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Exercise 1. [10 points]

Let ¢ : R — [0,1] be a smooth function on the real line with ¥(t) = 1 for t < 1 and ¥(t) = 0 for ¢ > 2. For d € N,
a € (0,d), and x € R\ {0}, we set fo(x) := 9(|z|)|z|~*. Decide for which a € (0,d) we have f, € H'(R9).
Hint: Use the Sobolev inequalities.

Exercise 2. [15 points]

For every ¢ € H*(R?), define:

el [ Vel + [ deV@i@P, (1)

Eo := inf{E[Y] |4 € H'(RY), ||y r2 = 1}. (2)

1. Let d €N, d >3 and V € LY?(R?) is real-valued. Prove that Ej is non-negative, Ey > 0, provided ||V a2 is
sufficiently small.

2. Let d = 2 and let £ > 0 and assume that V € L'*¢(R?) + L>°(R?) is non-positive, V < 0, and does not vanish
almost everywhere. Prove that Ey < 0.
Hint: Pick some 9 € C*°(R,[0,1]) such that 9 =1 on (—o0,1) and ¥ =0 on [2,00] and set xg(z) := I(FIn|z|)
for R>1 and x € R2. Use xg to define a trial function.

3. Find sufficient assumptions on V' in dimension d = 1 to have Ey < 0.

Exercise 3. [15 points]

Let £(p) be the Thomas-Fermi functional,

3 7
Err(p) == 5 e dz p(z)*® — ” dx mp(x) + D(p; p), (3)

where Z > 0 is a fixed parameter and

1 z)p(y
D(p,p) := */ / dxdym- (4)
2 Jrs Jrs |z —yl
1. Prove that Err(p) is a strictly convex functional on the domain Cx defined as
Cer{p\pZO,/ p<oo,p6L5/3(R3)}ﬂ{p\ p=N} (5)
R3 RS
Hint: Use that D(p1,p2) < D(pl,pl)%D(pg,pz)%.
2. Let
E(N):= inf Err(p), (6)
peECN

prove that F(N) is a convex function of N.



