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Problem 9 The sequence (f,),>o of Fibonacci numbers is recursively defined by

Jo:=0, fi:=1, frori = fot+ for, (n21).
fn+1

n

Show that the limit lim

n—oo

exists and equals the golden ratio
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Problem 10 (Continuation of Problem 9)
a) Show that the CF expansion of ¢ is

¢ = cfrac(1,1,1,1,1,...)

and that the n-th convergent Pn o this continued fraction equals ;"JFQ.
dn n+1

b) Prove that for every constant ¢ > /5 the inequality
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’gb — —’ < —5, P, q positive integers,
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has only a finite number of solutions.

Problem 11 Sylvester’s sequence (.Sy,),>o is recursively defined by
n—1
So = 2, Sh ::1+HSV, (n>1).
v=0

Hence the series begins with (2, 3,7,43,1807,3263443, .. .).
a) Show that the series can also be defined by

So:=2, Sy =82-8,+1, (n=0).
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b) Prove that

Problem 12 (Continuation of Problem 11)
Cahen’s constant is defined by
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a) Show that another way to define C'is
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b) Consider the CF expansion C' = cfrac(ag, a1, as, as,...) and prove that all coefficients
a, are squares, in fact

C = cfrac(0,1,1,1,4,9,196, 16641, . . .).

These problems will be discussed Wednesday, May 22, 2024, 16-18 h



