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Abstract

Two-body Dirac operators, formally given by
Hopp = (it - Vg + fm) @ 1d +id @ (—io - Vy + m) + Vexy + Vine,

find broad application in relativistic quantum chemistry and describe two via Vi, in-
teracting electrons in the external field V. of a nucleus. Contrary to Brown-Ravenhall
operators, Hopp is defined without spectral projections, and thus, not bounded from be-
low. Despite the frequent use of Hopp in relativistic quantum chemistry, only very few of
its mathematical properties are known in the mathematical physics literature. This was
brought to the attention of the mathematical physics community by Jan Derezinski in
2012. The present work addresses the questions of domain, self-adjointness, and spectrum
of Hopp in mathematically precise form.

For our main result, we assume two electrons with interaction of Coulomb type in the
vicinity of an extended nucleus. We construct a self-adjoint extension of Hogp which is
uniquely distinguished by the criterion of finite potential energy. Since unbounded inter-
action potentials cannot be relatively bounded by the free two-body Dirac operator, we
make use of a particular Frobenius-Schur factorization of Hogp and infer self-adjointness
as well as uniqueness from the Schur complement. The coupling constant of the interac-
tion + is restricted to values |y| < 2/7.

Moreover, we show by means of explicit examples that elements of the domain D(HQBD)
may exhibit infinite single particle kinetic energy. This unphysical phenomenon already
occurs in the free case and is therefore no artifact of unbounded potentials. On the one
hand, it vanishes when antisymmetric states are considered. On the other hand, initial
states with finite single particle kinetic energy cannot evolve into states with infinite
energy under the full time evolution.

As regards the spectrum of Hsopp, we identify the essential spectrum as R and show
absence of eigenvalues |E| > 2m, where m is the electron mass.
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Zusammenfassung
Zwei-Teilchen Dirac-Operatoren Hopp, formal gegeben durch
Hopp = (—ia - Vg + fm) @id +1d ® (—ia - Vy + fm) + Vexe + Ving,

kommen héufig in der relativistischen Quantenchemie zur Anwendung und beschreiben
zwel mittels Vi wechselwirkende Elektronen im externen Feld Vi eines Nukleus. Im
Gegensatz zu Brown-Ravenhall-Operatoren wird Hogp ohne Spektralprojektionen defi-
niert und ist daher nicht von unten beschrankt. In der mathematischen Literatur sind—
trotz der weiten Verbreitung in der relativistischen Quantenchemie—mnur sehr wenige
Eigenschaften von Hopp bekannt. Diese Tatsache war von Jan Dereziniski im Jahre 2012
an die Mathematische Physik Community herangetragen worden. Die vorliegende Arbeit
geht der Frage nach Definitionsbereich, Selbstadjungiertheit und Spektrum von Hspp in
mathematisch préziser Form nach.

Fiir unser Hauptresultat nehmen wir Elektronen mit Coulomb-Wechselwirkung in der
Néhe eines ausgedehnten Nukleus an. Es besteht in der Konstruktion einer selbstad-
jungierten Erweiterung von Hspp, die durch das Kriterium endlicher potentieller Ener-
gie eindeutig ausgezeichnet ist. Da ein unbeschrinktes Wechselwirkungspotential nicht
durch den freien Zweiteilchen-Dirac-Operator relativ beschréankt werden kann, greifen wir
auf eine bestimmte Frobenius-Schur-Faktorisierung von Hsgp zuriick und folgern sowohl
Selbstadjungiertheit als auch Eindeutigkeit der Erweiterung aus dem Schurkomplement.
Die Kopplungskonstante der Wechselwirkung «y ist auf Werte |y| < 2/ beschrankt.

Wir zeigen weiterhin anhand von explizit konstruierten Beispielen, dass Elemente des
Definitionsbereiches D(ﬁQBD) nicht notwendigerweise endliche kinetische Einteilchenener-
gie aufweisen. Dieser unphysikalische Umstand tritt bereits im freien Fall auf und ist
daher kein Artefakt unbeschrénkter Potentiale. Er kann zum einen durch Einschrankung
auf antisymmetrische Zustdnde umgangen werden. Zum anderen konnen zwei wechsel-
wirkende Elektronen mit endlicher kinetischer Einteilchenenergie nicht in Zustédnde mit
unendlicher kinetischer Einteilchenenergie streuen.

Was die Untersuchung des Spektrums von Hogp betrifft, so identifizieren wir das
wesentliche Spektrum als R und zeigen, dass keine Eigenwerte im Bereich |E| > 2m
auftreten, wobei m die Elektronenmasse ist.
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1. Introduction

1.1. Many-body Dirac operators

This thesis studies properties such as self-adjointness of two-body Dirac operators (2BD
operators) and also investigates their domain and spectrum. 2BD operators are formally
given by

Hopp = Hy + Vext + Ving
= (—ia-Vp+ m) ®id+id @ (—ia - Vy + m) + Vexe + Vint, (1.1.1)

where Hy denotes the free 2BD Dirac operator, Vi, an interaction potential, and V.
the external field. Before we summarize our results in the next section and define Hopp
rigorously in Section [2.1] we want to describe the context of their application and their
status in the literature.

In contemporary relativistic quantum chemistry, 2BD operatorsf'_-] find broad application
in the description of two electrons of mass m in an external field V., interacting via an
interaction potential Vi,;. This models, e.g., the Helium atom. The main objective in the
literature is the investigation of energy levels or spectral lines, i.e., the spectrum of Hopp,
via numerical simulations; see [Liul2] for an overview, and concerning spectral properties,
e.g., [JBLI7|, [Liul2|, [PBKO0G|, [PBKOT7|, [WNTOT7|, and [WNT10]. There is, however,
an ongoing debate concerning the nature of these spectral lines. Some authors believe,
they correspond to true eigenvalues of Hspp (see, e.g., [Liul2]), while others regard them
as resonances (see, e.g., [PBKOQT7|, [PBK06|, and [BPKO0S|). That this debate lacks a
firm mathematical foundation was brought to the attention of the mathematical physics
community by J. Dereziniski in 2012. In [Der12], he reports on his correspondence with the
chemist B. Jeziorski on this topic. In particular, Jeziorski notes that, although important
properties such as self-adjointness or existence of eigenvalues of Hogp are not proven, the
“Hamiltonian [Happ]/ is used by chemists in hundreds of papers every year ... with a tacit
assumption that it has square integrable eigenfunctions.” Derezinski concludes that the
lack of a rigorous mathematical study of Hogp poses well-defined mathematical problems,
which are of great interest for relativistic quantum chemistry. This thesis is one of the
first works addressing these problems.

In contrast to many-body Schrédinger operators, the mathematical physics literature
on many-body Dirac operators is rather sparse. This is on the one hand due to the
widespread conviction among physicists that, in the relativistic realm, quantum field

In the relativistic quantum chemistry literature, the notation Hpc is more common. It stands for
Dirac-Coulomb Hamiltonian. Since in this thesis the Coulomb potential is not the only potential
considered, we introduce the notation Hopp which stands for two-body Dirac Hamiltonian.



theory, i.e., a description of many particles in terms of Fock spaces and creation and
annihilation operators, is more adequate. “On the other hand, the treatment of relativistic
multi-particle quantum systems is notoriously difficult . .. [even for] the naive Hamiltonian
... [Ho] ... of two non-interacting free Dirac particles ...” (see [SieQ]).

One hardly encounters many-body Dirac operators of the form in the literature.
If they are mentioned at all, one often finds only the statement about the essential
spectrum oes(Hopp) = R, albeit without proof (see, e.g., [Mor08|, [BES05]). Some
rigorous works in the surroundings of many-body Dirac operators are, e.g., [HLS07| and
[Sie06]. That in general not much is known in the literature on many-body Dirac operators
regarding self-adjointness or spectrum, is the content of [Der12|. This problem also finds
a mention in [Lev14]. The preprint [OKY14] is to our best knowledge the only article in
the mathematical literature that attempts to treat Dirac operators of the form (|1.1.1]).
The authors claim to have proven essential self-adjointness of Hogp, where both external
as well as interaction potential are of Coulomb type, absence of eigenvalues, as well as
they claim to have identified the essential spectrum as R. Unfortunately, their proof of
essential self-adjointness comprises a gap. This gap also invalidates the proof of absence of
eigenvalues. We discuss this gap and its implications in Section[5.4] The proof concerning
the essential spectrum contains a different gap. While we could not fix the gap in the
proof of essential self-adjointness, we were able to do so for the essential spectrum. We

discuss our approach to the essential spectrum in Section [6] and how we fix the gap in
the proof in [OKY14] in Remark [6.2]

The main objection of physicists to many-body Dirac operators is their unboundedness
from below. Therefore, one often considers the so-called Brown-Ravenhall operators, i.e.,
many-body Dirac operators projected to the (carefully chosen) positive energy subspace.
These operators are bounded from below and physically sufficiently reasonable in order to
model atoms (see, e.g., [Tix97], [EPS96|, [MV06], as well as [BE11], [SL10], and references
therein). In these settings, mainly spectral questions are under investigation (see [MS10]
and references therein).

We want to clearly distinguish the mathematical investigation of Hypp from consid-
ering Hopp as valid model for the Helium atom. The justification of a mathematical
investigation is simply its frequent use in relativistic quantum chemistry and the corre-
sponding mathematical questions concerning the spectrum. The traditional reservations
of physicists (see, e.g., [BR51], [Suc80]) concerning the validity of Hopp as model for the
Helium atom, however, are to our opinion at least partly justified but will not be our
focus here. We reproduce in Section the classical heuristic argument, the so-called
Brown-Ravenhall disease, that Hogp might not have a stable eigenstates. We will see that
this argument serves as substantial basis for future research on the spectrum of Hopp.

The unboundedness from below of Dirac operators, i.e., the occurrence of negative
energy states, can also be seen as virtue, namely when one wants to model the Dirac sea
with the help of many-body Dirac operators. The Dirac sea is intimately connected to the
so-called radiation catastrophe of Dirac electrons. In this scenario, an electron described
by the Dirac equation is accelerated by some means. It thus emits radiation, i.e., loses
energy. As the spectrum is not bounded from below, there is no mechanism preventing
the electron from emitting more and more radiation, and thereby sinking deeper and



deeper in the spectrum. In order to address this seemingly unphysical scenario, Dirac
proposed the Dirac sea, i.e., that all negative energy states are occupied by electrons. The
exclusion principle for fermions prevents any positive energy electron from transitions to
negative energy states. On the one hand, this model of the vacuum proved very successful,
as it correctly predicted the positron. It was also used in the proof of pair creation
(see [PDO8b] and [PD08al). On the other hand, it poses interesting problems not only
for a mathematically rigorous foundation of relativistic quantum mechanics. Besides
the classic literature on, e.g., the external field problem in quantum electrodynamics
(see [SS65], [Rui77al, [Rui77h], and [LM96]), some of these problems are also content of
current research, such as [JMPP17|, which investigates the invisibility of the Dirac sea
due to its uniformity, [DDMSI0] and [DM16|, which study the time evolution of the Dirac
sea, or [Fin06], which even generalizes the notion of the Dirac sea. As the Dirac sea is
a relativistic many-fermion system with negative energies, it is natural to think of it as
wedge product ¥ = ¢y A o A ... A ¢, where each factor belongs to the negative energy
spectrum. The antisymmetry of the wedge product reflects the fermionic character. One
can then study the Dirac sea, either with finitely many particles or in the limit N — oo
as in [DDMSI10]. Stability of the Dirac sea with finitely many particles is analogous to
Hoypp, i.e., two electrons without radiation. One can think of scattering situations in
which the particles move freely after a sufficiently long time. Since no radiation can
escape to infinity, the free moving particles cannot lose energy, and thus, the system
would indeed be stable in some sense. In any case, the relevance of (unprojected) many-
body Dirac operators for it is clear: They are the natural candidates for generating the
time evolution and their properties are most likely also reflected in the Dirac sea.

1.2. The results at a glance

The aim of this thesis is two-fold. First, the study of self-adjointness, i.e., existence of
a unitary time evolution, and the spectrum of Hsgp. This investigation is suggested by
the frequent use of Hogp in the context of relativistic quantum chemistry, and is the first
necessary step when addressing questions of physical relevance. Secondly, this thesis is
concerned with regularity properties of the domain of Hogp and the possibility of states
with infinite single particle kinetic energy. This is suggested by explicit models of the
Dirac sea. We have in mind the perspective of extending our results to N particles.

We outline very briefly our results. Our first main result proves the existence of a dis-
tinguished self-adjoint extension of Hsgp, denoted by I:IQBD, under the assumption that
the interaction potential Vi, is of Coulomb type and the external field V. is bounded
and symmetric. In the relativistic quantum chemistry literature mentioned above, this
model describes two interacting point-like electrons in the vicinity of an extended nucleus.
As regards the construction of Hspp, we face two difficulties. First, the free two-body
operator Hy exhibits a non-trivial nullspace in the coordinate of the interaction. This
nullspace is hidden in the standard representation of the Dirac matrices. Thus, an un-
bounded interaction potential cannot be relatively bounded by the free operator and a lot
of standard perturbation techniques based on such a bound are not applicable. Instead,
we use a Frobenius-Schur factorization based on this nullspace and its orthogonal comple-



ment and infer self-adjointness of the full two-body Dirac operator from self-adjointness
of the Schur complement. The quadratic form techniques involved in this require the use
of the theory of Calderon-Zygmund singular integrals. Second, Hogp is not bounded from
below, and thus, the existing machinery for finding and classifying self-adjoint extensions
of semi-bounded operators does not apply immediately. Again, the Schur complement
is of great help as it turns out that it is semi-bounded. Consequently, the self-adjoint
extension of Hopp we construct in this thesis is based on the Friedrichs extension of the
Schur complement. This last step restricts the coupling constant v to values |y| < 2/7.
Although inferring self-adjointness from the Schur complement in the context of one-
particle Dirac operators has already been achieved in [ELOS§|, this method has—to our
best knowledge—mnever been applied to unbounded perturbations of linear operators with
non-trivial nullspace.

In order to distinguish self-adjoint extensions in a physically sensible way, one usually
provides a criterion. It is desirable that this criterion satisfies two conditions. First, it
should have a clear physical meaning. Second, it should single out the extension uniquely.
For Happ, we adopt the criterion of finite potential energy and can show that it satisfies
both of these conditions. This criterion is well-known from the one-particle Dirac operator
in an external field.

The next group of important results concerns the domain of Hogp and its operator
closure Hopp in the presence of bounded external and interaction potentials. It derives
its physical relevance ultimately from implications for explicit models of the Dirac sea.
Although Hj is a differential operator of first order, we find that D(ﬁQBD) is not char-
acterized by some kind of H'-regularity. This is intimately connected to the presence
of the non-trivial nullspace of Hj in the coordinate of the interaction. If certain two-
body states have parts in this nullspace, the regularity in the direction of the interaction,
i.e., corresponding to this nullspace, can be relaxed. We show that existence of such
nullspaces as well as the accompanying loss of H!-regularity is generic for a broad class
of sums of first order differential operators, including the natural candidates for relativis-
tic many-body Hamiltonians. H'- or H?-regularity is typically associated with finite
kinetic energy. That H'- or H'/?-regularity is no longer necessary, implies therefore that
we can construct two-body states in D(H,pp) that have infinite single particle kinetic
energy (infinite SPKE). Both particles exhibit infinite SPKE such that these energies
cancel and the total kinetic energy remains finite. If however D(ﬁQBD) is restricted to
the antisymmetric subspace, this problem is circumvented as we can show that antisym-
metric states always display finite SPKE. Our last result in this context treats scattering
situations for smooth potentials. We show that, if the initial state exhibits finite SPKE,
so does the scattered state for all fixed times ¢t € R. In the literature on one-body Dirac
operators with external field, the occurrence of infinite kinetic energies is also known
(see, e.g., [ELSIT]). There, the infinite kinetic energy is canceled by an infinite potential
energy.

We conclude the thesis with two results that we consider as first steps towards a
spectral analysis of Hopp. First, we prove oe(Hopp) = R. Although this result has
been anticipated in the literature, a complete proof seems to have been missing (cf. our
discussion on [OKY14] above and Remark [6.2). Secondly, we show absence of large



eigenvalues, i.e., we prove under a regularity assumption on possible eigenfunctions that
no eigenvalues exist which are larger than twice the electron mass.

1.3. Structure of the thesis

The thesis is structured as follows. After this introduction, we give a detailed outline of
the main results in Chapter [2 It is our attempt to help the reader understand within
a few pages the main goals of the thesis and how we achieve these. Its first Section [2.1]
provides the necessary notation and then states all main results. The second Section [2.2]
is meant as a guided walk through the ideas and strategies which lie behind the main
results. We also illustrate where some of the difficulties lie and how they are overcome
in our proofs.

One of the very important and often employed objects, briefly introduced and motivated
in Section [2.2] are the projections Py. Chapter [3]is dedicated to a thorough study of P.
Roughly speaking, P, projects onto that subspace, in which the two particles have the
same sign of (relative) kinetic energy, and P_ onto that subspace, in which they have the
opposite sign (see Section . They are not to be confused with the spectral projections
of Hy. In Section [3.1] we define them properly and prove characteristic properties. An
explicit integral kernel of P, is needed in the construction of the self-adjoint extension
of Hopp. We rigorously compute it in Section with the help of Calderén-Zygmund
singular integrals. The last Section provides a convenient characterization of what
P, project onto.

After the rigorous introduction of P, we turn to the operator closure of Hy and
interesting physical properties of it that arise in that context. The closure is computed in
Section explicitly. In order to put the closure in a broader context, we give examples of
more general sums of first order differential operators and their closure in Section 4.2 We
illustrate that the interesting physical property of infinite single particle kinetic energy
(infinite SPKE) is generic for such sums. States with infinite SPKE are discussed further
in Section [£.3] by means of a series of explicit examples. That antisymmetrization of such
states does not allow for infinite SPKE, is the content of Section [£.4] The invariance
of finite SPKE states under the full time evolution is studied in Section under the
assumption of smooth potentials.

Chapter |4 treats the investigation of self-adjointness of Hopp with unbounded inter-
action in Chapter 5] We first consider Hypp with smooth potentials and its essential
self-adjointness in Section [p.I before we construct a self-adjoint extension under the
assumption of Coulomb interaction in Section [5.2] We use ideas from the theory of
matrix operators with unbounded entries, to which a brief introduction is given in Ap-
pendix[A] In the subsequent Section [5.3] we provide the criterion for the just constructed
self-adjoint extension. This criterion singles it out uniquely and in a physically sensible
way. We conclude this chapter with a comment on an already existing proof of essential
self-adjointness of Hopp which—unfortunately—comprises a gap (Section .

The last regular Chapter [6] contains our results concerning the spectrum of Hopp. We
prove in Section [6] that the essential spectrum of Hopp comprises the entire real line as
well as absence of eigenvalues for energies larger than twice the particles’ mass.



Chapter [7] views this thesis as foundation for some topics of future research and indi-
cates possible directions. These include a conjecture regarding infinite SPKE states and
implications for stability, the incorporation of external Coulomb potentials when studying
self-adjointness, as well as further investigations of the spectrum using physical insights
and dilation methods.

For the reader’s convenience, we included a [List of Symbols, We tried to keep the
notation consistent throughout the thesis, and it may thus be used as reference while
reading.

As already practiced in the introduction, the first person plural will be used throughout
this work since it is common in the mathematical physics literature.




2. Main results

In the following, we present a detailed outline of this thesis. The main goal of this chapter
is to state the main results and to convey the strategy of their proof. Moreover, we list
where the actual proofs can be found, give the motivation behind important steps in
the proofs, and introduce often used notation. After a small paragraph on Hsgp and
its domain, we state the three main theorems in Section 2.I} We begin with the result
Theorem [1| on the domain, then turn to our main result Theorem [2] of this thesis on the
distinguished self-extension of Hypp, and treat the result Theorem [3| on the spectrum
in the end. In the same order, we provide the strategy of proof of these theorems in

Section 2.21

2.1. Statement of main results

The central object of study of this thesis is Happ, the two-body Dirac operator (2BD
operator) with interaction potential Vi, in the presence of an external potential V.. The
relevant Hilbert space is the twofold tensor product of the Hilbert space of C*-valued,
square integrable functions on R3, i.e.,

Hy = L*(R?, &*z) ® C* ® L*(R?, d*y) ® C*. (2.1.1)
On H,, the symbolic expression of Hopgp takes the form

Haypp := Ho + Vext + Ving, (2.1.2)
where the free two-body Dirac operator Hy is given by

Hy = (—ioe- Vg + fmy) ®id +1d ® (—iax - Vy + Smy) (2.1.3)

in units in which both the speed of light ¢ and Planck’s constant A equal one. Moreover,
my,me > 0 denote the masses of the two particles and V,, 9/0x;, etc., denote the
gradient with respect to = (11, 79, 23)" € R? and partial derivative with respect to ;,
1 = 1,2, 3, respectively. In places where the masses do not play a significant role we set
my = mg = m or my; = my = 0 without loss of generality. We denote by idyx the identity
on the space X—however, whenever unambiguous, we usually drop the subscript X. As
it is helpful to distinguish the identity on L? from the identity matrix on C", we denote
the latter by 1,. Furthermore, the Hermitian matrices o = (ay, a2, 3) and § are the



so-called Dirac matrices in standard representation

a:<2 ‘5) 5:(102 _012), (2.1.4)

where o = (01, 09, 03) are the Pauli matrices

01:((1) é) 02:(?_()i), 03:((1)_01). (2.1.5)

The Dirac matrices obey the following anticommutation relations

aroy + ooy, = 201y, k1=1,2,3,
Oéiﬁ —f- ﬂO[z‘ = 0 s Z = 1,2,3, (216)
52 - 147

where the Kronecker delta satisfies d,; = 1 if kK = [, and zero else.
The canonical domain of Hy as well as of Hypp is

Dy := H'(R?, d°r) ® C* @ H'(R?, d*y) @ C*, (2.1.7)
where H* denotes the k-th Sobolev space over L2

We now come to the main results. The proof ideas including detailed references to
the actual proofs follow in the subsequent section. Our first main theorem concerns the
domain of the closure of Hy. Some states from D(H) may behave in a peculiar way, and
so also some aspects of D(H) with physical consequences are studied.

