[ QED: lis state and ite problems (Version [60815)

The aim of thig introductory part ig to gain an overview on the conceptual and mathematical problems
in the current formulation of QED.

We start by recalling come key ideag that led to the method of second quantization and discusg the
reculting difficulties in finding an equation of motion. The abgence of a well-defined equation of
motion led people to abandon it in favor of an informal expansion of a seattering matrix. Thig
approach gave rige to the go-called “perturbative formulation” of quantum field theory.

A etraight-forward expangion of the scattering matrix, however, inherite all the difficultie from the ill-
defined equation of motion it ie baged on. Thege difficulties exprese themgelveg in termg of infinities
when computing scattering matrix coefficiente, which then have to be "renormalized". Thig
renormalization ig implemented by meang of symbolic manipulation employing an algorithm that can be
cast conveniently in terme of Feynman diagrame and the appropriate rules to assign complex number
valueg to them. With thig algorithm, each order in the expangion of gcattering matrix coefficiente in
QED can be asgigned a finite value - a fact that ig referred to ag "renormalizability of QED".

However, even after renormalization of each order in the expangion, the question ariges whether the
aum of renormalized orderg converges. We briefly discuse the mathematical obstacle involved by
meang of a simple example. To date, the convergence behavior of the expangion in QED in 3+
dimension ig unknown, though toy modele euggest that it ie doubtful. Thig means that currently we
may only trugt lower order termg up to an unknown order to give good approximationg to physical
entitieg we want to compute. Furthermore, informal approximationg of thig kind also come without
good hinte ag to in which regime they are valid -- not to mention providing an estimate of the error.

Neverthelesg, it ig a fact that these lower order termg served ug very well in gcattering experiments
auch ag conducted, e.g., at CERN. Next-generation experimente might, however, be able to probe
QED beyond thig perturbative regime and call for a "non-perturbative” formulation of QED, i.e.,
formulation where at least the expangion can be controlled.
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Key ideas that led to QED <

- vacuum congigte of “sea of electrong” electrong [Dirac 1934
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- with available energieg, the vacuum ig only disturbed at “cea level
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+amore economic deseription, taking account only of the perturbations of the undisturbed vacuum
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o need to allow for a varying number of excitations!

o naturally leads to Fock space description employing creation/annihilation operators

A Congequently, the economic degcription is w.r.t. one gpecial state euch ag S .
* e, ground gtate of the free theory like above;
- ground tate of the interaction theory -~ more natural but extremely complicated;

+ choice hag 1o be adapted to congtruet the time evolution -- digcussed later.
* best viewed ag choice of coordinates



Short-hand notation [Schweber Ch. 8]
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- A gimilarly economic degcription ig ugeful for the electrodynamic fields:
o in termg of excitations w.r.t. to a reference field, e.qg., the Coulomb field of a charge
o consequently, the number of excitations varieg
o which leads to a bogonic Fock epace degceription [Schueber Ch. 9]
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These ingighte led to what ig called second-quantization of the coupled non-linear field equations of
quantum electrodynamics:
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The corregponding clasgical action reads
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Since every state can be degcribed in termg of annihilation and creation operators of excitationg it is
convenient to define the time evolution w.r.t. o thege operators:

[nformally, thig can be achieved by finding a repregentation of the above CCRg, e.g,
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and writing down a Schrodinger equationg wir.t. a time zero Hamittonian, derived from the action in
(3], in termg of the field operators above:
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[mmediate questions
* [n which genge are the field operatore defined?

* On which gpace do they act?
+ Can we define an initial value problem?

Thig program hag never been successfully carried out.
In fact, finding an equation of motion wag abandoned completely.

[ngtead, one adopts the informal S matrix expansion from quantum mechanics:
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Unfortunately, not even order by order, not to mention the limitg, thig can be interpreted ag a well-
defined expreggion.



Many symbolic manipulationg have to conducted on the integrand such ag:

- normal ordering due to the infinitely many charges in the Dirac gea;
* masg renormalization due to the ultraviolet/infrared divergence of the photon field;
- charge renormalization, again due to the infinitely many chargeg in the Dirac gea.

Only then, the n-th eum and of the above expresgion makes senge.
Even after all thege manipulationg, convergence of the sequence ig unknown.

- Not every Taylor gerieg hag a sufficiently large convergence radiug
- A gimple example that caricatureg the problem ig the following;
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Neverthelegs, the firet couple of orders give a good approximation even though the gerieg diverges:



for a=0.01
log|f(a)-fn(a)|
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State-of-the-art:

- QED lacke an equation of motion;

+ The informal S matrix expangion can only be trugted to some unknown finite order;

- The exact regime ig unknown in which the firt order give a good approximation;

- In @” theory, the informal S matrix expangion in 3+ dimengiong diverges.

+ In fact, the theory becomeg trivial, which raigeg question about the perturbation regult;

- Yet, there ig not a gingle non-trivial QFT in 3+ dimengiong that can be analyzed non-
perturbatively;

For an overview of the non-perturbative ctate see
(Strocchi, 2013: An introduction to non-perturbative foundationg of QFT]



Begide these mathematical problems, it would be silly to neglect the tremendous euccess of
perturbative QFT.

But, we chould be prepared to find out that come of the perturbative recipes are may be too naive
and do not apply anymore in extreme regimes in which electrong are expoged to strong fields for
long times.

Next generation experimente such ag the ELI may already call for a non-perturbative understanding
of QED.

[n the mathematical part of thig lecture, we will digcuse the major problems in finding an equation of
motion or an S matrix ag well a¢ come recent advances.






