Mathematisches Institut Universität München

Thomas Vogel, Zi. 308 thomas.vogel@mathematik.uni-muenchen.de

Foliations and Subriemannian Geometry, WS 02/03, (Prof. Kotschick) Problem sheet 9

1. Let T M = V ⊕ H.

a) Show that there exists an affine connetction ∇ such that ∇H = 0. b) Now assume that both V and H are integrable. Show that there is an affine connection which is torsion free and satisfies ∇H = 0.

2. Show in the following cases that the foliation F of dimension one is geodesible.

a) F is spanned by the Reeb vector field of a contact form α on M. b) Let φ : M → M be a diffeomorphism. We consider N = M ×[0, 1]/ ∼ where (x, 0) ∼ (φ(x), 1). Now let F be induced by the second factor in M × [0, 1].

3. Let S^3 and S^2 carry their standard metrics. Consider the Hopf fibration π : S^3 → S^2 and the Hopf vectorfield H on S^3. (H has length one and is tangent to the fibers of π.) Let Z be the gradient vector field of f(x, y, z) = z on S^2. Define C = H^⊥ ⊂ T S^3 and let W by the unique vector field which is tangent to C and Dπ(W ) = Z.

Let F be the foliation on S^3 spanned by X = H + W . To prove that F is not geodesible we proceed by contradiction. By the theorem of Wadsley, if F is geodesible, there is a vector field V tangent to F and a one–form α such that

i_V α = 1 and i_V dα = 0 . (1)

a) Show that F has exactly two closed orbits. Describe F and the asymptotic behaviour of the flow of X.

b) Show that α ∧ dα = 0.

You can proceed as follows: Show that the flow φ of V preserves α ∧ dα. Fix a volume form μ on S^3 such that −μ < α ∧ dα < μ . Now we argue by contradicton. Assume α ∧ dα ≠ 0 at p ∈ S^3 and p does not lie in a closed orbit of X. Let U be a small neighbourhood of p. Use μ to show lim_{t→∞} Z φ_t(U) α ∧ dα = 0 and conlude that α ∧ dα = 0 everywhere.

c) Use (1) to show that dα = 0. Find a contradiction to the geodesibility of F.

4. Let ρ : π_1(B) → Diff(F ) be a homomorphism. Let F be the horizontal foliation of the associated flat bundle M = (B̃ × F )/π_1(B) → B. (As usual, B̃ is the universal covering of B.)

a) Prove that the horizontal foliation on M is geodesible and exhibit Riemannian metrics for which it is totally geodesic.

b) Now assume Im(ρ) ⊂ Isom(F, g) for some Riemmanian metric g on F . What can be said about the geodesic and Riemannian properties of the horizontal and vertical foliations on M.

Please hand in your solutions during the lecture on Wednesday, 18.12.2002.