Theorem 1 (Domain). The following holds:

a) Hy is essentially self-adjoint on Dy, and the domain of the closure is

D(Ho) ={f € Hs| Hof € Ha} . (2.1.8)

b) There exist states f € D(Hy) such that FEynalf] = (f, (—ia- Vg, + Bmy) @idf) is
ill-defined, and likewise for Eypno[f].

c¢) Let H, = (L2(R3, d®z) ® C*) A (L3(R3, d®y) ® C*). For all f € D(Ho) N Ha, i.c., f

antisymmetric, we have

| Exin 1 [f1] = [Ein2[f]] < o0 (2.1.9)

d) Let Vixt, Viny be given as multiplication operators with smooth real functions, whose
first and second order partial derivatives are bounded. Then, we have for allt € R

e~ itHmp Dy C Py, (2.1.10)



where e~1H28D denotes the time evolution generated by Hopp.

From the point of view of dynamics, the second main theorem presented next is inter-
esting as it guarantees existence of the full time evolution also for a class of unbounded
pair interaction potentials, including the Coulomb type, by providing a distinguished
self-adjoint extension of Hopp. In particular, our extension is distinguished uniquely by
the criterion of finite potential energy.

Theorem 2 (Distinguished self-adjoint extension). Let Voy be bounded and symmetric.
Let, for almost all x,y € R3, Vi, be defined as the operator of multiplication by y|z—y| ™",
where 0 < Kk < 1 controls the strength of the singularity and v € R is the coupling constant.
Moreover, let |'y|M3/2 < 1, where M, > 0 is given by

=

i

[\
u
P

(2.1.11)

|
|3 (N]x
N—"

~—

}1
—~
NGV N[V
+

a) There exists a self-adjoint extension of Happ, denoted by Hopp, with domain D(ﬁQBD),

gwen in Fq. (5.2.74)).

b) Hopp is the unique self-adjoint extension that fulfills for all f € D(]:IQBD) the condition

| Epot[f]] = [(f, (Vext + Vins) f)] < 00 (2.1.12)

and that can be split into a relative and a center-of-mass part, as it is made precise in

Theorem [5.13, in particular, Eq. (5.3.1)).

The third and last main theorem establishes that the essential spectrum of Hopp com-
prises the entire real line. Moreover, we prove absence of eigenvalues |E| > 2m, under a
condition on the eigenstates.

Theorem 3 (Essential spectrum/absence of large eigenvalues). Let H denote any self-
adjoint extension of Hopp where Vg + Vine is the operator of multiplication with a|x|™' +
aly|™t + blz — y|™! for a,b € R and almost all ¢,y € R3. Let my = my = m.

a) Then, oes(H) = R.

b) Assume further that all eigenstates of]:l lie in D(Ho) N D(Vext + Vine). Then, H has
no eigenvalues in (—oo, —2m) U (2m, 4+00).

2.2. The ideas behind the proofs

Mathematical setting. We start with the mathematical setting that is common to
all three main results, such as coordinate and Fourier transforms, Hilbert spaces, and
the like. It is convenient to introduce a change of the coordinates z,y € R? of the two
particles to relative and center-of-mass coordinates by means of

1
r=x—-y, R:= §(m+y). (2.2.1)



Here, r € R? is the relative coordinate (abbreviated by rel) and R € R?® the center-of-
mass coordinate (com). Furthermore, we define with X = (z,y)" and Y := (r,R)"
the transformation matrix U: R3 x R? — R3 x R3 as

= (17)(3)-(3)

Since det U = 1, it induces a unitary transformation on the two-particle Hilbert space

N—= =

U: Hy — L*(R?, d°R) ® C'° @ L*(R?, d°r) (2.2.3)
given by (Uf)(Y) := f(X) = f(UT'Y). We define the Hilbert spaces
H = C'® @ L*(R?, d®r), H™:=L*(R? d°R)® C'. (2.2.4)

Remark 2.1. a) We want to point out that UH, # H"®@H*. Only the L?-component
of the center-of-mass motion is separated off of the relative motion. In the tensor factor
C', Hr! and H™ overlap.

b) In general, separating center-of-mass and relative motion is non-trivial in relativistic
quantum mechanics (see, e.g., [Pry48]). This fact finds a manifestation in the non-
commutativity of center-of-mass and relative Hamiltonian later on. Nevertheless, the
coordinate transformation U can be applied to Hogp. This simplifies the mathematical
treatment of Hopp. [ |

The LP-norm is as usually denoted by || - ||,. In the case p = 2, the subscript is often
dropped. The scalar product in all the Hilbert spaces we encounter is denoted by (-, -).
In some cases, possible confusion is avoided by suitable subscripts. As an example, the
scalar product on H™ of f,g € H™ is defined as

(f,9) = f*( d*r = ka (2.2.5)

R3 31

and in analogy to that in the other Hilbert spaces. Here, f* is the k-th component of the
C'®-spinor f. Zz denotes complex conjugation of z € C. Instead of f(r)"f(r), we often
write |f(r)|*. When finite, || - || also denotes the norm of a linear operator. The context
will always distinguish it from the L?-norm. The operator closure of an arbitrary, but
closable linear operator A is denoted by A. No confusion with complex conjugation will
arise. The adjoint of a linear operator A in Hilbert space is denoted by A*. Since it is
sometimes helpful to specify the variable associated to a particular L2-space explicitly,
we do that by writing, e.g., L*(R3, d®z) instead of L?(R3).

We define, as it is usually done for square-integrable, C-valued functions, the following
Fourier transform on L?(R?) for almost all p € R? by

f(p) = (Ff)(p) .= L*lim e~2mP f (1) dr (2.2.6)

10



where the notation indicates that the limit is taken in the L?-sense. In some cases, the
notation Fr and JF, clarifies, whether the Fourier transform is taken with respect to
the center-of-mass coordinate or the relative coordinate. This definition carries over to
L?*(R3) ® C" by applying the transformation component-wise. We introduce the notation
for the relative momentum operator p = —iV,. and the total momentum operator P =
—1VRr. We remark with respect to this notation that it denotes both, the differential
operators —iV g and —iV,., respectively, when acting on f, as well as multiplication with
P € R3 and p € R3, respectively, when acting on f in Fourier space. With p? we mean
|p[2 for any p € R3. With p?, however, we denote the operator product p*>. Moreover,
operators that are composed of P or p are defined with help of the Fourier transform.
E.g., the operator (p% + 1)*/2 that will occur in Section [5.2|is defined in Fourier space as
multiplication by (p? + 1)*/? with p € R3.

With the help of U, we can transform Hj to relative and center-of-mass coordinates.
Upon setting m; = my = 0 for the moment, we obtain

T .= U((—ia . Vm) & idL2(d3z)®(C4 + idLQ(d3y)®(C4 &® (—z’a . Vy))U_l
=P -M* X idL2(d3r) + isz(dsR) QM™ -p (2.2.7)

where the 16 x 16-matrices M* = (Mli, M7, M?) are given by

1
and
M =« & 14 — 14 X . (229)

They are the coefficient matrices of center-of-mass momentum P and relative momentum
P, respectively. Unfortunately, they neither commute nor do they obey anticommutation
relations similar to ([2.1.6). Two things are to be noted in line (2.2.7). First, in the upper
line, the identities have a spinor part, whereas in the lower line, they do not have a spinor
part. This reflects the observation UHy # H™ @ H*! from Remark . Secondly, our
notation concerning hats is the following. Without hat, M~ - p means a C'*!_matrix,
whereas with hat, M~ - p denotes an (unbounded) operator in Hilbert space.

The free relative Hamiltonian M~ - p is defined in the underlying Hilbert space H™
with domain

DM -p)={feH" M -pfeH}. (2.2.10)

In the same manner, the free center-of-mass Hamiltonian P .M is defined in the under-
lying Hilbert space H®™ with domain

D(P-M*) = {f e’HCOm‘ PoMrfenom ). (2.2.11)

P-M* and M~ -p inherit the non-commutativity of the matrices M* = (Mli, M3, M?jf)

11



Towards Theorem Now, we come to the ideas that lie behind the proof of The-
orem . The explicit form of the domain in part @) comes as no surprise. After all,
Hy is unitarily equivalent to an operator of multiplication with a Hermitian matrix for
which D(H,) is the natural domain (see Theorem . In order to understand how single
particle kinetic energy (SPKE) might diverge, we note one feature of the matrices M~ - p
and P - MT™, that has important consequences: They have a non-trivial nullspace. In
Proposition |3.1, we will prove that Ker(M~ - p) = C® which most importantly implies
that

Ker(M™ - p) ~ C® ® L*(R?). (2.2.12)

The analogous statement for P-M* holds accordingly. Of course, elements from D(M™-p)
that are mapped to zero by M~ - p do not need any H'-regularity although M~ - p is a
first order differential operator. This mechanism lies behind the proof of Theorem EE[):
In order to construct states f € D(Hy) for which Eyin1[f] = (f, (—ict - Vg + fmy) @ idf)
diverges, one exploits the nullspaces of M~ - p or P - M+ and constructs U f in such a
way that it has a part in, say, Ker(M™ - p) in which only L*-regularity is required. With
such an f, Eyin1[f] can be made divergent. In order to show this divergence, and thus,
prove existence of infinite SPKE states, it suffices to give examples (see Examples to
4.14).

Of course, these states with infinite energies are unphysical, and one may be tempted
to dismiss a model predicting them. In order to shed some light on this situation, we
included Section[f.2] There, we consider even more general sums of first order differential
operators with two summands than Hy. Such operators are typical candidates for a many-
body theory in the relativistic realm. Interestingly, we find that, if one requires these
operators to describe two particles, nullspaces such as Ker(M™ - p), and therefore also
infinite SPKE states, are to be expected from such a model. This is simply due to their
unboundedness from below.

We further discuss the physical relevance of infinite SPKE states in Theorem EE[) It is
well-known that antisymmetrization of many-body states transforms pure tensor product
states into a superposition of pure tensor product states, i.e., a wedge product state.
Considering the energy of a single particle in an antisymmetric state, thus loses some of
its intuitive appeal. This is reflected in the following fact which holds for all ¢ € D(H,)

2 Fxin1[¥] = 2 Exin2[¥] = Fiin,tot V] (2.2.13)

where Fyn ot [t)] denotes the total kinetic energy of the state ¢ (see Lemma . Since
| Exintot[1]| < 0o for all ¢ € D(Hy) by definition, we can conclude that no infinite SPKE
states exist which are antisymmetric.

Another issue pertaining to the physical relevance of infinite SPKE states is their
behavior in scattering situations. In Theorem EE[), we answer the question if a finite
SPKE state can scatter into an infinite SPKE state in the negative. If one starts out
nice, one stays nice. Our way to show this is to prove invariance of the domain Dy under
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the full time evolution for all times ¢t € R (see Theorem |4.15)).

Towards Theorem In order to prepare everything we need for the distinguished
self-adjoint extension of Hypp from Theorem [2| we have to take the potentials Vi, and
Vint into account, according to the conditions in Theorem [2 As Vi is assumed to be
symmetric and bounded, it plays no role for self-adjointness, and we can drop it. It can
be restored later on by means of a small perturbation. The same holds for the mass term.
For sake of concreteness, we assume that Vi, is of Coulomb type. Transformed with U, it
is the operator of multiplication with ~|r|~! for almost all » € R3. The coupling constant
v € R will be restricted later on to values |y| < 2/7.
In relative and center-of-mass coordinates, Hopp with zero masses has the form

UHQBDUil =P -M" ® idLQ(dST) + isz(dsR) (059 (Mf D+ l) (2.2.14)

-

We already dropped the mass term and V,,; as indicated above. Ultimately, we want to
construct a self-adjoint extension of Happ. As the interaction potential only acts in H™,
it seems natural to prove self-adjointness of M~ - p + | - | 7! first, and then infer self-
adjointness of P.-M*t+M- -p+7|-]7! from that. We note, however, the identities and
the tensor product structure of H™ = L?(R3, d*R) @ C'¢ and H™! = C'® @ L?(R3, d®r)
again. Both share the tensor factor C'¢, and thus, also M~ - p and P M+ overlap in
their spinor parts. Hence, it is not possible to write Hopp in the form

A®idy +idy ® B (2.2.15)

where A is a self-adjoint operator in the underlying Hilbert space X and B is a self-
adjoint operator in the underlying Hilbert space ). In this simpler case, self-adjointness
of A and B immediately implies essential self-adjointness of A ® idy + idy ® B by a
standard result (see, e.g., [RS80, Corollary to Thm. VIII.33, pp. 300]). Unfortunately,
this standard result does not apply to Hogp. Instead, we will make use of the method of
direct fiber integrals in order to infer existence of a self-adjoint extension of Hogp from
existence of a self-adjoint extension of M~ - p+ 7| - |~ (see Theorem [5.12).

Before we can construct a self-adjoint extension of M~ - p + 4| - |7!, we come back
to our earlier observation that Ker(M™ - p) is isomorphic to C® @ L?(R?), and investi-
gate its consequences regarding self-adjointness. An often used method is Kato-Rellich
perturbation theory (see, e.g., [RS75, Theorem X.12]). It relies on the assumption that
the potential is relatively bounded by the free Hamiltonian with relative bound smaller
than one. Self-adjointness of the free Hamiltonian then implies self-adjointness of the full
Hamiltonian. Now, as the nullspace of M~ - p is non-trivial, Kato-Rellich perturbation
theory is not applicable to M~ - p + 7| - |~!. This is seen as follows. We can choose
an f € D(M~ - p) such that f € Ker(M~ - p) but at the same time f ¢ D(| - |™).
This is possible as elements from the nullspace require only square-integrability and the
interaction potential is unbounded. This implies D(M™-p) € D(|-|™!), and thus, ~|- |
cannot be relatively bounded by M~ - p at all (see Lemma .

In order to bypass Kato-Rellich perturbation theory, we focus on Ker(M~ - p) and
its orthogonal complement by splitting H*! correspondingly. To that end, we define the
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orthogonal projections P in such a way that

PyH™ = Ker(M™ - p)*= = H™ (22.16)
P_Hrel — Ker(l\/[_ . ﬁ) — Hrfl’ .

where H'! are themselves Hilbert spaces.

We want to point out that P, and P_ are not the spectral projections of Hy, i.e.,
not the operators that project onto the positive and negative part of the spectrum of
Hy. By a heuristic argument given in Section [3.2] we can think of P, as projection on
that subspace of H*! which contains the states describing particles with the same sign of
kinetic energy, and of P_ as projection on that subspace which contains states describing
particles with the opposite sign of kinetic energy.

The projections Py are thoroughly discussed in Chapter [3] where we define them in
Definition , show that they indeed are the orthogonal projections from in
Proposition (3.3 and compute an explicit integral kernel in Theorem which uses the
Calderon-Zygmund theory of singular integrals.

As orthogonal projections, P, and P_ split H™ into two orthogonal subspaces, i.e.,
H = PyH™ @ PoH™ = W' @ H™. This entails that we can recast the full relative
Hamiltonian

HY =M -p+ ﬁ (2.2.17)

in matrix form as

Hrel — P+Hrelp+ + PJrHrEIP, =+ P Hreler + P,HrelP,
_ (M7 p+ Pl [TIPe Pyl [P
= ( Pl ip, Pl P (2.2.18)

where we already applied P,M™ -pP, = M~ - p, proven in Proposition . The domain
of H™ is

DH™) =D, (D(|-|7") NnH™) (2.2.19)
where
D, = (C*® H'(R®, d’r)) N H'. (2.2.20)

We note that D(H™) is dense in H'™®' (see Proposition [5.3).

That the projections Py split H™ into the subspaces H! is very useful. One knows
now, e.g., where to expect H'-regularity (in Hljfl; see Lemma . Moreover, by facil-
itating the matrix representation from line , they also point towards a strategy
of proof, taken from the theory of matrix operators with unbounded entries (see Ap-
pendix [A]): The use of the Frobenius-Schur factorization and its so-called Schur comple-
ment. Before we go into more details, we define the bounded and symmetric operator
B := 2B ® 3 and modify with its help H™!. The reason for that will be made clear in the

14



following paragraphs. The modification of H™ takes the form

M~ -p+ P,BP, + P.y|-|'P Pyl -|7tP-
Hrel + P.BP, = ( + ""7 + + + _ . 2.2.21
+BPy Pl P, Pl ip ) 222
We introduce the abbreviations
A=Ag+PA|-[7'PL =M -p+ P,BP, + Piy|-|7'Py (2.2.22)

for the operator in the upper left corner of H*! and compute (see Lemma
A= (M -p+ P,BP,)? =4(—A+1)P,. (2.2.23)

This means that Ay and A share many properties with one-body Dirac operators, even
though their coefficient matrices M~ do not obey the anticommutation relations from
line ([2.1.6). Therefore, if we restrict the coupling constant v to values |y| < 1, we obtain
self-adjointness of A as well as existence and boundedness of A™! (see Lemma. These
properties are the reason for adding P, BP, to H™. The Frobenius-Schur factorization
is now well-defined and given by (see Lemma

H™ + P,BP, =
_ id 0 A 0 id A71P+”y| . |71P_

where the Schur complement S: D(S) — H™ of A is defined by
S=PA|-|7'"P. =Py |T'PL AT Py | TP (2.2.25)
with domain

D(S)=D(|-|7H) NH™ (2.2.26)

The advantage of the Frobenius-Schur factorization is that it decomposes H*'+ P, BP,
into a product of three matrix operators of which the first and the third factor are bounded
and boundedly invertible (see Lemma in the Appendix , while the second factor is
diagonal. Now, the upper left operator of the diagonal matrix operator is self-adjoint as
it behaves roughly like an ordinary one-body Dirac operator (see Lemma. Therefore,
in order to obtain a self-adjoint extension of H™ + P, BP,, if suffices to construct a self-
adjoint extension of the Schur complement S, the lower right operator of the diagonal
matrix operator. Boundedness and bounded invertibility of the first and third factor
imply self-adjointness of H™ + P, BP, (see Theoremn .

In order to construct a self-adjoint extension of S, we use that P_|- |~ P_ is bounded
from below and thus possesses a Friedrichs extension V. We show further that the
remaining summand P_|-|"'P,yA~' P, |-|7' P_ is small in form sense with respect to V.
The KLMN-theorem, which is the form analogue to Kato-Rellich perturbation theory,
then yields a self-adjoint extension of S (see Lemma . The key estimate involved in
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the proof is

[(f P Py AT P [ P )
= (- PP (|- 12 Py AT P ) P

<1121 PPy AT P R P f
= |[[ - [72Py AT P TV P TP f )
= || [72Pey AT P [TV (f Vi f )y (2.2.27)

for all f € D(S) =D(|-|71) NH™. In order to apply the KLMN-theorem successfully,
we need to establish the bound

[[-17V2Py AT Py 712 < 1L (2.2.28)
This is possible if we restrict the coupling constant v to values |y| < 2/7 (see Lemma [5.9)).

