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Exercise 1. [10 points]

1. Let p>1,1/p+1/p’ =1 and let A denotes an arbitrary measurable set of finite measure. Prove that

[£llp.w == sup |A|71/p, / |f(2)] dz,
A A
is a norm in the space
LP?(R™) := {f mesurable | sup o/{z : |f(z)| > a} VP < oo}.
a>0
2. Define
(Flpw =supal{z : [f(z)| > a}["/7.
a>0

Prove that for p > 1, there exist two constants C and Cs, independent of f such that
Cilf)pw < flpw < C1{f)pw-

Exercise 2. [10 points]

Let f € LP(R™), h € L"(R™), g € LL(R™), with co > p,q,r > 1 and 1/p+1/q+ 1/r = 2, prove that

/ . L. @@= hly) dzdy| < C(p.g,m. )| lpllglool bl

for some constant C(p,q,r,n).

Exercise 3. [10 points]

Let f € LP(R™), g € LL(R™) with co > p,q > 1. Prove that

1 n 1/
o7 < 5 (Ggmsy) - Clnn/algll
with 1/p+1/g=1+1/r.
Exercise 4. [10 points]

Let 0 < A < n and let f € L*/(7»=2)(R"), with f # 0. Prove that that

/n - f(@)|z =y~ f(y) dady > 0.



