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Problem 5 Let 2 = cfrac(ag, a1, as, as, ...) be the CF expansion of an irrational number
x and let

P _ cfrac(ag, ai, as,...,a,), n=0
an
be its convergents. Prove
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Solution. We use the fact that the convergents Pnand 242 Yie on the same side of x.
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We now estimate the latter difference
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Problem 6 Let cfrac(ag, ai,as,...) be an infinite continued fraction with a, € R (not
necessarily integers), a, > 0 for v > 1. Prove that the continued fraction converges iff

[
E a, = OQ.
v=1

Solution. From the formula for the n-th convergent

n—1
Dn 1
= —ag+ Y (-1)
Qn V:D( qvqv+1

it is evident that it suffices to prove:



o0

a) If Z a, < oo then (g,) remains bounded for n — oc.

v=1
b) If Z a, = oo, then lim ¢,q,.1 = oco.
n—oo
v=1

Proof of a) Let ¢ := max(qo, ¢1). We will show by induction on n > 1, that

n

qnch(lJraV).

v=1
This is trivial for n = 1.

Induction step. From the recursion formula ¢, 1 = a,11¢, + ¢,—1 and the induction hypo-
thesis one gets

n n—1 n+1
In+1 S Qpy1 H(l +a,) + H(l +a,) < H(l +a,), q.ed.
v=1 v=1 v=1

Proof of b) Let ¢y := min(qo, ¢1). From the recursion formula ¢, = a,¢,—1 + ¢,—2 we get
for even n = 2k

k
Qor = Co and Gk = Co Z e
(=1
and for odd n =2k + 1

k
Qort1 = Co and Qok+1 = Co E A2041-
—1

Since Y7, a, = 00, at least one of the infinite series lezl Q9p OT ZIZ:I agp41 diverges.
In the first case, lim ¢op = 00. Since o1 = ¢ for all k, it follows that lim ¢,q,.1 = oco.
k—o0 n—0o0

The second case is handled analogously, q.e.d.

Problem 7 Let A be the set of all irrational numbers 0 < z < 1 whose decimal expansion

T = i ¢, 107"
v=1

satisfies ¢, # 9 for all v. Prove that A has Lebesgue measure 0.

Solution. Let A,, be the set of all real nmbers 0 < z < 1 whose decimal expansion

T = i ¢, 107"
v=1

satisfies ¢, # 9 for 1 < v < n.

We will show that the Lebesgue measure of A, satisfies

MAL) < (9/10)".



Let X,, be the set of all numbers
=Y ¢l0*  withe €{0,1,2,...,8}.
k=1

The number of elements in X, is #X,, = 9" and we have

A, C U [z, 2 +107"[.

Xy

Therefore

AMA,) <9107 = (%)”

Since A C ﬂ A, it follows

n=1

0<A(A) < lim M(A,) =0, q.ed.

n—oo

Problem 8 Let M be the set of all positive integers m whose decimal representation

N
m = Z ¢, 107
v=0

satisfies ¢, # 9 for all v. Prove that

1
E — < 0oQ.
mEMm

Solution. Let M, be the set of all n-digit numbers in M, i.e. the set of all positive integers

n—1
m=> ¢,10" withc, €{0,1,2,...,8}, c,q #0.

v=0

We have #M,, < 9". The smallest element of M, is 10"~!. Therefore
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