We need to have a closer look at the inequality from line . The KLMN-theorem
actually requires that it holds for all f € D(Vp). Our computation for all f € D(S) =
D(| - |7 N H™ is not sufficient. However, we know from abstract results regarding
Friedrichs extensions that D(Vy) = D(| - |7Y/2) N D((P_| - |7*P_)*). Moreover, we can
prove (see Theorem that for all f € D(|-|7"/?) N H™!, there exists a sequence
(fa)nen € D(] - |71) such that

1P-(f = )l + {1172 P(f = fa) | =2 0, (2.2.29)

ie., D(| - 7)) NH™ is a form core and the estimate from line extends to all
f € D(Vr). We found that the proof of this fact is by far not trivial as the projections
split H™! corresponding to M~ - p, and the splitting is independent of the potential |- |~1.
It is here in Theorem [5.8, where we need the explicit integral kernels of the projections
Py, computed in Theorem [3.8]

In conclusion, we constructed a self-adjoint extension of the Schur complement .S, which
we used as basis for a self-adjoint extension of H™'. For this we needed the Frobenius-
Schur factorization. By an argument using direct fiber integrals, we finally obtained
the desired self-adjoint extension of Hopp in Theorem @ We used in several places
that bounded and symmetric operators can be added and subtracted without affecting
self-adjointness.

A self-adjoint extension of a Hamiltonian considered only by itself is often meaningless
since there might be infinitely many extensions. Therefore, one usually requires that self-
adjoint extensions are uniquely distinguished by a physical criterion, i.e., there should
exist only one extension that satisfies a certain criterion which is physically sensible. For
Hypp we adopt the criterion of finite potential energy in Theorem @ This criterion is
well-accepted for one-body Dirac operators in an external field (see [Wii75]). For Hspp
it holds in the following sense. Let H be any self-adjoint extension of U HoppU ! which
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we assume to have the form
H=P M"@id+idoH" +V +821,+ 1,8, (2.2.30)

where H™ is an arbitrary self-adjoint extension of H* = Hy +~|-|~'. Then, |(f, (Vi +
Vint) f)| < oo for all f € D(H) if, and only if, H coincides with our extension of Hogp
constructed above (see Theorem . The proof we found basically assumes the opposite
and and shows that it implies a contradiction.

Remark 2.2. We want to remark on the strength of the singularity of Vj;;. In order to
control this strength, we introduced the parameter 0 < x < 1 in Theorem [2 The smaller
K is chosen, the larger values of |y| are allowed. In the case of Coulomb interaction, i.e.,
k =1, we have |y| < 2/m for the coupling constant.

Towards Theorem . Our main result concerning the spectrum of Hogp is Theorem .
Its part E[) identifies the essential spectrum. That the essential spectrum of Hspp is
R, has been assumed, however, a complete proof seems to have been missing in the
literature. The proof of gess(Hopp) = R we give here uses Weyl’s criterion and applies to
all self-adjoint extensions of Hopp for which Vi, as well as Vi are of Coulomb type (see
Theorem .

This result implies that no discrete spectrum exists, i.e., if eigenvalues exist at all, they
are embedded into the continuous part of the spectrum. As this is a rare phenomenon,
it has been conjectured that Hopp does not possess any eigenvalues at all (see [Derl2]).
Theorem E@ corroborates this conjecture in which we show absence of eigenvalues if

|E]_> 2m. Due to our method of proof, we assume that possible eigenstates lie in
D(Ho) N D(Veyy + Ving) (see Theorem .
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3. The projections P and P_ onto the
spaces H'! and H'!

3.1. Definition of the projections P, and P_

This section defines in a rigorous way the projections P, and P_, and therefore, also
the spaces H‘fl and H*, respectively. As we mentioned briefly in Section , they are
constructed in such a way that P_ projects onto Ker(M ™~ -p) and P, onto the orthogonal
complement of Ker(M™ - p). They are crucial for the study of the relative Hamiltonian
H™ = M~ - p + Vi as they allow for the convenient matrix representation of H* from

line (2.2.13).

Already at the beginning, we want to point out again that P, and P_ are not the spec-
tral projections of Hy, i.e., not the operators that project onto the positive and negative
rel

part of the spectrum of Hy. We will elaborate on the physical meaning of H" in the next
section.

Before we state the first proposition of this section, we recall that M~ - p with hat
denotes a linear operator on H™ whereas M~ - p without the hat is a 16 x 16-matrix for
all p € R3, i.e., a linear operator on C'.

Proposition 3.1. The following holds:

a) For all p € R\ {0}, we have dimKer(M~ - p) = 8.
b) Ker(M™ - p) is isomorphic to C® @ L*(R3, d3r).

¢) Ker(P - M™") is isomorphic to L2(R?, d3R) @ CB.

Proof. a) follows since for all p € R?\ {0} one finds that the Hermitian matrix M~ - p
has the eigenvalue 0 with multiplicity 8.

b) Before we characterize all f € H* for which M~ -pf = 0 holds, we note the following.
As M~ -pis a Hermitian matrix, there exists a unitary matrix u(p) which diagonalizes
M~ - p. We find for almost all p € R3

—14(p|

u(p) M~ - pu(p)' = L4|p| . (3.1.1)
Osg
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We further note that unitarity of u(p) implies that solving the equation M~ - pf =0
in L*(R?) is equivalent to solving u(p) M~ - pu(p)*u(p)f = 0 in L*(R?). In view of
Eq. (3.1.1)), we use that Ker(|p|) = {0} in L*(R?). Therefore, those eight components
of u(p)f, on which |p| acts when solving u(p) M~ - pu(p)*u(p)f = 0, are zero. The
remaining eight components can be chosen linearly independent as the matrix M~ - p
is Hermitian. Thus, u(p) establishes an isomorphism between Ker(M™ - p) and C® ®
L?(R3, d®r), which proves the statement.

¢) Analogously to b). O

In order to give the definition of Py, it is convenient to first define the Hermitian
16 x 16-matrix 7(p) for almost all p € R?® by

a-pRla-p
T(p)i=—"—73—". (3.1.2)
p
We compute for almost all p € R3
2 2 2
a-pRao- - X (o
T(p)2 — (#) — ( p) 4( p) — 116 (313)
p p

since (a - p)* = 1,p* by the anticommutation relations (2.1.6]) for the Dirac matrices.
This implies that multiplication with 7(p) defines a bounded operator on all of H*! which
we use in the following definition.

Definition 3.2. We define the operator 7: H™ — H*! by its action on all f € H*™ and
for almost all » € R? by

(7f)(r) := L*lim ™ P (p) f (p) d°p. (3.1.4)

We define the operators Py : H™ — H! by

PL:=—(id+7) (3.1.5)

N | —

rel

where the spaces H' are defined by
HE = PeH™. (3.1.6)

We also define for almost all p € R? the 16 x 16-matrix

(116 £ 7(p)) - (3.1.7)

N | —

Pi(p) =

For the moment, the definition of Py as Fourier multiplier suffices. We will, however,
derive integral kernels for 7 and hence also for Py in Section

Proposition 3.3. The following holds:
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a) P_ is the orthogonal projection onto Ker(M™ - p), i.e., H* = Ker(M~ - p).

b) Py is the orthogonal projection onto Ker(M™ - p)*, i.e., H' = Ker(M™ - p)*.

¢) LM~ -pP,f=M"-pf and P-M~-pf =0 for all f € D(M~ - p).

Furthermore, H™ = ’Hffl & H™, and H' are themselves Hilbert spaces.

Proof. a) First, we prove that P_ is an orthogonal projection, i.e., P> = P_, P_ is

bounded, and P* = P_. Since (a - p)> = 1,p* by the anticommutation relations
(2.1.6) for the Dirac matrices and 7(p) = 116 by Eq. (3.1.3]) hold, we obtain

P(p) = 1 (g~ (0)) = | (1o~ 2-7(p) + 7(p)?) = P-(p) (315)

A

for almost all p € R3. Thus, P? = P_ follows. P_ is bounded with ||P_|| = 1 since
P_(p) is a Hermitian matrix with the only eigenvalues being 0 and 1. This also implies
self-adjointness P* = P_.

In order to show that P_ projects onto Ker(M™ - p), we prove H™ = Ker(M~ - p).
We start with the inclusion H™ C Ker(M™ - p) and compute for almost all p € R3

M -pP-(p)z(a-p®14—14®a-p)§(116+%)

(a-p)2®a-p_a-p®(a-p)2)
P’ p?

(a‘P®14—14®a'P+

S N =

(3.1.9)

where we used (a - p)? = 14p* once again. Therefore, we obtain P_f € Ker(M™ - p)
for all f € H™ ie., H™ C Ker(M™ - p).

For the reverse inclusion Ker(M™ - p) C H™ we show that for all f € Ker(M~-p) we
have P_f = f. Let f € Ker(M™ - p). From the proof of Proposition [3.1p), we know
that the upper eight components of u(p)f are zero, where u(p) diagonalizes M~ - p
as introduced in line (3.1.1)). We conjugate P_(p) with u(p) and obtain

o)) = (> ) (5.1.10)

for almost all p € R®. This implies that u(p)P_u(p)* acts as the zero operator on
the upper eight components of u(p)f and as identity on the lower eight components

of u(p)f, i.e.,
w(p)P-u(p) u(p)f = u(p)f. (3.1.11)
That u(p) is injective, allows us to conclude P_f = f.

P, is an orthogonal projection by the same argument as for P_. In order to show
that P, projects on Ker(M~ - p)*, we compute for almost all p € R* P_(p)P,(p) =
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P, (p)P_(p) =0, and therefore, for all f,g € H™

(Pyf, P-g) = (f, Py P_g) = 0. (3.1.12)

c) follows since the relations

P.(p)M™ -pP.(p)=M"-p (3.1.13)
P.(ppM™-p=0 (3.1.14)

hold for almost all p € R®. This is shown by a direct computation.

Since the projections Py are closed, H'f! are closed subspaces of H™. With the inherited
inner product from #H*, it follows that they are themselves Hilbert spaces. With [RS80),
Theorem I1.3], it follows that H™ = H' @ H™. O

3.2. Physical interpretation of ' and H'

This section motivates the introduction of the spaces H*! and H™ from a physical point
of view. The following arguments were presumably first made by Kemmer in [Kem37].
We will see that elements from Hffl can be associated with two particles both of which
have the same sign of energy, whereas elements from H* correspond to two particles
which have a different sign of energy. From this alone, one might already anticipate that
states from H*®! might cause difficulties in the presence of an interaction term as Dirac
famously pointed out that “the negative-energy electron will repel an ordinary positive-
energy electron although it is itself attracted by the positive-energy electron” (see [Dir30,
p. 362]).

Since it simplifies the argument, we consider two particles of equal mass m, i.e., we set
my = my = m. In Fourier space, Hy is the operator of multiplication with the Hermitian
16 x 16-matrix Hy(pg, py) defined by

Ho(Pz,Py) = (0 Pp + 1) @ 14+ 14, ® (- py + Ba), (3.2.1)

where p,,p, € R® are the Fourier variables conjugate to @,y € R3. We compute the
eigenvalues of the matrix Hoy(pz, Py), i.€., the energy of the two free particles, and find
for all p;,p, € R?

M (P2 Py) = - = Ma(Pay Py) = VD2 +m* + /Pl +m?, (3.2.2a)
As(Pws Py) = - = Xs(Pay Py) = /D2 + % — [} +m?, (3.2.2b)

Ao(Pzy Py) = - -« = Mia(Pas Py) = —V/PE + m2 + [P} +m?, (3.2.2¢)
A3(Pa, Py) = - - - = M6(P2s Py) = —V/ P2 +m? — \/pfl +m?2. (3.2.2d)

We see that the eigenvalues are just what one might have guessed: The sum of two single

22



particle energies, albeit with all possible combinations of the energy sign.
As it is usually done for many-particle systems, we set the center-of-mass momentum
P = p, + p, to zero. This yields p, = —p,, which in turn implies for the eigenvalues

Ak(pm7py)7 k= ]-727 ey ]-67

M(Pz,Py) = - = M(Pas Py) = 2¢/P2 + m?, (3.2.3a)
/\5(pw7py) = ... = AlQ(pmapy) - O; (323b)
)‘13(pw7py) =...= )‘16(pm7py) = -2 \V; pi +m?. (323(})
States that can be associated to the eigenvalue 0 lie in H#™. The relation p, = —p, has

further implications on the relative momentum p. We find

P =5 Pz = Py) = Pa (3.2.4)

We transform Hy(p,,py) to relative and center-of-mass coordinates, set P = 0, and
compute the eigenvalues of the resulting Hermitian matrix M~ - p+ fm ® 14 + 14 ® Sm.
We find

o= a(p) = 24/ Pp? +m2, (3.2.5a)
p5(p) = ... = p2(p) = 0, (3.2.5b)
pis(p) = ... = pe(p) = —2+/p?> + m?. (3.2.5¢)

After taking (3.2.4]) into account, we can now compare (3.2.3) and (3.2.5). This allows

for the following conclusion in the case of P = 0:

1. If the kinetic energies of the two particles have the same sign, the corresponding
state lies in H*e.

2. If the kinetic energies of the two particles have the opposite sign, the corresponding
state lies in ™.

3.3. Integral kernels of P, and P_

The projections P, were naturally defined as Fourier multiplier on ™ in Definition .
When one can work in Fourier space easily, this definition is sufficient. We saw, however,
in the matrix representation of H™ in line that also the parts of the potential
Vine In Hf, ie., P VinPy and P.Vin Pz, respectively, occur and we will see later on
(see Theorem that they have to be controlled. In order to do so, it turns out to be
convenient to derive integral kernels of Py also in position space. This derivation is the
content of this section.

Remark 3.4. Before we proceed, however, we want to remark on an alternative option,
namely considering Py Vin Py and Py Vi Py, respectively, in Fourier space. For simplicity,
we write Viy = V. V is then transformed to a convolution operator, of which many

23



convolution kernels—the Coulomb case included—are well-known. This and the nice
form of the projections Py in Fourier space might suggest this approach. However, a
difficulty related to complex phases and oscillatory integrals becomes apparent when
considering expressions of the form

~l12
R3

where f lies in D(V') and ¢ is defined by (x).

2

v e JREEDHOERES (3:3.1)

In order to highlight the possible oscillatory nature, we give a concrete example. For
the remainder of this remark, we assume that V' € L?*(R3) be given by multiplication
with V(r) = e~ I"l|2|~! for almost all » € R3, define g € L?(R?) by g(r) = e I"l|y|73/2+=
for almost all » € R® and an arbitrary 0 < ¢ < 1/2, and look at g, := g(- — a) for
a fixed @ € R*\ {0}. We see that on the one hand Vg, € L*(R?), ie., g, € D(V),
as the singularities of g, and V' do not coincide. On the other hand, however, we have
Vg ¢ L*(R?), ie., g ¢ D(V). Now, standard theorems on convolutions and their Fourier
transforms tell us that Vg, € L?(R?) implies that also the convolution ¢ * g, lies in
L3(R3). Also from standard theorems, we know that g,(p) = e ?™%Pg(p) for almost all
p € R3. Moreover, one finds that §(p) is real-valued such that g(p) > 0 for almost all
p € R? as well as §(p) o |p|~*/>7¢ for large |p|. We plug our choices of V and g, into
|V gall” and obtain

2

n A2 4mr —2miak § 3 3
oS = ma k)d°k| d°p. 3.3.2
il = [ | [ o e @] @ 332
If now the absolute value was pulled into the d®k-integral, the phase e 2™%* would

vanish, and the remaining integrand would correspond to Vg whose L?-norm, however,
diverges as Vg ¢ L?(R®) by construction:
4 ) A
/ 4 ef2rrza-kf(k) d3k

NN
HU*gaH —/R3 R3 47T2|p—k|2+1

< Lo

Ip — kP + 1
4 o
Q/ / T (k) Pk
R3 R
0 *f

2
d3p

2
f(k)‘ d3k:) d*p
2
dsp

3 4#2\19 - ki|2 +1
2
, (3.3.3)

which diverges due to §(p) o |p|=>/>7¢ for large |p|. In (%), we used that §(p) is real-
valued and g(p) > 0 for almost all p € R3.

Line gives a diverging upper bound and is as such, of course, useless. The
observation we are concerned with here, however, is the following: If one tries to get rid
of complex phases by applying the triangle inequality, integrals may diverge at infinity.
Therefore, one has to keep track of all complex phases. This makes the involved estimates
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quite unpractical in Fourier space. In position space, however, the strong singularity at
the origin can be smoothed out by an estimate on the commutator [V, Py]. We will see
this in the proof of Theorem ]

Since Py = 1/2(id + 1), it suffices to compute the integral kernel of the operator 7.
In Definition , it was defined in Fourier space for almost all p € R? as operator of
multiplication with

_a-p®a-p

7(p) = 7 : (3.3.4)
i.e., for all f € H™ and for almost all » € R?, we had
(Tf)(r) = L*lim ™" P 1(p) f (p) d°p. (3.3.5)

M=oo Jipl<m

Now, all entries of the matrix 7(p) are fractions. By expanding the Kronecker product
in , one finds that the denominator of all of these fractions is p?, whereas each
numerator is given by combinations of the components of the form p;p; for ¢,5 = 1,2, 3.
Explicitly, each entry of the matrix 7(p) is one of the following expressions:

29_;2:, (p1 £ ipa)ps (p1 £ ip2)? (p1 —ip2)(p1 + ip2) (3.3.6)

p?’ p? ’ p? p?

In order to control 7, it therefore suffices to control the (bounded) Fourier multiplier
pip;/p* for all i,j = 1,2,3. Hence, we define the operator Tj;, 4,7 = 1,2,3, for all
f € L*(R3, d®r) and for almost all 7 € R3 by

(Ti; f)(r) := L*-lim oire VL f(p) adp. (3.3.7)

2
M=oo Jipl<mr p

It is this operator Tj;, whose associated position space integral kernels we will compute.

Remark 3.5. This remark intends to address the fact that T;; looks familiar from the
more general viewpoint of Fourier analysis.

a) We consider the so-called Riesz transforms R;, j = 1,2,3 (see, e.g., [Ste70]). They
can be viewed as multiplier in Fourier space as well and are for all f € L*(R®) and
almost all p € R3 given by

(FR;f)(p) = i%f(p)- (3.3.8)

From the definition of 7}; in line (3.3.7)), we see that
RiR; = =T, (3.3.9)

and so, up to a factor, T;; is equal to the so-called double Riesz transform.
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b) As Riesz transforms and similar Fourier multipliers are subject of intensive research,
there do exist general theorems concerning multipliers and their associated integral
kernel. Of particular interest for us is the following result ([SWT7I1, Theorem 4.5,
p. 164]). Suppose P(z) is a harmonic polynomial on R? that is homogeneous of degree
k>1,ie., P(Ax) = \*P(x) for all real £ > 1 and all * € R®. Then, ¢, P(p)/|p|* is the
Fourier multiplier of the associated integral kernel P(zx)/|z|>™*, where the constant
¢ € C depends on k only. This applies readily to T;; if i # j. In the case i = j,
however, the polynomial P(p) is of the form p?, and thus, not harmonic. Therefore,
the integral kernel may have a different form.

Although T;; is connected to the well-known Riesz transform, and the kernel for ¢ # j
is known, no conclusions can be drawn from general results concerning the case i = j.
Therefore, we compute the kernel explicitly. ]

As preparation, we cite two known results on the computation of such kernels. The
first one is suggested by the factor 1/p? and is the content of the following theorem. We
cite it from |[LLOT] in the case of R3.

Theorem 3.6. Let a € RT, and define cq := 7 /*T'(a/2).

a) Let f be a function in C°(R?) and let 0 < o < 3. Then,

1 . 1
Car eer~p_f p d3p =c _a/ —f Y d?’y. 3.3.10
/RS pe ) T s [ — yPe ) ( )

b) If0 < o < 3/2 and if f € LP(R? d®r) with p = 6/(3 4 2a), then f exists in the sense
of the Hausdorff-Young inequality (see [LLOI, Theorem 5.7]). Moreover, defining the
function g for almost all 7 € R3 by

9(r) = c3-a / L (3.3.11)

s |7 —y[>

we have g € L*(R3,d3r). Furthermore, for almost all p € R3, we obtain
calpl ™ f(p) = §(p). (3.3.12)

Proof. a) See |LLO1, Theorem 5.9].
b) See |[LLO1, Corollary 5.10]. O

It will turn out that the integral kernels K;;(y) exhibit a singularity at the origin. Since
this singularity is of size |y|™3, it is not integrable. In order to address this problem, we
will also need a result from the theory of Calderén-Zygmund singular integrals. For later
reference, we state it in the following theorem in the case of R3.

Theorem 3.7. If K(y) is a homogeneous function of degree —3, i.e., K(\y) = X3 K (y)
for almost all y € R® and for all X > 0, and if K(y) has in addition the following
properties

26



a) it has zero average on S?, i.e., / K(y)do(y) = 0, where S* denotes the surface of

SZ
the unit ball and do the corresponding surface measure, and

b) / |K(y) + K(—y)|log" |K(y) + K(—y)| do(y) < oo, where log™ denotes the posi-
S2
tive part of the logarithm,

then, if f € LP(R3, d®r), 1 < p < oo, the limit

lim K(y)f(r —y)d®y (3.3.13)

e—0 |y|>€

exists in LP-sense and pointwise for almost all » € R3. Furthermore, there exists a
constant A > 0, depending on p and K only, such that

swp| [ K()f(-—y)d¥y H < Al (3.3.14)
e>0 |y|>5
Proof. See [CZ56, Theorem 1. O

We point out the significance of assumption a) from Theorem in Remark below.
We can now give the desired integral kernel of T;;.

