.3 The ultraviolet divergence due to the electrons (Version (604-21)

In thig gection we will follow closely Freeman Dygon's computation of the vacuum polarization of the
Dirac sea:

Advanced Quantum Mechanics,
F. Dyson, http://arxiv.org/abs/quant-ph/0608140

Due to the ill-defined equation of motion, aleo here we will come acrose several infinitieg in the
computation, some of which can be argued “away for phygical reagong, and otherg which remain
without introducing a renormalization scheme. Heurigtically, we may interpret the occurrence of thege
infinitieg ag reminigcent of the infinitely many particles making up the electrodynamic vacuum.

The necegsary renormalization echeme will allow to arrive at a finite quantity up to second order but
will lead 1o the infamoug “Landau pole” problem when carried out gelf-congistently.

Thig gection will serve ag the motivation of a rigoroug congtruction of the time evolution that will be
the content of the lagt mathematical part of thig lecture.



Let ug recongider the QED Hamiltonian
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But thig time let ug neglect the photone and all their discuseed probleme to see what we will have to
deal with concerning the electrong. We will therefore replace A™ by a emooth external four-
vector potential. The requlting so-called external field Hamiltonian reads:

HA _ S&'SX Kﬁ(a,&) (-4 z;vx-wv\) Ulox) + QZ(O/K> %(0,5) 7['(0,5)]

Already without further interaction, the generated dynamics bareg an ulftraviolet problem. To
understand it origin it i useful to congider for example the vacuum expectation value of the current:
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Thig integral clearly diverges.

- [t is the expectation value of the current of the gea of infinite negative energy electrong which fill
the Dirac gea.

+ Note that the gea particles are g0 homogeneously digtributed that the expectation doeg not depend
on the gpace-time point x.

- Since we are interegted in the relative current that i generated due to the potential A one argues
that we may neglect thig "free” current. A procedure that ie encoded into the so-called "normal
ordering” of the current.
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Hence, even granted the dropping of unphygical termg, the perturbative treatment of the celf-
congigtent vacuum polarization ig very ungaticfactory. Recall that the hope for a perturbative
treatment wag baged on the emallnegs of 2L . Now we find that the renormalization method
requires fo treat large L !

Dirac '75: Most physicists are very satisfied with the situation. They say: 'Quantum
electrodynamics is a good theory and we do not have to worry about it any more.'

| must say that | am very dissatisfied with the situation, because this so-called 'good theory' does
involve neglecting infinities which appear in its equations, neglecting them in an arbitrary way.

This is just not sensible mathematics. Sensible mathematics involves neglecting a quantity when
it is small — not neglecting it just because it is infinitely great and you do not want it!



Further reading:

Recently more and more attempte are being made to treat the external QED model in full
mathematical rigor. Here are gome exampleg that may serve ag an introduction to the topic:

1) Hartree-Fock approximation of the ground state, e.q;

On the Vacuum Polarization Density Caused by an External Field,
C. Hainzl, AHP, 2004

Two Hartree-Fock models for the vacuum polarization
P. Gravejat, C. Hainzl, M. Lewin and E. Séré, JEDP, 2012

2) Conetruction of the time evolution

Time Evolution of the External Field Problem in QED
D.-A.D., D. Dirr, F. Merkl, M. Schottenloher, JMP, 2010

A Perspective on External Field QED,
D.-A.D., F. Merkl, Quantum Mathematical Physics, 2015

3) Construction of the scattering operator

Scattering matrix in external field problems,
E. Langmann, J. Mickelsson, JMP, 1996

Finite Quantum Electrodyanmecis,
G. Scharf, Springer, 1989



Appendix A: Computation of the Green's functiong for Dirac's equation
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Appendix B:

Unfortunately Dyson ugeg hig own notation in hig great Advanced Quantum Mechanics lecture
noteg. Above we have uge the gtandard notation and below are a few hinte how to tranglate
Dygon'e notation into oure.
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