F

Table 2: Hierarchy of some sequences spaces.

scalar  re- com- weak- sepa-  isometric
symbol definition prod. ﬂex— plete ly seq. rable  isomorphy comment
space  ive compl.
(FY o) {z € FY | 2 bounded} X X v X X
(¢ Il o) {z € FN | = convergent} X X v X v et ¢ closed in F}
(cosIloe)  {z€FN |z, =5 0} X X v X v o (co)* =LY ¢ closed in FY
(co0, [|'lcc)  {x € FN | Vyn€N: z,=0} X X v coo dense in cg, (2
@) {z e FY] ol < oo} x x v o ()=
(@ 1l2)  {z € FY | [|l2fl2 < oo} v o v v o ()r=e
@1 llp)  {z € FY | [|l2llp < oo} x v v v o=
(2 |lee)  {z €FV | [l2]loo < 00} x x x x

Table 3: Some sequence spaces and their properties. Here p,q € ]1,00[ \ {2} with % + % =1

Function spaces Let X be a set, I an arbitary (index) set, and F € {R, C}.

el ={f: 1 — X X-valued function on I} = {(x;);er X-valued family over I}

Xl ={f e X! | f bounded} X metric space
X = {(x)ier € X' | Vegi €1 : ; = 0}

C(X) ={f: X —TF| f continuous} X topological space

Table 4: Some function spaces.



(COE, 1)
as banach space, 9
as linear space, 6
completeness, 10
dual space of, 37
non-reflexivity, 30
U1(0), B1(0), S1(0) (unit ball/sphere)
norm-compactness of B1(0), 8
shape in /P, 6
weak-compactness of B;(0) C X, 40

weak-sequentially-compactness of B;(0) C X, 47

weak*-compactness of By(0) C X*, 40
FN
as linear space, 6

L' dual space of, 27

L' non-reflexivity, 30

L? as Hilbert space, 13
L? dual space of, 15

L*° dual space of, 27

L non-reflexivity, 30
LPEIL<L dual space of, 27
LPEIL2l yeflexivity, 30

c
as banach space, 9
€o
as banach space, 9
bidual space of, 36
dual space of, 36
non-reflexivity, 30
Cept
as banach space, 9
/P

£' dual space of, 27
2 as Hilbert space, 13
£>° dual space of, 27
eIl qual space of, 26
as linear space, 6
shape of unit balls, 6

H (general Hilbert space)
dual space of, 16
reflexivity, 30

L(M,N) (space of all bounded linear maps), 23

adjoint operator, 31
Alaoglu theorem, 40
annihilator, 58
Arzela-Ascoli theorem, 10
Axiom of Choice, 17

Back-Scholes equation, 41
Baire category theorem, 44, 45

Banach conjugate (of an operator), see dual operator

Banach space, 9
Banach-Bourbaki theorem, 40
Banach-Steinhaus theorem, 45, 47
basis
Hamel basis of vector space
definition, 25

existence, 25
Hilbert basis of Hilbert space
characterization, 19
countable, 20
definition, 18
existence, 18
properties, 18
Bessel inequality, 13
bidual space, 29
bounded from below (operator), 60
bounded operator, 23

boundedness
of a map, 23
of a set, 23

of a set of functions, 10

canonical embedding, 29
category, 44
Cauchy-Schwarz inequality, 13
chopping, 33
closed graph theorem, 51
closure (of a set), 44
compact operator, 31
completition, 30
concentration compactness principle, 37
conditional expectation, 54
continuity

lower semi-continuity, 42
continuous map, 49
convex set, 7

decomposition of identity in Hilbert spaces, 33

diagonal trick, 11, 48
diameter, 23
direct sum (of linear subspaces), 52
dirichlet principle, 41
distance, 7
drum
sound of, 60
dual (of an operator), see dual operator
dual operator, 30, 58
dual space
definition, 15, 24
norm on, 15, 24

equicontinuity, 10
essential image, 59
evaluation functional

as linear functional, 25
expectation value, 53

finite-rank operator, 32
Fourier theory, 21
Fourier transform

application in concentration compactness princi-

ple, 37
Fredholm alternative, 61
Fredholm equation, 62
Fredholm operator, 60
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Gram-Schmidt orthonormalization, 20
graph of a map, 51

Holder inequality, 25
Hahn-Banach theorem, 27-29
half space, open, 28
heat equation, 3, 40
Hermitian conjugate (of an operator), see adjoint op-
erator
Hermitian operator, 31
hermitian operator, 59
Hilbert space, 13
homeomorphism, 49
hyperplane, 15, 28

ideal, 32
image
essential image, 59
image (of a linear operator), 52, 55
inner product, 12
interior (of a set), 44
inverse mapping theorem, 51
invertibility (of a linear operator), 55

kernel (of a linear operator), 52, 55

linear functional, 15, 24
linear order, 16
linear space, 6
subspace, 7
sum, 7
linear span, 7

Markov stochastic process, 60
matrix element, 33
max-norm, see sup-norm
maximal element, 16

Magzur’s theorem, 29
Minkowski inequality, 26

neighborhood, 49
net, 47
nilpotence
in finite dimensions, 61
quasi-nilpotence, 61
norm, 7
equivalence, 7
nowhere dense, 44

open map, 49

open mapping principle, see open mapping theorem
open mapping theorem, 50

operator norm, 23

order
linear, 16
partial, 16

orthogonal complement, 13
orthogonality, 12
orthonormal set, 12

parallelogram identity, 13
Parseval identity, 18

partial order, 16
projection (on linear spaces), 52
projection lemma, 14
projections, existence of
in Hilbert spaces, 14
in normed spaces, 8
projection lemma, 14
projective space, 29
Pythagoras theorem, 12

Radon-Nikodym derivative, 21
Radon-Nikodym theorem, 21
random variable, 53
range (of a linear operator), see image (of a linear op-
erator), see image (of a linear operator)
reflexive space, 30
relative compactness
characterization of, 10
resolvent, 55
Riesz representation theorem, 15

Schauder theorem, 61
Schur’s lemma, 38
separable space, 20
Sobolev spaces, 41
spectral theorem for hermitian operators, 59
spectrum, 55
point spectrum, 55
sum (of subsets), 52
sup-norm, 9

tangent, 28
existence of, 28

unbounded operator, 25
uniform boundedness principle, 44, 45
upper bound, 16

Volterra equation, 4

weak convergence, 34
weak topology, 38
weak* convergence, 35
weak™ topology, 38

Zorn’s lemma, 17
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