Theorem 3.8. For all f € L*(R3, d®r), all i,j = 1,2,3, and almost all 7 € R3, the
action of T;;, defined in (3.3.7), is given by

@) 1) =25 fe) — L [ K@) i — v)dy, (3.3.15)

3 47 =0 ly|>e

where 0;; is the Kronecker delta. The integral kernels K;;(y) of T;; are then for all
i,7=1,2,3 and all |y| > 0 given by

3Yiy; o,
s 1
Kij(y) = o1 ul” . (3.3.16)
AT Qy0y; |y 3yp 1 iz o
vl |y’

Proof. First, we let f € C°°(R3) which denotes the set of smooth functions on R?® with
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compact support. Using (83.3.7), we calculate for all r € R3

4 (T f)(r) = —dm / = B fp) oy
R3

1 0 2mir-p I 3
w2 L () i

o1 02 / omirp L 7 5
Wz TP d
T aT’Z‘@Tj R3 c p2f<p) P

G O? 1
(‘373813- R3 |y|
@ [ 1 Pflr—y) 4

= Jes [yl orior;
1 232f<"' - y)

= — (=1
R3 |y|( ) 83!1'(9%‘

flr—y)d’y

d?y (3.3.17)

where we used dominated convergence to commute the derivatives with the integral in
(i), Theorem for the Fourier integral in (ii), and the calculus of distributional
convolutions and derivatives in (iii) (see [LLOI, Lemma 6.8]). It applies since | - |7! €
Li. . (R?) and since f € C>°(R?). In order to continue with integration by parts, we change
the domain of integration to the set B = {¢ < |y| < R}, where ¢ > 0 is fixed and R > 0 is
chosen sufficiently large such that suppf(r —-) C Br(0). As f € C°(R?), this is possible

for all fixed » € R3. We obtain

i32f(7’—y) 3
B|y| 8%3%’

_ /B <%;yié) F(r —y)ddy — /yze < (’fyi\yil) f(r —y)vidoly)  (3.3.18)

1 Ofr—y) ;
" /|y|=€ oy do(y), (3.3.18b)

where v* denotes the k-th component of v, the unit outward normal to B. Due to our
choice of R, the boundary terms at |y| = R vanish.

In order to have equality of lines @ and , we need to take the pointwise
limits ¢ — 0 and R — o0 in line @ Existence of the latter follows from the compact
support of f. For the former, we note that the derivative of f € C°(R?) is uniformly
bounded by a constant C' > 0 independent of . We thus get for line

of(r —y)

/ imyiddy)' S/ 1 ‘ 2240
ly|=¢ ly| dy; 52 € dy;
< Ca/ a0 =% 0. (3.3.19)
S2
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In the last summand of line (3.3.18a)), we use the parametrization ® of the boundary at
ly| = € with spherical coordinates and note that ®(V|y|™') = v/e*. Thus,

ol (2
i f, G |Ay|) ety

= lim V—zf(r —y(e,0,9)) 1 2dQ

e—0 52 £

:/ vl lim f(r — y(e,0, ¢)) dQ

52 E—>

B 40 3.3.20
) [ v i

follows from dominated convergence and continuity of f. Now, we need to distinguish
the cases ¢ # j and i = j. We obtain by direct computation

o 0, ©i#7,

f(r) / Vi dQ = { 4n v (3.3.21)
52 - (Ir) y =17

3

It remains to investigate the limit ¢ — 0 for the first summand of (3.3.18a)). This can
be achieved with the help of Theorem which, however, requires an analysis of the
singular integral kernel 92 /dy;dy;|y|~*. By explicit computation, we obtain for |y| > 0

3y:y; . )
s 1
o 1) e 7Y
dyidy; lyl | 3% 1
lyl> lyP

Kiy(y) = (3.3.22)

We check the conditions of Theorem [3.7| and observe first that K;;(y) is homogeneous of
degree —3, i.e., K;;(\y) = A2K;;(y) for almost all y € R? and for all A > 0. Moreover,

K;j(y) exhibits the following crucial property for all ¢,j = 1,2, 3:

/S Ky(y) doly) =0 (3.3.23)

Furthermore, since K;;(—y) = K;;(y), it suffices to estimate for all 4,5 =1,2,3

/!Kw ) log™ | Kij(y)| do(y /IKZJ (y) < o0 (3.3.24)

where log™ denotes the positive part of the logarithm. That the last integral is indeed
finite can be seen by explicit calculation.

Hence, all conditions of Theorem [3.7] are met and we can conclude that the limit

lim Kij(y)f(r —y)d®y (3.3.25)

e—0 |y|>s
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exists pointwise for almost all 7 € R? as well as in L?(R3, d3r). We have thus established

for all » € R? and f € C*(R?)

(o) () = S f(r) — -l [ Kyfw)f(r —9) &, (3.3.26)

47T e—0 |y|>5

In order to extend the formula for the action of Tj; to all of L*(R*, d3), we note
that Theorem also guarantees the existence of a constant A > 0 such that for all
f e L*(R3, d®r)

/| K-y

Choose now any f € L?(R3 d3r) and fix a sequence (f,)nen C C°(R3?) such that
|f = fall === 0. Then,

sup
e>0

H < AlfI. (3.3.27)

I T3 (f = fu)l
0;
<Z|f- fn||+— Sup/ Kij(y —y) — [ —y)) &y
3 >0 [Jjy|>e
( )If full == 0. (3.3.28)
This proves the statement of the theorem. O

Remark 3.9. We continue with Remark and look at Tj; in the context of Fourier
analysis once more.

a) The Kronecker delta in line is not surprising when one considers integral
kernels associated to even more general multipliers m € C°°(R?\ {0}). In order to see
this, we cite Theorem 4.13 from [Duo01]. Let m € C>=(R3\ {0}) be a homogeneous
function of degree 0, and let T}, be the operator defined by (FT,,f)(p) = m(p)f(p)
for all f € S(R?) and almost all p € R®. Then, there exist a € C and Q € C*(S?)
with zero average (i.e. its surface integral over S? is zero) such that for any f € S(R?)
and almost all € R?,

Qy/lyl)

5 e f(x —y)d3y. (3.3.29)
y|>e

(T f)(@) = af(x) + lim

e—0
This theorem applies to T;; and explains the occurrence of the Kronecker delta.

b) Taking an argument form [SWTI|, we want to point at one mechanism that shows
why the zero surface integral of the singular integral kernel K (y) is such an important
assumption when checking existence of the pointwise limit

lim Ky)f(x —y)d® (3.3.30)

e—0 |y|>€
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where f € S(R?). To that end, we look at integral kernels of the form

K(y) = Qy/lyl)

3.3.31
of 3330

where () € C*(S5?), and for which the assumption of zero surface average, i.e.,
K(y)do(y) =0 (3.3.32)

S2

holds. We can without loss of generality restrict the range of integration to e < |y| < 1
and obtain

/||g«wﬂm—wd%:/" K(y) (fx—y) - f@) Py (3.33)

e<lyl<1

But, one also has

[f(x—y) - f(z)] < |yl sup (V) (=)l (3.3.34)

z|<1

and thus, we finally obtain

/Ilg«wf@—ym%

LﬂMdeﬂﬂw—w—f@D@y

Q
< sup |(V) (2) LL?JD By < 0o (3.3.35)
|z[<1 ly|<1 1y
uniformly in €. Hence, the limit (3.3.30]) exists. |

3.4. A useful characterization of H"' and H™

We turn now to a useful characterization of elements in H"' and H™. This will help
us in Section on infinite energy states. To that end, we define the bounded operator
K: H*' — H™! by multiplication with the 16 x 16-matrix K (empty slots are filled with
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Z€eros)

O =
— O

O =
=)

O =
— O

O =
—_ O

K = . (3.4.1)

O =
— O

O =
i)

O =
)

10
01
As K is orthogonal with det K = 1, we know that K is unitary. We conjugate Py (p) with
K and obtain for almost all p € R?

14 :i:'%(p) 08
1 tr(p) 14 ~
KP.(p)K' == =: P 4.2
:t(p) 92 0 1, :E/i(p) :I:(p) (3 )
° +r(p) 14
where the 4 x 4-matrix k(p) is for almost all p € R? given by
o-pROo-p
i(p) = =5 (3.4.3)

where o = (01, 09,03) are the usual Pauli matrices from line (2.1.5). Following the
definition of 7 in Definition [3.2] we define « for all f € C* ® L*(R?, d*r) and almost all
r € R by

(kf)(r) := L*lim 2P 1o(p) f(p) d°p. (3.4.4)
M=o Jipj<m

We now view H' as C* ® L*(R3, d3r;C"). Py acts on any f = (f1, fo, f3, fa)T €
C* ® L*(R3, d3r; C*), where f, € L*(R3, d3r;C?) for k =1,2,3,4, as

JiErfo

N 1

Pef =3 ﬁigﬁ . (3.4.5)
JiTtrf3
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This allows for the following characterization of f € H', namely

Theorem 3.10. We have f € HE if, and only if, there exist f,, € L*(R3, d®r;CY),
k=1,2, such that

S
K f1

2
trfo

Kf = (3.4.6)

Proof. We first assume f € KH'! and f = (f1, f2, f3, f1) T This implies P.f = f. With
the help of (3.4.5)), we compute

Jixkf fi Ekfs
_l faEKfi _1 iff(fli/‘fo)
f=3 ftnf, | =2 £t rf, : (3.4.7)
JiEKfs i/f(fsiﬁle)

where we used x* = id which follows from k(p)* = 1. Setting fi = fi £Kfy and
fo = f3 £ kf4, we have
i
r=| | (3.4.8)
fa
:Eﬁfg

For the reverse implication, we assume f to have the form

fi
Fo |t (3.4.9)
f2
:tlifg
A straightforward calculation then shows Py f = f which proves the theorem. m

We use the remainder of this section to give an example of a p-independent eigenvector
of k(p) and thus ultimately of PL. We define n by

0
n= % _11 (3.4.10)
0
and find for almost all p € R?
K(p)n =n. (3.4.11)
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With its help, we further define

n -1

- 1| n . 1| —n
== = - 3.4.12
W+,1 2| 7 W+ 2 5 " ( )

n n

n n

- Il —ny . 1| —n
1= _o == 3.4.13
Ww-1 B n W— 2 9 —n ( )

- n

and find for almost all p € R?

Pi(p) @iy = Quy for k=1,2. (3.4.14)

Thus, upon setting wy j, = KTcDi,k for £k = 1,2, we obtain
Piwip-d=wyy-¢ for k=12 (3.4.15)

for any ¢ € L*(R?).
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4. The operator closure of Hopp with
bounded potentials

4.1. The domain of the closure

From one perspective, Hy is a differential operator of first order. One could thus expect
that the domain of its closure D(Hy) is tied to some kind of H'-regularity. In this section,
however, we will see that this is not true. In the following Theorem [4.I} we consider
the closure of Hy—as well as the closure of related operators for later reference—before
we turn to the closure of Hopp with bounded potentials in Theorem (4.2l Of course,
bounded potentials do not alter the domain, and hence, D(H,) = D(Hspp). Therefore,
all arguments that work for H, also apply to Hopp. We also remark on unbounded
potentials.

Theorem 4.1 (Claim @ of Theorem . The following holds:

a) T =P -M'®id+id @ M~ - p with domain D(T) = {f € UHy| Tf € UH,} is
self-adjoint.

b) M~ - p with domain D(M~ - p) = {f € H™|M~ - pf € H™'} is self-adjoint.

c) M~ - p is essentially self-adjoint on C'® @ H?(IR3).

d) P-M" with domain D(P - M*) = {f € HO"| P-M*f € H®™} is self-adjoint.

e) Hy is essentially self-adjoint on Dy and

D(Ho) ={f € Ha| Hof € Ha} (4.1.1)
Proof. Since self-adjointness of 7', M~ - p, and P - MT is proven along the same lines,
we only show it for 7. Parts b) and d) and then follow. Of course, the proof follows

the standard proof of self-adjointness for operators of multiplication with real-valued
functions.

a) Since the Fourier transform is unitary, it suffices to prove self-adjointness in Fourier
space. We therefore define the C'® x Cl®-matrix T(P,p) for all P,p € R? by

T(P,p) =P -M"+M" -p. (4.1.2)

Since T(P, p) is Hermitian for all P,p € R?, T is symmetric on D(T). Hence, it
suffices to show D(T*) C D(T).
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Let f € D(T*). Then, we obtain for all g € D(T)
T°.0) = {8.79) = [ F(P.p) T(Pp)(P.p) P
R3xR3

- [ @i e P o EpEr

Since (C2°(R? x R?))®!0 is contained in D(T'), this holds in particular for all g €
(C*(R3 x R3))®16. This yields for almost all P,p € R3

T(P,p)f(P,p) = (T"f) (P, p), (4.1.4)

and thus, since f € D(T*), we get T'f € UHsy. Therefore, we can conclude f €
D(T).

c) For any f € H™, we define the sequence (f,)nen as fn =
C' @ H*(R3) for every fixed n € N since

J.

Furthermore, || f, —
obtain similarly

p (=l = [ (1= ) M wfe)

by dominated convergence. Hence, C'® @ H?(R?, d3r) is a core for M~ - p.

“_f. Then, f, €

P+n

ﬂ) dp < (L+n) | f]° < 0. (4.1.5)

1+
( p%%%

A

—— 0 by dominated convergence. For f € D(M™ - p), we

2
d3p

n—oo

0 (4.1.6)

e) That Hy is essentially self-adjoint on Dy, is well-known (see, e.g., [RS80, Corollary
of Thm. VIIL.33, pp. 300]). For the domain, we note that in the case m; = 0 = msy
we have Hyf = U'TUf for all f € Dy. Unitarity of the coordinate transform U
and closedness of T' now imply . As the mass term fm; ® 14 + 14, ® fmay is
bounded and symmetric, this result carries over to the massive case my, mo > 0. [

Theorem 4.2. Let V be a bounded and symmetric operator in Ho. Then, Hopp = Ho+V
1s essentially self-adjoint on Dy and

D(F2BD> - D(ﬁo) - {f € HQ | ﬁof < Hz} . (417)

Proof. The statement follows from boundedness of V' and (4.1.1) by a standard Kato-
Rellich perturbation argument. O]

Of course, these two theorems come as no surprise. After all, Hy, T, M~ -p, and P-M™
are each unitarily equivalent to multiplication with a Hermitian matrix, and the given
domains are the natural domains of multiplication operators. However, H'-regularity is
not the distinguishing characteristic of these domains but escapes in some sense. Let us
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first sketch what happens before we bring the statement , H'-regularity escapes in some
sense” into a mathematically rigorous form in Lemma [4.3

To that end, we introduce an abbreviation for H
Hy=(—ia-Vyp+pm)®@id+id® (—ia-Vy + fm) = Dy @id+id® Dy (4.1.8)

and notice that it was defined as operator sum on Dy = H'(R3, d32)®* @ H(R?, d3y)**,
i.e., each summand of Hj is well-defined and can be considered separately. In D(H,)
however, there are elements for which this is no longer true. Thus, the operator H,
might not be split into an operator sum; the notation D; ® id 4+ id ® Dy emphasizes this.
More precisely, there are elements f € D(H,) for which, e.g., ||(D; ®id)f| diverges.
Now, in order to have f € D(Hy), i.c., ||Hof|| < oo, also ||(id ® Ds)f|| has to diverge in
such a way that the diverging contributions of Hﬁo f H cancel.

The key ingredient in order to understand these cancellations is the coordinate trans-
form U to relative and center-of-mass coordinates. In the massless case, it transforms H
toT =P -MT@id+id@ M~ - p, and does that in such a way that these elements that
require cancellations correspond to those elements that lie in the nullspaces of P.-M*
or M~ - p, respectively. Now, each summand of 7' can again be evaluated against any
element of UD(H,) as possibly infinite terms are mapped to zero.

This intuition is captured in the following Lemma . Part |a) of it states that H'-
regulartiy is required only in Hffl, i.e., the orthogonal complement of the nullspace of
M~ - p. Part @ shows that in ’Hffl the domain of self-adjointness of M~ - p is tied to H*-
regularity. We only state the lemma for M~ - p in H* and note that the corresponding
statements for P - M in H™ also hold.

Lemma 4.3.

a) We have f € D(M™ - p) if, and only if,
. 1 o
|—iV,. P f|| = 3 M~ p f|| < oo (4.1.9)

b) The restriction of M~ - p to H', denoted by M~ -p | D, with domain P,D(M™ - p)
is self-adjoint, and it holds that

P, DM~ -p) =D, = (C* @ H'(R?, d°r)) N HY. (4.1.10)

Proof. a) We first assume f € D(M™ - p) and show that relation (4.1.9) follows. A
computation shows that for almost all p € R* we have (M~ - p)?/4 = p? P, (p), and
hence, (M~ - p)?/4 = p?P, holds on the intersection of their domains. Thus, for all
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g € C'® @ H*(R?, d°r) we have

1 A
=M py|”, (4.1.11)

where we used in (*) that the boundary terms vanish since P,g € C'¢ @ H?(R3, d°r)
and in (xx) that P,M~-pg=M~-pg.

Hence, claim a) already holds on C'® @ H?*(R®, d®r), which however is a core for
M~ - p by Theorem E[) This means that for all f € D(M~ - p) there exists a
sequence (fp)nen C C!% @ H?(R3, d3r) that converges to f in the graph norm of
M~ - p. By Eq. (4.1.11)), (f,)nen is then also a Cauchy sequence in the graph norm of
—iV,P,. Now, the product of operators —iV, P, : D(—iV, P,) — H' with domain
D(—iV,.P.)={f e H| P, f € C' @ H'(R3, d3r)} is closed, as P, is bounded and
both P, and —iV,. are closed. Thus, (f,)nen converges then also to f with respect to
the graph norm of —iV,. P,. In conclusion, for all f € D(M™ - p) we have

1 o 1. _ .
7M™ pf|| = 7 T [[M™ - pf|

4
= Jim |0V, Py | = iV, P ] (4.1.12)

A

The reverse implication follows from the definition of D(M™ - p).

As the projections Py are tailor-made for M~ - p, we obtain in the same manner as
for H™ in line ([2.2.18)) the matrix representation

M- p— ( M- ‘pof Dy g ) . (4.1.13)

Now, by [Tre08, Prop. 2.6.3, p. 144], M~ - p is self-adjoint if, and only if, M~ -p | D,
and O (that is, the operators in the upper left and lower right corner) are self-adjoint.
Hence, self-adjointness of M~ -p, guaranteed by Theorem [4.1Ib|), proves self-adjointness
of M~ -p | D,.

It remains to prove Eq. (4.1.10]). Suppose f € P,D(M™ -p). Then, f = P, g for some
g € D(IM™ - p). Since g € D(M™ - p) and M~ - p and P, commute,

IM™-pf|| =M™ - pPygl| < [[M™ - pg < oo (4.1.14)



and so f € D(M™ - p) N H". By part a),
: : Lo
I =aVefll =l = Ve fl = [SM™ - pf|| < 00 (4.1.15)

and so f € C'% @ H'(R?, d). Therefore, we have f € (C'% ® H'(R3, d*r)) N H.
Suppose conversely that f € (C' @ H*(R?, d)) N H¥". Then, f = P, f and f €
C' @ H'(R3, d®r) C D(M~ - p), which implies f € P,D(M~ - p). O

Lemma allows for a concise characterization of D(M™ - p) and D(P - M*) in the
following corollary. Again, we only state it for M™ - p but note that the corresponding
statement for P - M™ also holds.

Corollary. D(M™ - p) = D, & H™.

Proof. From Lemma , we know that in ”Hfl one needs H'-regularity, whereas in H*
L2-regularity suffices. As the splitting f = P, f+P_f for any f € D(M™-p) is orthogonal,
the statement follows. O

Remark 4.4. We can now address the question if the cases of singular V. or singular
Vine affect the domain. Singular potentials are unbounded operators and as such only
densely defined. E.g., in order to give meaning to (M~ - p + Viy)f, where f € H™!
one also needs f € D(Viy). We give a heuristic argument that this restriction of the
L*regularity of f € H™ does not affect the domain D(H,) too much. Functions with
L? but no H'2-regularity are, e.g., for almost all » € R?® given by f(r) = e”I"l/|r|*,
where 1 < a < 3/2 (see, e.g., [SteT70]). By considering its translations f(- — a) by a fixed
a € R3, one can always move away from the singularities of Vi, such that f(- —a) lies in
the domain of Vi,;. Hence, we can conclude that, although considering singular potentials
excludes some elements, translations of these elements are still in D(H,). How D(H,) is
reduced explicitly, depends on the concrete form of V. [ |

Before we finish this section, we see Lemma at work in the following example.

