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Exercise 1. [20 points]

Suppose that f1, f2, f3, · · · is a sequence of functions in H1(Rn) such that fj ⇀ f and (∇ fj)i ⇀ gi for i = 1, 2, · · · , n
weakly in L2(Rn). Prove that f is in H1(Rn) and that gi = (∇f)i.

Exercise 2. [20 points]

Let f be in Lp(Rn) with 1 ≤ p ≤ ∞. Define

gt := (et∆f)(x) =

∫
Rn

et∆(x, y)f(y) dy,

where et∆(x, y) is the heat kernel on Rn × Rn. Prove that

1. ∆gt = d
dtgt

2. limt↓0 gt = f (as a strong limit)


