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Exercise 1. [10 points]

Let 1 < p < oo and let fj, be a sequence in LP(€2). Consider the set K C LP(Q),

K = {defk, with m arbitrary and de =1,d > O}
k=1 k=1

and let K C LP() be defined as
K:=KU {f € LP(Q)] f is a limit of Cauchy sequences of elements of IN(}

Prove that K is a closed set.

Exercise 2. [10 points]

Let ‘H be an Hilbert space. Prove that whenever {¢,,} is a collection of bounded linear functionals on H such that for
every © € H, sup,, [{n(x)| < co. Prove that sup,, ||, < oo.

Exercise 3. [10 points]

Let H be an Hilbert space and let K be a convex set in H which is also a norm closed set. Let x € H but not in K
and define the distance as

D = dist(z, K) = inf ||z —
ist(2, K) = inf lo -yl

Prove that then there exists § € K such that D = ||x — |-

Exercise 4. [10 points]
Prove that
1. If f,g € L*(R") then f * g € L*(R").
2. If f € LP(R™) and g € LY(R™) with % + % =1, then fx g€ L®°(R") and f % g tends to 0 at infinity.