Example 4.5. We saw in Proposition that the matrix M~ - p has a non-trivial
nullspace for all p € R3. Therefore, we can relax the regularity conditions in, let us say,
pi-direction on an f € D(M™ - p) if the C'-part of this f lies in Ker(M7). Lemma [4.3p)
now states that nevertheless we have || — iV, P, f]| < oo, i.e. P, f € C'% @ H'(R?, d®r).
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Choose, for concreteness, f such that

fi(p1) fa(p2) f3(p3)

~
—
3
S~—
I
_ O OO OO0 OoOOo OO0 oo o

(4.1.16)

where (1,0,---,0,1)"T € Ker(M;). Now, we expect that f; can be freely chosen from all of
L?*(R,dp;), whereas f and f3 need to have H'-regularity in order to have f € D(M™ - p).
In order to probe this expectation, we compute M~ - pf(p) for almost all p € R and

find

M~ -pf(p) = (Myp2+ My p3) f(p) = f1(p1)

—P3

2ipy
ps3
0
0

fo(p2) f3(ps).  (4.1.17)

One can directly read off that f, and f3 are multiplied by ps and ps, respectively, but
no multiplication with p; occurs. Thus, we need as expected fo € HY(R,dp;) and f3 €
H'(R,dps), whereas f; can indeed be freely chosen from all of L?(R,dp,) as it remains

unchanged under the action of M~ - p.
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The situation changes when we consider P, (p)f(p), which reads for almost all p € R?

2p5 + p3 + 2ip1ps
(p1 — ip2)ps3
0
0
(p1 — ip2)ps
—p3
0
Py (p)f(p) = 2%)2 8 J1(p1) fa(p2) f3(p3). (4.1.18)
0
—p3
—(p1 +ip2)ps
0
0
—(p1 + ip2)ps
2p3 + p3 — 2ip1pa

We compute M~ - pP, (p) f(p) and find with Proposition
M~ - pP.(p)f(p) =M™ - pf(p). (4.1.19)

Therefore, we still need f, € H'(R,dpy) and f; € H*(R,dps) as above in ({.1.17). In
contrast to that, however, p; occurs as multiplication with p; /p?. Therefore, we also have
1Py f € HY regardless of how f; behaves. Hence, we can conclude that projecting f to
’Hfl has generated more regularity in p;-direction, and so P, f € C'® @ H*(R3, d3p).

For sake of completeness, we also compute P_(p)f(p) for almost all p € R? and obtain

2p} + p§ — 2ip1p2
—(p1 — ip2)ps
0
0

—(p1 — ip2)p3
p;
0

PP P) = 5 ’ Fulp) o) ). (4120

0

3

(p1 +ip2)ps
0
0
(p1 + ip2)ps
2pT + p3 + 2ip1p2
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We see that p; occurs as multiplication with p? /p? and no extra regularity in p;-direction
is gained. |

4.2. Remark on first order differential operators and
their hidden nullspace structure

This section is a little detour, in which we investigate sums of two first order differential

operators which are different from and even more general than Hj. It turns out that their

domain of closedness again contains elements that require cancellations of the summands.

Thus, the nullspace structure we encountered when studying H, is generic for operators

that describe two particles and that are first order differential operators. The concluding
remark of this section treats the semi-bounded case.

We take as underlying Hilbert space the Hilbert space tensor product
H=L*R? d’z) ® L*(R?, d°y). (4.2.1)
and define the coordinate transform W by
W: L*(R?, d*z) ® L*(R?, d%y) — L*(R?, d*°R) @ L*(R?, d®r) (4.2.2)
of the coordinates x,y € R3 to coordinates R,r € R3 by
r=ar+by, R:=cr+dy (4.2.3)

where a,b,c,d € R. Weset X = (z,y)" and Y = (r, R)" and obtain the transformation
matrix W: R3 x R? — R? x R? as

o= (2 )(3)-(3)r

We demand det W # 0, such that W be invertible and given by (W f)(Y) = f(X) =
F(WY).
We look at the operator sum
S 1= —iVgy —iVy = —iV, ®id —id ® iV,,. (4.2.5)
with domain

D(S)) = H'(R® x R?, d*x dy). (4.2.6)

Clearly, each summand of S; is well-defined for all elements of D(S;), and thus, S is a
well-defined operator sum on D(S;). We set the entries of the matrix W to a = —b =1
and ¢ = d = 1/2 (such that W coincides with the coordinate transform U to relative
and center-of-mass coordinates). Then, W is unitary, and S is closed if, and only if,
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WS W1 is closed. We find

WSW™! = —-iVp®id —id® (1 —1)iV, = —iVg (4.2.7)
as well as
WD(S,) = WH'R? x R?, d*zd®y) = H'(R® x R*, d*Rd’r). (4.2.8)

The latter follows from orthogonality of W.

The need for cancellations when computing the closure comes about as follows. By
standard arguments, we have that —iV g is closed on the domain

D = {fE'H| Vrf(-,7) € H for almost all r € R® } (4.2.9)

as —iV g is self-adjoint on D’. However, D(S;) = H'(R3 x R3, d3z d3y) is the largest
set on which S; can be defined as operator sum. Therefore, it suffices to provide an
f € D'\ WD(S;) in order to prove that Sy is not closed on D(S7) and that cancellations
occur. We define f € D' by
e_‘R|2 e_"r'z

f(R,T) = (4.2.10)

Ld

for almost all R,r € R%. We first note that |Vgf] is finite, and hence, we indeed have
f € D'. Moreover, we note that WV,W~! = Vg/2 + V,., and estimate

Va1l = | (5984 92) 1] = |5 19851 - 19.11] (12.11)

As noted above, ||Vgf|| is finite. However, ||V, f|| diverges since

o R 2( 1 )

_ —fr
2z Tk, 41 4.2.12
ory Tl Tl P (42.12)

and

o 1R? o—Irf? | . o202
/ / BRI = / e 2RE 3R / e K (4.2.13)
R3 JR3 |7“|2 R3 gs |T]*

where the singularity |r|™® is too strong for the d3r-integral. Therefore, [|[V,W~1f||
diverges, and we find f ¢ WD(S,).

In conclusion, we encounter a loss of H'-regularity in 7-direction when the operator
closure S7 is computed. Thus, we have found another example of an operator whose
closure depends on cancellation as in the previous section.

There is, however, a difference compared to Hy. For S; we chose real coefficients,
whereas the coefficients of Hy are Hermitian 16 x 16-matrices. In both cases, the coordi-
nate transforms W and U, respectively, shed light on a nullspace structure that led to a
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certain loss of regularity in the respective domains of closedness. We see in line (|4.2.7))
that in the case of Sy, the coefficient of —1V,. is 1 —1 = 0, i.e., the number of independent
variables is reduced from six to three, and only the center-of-mass coordinate R € R?
remains. Such a reduction is not observed for Hy. In that sense, the hidden nullspace
structure of S; is more severe.

In order to study the nullspace structure in an even more general setting, we consider
another first order differential operator sum, namely

Sy = —i(A; ©1,)V, —i(1, ® 43)V, (4.2.14)

where the coefficients A;, Ay are arbitrary, non-zero Hermitian C"*"-matrices. As do-
main, we take

D(S,) = H'(R® x R?, d*z dy) ® C". (4.2.15)

A nullspace structure emerges if the entries a,b,c,d € R of W are chosen carefully. In
order to prove this, we compute

WSQWil = —i(CAl X ]-n -+ 1n X dAQ)VR — i(aAl (024 ]-n + ]-n X bAQ)VT (4216)

Now, the matrices A; and A, are Hermitian and can thus be diagonalized. We denote the
corresponding transformation matrices by u; and uy, respectively. We use this in order
to obtain

al + by
U ®@up (A ® 1, +1, ®bAy)u;' @uy ' = ,
a2 + bpiy2
(4.2.17)

where A\, and pu;, K = 1,2,...,n% denote the eigenvalues of A; ® 1,, and 1, ® As,
respectively. Without loss of generality, we can assume p1 # 0 # A;. Hence, the choice
a/b = —p1 /A1 produces 0 as the first eigenvalue of aA; ® 1,, + 1,, ® bA,. This implies
that the coefficient matrix of —iV, has a non-trivial nullspace and all the arguments
concerning loss of H!-regularity etc. also apply to Ss.

This leads to the following conclusion. The nullspace structure of Hy revealed by the
coordinate transform U presents a rather unpleasant obstacle when, e.g., probing self-
adjointness. However, as this section tries to argue, such a structure is to be expected
if the Hamiltonian in question consists of a sum of first order differential operators with
matrix coefficients, chosen as above. If the coefficients are real-valued, the number of
independent variables might be reduced. This reduction implies that some degrees of
freedom in the original Hamiltonian have no effect on the dynamics.

Remark 4.6. Before we proceed, we want to remark on the same situation as before,
albeit for bounded below self-adjoint operators. Let A > 0 be a non-negative self-adjoint
operator in the underlying Hilbert space X', and B > 0 a non-negative self-adjoint opera-
tor in the Hilbert space ). Then, the domain of the closure of A®idy +idy ® B does not

44



contain elements with the above mentioned cancellations. We sketch the proof. Bound-
edness below and self-adjointness of A and of B imply that A is unitarily equivalent to
multiplication with the non-negative function a > 0 and that B is unitarily equivalent to
multiplication with the non-negative function b > 0. Hence, A®idy +idy ® B is unitarily
equivalent to multiplication with the function a + b. As a and b are non-negative, we
obtain for suitable ¢

[ (a+ b)gb“g(@y = ||a¢||§(®y + Hbngi(@y +2- ||ab¢||§(®y' (4.2.18)

This shows that all ¢ which render the left-hand side of finite also render the
right-hand side finite, and thus, lie in the domain of A ® idy and idy ® B at the same
time. Therefore, no extra cancellation elements are added to the domain when taking
the closure. [ ]

4.3. States with infinite single particle kinetic energy

In one-body problems, finite kinetic energy is usually associated with some kind of H*-
regularity: In the non-relativistic case with H!'-regularity, whereas in the relativistic case
with H'/?-regularity. In this section, we transfer this to the two-body case and explore
what the loss of H'- as well as H'/?-regularity in the domain of Hy means in view of
states having finite or infinite single particle kinetic energy (finite or infinite SPKE). We
do that by explicitly constructing various examples. We first consider examples of states
with no H*-regularity in - or y-direction (Example , but finite single particle kinetic
energy (Example . Next, we construct a state for which both single particle kinetic
energies diverge (Example |4.11)) and observe how these diverging contributions exactly
cancel (Example . While this section simply gives examples of states with infinite
single particle kinetic energy, further aspects of their physical relevance are discussed in
the subsequent sections [4.4] and as well as in the outlook in Section [7.2]

In order to make the association of H*-regularity with kinetic energy precise, we first
define single particle kinetic energy as well as total kinetic energy. To that end, we recall

the notation of Hy from line (4.1.8)
Hy=(—iat-Vyp+ pm)®id+1d ® (—ia- Vy + fm) = D; ® id +id ® D,y. (4.3.1)
Having in mind the non-relativistic two-particle system, the following definition of single

particle kinetic energy might seem natural at first sight. However, as the subsequent
Example [4.10] shows, this definition might not be satisfactory.

Definition 4.7. We define

a) the kinetic energy of the k-th particle in the state 1 € D(H,) by

Eyin1[V] = (¥, D1 @idy)) ,  Eung[t] = (¢,id @ Do) | (4.3.2)
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b) the total kinetic energy of the state ) € D(Hy) by

Ekin,tot W)] - <¢7F0¢> . (4-3-3)

Remark 4.8. Ey, 1[¢] for k = 1,2 may be infinite for some ¢ € D(H,). After all, this
is the main point of this section. Hence, Eyiy, x[¢)] may not be well-defined. In that case,
we simply write |Eyin 1[¢]] = 0o and mean for an appropriate momentum cut-off A € R*

A—o0

i) ¥ =all —0,

i) Exing[ta] < oo for all fixed A >0,

iii) sup |Exina[ta]] = oo. [ |
A>0

Example 4.9. We construct a state ¢; € D(H,) that exemplifies the possible loss of
regularity when taking the closure and thus the emergence of infinite kinetic energy states.
To that end, we define S; € C* ® C* by

0 1 1 0
S1 = é ® (1) - (1) ® (1) (4.3.4)
1 0 0 1
and with its help v, for almost all z,y € R? by
i(z,y) =81 flz+y) gz —y). (4.3.5)

A straightforward computation shows that S;f € HO™ = Ker(P -M™) as well as S1g €
HE = Ker(M~ -p)+. This implies two things. First, it tells us that for g € H*(R?) we
have ) € D(H,). Secondly, no H'-, not even H'/%-regularity of f is needed in = + y-
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direction, and thus, in a-direction. We compute

(0 Valin) = i [ [ 191102 1) 00 = ) @02,

—18:¢ [ [ 1pr2al|fPraw)| Eper

=18 [ %gﬁmm i) o) apap

zm&@@%élwmammeM%%w
3

=it [ [ [z

3
282> [ R[] €p [ awP ¢ (4.3.61)
2v/2 i) JR3 R3

lg(p)|* d*pd®P

3
P [ er [ mlef e wso)
k=1

Now, by our choice g € H'(R?) from above, we see that the summand is finite.
The minus sign in front of it can be compensated for by the summand (4.3.6a) and a
suitable choice of f. Recall that no regularity conditions on f are needed as S;f €
He™ = Ker(P - M*). Thus, f can be chosen such that (4.3.6a))-(.3.6b) is positive and
even diverges. Hence, ¥ need not have H'/?-regularity in the single particle variable a.
For the variable y, one proceeds analogously. |

Example 4.10. We apply Definition 4.7) to Example and find

Exin1[V1] = (1, D1 @ idn) = Ekin2[th] = (¥1,id @ Dathy) = 0, (4.3.7)

solely due to the spinor structure of Sy, although nothing has been assumed concerning
the distribution of the momenta. This result, however, is not generic for states with parts
in Ker(P - M™) or Ker(M™ - p) as the following example shows. [ |

Example 4.11 (Claim |E[) of Theorem . We present a state 1), € D(Hy) for which
Fiin1[12] as well as Eyy, o[tho] diverge. 15 is for almost all ¢,y € R* defined by

f

valay)i= [ | T @ y) by, (133)

—Iif

where I and k are defined in (3.4.1)) and (3.4.3)), respectively. For h it suffices to specify
h € HY(R3) with ||h|| = 1. f € L*(R3, d®>r;C?) is defined in Fourier space and for almost
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all p € R? given by

flp) = ( ) (4.3.9)

where ¢ € L*(R?, d3) \ HY?(R3, d®r) and v, (p) € C? for almost all p € R® with
vi(p)lvi(p) =1is deﬁned by its property

o -pr.(p) = |p|lvi(p) (4.3.10)

where o = (01, 09, 03) are the usual Pauli matrices from line (2.1.5)).

With Theorem , we conclude that ¢, € H'Y(R?, d*R) ® H*! and therefore, vy €
D(H,).

It suffices to compute

(e, =i (e ® 14) - Vg thg) = (Uthy, —i (@ 14) - (V. + 1/2VR) Uthy)

= </CU77/)2, —iK (a®1y) -V, /CT/CU@/J2> + (Uthe, —1/2 (a® 14) - VRUY,) .

(4.3.11)
We compute KU1, and find for almost all », R € R?
f(r)
(KU) (r, R) = |~ }E:; h(R). (4.3.12)
—(rf)(r)

The last summand of (4.3.11]) is finite, i.e., (Uthy, —i/2 (a ® 14) - VR Uthg) < 00 since
h € H'(R?). We drop it in the following. Recall the matrix K from (3.4.1]). Using that
0 04 o-pR1,

04 o-pR1; 0
o-pR1y (N 8
(4.3.13)
and
—(0-pR1Ly)k(p) =180 -p=—kK(p)(c-pR1,) (4.3.14)

48



hold for almost all p € R?, we obtain

(KU1, —i/C(a®14)-VTICTICUw2>:/ IWR)?d*R  x
R3
.i.

f(p) f(p)
s | —#(P)f(p) o. | —r@)f(p)
/Rs o f(p) Kle po LK f(p)
—k(p)f(p) —r(p)f(p)
=4 f)f1@0-p) f(p)dp
. t

1 [ Iplle)Paty = o (43.15)
RS

which diverges by the definition of ¢. In order to show that FEy,2[t)o] is infinite, one
proceeds analogously. |

Example 4.12. We continue with Example and show how the diverging contribu-
tions Eiin1[te] and Exin2[1s] to the total kinetic energy cancel each other. To that end,
it suffices to note the minus sign in front of V.,

U(—i(,®a) V) U'=—-i(1,®a)  (-V,+1/2VR). (4.3.16)

This minus sign leads to
(KU, iK (14® @) -V, KTKUY,) = —4- / pllo(p)* dp (4.3.17)
R3

which cancels the corresponding term of _Ekin,l[wZ] in line (4.3.15). Since we have 15 €
D(H,), it follows that Eiy ot[t2] = <¢2, Ho¢2> is finite. ]

4.4. The role of antisymmetry

In Section [4.3] we did not discuss the physical relevance of infinite single particle kinetic
energy states, which we will address now. We do so by asking whether such states can
occur if Hj is supposed to describe two identical fermions. We will answer this question
in the negative. For the fermionic case, we can restrict our considerations to states from
that subspace of H, which contains only antisymmetric wavefunctions and for which we
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write
H, = (L*(R?, d°z) ® C*) A (L*(R?, d°y) ® C*). (4.4.1)

We can immediately conclude that this has implications on the single particle kinetic

energy from Definition [£.7 Let ¢» € H, be of the form ¢ = ¢ A ¢ where ¢y, ¢ €
H'(R3) ® C*. Then,

Exin1[¥] = (¢1 A ¢2, Dy ®id @1 A @)
= (1 ®@ P2 — P2 ® ¢1, D191 @ g — D1gpa ® 1)
= (o1, D161) (B2, P2) — (b1, D1¢2) (2, P1)
— (@2, D16h1) (b1, 2) + (P2, D1¢b2) (b1, 1)
= (@2, B2) (b1, D16b1) — (d2, ¢1) (1, D1¢2)

— (b1, P2) (P2, D1¢1) + (b1, D1) (P2, D1¢2)

= (92 ® 1 — 91 ® P2, P2 @ Doy — @1 ® Dagpo)
= (2 A ¢1,id ® Dy py A 1)
= (=1)*(¢1 A ¢2,id ® Dy 1 A ¢2) = Eiin2[1)], (4.4.2)

where we interchanged the integration variables  and y in (x). Thus, we arrive at the
following relation for v = ¢ A ¢o with ¢y, ¢y € H'(R?) @ C*

2 Exin1[¥] = 2+ Eyin2[] = Elin tot Y] (4.4.3)

which is finite. This allows us to conclude immediately that antisymmetry rules out states
with infinite single particle kinetic energy of the form ¢ = ¢; A ¢9. In particular, the
cancellation mechanism observed in Example is not effective in the antisymmetric
subset of the domain since Eyiy, 1[¢] and Exi, 2[t0] have the same sign. That extends
to all ¢ € D(H,) N H,, is the content of the following lemma.

Lemma 4.13 (Claim [c) of Theorem . For all ¢ € D(Hy) NH,, we have
Eyintot[¥] = 2+ Exin1[¥] = 2 - Exin2[], (4.4.4)

which means in particular that Exinx[Y] < oo for all v € D(Ho) NH, and k = 1,2.

Proof. Let 1 € D(Hy) N H,. We note that Hy with domain Dy N H,, is essentially self-
adjoint as Hy leaves H, invariant. The domain of the closure is given by D(Hy) N H,.
n—oo

Thus, we can choose a sequence (¢n)nen C Do N H, such that [[¢p — || —— 0 and
| Ho(v — )| 27 0. Note that elements from Dy N H, are of the form ¢ = ¢; A és
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where ¢, ¢ € H'(R?). Using the continuity of the scalar product twice, this implies
2. Ekin,1[¢] =21

m—0o0
=2 lim lim (D; ® id,, )

m—r 00 N—00

=2- lim lim (¢, D; ® ide,)

m—00 Nn—00
*)

= lim lim (¢, (D1 ®id 4+ id @ Ds)y,)

m—r00 N—00

= <¢7H07/J> = Ekin,tot [w] < 0. (445)
In (%), we used the polarization identity in order to apply (4.4.3). In order to treat
FEyin2[1], one proceeds analogously, which finishes the proof. O

One could think that (4.4.3) suggests that demanding antisymmetry from allowed wave-
functions leads to higher regularity. After all, states like 15 from Example [4.11] are ruled
out. This, however, is in general not true as the next example shows.

