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Exercise 1 (5 points). Decide for which combinations of X, Y ∈ {C([−1, 1]), L2([−1, 1])},
the prescription

T : X → Y, Tf(x) := f(x2)

defines a bounded linear map T ∈ L(X, Y ), and compute ‖T‖X→Y when it does.

Many special polynomials are the result of an orthogonalization process in a given
Hilbert space. Here is an example:

Exercise 2 (5 points). Do the Gram-Schmidt orthogonalization process of the monomials
1, x, x2, x3 in L2[(−1, 1)] to obtain the first four Legendre polynomials.

Note: Up to normalization, the orthogonalization of 1, x, . . . , xn yields the nth Legendre
Polynomial given by

Pn(x) :=
1

2nn!

dn

dxn
[(x2 − 1)n].

Although we said in the lecture that objects in (`∞)∗ do not possess an explicit de-
scription, we can still study them. Elements of (`∞)∗ that are not represented by an
element in `1 are sometimes denoted by LIM.

Exercise 3 (5 points). In the following let `∞ := `∞(N,R) (i.e. the R-vector space of
real-valued bounded sequences).

(a) Prove that there exists a function LIM : `∞ → R such that

(i) LIM(z + αw) = LIM(z) + αLIM(w) for all z, w ∈ `∞, α ∈ R,

(ii) lim infn→∞ zn ≤ LIM(z) ≤ lim supn→∞ zn for all z ∈ `∞,

and furthermore that for any z ∈ `∞ for which limn→∞ zn exists we have

(iii) LIM(z) = limn→∞ zn.

(b) What are the possible values of LIM(x) for x = (xn)n∈N, where xn := (−1)n?

(c) Find the set {(LIM(x), LIM(y)) |LIM satisfies (i)-(iii) in (a)} ⊂ R2 for x as in (b)
and y = (0, 1, 0, 1, 0, . . . ).
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We remark, that a LIM that is invariant under left-shift, LIM(x1, x2, . . . ) = LIM(x2, . . . ),
is called a Banach limit.

The Hahn-Banach theorem has many algebraic and geometric versions and several
closely related consequences. Here we show some of its corollaries:

Exercise 4 (5 points). Let X be a normed linear space, let Y ⊂ X be a subspace, and let
f ∈ Y ∗. Prove that there exists F ∈ X∗ such that F |Y = f and ‖F‖X∗ = ‖f‖Y ∗.

Exercise 5 (5 points). Let X be a normed linear space and x0 ∈ X.

(i) Let Y be a proper subspace of X such that x0 6∈ Y and d := dist(x0, Y ) > 0. Prove
that there exists f ∈ X∗ with f |Y = 0, f(x0) = d, and ‖f‖X∗ = 1.

(ii) Let V be a closed proper subspace of X such that x0 6∈ V . Prove that there exists
f ∈ X∗ such that f |V = 0 and f(x0) 6= 0.

For general informations please visit http://www.math.lmu.de/˜gottwald/15FA/
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