MATHEMATISCHES INSTITUT WS 2012/13
DER UNIVERSITAT MUNCHEN November 30, 2012
ProOF. OTTO FORSTER

Riemann Surfaces
Problem sheet #7

Problem 25

(Cf. problem 19) Let p : X3 — P; be the Riemann surface of v/1 — 23, i.e. of the algebraic
function defined by the polynomial

w? + 2° — 1 € M(Py)[w], M(Py) = C(2).

a) Determine all zeros and poles of the differential form dz on Xj.
b) Prove that the differential form w := dz/w? is holomorphic on X3 and has no zeros.

Problem 26

Let X be a Riemann surface. For Y C X open, the conjugation conj : EM(Y) — £W(Y)
is defined as follows: With respect to a local coordinate neighborhood (U, z) a differential
form w can be written as w = fdz + gdz. Then conj(w) := fdz + gdz.

a) Show that this definition is independent of the local coordinate and thus conj is well-
defined. One writes briefly w for conj(w).

b) Prove the following formulas for g € £(Y), w € ED(Y):

dg=dg, dg=dg, d'g=dg, §w=g®
¢) If ¢:[0,1] — Y is a piecewise differentiable curve and w € £V (Y), then fc_w = [
Problem 27

a) Let X be a Riemann surface and U C X open. Prove that a function h € E(U) is
harmonic if and only if the differential form d'h is holomorphic.

b) Let A : X — R be a real harmonic function. Prove that all periods of the differential
form w := d'h € Q(X) are purely imaginary.

¢) For h and w as in b), prove that h is the real part of a holomorphic function f : X — C
if and only if all periods of w vanish.
Problem 28

Let X =={2€C:r <|z]| <R},0<r <R< oo, and let v : X — R be a harmonic
function. Using 27c), prove that there is a constant ¢ € R and a holomorphic function
f X — C such that

u(z) = clog |z| + Re(f(2)) for all z € X.
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