Example 4.14. We continue Example Recall the state ¥y (x,y) = S f(x+y)g(x—
y). If one takes g to be an even function, then ; is antisymmetric by the choice of Sy,
yet f requires no other regularity than being square-integrable. |

4.5. Time evolution generated by Hopp

This section continues to address the question of physical relevance of states with infinite
single particle kinetic energy (infinite SPKE). In Section , we restricted ourselves to
antisymmetric states and found that then infinite SPKE cannot occur. In this section,
however, we assume that the initial states are arbitrary states but with finite SPKE. We
show that then for all finite times t € R the single particle kinetic energy stays finite,
where the time evolution we consider can be the free time evolution or the full time
evolution, even including interaction, if the potentials obey a regularity condition. This
is the content of the following theorem for which we recall Dy = H'(R3, dz) ® C* ®
H'(R3, d3y) ® C*.

Theorem 4.15 (Claim E[) of Theorem . Let V' be the operator of multiplication with
the smooth real-valued function V.€ C®(R3 x R3). We assume that there exists a real
constant 0 < M < oo such that

o sw | (2v) @w| <

x,ycR3

b) sup (an> (w,y)‘ <M,

x,ycR3

o s |(52-v) (a:,y)’ﬁM.

z,ycR3 &Cﬁyj
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Then,

a) the free time evolution generated by Hy leaves Dy invariant, i.c., for all t € R, we
have

e~ oDy C Dy, (4.5.1)

b) the full time evolution generated by Hopp = Hy + V leaves Dy invariant, i.e., for all
t € R, we have

et D C Dy, (4.5.2)

Proof.

a) Recalling the notation of Hy from line (4.1.8))

Hy= (i Vg + Bm)@id +id @ (—ia - Vy + fm) = D; @ id + id @ D,
(4.5.3)

we note that Hy is the sum of two commuting operators. Thus,

—itD1®id | —itid® D2

e e — efzt(D1®1d+1d®D2)

—itid@Ds ,~itD1®id (4.5.4)

=e
holds. This allows us to compute for all 4,7 = 1,2,3, all t € R, and all f € Dy

182, © By, 0 f|| = 1|8y, @ 9,07 PEHAED) £
— ||e—itD1®ide—itid®Dgaxi ® ayjf”
= 1|0y, ® 8y, f]| < oo, (455)

which finishes the proof.

b) We need to show for all f € Dy, all i,7 = 1,2,3, and all ¢ € R that

We fix an f € Dy, set

0y, ® B, e~ Hanp fH < o0 (4.5.6)

T, = e—itﬁo/ne—iﬂ//n7 (4.5.7)
and define with its help the sequence (f,,)nen by
fo =T f. (4.5.8)

Note that 7T}, is unitary due to the self-adjointness of Hy and of V. We will see in
Theorem that Hy + V is essentially self-adjoint on C§°(R? x R3) @ C'®. Hence,
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we know from the Trotter product formula (see [RS80, Theorem VIII.31]) that
lim f, = lim T7f = ¢ /o f (4.5.9)
n—>00 n—r00

for all t € R. Furthermore, we define the sequence (g, )nen by
In = 0z, @ Oy, frn = 0p, ® 9, T f. (4.5.10)

It suffices to show that (g,)nen converges weakly in Hy to 0., ® 8yje_itﬁ2BD f as this
implies (4.5.6) using the lower semicontinuity of the L?>-norm (see (4.5.18) below).

To that end, we show that ||0,, ® 9,,T}; f|| is bounded uniformly in n. Therefore, we
compute

9, ®0, T"f|| = ||0, 0, e-itHo/ng=itV/npn-1
e 0y, n

yiLn
_ ‘ e—itﬁo/namiayje—z’tV/nT:lz—lfH

= (1020, 7T 1|

< @2, ) T3] + e Vin0,.0, T2 )

>~ Yji-n

@) @1 D + | (0ne ) 0, )

Titn Yi—n

t _. t .
(tema ) | | e 1)
+|102,0, T /|

Yitn

2
(Gem@unonn + teno,0,0) 1

IN

t? t t
(532 + 2o ) T2+ 2o oz s]) + o, 72 71)
+ 0.0,

t? t t . -
= (G Lar) Isi+ 2o (o s] + o, 72 51)

+|02,0,, T2 1] (4.5.11)

Yi—n

where we simplified the notation 9,, ® 9, to 0,,0,,, used that e~*V/" € C**(R?® x R?),
and that || T2~ f|| = || f|| as T, is unitary.
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o4

We consider ||0,, 7" f|| separately and find

Hasz:f—lfH _ axie—itﬁo/ne—itV/nT?:L—Qf

_ e—itﬁo/namie—itV/nTg—2fH

— HaxiefitV/nT72172f||

_ <£eitV/naxiv> T;bzf2f + efitV/naxiT:fo
n

t
~M AN+ 1|0e T2 ]| - (4.5.12)

IA

Upon noticing the recursive nature of inequality (4.5.12]), we obtain

t t
0.2 < SIS+ =M+ (00T f

< "D 10,01
. (4.5.13)

< EM|[fI] + 10x, f

As the same reasoning that led to inequality (£.5.13)) also applies to [|0,, T2 f],
line (4.5.11)) can be estimated as

2 t t
02,0y, Tl < ( M>+ =M ) | £l + =M (2t M| fI| + 1|0z, f
n n n

2.0, 71]

Yi—n

_ (MW " %M) 71+ =M (10,1

n

2.0, 711

Yi—n

S> (t2(1 + 2n)
n

[+ 1194 71)

[+ 119, 11)

—
*

M2 0 ) 1]+ 001 (0.

1190, A1) + 119205, 1]
< (BEMP +tM) || fI| +tM (10w, fI + |18y, f]]) + || 020y, f|] » (4.5.14)

where we used recursion arguments in (x) again. Line (4.5.14)) is the desired uniform
bound in n.

This bound implies that the sequence (g, )nen has a subsequence (gy, )reny Which con-
verges weakly to a g € Hs (see [LLOI, Theorem 2.18]), i.e., for all h € H, it holds
that

k—o0
(s Gy, — )] = 0. (4.5.15)



As this holds in particular for all ¢ € C®°(R3) @ C* @ C°(R?) ® C*, we can compute

(00 =[5~ B
= (000, (fu, = w0 1))
<000, || fr = e o] =2 0. (45.06)

This implies
g = 0,0, 1Mwn f, (4.5.17)

Now, the lower semicontinuity of the L?norm (see [LLOI, Theorem 2.11]) yields

where liin inf||g,, || < oo holds by the uniform bound (4.5.14)). O
—00

—itHopp
0z, 0y,€ f

| = llgl < timintlgn, | < oo, (45.18)
k—oo

Remark 4.16. Several remarks are in order.

a)

b)

c)

Q)

e)

We believe that the assumption V' € C* can be substantially relaxed. Smoothness of
the potentials is assumed merely for technical reasons.

The same technique employed here can also be used to show invariance of H*(R3) @
C*® H*(R?) ® C* for k > 1.

As eitHzmp g boundedly invertible and Theorem also holds for the inverse,
we see that also D(Hgpgp) \ Dy is left invariant by e~**#280, Thus, the time evolution
partitions D(Hypp) into two subsets that are disjoint in the sense that they cannot
be mixed by the time evolution for finite times ¢ € R.

This implies that finite SPKE states can reach infinite SPKE states only in the limit
t — 0.

The converse of Theorem is also true, i.e., a dense linear set D contained in the
domain of a self-adjoint operator A is a core for A if for all t € R, e 4D C D (see
|[RS80, Theorem VIII.11]). [ |
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5. Self-adjointness of Hopp with
unbounded interaction

5.1. Essential self-adjointness of Hopp with smooth
potentials

Our first result concerning self-adjointness of Hogp with unbounded interaction is pre-
sented in this section. We require a smooth potential and can then employ an elliptic
regularity argument. In the case of one-body Dirac operators the analogous statement is
well-known and can be found in [Tha92, Theorem 4.3]. The proof of this result extends
to the N particle case. Therefore, we follow the proof of [Tha92, Theorem 4.3] closely, in
some instances even verbatim.

Theorem 5.1. Let the potential V' be the operator of multiplication with a Hermaitian
matriz with entries Vi; € C°(R®* x R?), 4,5 = 1,2,...,16. Then, Hopp = Hy+ V is
essentially self-adjoint on C°(R3 x R3) @ C'°.

Proof. Since V is multiplication with a Hermitian matrix, Hopp is symmetric on C5°(R3 x
R3) @ C'5. By the basic criterion for essential self-adjointness (see [RS75]), it thus suffices
to show that (Happ 7)1 = 0 for some ¢ € Hy implies 1» = 0. The operator Hopp £ i is
an elliptic differential operator of first order with variable C°°- coefficients. By the local
regularity property of elliptic operators, we conclude that any L2-solution of (Happ +
i)Y = 0 is infinitely differentiable. Let 1) be such a solution. Choose now a function
[ € CP(R? x R?) with f(z,y) =1 for |z|> + |y|* < 1 and set f,(x,y) = f(%, %) for all
n € N. Then, we find

(Hopp +1) fop = —i(a®1) - Vg fr, —i(1 @ a) - YV fo, (5.1.1)

where we used (Happ + i)Y = 0. With (Vf,)(x,y) = (Vf)(%, %), we obtain

I f¥l” + || Hopp futb||* = [|(Happ + 1) fotd||”
= [(@®1) Vafu+ (1@ ) - YV, f |

3

" 3
Zl@ak
k=

2

2
< — sup [(Vof)(z,y)|
n
x,ycR3

2

2 n—oo
+ﬁ sup (Vyf)(z,y)] 7200, (5.1.2)

z,ycR
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n—00

which implies together with || f,1| —— ||¢|| that ¢ = 0. The analogous argument for
(Hspp — 1)1 = 0 finishes the proof of the theorem. O

5.2. Self-adjoint extension of Hopp with Coulomb
interaction

This section is devoted to the proofs leading to our main result Theorem [2] and contains
the construction of the self-adjoint extension of Hogp. In the subsequent section, we will
complement this extension by a criterion that distinguishes it uniquely.

For the remainder of this chapter, we fix the interaction potential Vi,; and define with
veR

Vit 1=V, (5.2.1)

where we assume that V is in the underlying Hilbert space H™ the operator of component-
wise multiplication with |r|™ for almost all » € R? and all 0 < x < 1 with domain

DV)={feH"||-|"fen}. (5.2.2)

It is well-known that V' is positive and self-adjoint on D(V).

Before we proceed with the construction of the self-adjoint extension of Hsgp, we
want to understand why many standard techniques from the perturbation theory of self-
adjoint operators are not helpful in finding such a self-adjoint extension: An unbounded
interaction potential is not relatively bounded by Ho

Lemma 5.2. Let v # 0 and let 0 < k < 1 be fized. Then, V is not relatively bounded by
Hy.

Proof. Tt suffices to provide an f € D(H,) such that f ¢ D(V). To that end, we fix
0 < k <1 and chose a 6 € RT such that 0 < § < k. Next, we define f for almost all
x,y € R by

—|z—y|?
fle,y) =w_1- m “p(x +y) (5.2.3)

for some ¢ € S(R?). We recall the definition of w_; and its crucial property

P_ (p) W_1=w-1 (524)

from lines (3.4.13))-(3.4.15)). This implies w_; € Ker(M™ - p). Therefore, we obtain with
help of the coordinate transform U

|Hof| = |P-MrUf+ M pUf| = | P MUS| < ox, (5.2.5)

! This was first noticed by Julien Sabin and Jérémy Sok, private communication.
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and can thus conclude that f € D(Hy). But f ¢ D(| -|7*) as

2 2
o1 1711 = [ e (520

does not converge except for v = 0. This proves the lemma. O]

Before we can give domain and action of the self-adjoint extension of Hogp, we would
like to recall from Section the various steps (or layers of self-adjointness) involved in
this construction, and hence, the corresponding proofs.

As first step, we note that Hy does not separate into center-of-mass and relative Hamil-
tonian as one is used to since UH,y # H°™ @ H*!. Nevertheless, by employing direct fiber
integrals, we can infer self-adjointness of Hopp from self-adjointness of H*!. Therefore,
we look only for a self-adjoint extension of H™'. This extension plus P .M is then also
a self-adjoint extension of Hopp. Since H™ is a matrix operator, we have as second step
the Frobenius-Schur factorization at our disposal. Therefore, we can use that important
properties such as closedness and self-adjointness are encoded in the Schur complement.
After a slight but important modification of H*!, we see that the Schur complement pos-
sesses a self-adjoint extension, denoted by Sp. This, in turn, paves the way to Hi, the
self-adjoint extension of H™!, and finally, to Hy which denotes the self-adjoint extension
of Hypp in relative and center-of-mass coordinates.

We start with the just mentioned slight but important modification of H*!. We define
the symmetric and bounded matrix

B:=28®§8, (5.2.7)

recall Eq. (2.1.4)) for the definition of 3. We now consider H™ + P, BP,. Recalling the
matrix representation of H™' from line ([2.2.18)), we find

M~--p+P,BP, + PAYVP P AVP_
rel _ + + + + +
H + P, BP, = ( P AVP, P VP ) (5.2.8)
which is well-defined on
D(H™) =D, @ (D(V)NH™, (5.2.9)

where D} = (C*%® HY(R?, d®r)) NH*?, introduced in (2.2.19)). For sake of completeness,
we prove that D(H™) is dense in H*™.

Proposition 5.3. D(H™) is dense in H™.

Proof. The statement of the proposition follows if D is dense in H** and D(V) NH™ is
dense in H'™ since the splitting of H*' is orthogonal. The former statement follows from
density of H' in L?, the latter holds then by Hardy’s inequality. O]

In the following lemma, we examine the properties of the combination of the matrices
P, (p)BP;(p) and M~ - p.
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Lemma 5.4. The following holds for almost all p € R3:
a) BP,(p) = P.(p)B,
b) (M~ - p+ BPy(p))" =4(p* + 1) Pi(p), and

¢) IM~-p+ BP.(p)| =2(p* + 1) P, (p).

Proof. a) We get by direct computation BP,(p) = P, (p)B for almost all p € R? since

(a-p)B=—Pf(a-p) by Eq. (2.1.6).

b) Using P,(p)M~ -p = M~ - pP,(p) = M~ - p, we compute for almost all p € R3
(M~ -p+BP,(p))? = 4(p*+1) P, (p) where again we made use of the anticommutation
relations in Eq. (2.1.6).

c) By partfd), we have P, (p)BP,(p) = BP.(p), and thus, M~ -p+BP, (p) is Hermitian.
We compute for almost all p € R?

M p+ BPp)] = (M p B2, ) (M p+ B2 (p)

= (4(p*+1) P(p)"”

where we used part [b) in the last step. Now, Py(p) is a Hermitian matrix, and
therefore, there exists a unitary matrix u(p)—the same matrix u(p) as in lines (3.1.1))
and ([3.1.10)—such that we have for almost all p € R3

(5.2.10)

u(p) P (p)u(p)’ = ( s 0, ) : (5.2.11)

Then,

407+ ) P = a2+ ) () ule)
—2(p*+1)"* P, (p) (5.2.12)

for almost all p € R? which concludes the proof. n

In the following, we will make frequent use of the operator M~ - p + BP, in the
underlying Hilbert space Hffl. Thus, we introduce the abbreviation

Ay=M"-p+ BP,. (5.2.13)

First, we want to relate the different interaction potentials, distinguished by the exponent
0 <k <1, to Ag. Recall D, = (C'®* @ H'(R3, d®r)) N H*! from line (2.2.20).
Lemma 5.5. Let 0 < k < 1 and let M, > 0 be given by

—_g). (5.2.14)
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a) Forall f € Dy,

M,
IT- 17 £] < == 1A £l (5.2.15)

b) For all f € (C'* @ HYV2(R?, d*r)) NH™,

2

o1y < 252 ol (5.2.16)
) =~ 2 ) 0 . /R

Proof. a) By [Her77, Theorem 2.5], for all h € C'® @ S(R?) we have the bound
[1-17°(° + 1)™2h|| < My|R]. (5.2.17)

This inequality extends to all h € H'!. Now, for all f € D., there exists a g € H
such that f = (p> + 1)7%/2¢g. Thus, for all f € D, we can compute

- 17F =111 1750+ D)7 g]| < Midllgll = M|

(» + 1) f]|. (5.2.18)

With part ) of Lemma for all f € D, we obtain

171 < 5 262 + 12|

My i
< 12(p* + 1)2P. £
M, .
= [[[M™-p+ BP. f]|
2
M,
=5 [ Ao f1l (5.2.19)

which proves the claim.

b) Due to ((5.2.18)), we find for all f € D,

170 = - 172
< M2, || + 1) AP f ||
= M2, (f. (0> + 1)'/2Py f)

= 2 (f.2 + 1) P, )
2

_MH/2 A
=5 ([l Al ) (5.2.20)

Since C'% @ H(R3, d3r) is a core of (-, (p* + 1)1/2.) (see [LLOI, Theorem 7.14]), this
computation extends to all f € (C'¢ @ HY/2(R3, d3r)) N H . O

Part ED of Lemma says that B leaves Hffl invariant. Consequently, we can define
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the operator

A=Ay + PV Py (5.2.21)
in the underlying Hilbert space 'Hfl with domain

D(A) =Dy = (C @ H'(R?, d*r)) NHY. (5.2.22)

The next lemma provides important properties of A in order to obtain a self-adjoint
extension of H™ + P, BP, later on in Theorem m

Lemma 5.6. Let 0 < k < 1 and let M, be given as in Lemma [5.5.  Moreover, let
|v| M, < 2. Then,

a) A is self-adjoint on Dy, and
b) 0 p(A).

Proof. a) Since BP, is symmetric and bounded, Ay is self-adjoint on D, by Lemmal4.3b]).
We have for all f € D,

g

|- [

|V < 2V fl| = H f

M,
] < DI (5.2.23)

where we used Lemma [5.50]) in the last estimate. For |y|M, < 2, the Kato-Rellich
theorem (see, e.g., [RS75, Theorem X.12|) now implies self-adjointness of A on D, .

b) First, we prove that Ay has a bounded inverse A;": Hfﬁl — D,. Forall f € ’Hffl, we
find (p*> +1)71f € C% @ H*(R?, d3r) and Ag(p® + 1)1 f € D, with

M~ -p+ BP,(p)

4032 + 17 = sup | M2 D

pER3

=2 (5.2.24)

By Lemma [5.4b), on (C'® @ H*(R?, dr)) N H' we have A3 = 4(p* + 1)P;. Hence,
for all f € HI

Ay GAO(fP + 1)1f> =f (5.2.25)

which together with Eq. (5.2.24)) implies that Ay" = 1/2Ag(p* + 1)~

Moreover, for |y|M, < 2, a theorem by Kato [Kat95, Theorem IV.1.16, p. 196| in
combination with Eq. gives the existence of a bounded inverse of A. The
same theorem by Kato also implies that AD(A) = H*! (see [Sch72, Lemma 1]), which
in return implies 0 € p(A). O

Next, we aim at the Frobenius-Schur factorization of H™ + P,BP,. Recalling the
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matrix representation of H™ + P, BP, from line ((5.2.8)), we find

H™® + P.BP, = ( P_ﬁ/ P, ]]jj“;]]z_ ) (5.2.26)

with domains
A: D, = H, PAVP_:DV)NH — H

PAVP : DV)NH = H* P AVP_:DV)NH — 1 (5-2.27)
and define the Schur complement S: D(S) — H™ of A by

S:=PAVP. —PAVP,A'P.AVP_ (5.2.28)
with domain

D(S) =D(V) N H™. (5.2.29)

That S is well-defined, and thus the Frobenius-Schur factorization of H*'4 P, BP, exists,
is the content of the next lemma.

Lemma 5.7. Let 0 < k < 1 and let |y|M, < 2. Then, the matriz representation of
H™ + P_BP, is symmetric and its Frobenius-Schur factorization is given by

H™ + P,BP, =

B id 0 A0 id AP AVP
“(pra w)(os)(s ) e2m

Proof. We use the theory of unbounded matrix operators in Hilbert space from Ap-
pendix [A] There we introduced the conditions [MI{M®6] which we need to check now:

M1 The entries A, P,yVP_,P_ vV P,, and P_yV P_ have dense domains by Proposi-
tion[5.3] As they are symmetric, A and P_~yV P_ are closable. P,V P_ is closable
as (P_~yV P,)* is a closed extension of it which can be seen as follows. Suppose that
FeDV)NH™ and g € D(V)NH. Then, we find

(f, P-VPrg)=(f,Vg)=(Vfyg) =P VP fg), (5.2.31)

and thus, f € D((P_vV P,)*) holds. An analogous argument applies to P_yV P,
and (PyyV P_)*.

M2 D(P,yV P_) = D(P_~V P_) by definition in (5.2.27).
M3 The resolvent set of A is not empty as 0 € p(A) by Lemma[5.6]
M4 D(A*) =D, C D((PyyV P-)*) by definition in (5.2.27) and Hardy’s inequality.

M5 D(A) C D(P_-~V Py) by line (5.2.27) and Hardy’s inequality.
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M6 D(H™ + P.BP,) =D, @ (D(V) N H™) which is dense in H™ by Proposition .

Symmetry follows from the criterion in Lemma [A] for which we use self-adjointess
of A from Lemma [5.601 Existence of the Frobenius-Schur factorization then follows from
Theorem [A.3] O

As outlined in Section and briefly at the beginning of this section, the crucial
ingredient in finding a self-adjoint extension of Hypp is to find a self-adjoint extension of
the Schur complement S. However, before we can present this extension in Lemma [5.10
below, we need to provide the technical results of Theorem [5.§ and Lemma [5.9

Theorem 5.8. Let 0 < & < 1. For every f € D(VY?) NH™, there exists a sequence
(fu)nen C D(V') such that

I7 = PAull + VP = S}l === 0 (5.2.32)
Proof. Let f € D(VY2)nH™. First, we define the Gaussian x,, for all n € N by
Xn(r) = eI (5.2.33)

and with its help the Gaussian cut-off 1 — x,, for f by f, := (1 — x,)f. By construction,
(fa)nen € D(V) for all n € N since we have (1 —y,(r))|r|™ — 0 as |r| — 0 for all n € N.

n larger

n=0

Figure 5.1.: The Gaussian cut-off function 1 — x,, for n = 0 and for n larger is
depicted on the left. On the right, an arbitrary function f (solid line)
with singularity in the origin and some of its cut-off versions (1 — xy,)f
(dashed lines) are shown. Notice that the cut-off versions all pass the
origin.

Dominated convergence implies

1= £l =11 = (=X fI = / ()P Lf ()P =50 (5.2.34)
R
since |x,(7)]? < 1 and |x,(r)]> =25 0 for almost all 7 € R?, and therefore,
1= Pl = 1P-f — Pl < 1P — Full 2250 (5.2.35)
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n—0o0

(f — H —— 0, we estimate
[VY2P_(f = f)|| < ||P V2 |+ (VY2 P2) xaf |
< PV |+ VY2 7] xS (5.2.36)

where we used P_ = 1/2 (id —7). Hence, using f € D(V'/?), we get for the first summand
of (5.2.36) by dominated convergence as above

In order to show HVl/zP

VY2 xn f|| == 0. (5.2.37)

In order to treat the second summand of , we note the following. In the paragraph
leading to the definition of 7;; in line , we saw that in order to control 7, it suffices
to control T;;. Thus, denoting the spinor components of f by fF ok =1,2,...,16, it
remains to show

[V, Ty] x| === 0 (5.2.38)

foralli,j=1,2,3and k=1,2,...,16.

In the following, we will collect all numerical factors, which are independent of ¢, r,
and y, by the same symbol C'. The exact value of C' might therefore change from one
line to the next.

Using that V/2 is multiplication with |- |~/ and thus commutes with that summand

of T;; which contains the Kronecker delta d;;, we estimate for almost all » € R and for
all i, 7, k

([ 172 T xa ) ()|

1 1
—clim [ Ky ( - ) A — 9 — ) ¥y
e=0 |y|>s ! |52 e — y|s/2
1 1
< C'lim — fk y) dS?J
i | [ g )] |
L |lr =yl —|r|"/? K
= C'lim y) |ff(r —y)| &y
) v e | |
) 1 |y|"/? K
< Clim Xa(r —y) [ (r —y)| &Py
o T T gl W)
o L lim/ L ulr=y) | =y)]
|7[5/2 650 Jiy1se |y[3r/2 r —y|*?
1 1 Xn r— |fk r— !
=C / d*y (5.2.39)
[r[772 Jps |y[P=r/2 r—y|/?

where we used Theorem together with dominated convergence in the last step and
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Lemma [B.1] (Appendix [B]) in (x). We define h,, for almost all » € R* by

B 1 =y |ffr—y)| .
ha(r) = R T &y (5.2.40)

Now, we exploit the Gaussian nature of the cut-off, i.e., the fact that y,, from line (5.2.33])
lies in LP(R?) for all p > 1. This implies | - |7/, |f*| € LP(R?) for all p € [1,2] and
n € Nas ||| f*| € L*(R®). With Theorem [3.6b)), we can then conclude h,, € L*(R?)
for all n € N. Thus, h, has a Fourier transform, which, also by Theorem , is for
almost all p € R? given by

I (D) ¢ r (’T" ||5/J> (p). (5.2.41)

~ |p|?

A further consequence, known as Hardy-Littlewood-Sobolev theorem of fractional inte-
gration (see [Ste7(, Chapter V, Theorem 1]), is the inequality

Xn | 1%

(5.2.42)

6

3+k

Note the different LP-norms. Since y,, < x; and x; is a Gaussian and thus lies in LP(IR3)
for all p > 1, we can conclude with dominated convergence

X | F¥|

2 22%00. (5.2.43)
6

3+k

Putting everything together then yields

(i)
|| [l ' |_H/27ﬂj} X’nka S C H| ' |_R/2hnH

(i) . K/4

<c|(pf +1)"" b,

< C (|11 k| + 11a)

< C >|< ",{/J +C >|< ",{/2' 7% 0, (5.2.44)
2 6

3+k

where we used (5.2.39), (5.2.40) in (i), (5.2.18) from the proof of Lemma in (ii),
(5.2.41)), (5.2.42) in (iii), and dominated convergence and line (|5.2.43)) for the convergence
n — oo. This proves the statement. O

66



Lemma 5.9. Let 0 < k <1 and let |7|]\43/2 < 1. Then, the operator
(V) 2P AT Py (V)2 D(VIZ) — H (5.2.45)
is bounded on the dense set D(V/?) with

C = [[([V) 2P AT P (Iy[V) 2] < 1. (5.2.46)

Proof. As preparation, we prove that the operator (|y|V)Y2P,|Ao|~"/?: HE — H s
bounded with norm

[(VV) 2Py Aol 2| < V02 Mo (5.2.47)
This is equivalent to
(Y IV)21 A0 2] < V112 My, (5.2.48)

as |Ao| /2 maps into H'¢'. By Lemma |5.5p)), for all f € (C'¢ ® HY2(R?, d3r)) N H! we
get

M2
BBV = (o < T g (5249
or equivalently
(V)25 < |—g|Mﬁ/z !Ao!”sz. (5.2.50)

As |Ao|™"* maps He!into (C16 @ HY2(R3, d3r)) N HE, this implies for all g € H!

- v
[(mv)2 140 g < o/ 2 Ao gl (5.251)
This also implies

1401772 Py vy 72

= [ (1401 P vy )’
= [[ vy Py (140772 |

< % M, )s. (5.2.52)

= vy epe a2

We use the polar decomposition Ay = Uy,|Ag|. Note that Ker(Ay) = {0}, and hence,
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Uy, is unitary. We obtain

| (1) 2P AG P (V)2 = (7] V)
= || (IWV)2 Py | Ao ' U P (I9IV) 72
= || (W IV) 2P| Ao 2U L Ao PP (4 IV) 2|
<|( |7|V>1/2P+|Ao|‘”2||2 (o

2

V)2P, (UaAo]) ™" Po([V)2|

(5.2.53)

where we used unitarity of Ugol and the fact that Ugol and |Ag|~"/? commute as both are
functions of the self-adjoint operator Aj.

With the help of the resolvent identity we find

[(1y[V) 2P AT Py |[V) 2|
<[ (V)P (AT = AGY) P V)2 + (| (11V) 1/2P+A61P+(W|V)1/2H
v|M N/z

2

|r>/| [4;/2
2

< (V) 2P AT (Ao — A) AT P(ly V) 2| +
= [[(WV)" 2P AT P |V PLAG Py (V)2 +

. || M2
— (V) 2P AT P (R [V)Y2) (V)2 P AT P (V)2 || 4+ 2

2

< O oy, e - 22 (5250
which implies

C = [|(nV) 2P AT P (I V) 2| < % (5.2.55)
If ]fy|]\/[3/2 < 1, then C' < 1. This concludes the proof. H
Lemma 5.10. Let 0 < k < 1 and let |7|]\4,f/2 < 1. Then, the form sum

Sp =~(VY2P_)y*'VV2P_ — P AVP AT P AV P_ (5.2.56)
with domain

D(Sp) = D(VV?) nD(S*) (5.2.57)

defines a self-adjoint extension of S.

Proof. In what follows, it is very useful to distinguish the different scalar products of the
underlying Hilbert spaces H* and H™', respectively. We define two forms that map from

68



Hrel x H*! into C. First, we define the form of P_V P_ by

o[f,g] = (f,P-VP_g)ypa , D(v) =D(V)NH" (5.2.58)
Second, we define the form t by

tf.g = (V'PP_f VPP g), ... D(t)=DV"*)nH". (5.2.59)

Furthermore, we define the restriction of V2 to H™. In order to clearly distinguish it
from V12, we write VY/2P_ i.e.,

V2P . DV N — He (5.2.60)

As it is a map from H™ to H'™, its adjoint (V/2P_)* maps from H™ back to H™. We
list a number of properties.

(i) v, t are symmetric since V and V1/2 are self-adjoint in the underlying Hilbert space
Hrel‘

(ii) v, t are positive since V and V'/2 are positive.

(iii) V¥2P_ is closed since V1/2 and P_ are closed and P_ is bounded. Thus, t is closed.

We claim that o = t. For all f,g € D(V) N H™, we compute

U[f? g] = <f7 P—VP—9>Hrjl = <P—f7 VP—9>Hrel
= <P*f7 V1/2V1/2P*9>Hrel
= (VV2P_f, VPP g), .. = tf,g] (5.2.61)

where we used self-adjointness of P_ and V'/2. Hence, v coincides with t on D(V') NH™.
Since D(V) NH*! is a form core for t by Theorem , we can conclude that b = t.

Now, by |[RS80, Theorem VIII.15], t is the form of a unique self-adjoint operator,
denoted by Vr with domain D(Vr). In particular, Vi is self-adjoint in the underlying
Hilbert space H*!. Since V is positive and self-adjoint on D(V), P_V P_ is positive and
symmetric on D(V) NH™. Therefore, also v is the form of a unique self-adjoint operator
by [RS75, Theorem X.23]. By v = t from above, we know that the operator associated
with v is V. Vg is the Friedrichs extension of P_V P_ and it is the unique self-adjoint
extension whose domain is contained in D(b). Moreover, by [Sch12, Theorem 10.17], we
have

D(Vp) =D(v) N D((P_VP-)")
(OAD((PVP))
(VY2 nD((P-VP-)"). (5.2.62)

D9
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We compute Vp. For all f € D(t) and g € D(Vr) we obtain
<V1/2P—f, VI/QP—9>Hrel - t[f7 g] = <f7 VFg>’Hrf1 : (5263)

Therefore, VY2P_g lies in D((VY2P_)*), and density of D(t) implies
(Vi2p ) Vi2p. g = Vpg holds for all g € D(Vr). We obtain Vp C (VV/2P_)*V1/2P_,
Self-adjointness of Vi and symmetry of (VY/2P_)*VY2P_ imply Vp = (V/2P_)*V1/2p_.

In order to connect the above to S, we estimate for all f € D(V) N H™

(/. P-VPAyAT PLVP ),
= [(VIEP_f (VIPPAAT PV VIRPf),

<| AT PV VP ]
=C <f7 P—Vp—f>7-[rjl

— C{f, Vi f)ppe (5.2.64)

where C' < 1 holds by Lemma [5.9 E Again by Theorem | we know that D(V) N H™ is
a form core for t, and thus, the inequality (5.2.64) also holds for all f € D(Vp).

The KLMN-theorem (see, e.g., [RS75, Theorem X.17|) guarantees that the form sum
Ve — P_.VP,yA7'P,V P_ is a self-adjoint operator with domain D(Vy). Moreover, as
7 is real, we know that the form sum Sy := 7Vp — P_yV P, A"'P, 4V P_ with domain
D(Sr) = D(Vp) is a self-adjoint extension of S.

It remains to show that D(Sr) = D(V/?) N D(S*). To that end, we introduce the
abbreviation K =V — VP, yA 1P,V such that S = P_yK P_. Next, we define the form
¢ by

E[f,g] == (f, P-KP_g),pa, D(t) =D(V)NH*. (5.2.65)

From the inequality in line and positivity of P_V P_, we conclude that €¢[f, f] >
0 for all f € D(¢). Thus, by [Sch12, Proposition 10.4], K > 0 also holds. Self-adjointness
of V on D(V) and the fact that P, A~' P, maps into D(V') imply symmetry of P_ K P_ on
D(V)NH*. Therefore, we know that P_K P_ has a self-adjoint extension, its Friedrichs
extension, denoted by Kp with domain D(Kr) = D(¢) N D((P_KP_)*). Since P.KP_
and S differ only by the real multiple vy, we get D(Ky) = D(€) N D(S*).

Now, both Vi — P_VP,yA™'P,VP_ and K extend P_KP_. As they are uniquely
distinguished by their respective form domains, we can conclude that they are equal if
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D(v) = D(£). In order to prove precisely that, we compute for all f € D(V) N H™

o[f, fI < (f, P-VP_f)
+ b (C{f,P_VP_f) = (f,P-VPyA'P,VP_f))

1-C
= % ((f, P-VP_f) = (f,P_-VP.yAT'P,VP_[))
1 2 9
=1t <75 (L PVPf) = g5 olf. ] (5.2.66)

where we used ([5.2.64)) in the first and second to last step. This shows that D(b) = D(¥)
and thus Kp = Vp + P_.VP,~vA 1P,V P_. We can now conclude

D(Sp) = D(Kp) = D(v) N D(S*) = D(VY?) nD(S*), (5.2.67)

which finishes the proof. n

Theorem 5.11. Let 0 < £ < 1 and |y|M?,, < 1. Then,

o id 0\(A 0\ (id ATPAVE \ _
Hr = ( P_AVP A id) ( 0 Sy ) ( 0 id BB B

(5.2.68)
with domain
rel\ __ f rel rel f + A_IP—&-’VVP—Q € D+7
D(HY) = { ( g ) € He @ H- A (5.2.69)

defines a self-adjoint extension of H™!.

Proof. Since Py BP, is bounded and symmetric, it suffices to show self-adjointness of
H' + P, BP,, for which we introduce the short-hand notation

- id 0 A0 id AP AVP_
RSpT = < PAVP. A7 id > < 0 Sgp ) ( 0 id ) (5:2.70)

where the three operators R, Sg, and T correspond to the three matrix operators on the
right, respectively. We have already shown in the proof of Lemma [5.7] that the assump-
tions [MIM®@| from Appendix [A]are met. Hence, by Lemmal[A.2]from Appendix[A] R and
T are bounded and boundedly invertible as well as R* =7 and 7* = R hold. Moreover,
self-adjointness of A (Lemma and of Sp (Lemma implies self-adjointness of Sp.
It is well-known that operator products with these properties are self-adjoint (see, e.g.,
[Sch12, Lemma 10.18|), and so, self-adjointness of H¢! follows. That H! extends H™
follows from D(H™!) C D(Hy") and S C S (Lemma [5.10). O

Theorem 5.12 (Claim@) of Theorem . Let 0 <k <1 and MME/Q < 1. Moreover, let
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Vext be bounded and symmetric. We define
HF = P . M+ ® isz(d?"r’) + idLQ(d3P) ® H;‘el (5271)

with domain

D(Hp) = { fe LR &BP;H™™)| f(P)c D(HY) for almost all P € R?

and [ ||(P-M* + HE) f(P)|]” P < oo} : (5.2.72)
R3

Then, upon defining the unitary operator W := FrU, where U 1s the coordinate transform
(2.2.3) and Fgr is the Fourier transform with respect to the center-of-mass coordinate, it

holds that

Hopp := W HW 4 Vi + By @ 1, + 1, @ Bmy (5.2.73)
with domain

D(Hopp) = W 'D(Hp) (5.2.74)

defines a self-adjoint extension of Hopp.

Proof. First, we note that fm; ® 14 + 1, ® fmy as well as V. are symmetric and
bounded. Therefore, they can be added by means of a bounded perturbation. Moreover,
the coordinate transformation U as well as the Fourier transform of the center-of-mass
coordinate are unitary. Hence, self-adjointness of Hp implies self-adjointness of Happ.

In order to prove self-adjointness of Hp = P - M'®id+id® H' we employ the
method of direct fiber integrals. We define Hp(P) := P - M* + H*! for a fixed P € R?
and so {Hp(P)}peps is a family of self-adjoint operators with common domain D(H¢!)
in the underlying Hilbert space H™' by Theorem . The map P — Hp(P) from
R? into the self-adjoint operators on H'™ is measurable as for all f,g € H™' the map
P — (f,(Hp(P)+1i)"'g) is continuous in P:

|(F (He(P) +0)" ) = (£, (He(P') +1) " g)|
2 (£, (H(P) +0) " (He(P') = He(P)) (Hp(P) +i) "' g)|

- ‘<f (Hp(P)+i)"" (P' = P) - M" (Hp(P') +i)”" g>(

—~

PP

3
< [Ifll H(HF(P’) +z')‘1HQZ M |12~ Pl gl —— 0 (5.2.75)
k=1

since ||[(Hp(P) +4)7Y| < 1. In (%), we used the second resolvent identity.
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Hence, due to [RS78, Theorem XIII.85], the direct fiber integral
@
H = | Hp(P)d*P (5.2.76)

RS

with domain

D(H') = {f € L*(R?, ®*P;H™)| f(P) e D(HY) for almost all P € R?

and / |Hp(P) f(P)|3 d&*P < oo} (5.2.77)
R3

defines a self-adjoint operator in the Hilbert space L?(IR?, d3P; H™!) which acts for almost
all P € R® as (H'f)(P) = Hp(P)f(P). This is precisely the action of Hp. Since
Dy = HY(R?, d*P) ® C'® @ H*(R?, d3r) is contained in D(Hp) and H:¢! extends H™, we
obtain Hp | Dy = WHoppW™!. This proves the theorem. O

5.3. Criterion of finite potential energy

From a physical point of view, it is very desirable that a self-adjoint extension of a many-
body Dirac operator is distinguished by a physical criterion. In this section, we introduce
our criterion, as anticipated at the beginning of Section [5.2] This criterion should satisfy
two requirements. First, it must have a clear physical meaning. This ensures that the
extension is not only an abstract operator but has a chance to correspond to the physics
the operator is supposed to describe. Secondly, it has to guarantee uniqueness in such a
way that there exists only one extension that satisfies this criterion and hence provides a
unique unitary time evolution.

We say that a state ) € D(Hp) has finite potential energy if |Epot[t]| = [(f, (Vext +
Vine) f)| < 0o. As physical criterion for a distinguished self-adjoint extension, we choose
the one of finite potential energy. Although the physical status of Hogp may remain
unclear, finite potential energy is physically meaningful. As the following theorem shows,
it also meets the second requirement since it singles out Hp uniquely. Recall that D, =
(C* @ HY(R?, d*r)) N H'! € D(V) by Hardy’s inequality.

Theorem 5.13 (Claim@ of Theorem . Let 0 < k < 1, MMS/Q < 1, and let Vo be

bounded and symmetric. Moreover, let H with domain D(H ) be any self-adjoint extension
of UHpcU™! of the form

H=P M"Qid+id@H" +Vy + 821, + 1, @ 8, (5.3.1)

where H™ is an arbitrary self-adjoint extension of H™ = Hy + V' with domain D(ﬁrel).
Then, |{f, Vext + Vint) f)| < 00 for all f € D(H) if, and only if, H = Hp.

Proof. As Vi is bounded, it suffices to consider Vi,;. We first prove |(f, Vi f)| < oo if
f € D(Hp). Tt suffices to show |(f, Viuf)| < (f,Vf) < oo if f € D(H!), since Viy, acts
as identity on H™.
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Let f = (f,f)" € D(H}Y). Then, f € D(Sr) = D(VY2) N D(S*) by the definition
of D(H%') in line and Lemma m Hence, (f-,V f-) < oo follows. As the cross
terms (fy,V fi) can be recovered using the polarization identity, it remains to show
(f+,Vfy) < oo in order to prove (f,V f) < co. We note that

(P VI = V25| < |[ViR(r + APV
+ Hvl/sz,u. (5.3.2)
Since f, + AP AVP_f_ € D, Cc D(V'?), we see that (f,,Vf.) < oo holds if
|VY2A-1P AV P_f_|| < oo.

In order to show that, we use (f_,V f_) < oo shown above. It allows us to apply
Theorem [5.8, Hence, we know that there exists a sequence (fy,)neny C D(V) N H™ with

If- — fall H—oo> 0 such that |[VY2(f, — f.)|| = 0. With its help, we get

| VIEETPAVE (f — )| = V24 PV (g — £
= [[VV2Py AT P VIRV (f — f) |
||V1/2P ~ATLP V1/2H Hvl/z _ fn)H mnzo (5.3.3)

where we used that V2P, yA~'P,V'/? is bounded by Lemma. By Lemma 2| (Ap-
pendix [A)), A~ 1P+VP is bounded, and thus, [|[A~TPAVP_(fo — fu)| =222 0. To-
gether with line ([5.3.3), this now ensures that the sequence (A=1P, V P_f, )nen is a Cauchy
sequence in the graph norm of V2. As V2 is closed, this implies A=1P,A/VP_f_ €
D(VY2) ie., |VY2AIPAVP_f || < oco.

For the reverse implication, we assume (f, V f) < oo for all f € D(H ). Then, it suffices
to show D(H™) = D(H:) in order to infer H = Hp, i.e., P-M* +H™ = P.M* + H¢.

We first show D(H™) C D(HY), i.e., let f € D(H™). In order to understand better
what f might look like, we first note that D(H™) C D((H™ + P, BP,)*) as P, BP, is
bounded. We compute D((H™'+ P, BP,)*) with help of its Frobenius-Schur factorization.
Recall the operators R and 7 from the proof of Theorem [5.11] line (5.2.70):

B id 0 _(id APAVP
R= ( PAVP AL id )  T= ( 0 id ) ' (5:34)

We note that one can rewrite this as 7 = id + A~1P, 4V P_. We then have 7! =
id — A-'P,yV P_. In addition, we define

5= ( 00 ) . D(S)=D. & D(S). (5.3.5)

This yields (H*™ + P,BP,)* = (RST)*=RS*T as T = R* and R = T* are bounded
and boundedly invertible by Lemma (Appendix . Theorem (Appendix
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provides the domain:

szSﬁvz{(g)er@H@

f+ AP AVP gDy, }

. e D(SY (5.3.6)

Therefore, it makes sense to again split D(ﬁ rel) by the projections Py. We thus write
f = (era f*)T'

Now, as 7 is bounded and boundedly invertible, it is a one-to-one map between
D((H™ + P,BP,)*) and D, & D(S*). Therefore, there exists a unique ¢ = (p1,p2)" €
D, ® D(S*) such that f =T 1o, ie.,

o (id  —ATPAVP 01
T v= ( 0 id 25

_ < Y1 — A_I:?WVP—% ) _ ( I+ ) . (5.3.7)

Since ¢ € D, and o € D(S*), this form of f shows that f lies in

D&ﬁb={(£>er@HT (5.3.8)

f+APAVP g€ Dy, }
g € D(SF) ’

if . =y € D(Sp). Using D(Sr) = D(VY/?) ND(S*) by Lemma and f_ € D(S*),
we conclude that it suffices to show that f_ € D(V1/2) N K.

We want to remark at this point that it is not immediately clear that (f,V f) < oo
implies (f_,V f_) < oo as, in principle, there could occur cancellations between the parts
in H*! and ™. This, however, is not the case.

In the following, it will turn out to be useful to define the Gaussian y,, for all n € N
by Xn(r) := e 27" and with it the Gaussian cut-off 1 — y,, for f by f, := (1 — xa) /-
Now, by the same reasoning as in the proof of Theorem [5.8, we know that f,, € D(V)

n—oo n—oo

for all n € N, and moreover, we obtain ||f — f.|| —— 0, [[f+ — P+f.|| —— 0, and
IVY2(f = fu)l| 2= 0 by dominated convergence. This implies

(f = fo), V(fi = fa)) Y (5.3.9)

We express f in f, = (1 — x,)f with f = T !p. In order to shorten the expressions, we
introduce the abbreviations X, = Xn — Xm and frn = fin — fu:

fm,n = Xm,n T_ISO
= X (91 = ATPAVE [+ [ )

= Xm,n (901 + (ld — A_1P+’YVP_)f_>
= Xm,n (901 + Tﬁlf*) . (5310)

As we have f,,, € D(V) for all m,n € N, we are allowed to expand the expression
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(fn, V fn) as follows:

(s V fmm) = Otmn (01 + TH2) sV (01 + T F2))
= (Xmn 1, VX ©1) + Xmn 01, VX T =)
+ X TV Xnim1)
+ o T VX T2 (5.3.11)

All summands containing a ¢; € Dy C D(V) are grouped together:

G (1) = (Xmn#1, VXmnf1) + (Xmn01, VX T f-)
+ <Xm,nT_1f—7 VXm,n§01> . (5312)

We first compute
| man 1, Votmn T 2))]

‘ <VXm,n§01a Xm,nT_lf—> ‘
IV X || [ T || 25 0, (5.3.13)

where both factors tend to zero as m,n — oo by dominated convergence. Note that here
it is necessary that ¢; € D, C D(V). In an analogous way, the convergence to zero of the

IA

remaining summands of G, (1) is proven. Hence, we get |Gpn(01)] == 0. This,
together with (fn, V finn) UELEN 0, implies
— 2 — _
VY2 X T |7 = [ X T Vi T 2|
< (frnms Vi) + |G (01)] =5 0, (5.3.14)
As we also have
—1 —1 . —1 m,n—00
[0 = X T = (0= )T = [T 2225 0 (5:3.15)

by dominated convergence, we can conclude that ((1—x,)7 "' f_)nen is a Cauchy sequence
in the graph norm of V1/2. Thus, T-!f_ € D(V'/2) since V1/2 is closed.

Since line (5.3.3)) implies A~1P, AV P_ D(V'/?) C D(V'/?), we also get
(id £ A-1P, AV P_) D(VY?) C D(V?), (5.3.16)
i.e., T as well as 7! map D(V'/?) into D(V1/2).

Now, we assume for the moment that f & D(V'/?) and aim at a contradiction. We
already showed that 7—'f_ € D(V'/?), and from line (5.3.16) we know that 7 maps
D(V1/2) into D(V/?). Thus,

T eDVV?) = TT'f. e DY) = f eDVY?). (5.3.17)

This is a contradiction to our assumption f_ & D(V'/?) and thus, f_ € D(V/?). There-
fore, f_ € D(V'/?) N D(S*) = D(Sr) which implies f € D(H").
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For the reverse inclusion D(H) C D(H™), it suffices to note that

D(Hy') = D((H')") € D((H™)") = D(H™) C D(HE). (5.3.18)
Therefore, D(H™) = D(H'), which concludes the proof. O

5.4. Comment on the article by Okaji et al. [OKY14]

We briefly comment on the article [OKY14] by Okaji et al. which was written in response
to [Derl2]. As already mentioned, the proof of their claim, i.e., essential self-adjointness of
Happ (even including external Coulomb potentials) as operator in the underlying Hilbert
space

Ho = (LP(R?) ® C*) A (L*(R?) @ C*) (5.4.1)

comprises a gap. In the following, we want to lay out the missing step.
The authors employ an auxiliary operator which is denoted by H* and given byf|

where external potentials as well as the interaction potential are combined in V. Its
domain is taken to be

D, = (CZ(R* CY ® C2(R* CY) N H,. (5.4.3)

Now, Hopp and H™ coincide as quadratic form on H, but not as operator, i.e., for all
v, € D, one has

(0, Happt)) = (o, HT ) (5.4.4)
but in general
Hspptp # H ). (5.4.5)

The former is proven in [OKY14] in Theorem 5.4, the latter is seen as follows. Define 1)
by

0 f(y) f(=) 0
(@, y) = f(ow) ® f(oy) ~ f(om) ® f(oy) (5.4.6)
/(=) 0 0 f(y)

where the function f: R* — C is chosen to be smooth and compactly supported. We
see that ¢ is antisymmetric, and therefore, v € D,. That line (5.4.5) holds, is now a
straightforward calculation.

ZWe give HT in the same C'®-basis as Happ in Eq. (2.1.2)). In [OKYT4], a different basis is used.
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Hence, from the essential self-adjointness of H* on D, that was proven in [OKY14],
it does not follow that Hspp is essentially self-adjoint on D,. On the contrary, as this
thesis shows, H, exhibits a non-trivial nullspace structure in the relative coordinate, i.e.,
the coordinate of the interaction, whereas one always has Ker(H ") = {0}.

We want to use this opportunity to add another remark on Eq. (5.4.4) and draw
attention to an interesting implication. We denote by

Po: Hy — H, (5.4.7)

the orthogonal projection on H,. An interesting fact is that P, can also have a regularizing
effect which we will outline briefly in the following without making the argument rigorous.

For the sake of our argument, it suffices to consider the free and massless case, i.e.,
all potentials and masses are set to zero. We will nevertheless keep the notation Hsgp
and H" in order to maintain the distinction between the auxiliary operator H™ and the
actual operator Hopp. Then, Hopp is the operator 1" from Section

Hypp=T=P M'®id+idoM™-p (5.4.8)
and H7T is in center-of-mass and relative coordinates of the form
H ' =1,0a-P. (5.4.9)

We see now that in order to have ||[H" f|| < oo for some f, this f must have at least
HY(R3, d3R)-regularity. For Hogp however, this is not the case because of the nullspace
structure of P - M. E.g., using the ¢ from line , it is possible to construct a less
regular f with || Happ f|| < oo since ¢ € Ker(P - M™).

What the form equality Eq. (5.4.4) (p, Hagp?)) = (p, H" ) actually implies, is the
operator equality P,H' P, = Hopp. However, Hopp allows for less regular functions than
H™*. Thus, we can conclude that the projection P, has a regularizing effect on H* P, f.
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6. First results towards a spectral
analysis of Hopp

This section provides the first steps towards a spectral analysis of Hogp. While it has been
folklore knowledge for quite some time that the essential spectrum of Hopp comprises the
entire real line (see, e.g., the introduction of [Mor08§|), a full proof has been missing. The
one presented in [OKY14] is unfortunately incomplete. In Theorem we prove that
0ess(Happ) = R and remark on the proof given in [OKY14] subsequently. Furthermore,
it has been conjectured that Hopp does not possess any eigenvalues (see, e.g., [Derl2]) as
they would be embedded into the continuous part of the spectrum, which is, however, a
rare phenomenon. We prove in Theorem that no eigenvalues |F| > 2m exist, where
m is the particle’s mass, under the assumption that possible eigenstates fulfill a very mild
regularity condition.

Theorem 6.1 (Claim @) of Theorem . Let H denote any self-adjoint extension of
Hopp = Ho+V where V is the operator of multiplication with a|z|™' +aly|™* + bz —y| ™!
for a,b € R and almost all x,y € R®. Then,

Te(H) = R. (6.0.1)

Proof. Our proof is inspired by the proof of [Tha92, Theorem 4.20]. We construct a Weyl
sequence for H and every E € R, i.e., a sequence (fn)nen C D(H) such that for E € R,
it holds that (fy, fi) = 0 for all k,1 E N and ||(H — E) f,|| =% 0. Weyl’s criterion (see,
e.g., [HS96, Theorem 7.2|) then implies E € oes(H ). Before we can define this sequence,

some preparations are needed. We recall the definition of the 16 x 16-matrix Hy(py, py)

from line (3.2.1))
Hy(Pz, Py) = (- Py + M) @ 1y + 14 @ (0 - py + fmy) (6.0.2)

and define with its help Sp(ps, py) € C'¢ for almost all p,, p, € R® and all E € R by

[Ho (P2, Py) — E] Sp(Pa, Py) = 0. (6.0.3)

This is possible as Hy(pz,py) is a Hermitian matrix with eigenvalues \g(pz,py) for
k=1,2,...,16 (see (3.2.2)) such that one can find p,,p, € R* and k = 1,2,...,16 for
each £/ € R such that A\ (ps, py) = E.

Furthermore, we introduce for elements X € R® the notation X = (x,y)", where
x,y € R3. We fix the components such that the upper three components correspond to
those of the first particle and the lower three components to those of the second particle.
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The cone K is defined by
K:={XeR 0<4£((1,1,1,-1,-1,-1), X) < n/8} (6.0.4)

In K, we define (B, ),eny C K as the sequence of six-dimensional balls that are disjoint,
have an ever increasing radius R,, and whose centers are denoted by X,, € R, i.e., we
have for all n € N
B, C K,
B, ={X eR°| | X — X,| < R,} such that R, %% o, (6.0.5)
B.NB =0, k#I.

\\\71'/8
N
<) K

N

| : 1

2

Figure 6.1.: Sketch of the cone K and the balls B,,.

We then define the smooth localization function j, € C2°(R%) with supp j,, C B,, by

n(X) b X - X< R -1, 0<ju(X)<1 forall X eR°, (6.0.6)
n = S In < T , V.
J 07 ‘X_Xnyany J ora

such that there exists a finite constant C' > 0 independent of n € N such that for all
k=1,2,...,6

sup
XcR6

0
_. < . . .
<8ijn) (X)’_C<oo foralln e N (6.0.7)

For the derivative of j,, we obtain for all K =1,2,...,6

0
(aTj"> (X)=0 if |X X, <R,—1or |X—X,| >R, (6.0.8)
k
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We are now in the position to define the sequence (f,)nen by

fa(®,Y) = o Sp(Pa, Py) P v j (2, y), (6.0.9)

where ¢, is the normalization constant such that ||f,,|| = 1 for all n € N. Smoothness of
Jn guarantees (f,,)nen C Dy. We proceed to prove that (f,,)nen is indeed a Weyl sequence
for H and every E € R. First, we note that the disjoint support of j; and j; for all k # 1
together with the normalization constant ¢, implies orthonormality (fx, fi) = dx. Next,
we compute for all £ € R

| = By = 11CHs + Ve + Vi = B) £l
+ e |[(@®1) - Vaijn Sp(pa, py) |l (6.0.10b)
+ H(Vext + Vint) fn“ . (6010d)

where we used f,, € Dy in the first line. By the definition of Sg(ps,p,) in line (6.0.3)),
we have (Ho(pz, py) — E) fr, = 0 for all n € N and thus also

|(Ho(Pa, Py) — E) full =0 (6.0.11)

for all n € N.

In order to estimate lines ((6.0.10b)) and (6.0.10c|), we recall the definition of j,, in
particular its derivative and its n-independent bound from lines (6.0.7)) and (6.0.8)). We

further define B, := B, \ Bg,_1(X,) and obtain

0 2 ) 2
— . (X 6 = — (X 6x
/ (ax%yn)< | ex- [ (ajggn)< )| d
<C [ R dRdQ
By
3
= TR (R, - 1) ~ R (6.0.12)

6

However, we find for the normalization constant ¢2 ~ R_% since

3
%mw4f=/ EX < [ (X)) dX
Br,-1(Xn) R6

3
< / d°X = —RS. (6.0.13)

Combining this with R, —— oo implies for ((6.0.10D)
o (@ ® 1) - Vain Sp(Pe, Py) || > 0 (6.0.14)
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and likewise for (6.0.10c)).

In order to treat line (6.0.10d)), we first note that |x — y| is small if « lies in a neighbor-
hood of y. Within the cone K, however, x lies in the neighborhood of —y. This together
with B, C K for all n € N implies

. n—oo . n—oo
( 1r)1fB x| — 00 ( 1r)1fB ly| — o0
x,y)EBy x,Y)EDbn
) n—00 (6.0.15)
inf |z —y| — .
(w,y)EBn
We can thus estimate
_ _ 12
[ Ml e ol ) Pl )P dedy
R3 xR3
_ _ N2
< [ (el "l o -l ) (@ )P dedy
_ _ _ 2 n—oo
< sup {(|:v| Yyl | — 1)| 0. (6.0.16)
(z,y)€Bn
This allows us to conclude that
| (Vs + Vi) Full 222 0. (6.0.17)

Putting (6.0.11)), (6.0.14)), and (6.0.17)) together, shows that (f,)nen is a Weyl sequence
for H and every E € R, and thus, finishes the proof. n

Remark 6.2. We remark on the proof of oes(Hopp) = R given in [OKY14]. There,
the authors also employ a Weyl sequence, denoted by (w,,),en, which contains a smooth
localization function, denoted by x,. However, when checking ||(Hagp — E)w,|| 2= 0,
they do not control the convergence to zero of the terms corresponding to lines
and in our proof, i.e., the derivatives of x,. In fact, their definition of y,, is not
sufficient to conclude said convergence. Our localization function j, and the arguments

leading to line (6.0.14)) also fix the proof given in [OKY14]. [ |

The next theorem shows absence of eigenvalues |F| > 2m if possible eigenstates obey
a mild regularity condition.

Theorem 6.3 (Claim E[) of Theorem . Let H denote any self-adjoint extension of
Hopp = Hy + V' where V is the operator of multiplication with the real function V' such
that V(ax,ay) = V(x,y)/a for all a > 0 and almost all x,y € R®. Assume further that
all eigenstates of H lie in D(Ho) N D(V). Then, H has no eigenvalues in (—oo, —2m) U
(2m, +00).

Proof. We adapt the proof of [Wei80, Theorem 10.38] closely, in some instances even

verbatim. Let |E] > 2m and assume that f € D(H) satisfies (H — E)f = 0. By
assumption, we can write (Hg +V — E)f = 0. We transform Hy + V to relative and
center-of-mass coordinates and find

UHy+VU ' =P -M"+M -p+m@1+10m+V(R,r) (6.0.18)
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where we used the suggestive notation V(R,r) for UVU~!. Note that U is induced by a
linear transformation R? x R3 — R3 x R3. Therefore, we have for all @ > 0 and almost
all R,r € R3

V(aR,ar)=V(R,r)/a. (6.0.19)

Upon defining f,(R,r) := f(aR,ar), we compute for all @ > 0 and almost all R, r € R?

(UHy+V) U L) (R7) =a (15 Mff+M - p f) (aR,ar)
+ (fm®1+1m+V(R,7)) f(aR,ar)
—a (P-M+f+M— -pf+V(aR,ar)f) (aR,ar)
+ (fm®1+1® pm) f(aR,ar)

=a(UHo+V)U'f) (aR,ar) + (1 —a) (Bm® 1+ 1® Bm) f(aR,ar)
=aEf,(R,7)+ (1 —a)(fm®1+1® pm) fo(R,T). (6.0.20)

This implies

0= (UHy+V)U S, fu) = {f.UHo + VU f.)
=E(f, fa) —aB(f, f.) = (1—a) (f,(Bm @1+ 1® Bm) f,)
=(1—a){f.(E~pm©1—1@ fm) fa). (6.0.21)

For a # 1, we can divide by (1 — a). Taking the limit a — 1 gives
0= (f(E—Bm®1—1®Bm)f). (6.0.22)

For |E| > 2m, the matrix £ — fm ® 1 — 1 ® fm is strictly positive or strictly negative.
Thus, |F| < 2m leads to a contradiction with (6.0.22)). This finishes the proof. O]

Remark 6.4. The assumption that all eigenstates f of H lie in D(Hy) N'D(V) ensures
that we can evaluate f against each summand of Hopp separately. This is needed for our
method of proof. If a different method is employed, this assumption may be dropped. B
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7. Discussion and Outlook

7.1. External Coulomb potentials and essential
self-adjointness

Since Stone’s theorem links self-adjointness to the existence of a unitary time evolution,
a proof of self-adjointness is a first step towards a rigorous investigation of the phys-
ical properties of the system at hand. In this respect, our main goal of this thesis is
achieved. We provided a self-adjoint extension of Hogp with Coulomb interaction, which
is distinguished uniquely and, as we argue, in a physically sensible way by means of the
criterion of finite potential energy. Hence, Hopp generates a unitary time evolution for
two interacting point-like electrons in the vicinity of an extended nucleus. However, we
could not yet treat external potentials of Coulomb type. In our future research, we aim
at including external Coulomb potentials as well. A positive result would be satisfying
not only from a physical but also from a mathematical point of view.

In our strategy of proof, we relied on boundedness of external potentials in several
places, in particular, when we constructed a self-adjoint extension of Hopp from a self-
adjoint extension of H™ in Theorem . We see, however, the possibility of extending
the method of direct fiber integrals we employed also to the more complex case when
external Coulomb potentials are included.

Proving self-adjointness in the presence of unbounded external potentials might also
be helpful for the extension to more than two particles with interaction potentials. It
is well-known that the coordinates can always be chosen such that all but one tensor
component feel the potential of that particular tensor component as external potential,
in addition to the remaining interaction potentials.

Another direction of future research is towards essential self-adjointness of Hogp. We
did not exclude this possibility. Theorem , in which we proved that D(V) N H™ is a
core for V1/2P_, points already in the right direction as regards essential self-adjointness
of H™!. If essential self-adjointness of H™'—once proven—is to be extended to Hsgp, one
has to bear an important detail in mind. Operators constructed by direct fiber integrals
rely on the notion of measurability of families of operators. This notion relies in turn on
the closedness of the operators in such a family. Now, essentially self-adjoint operators are
not closed, and essential self-adjointness of Hogp can thus not be inferred from essential
self-adjointness of H™' immediately.
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7.2. Infinite SPKE and radiation catastrophe

Relativistic quantum theories are, almost by their nature, plagued by infinities and diver-
gences. In Chapter [l we added one more infinity to the collection, which—to our best
knowledge—has not been discussed in the literature so far, namely infinite single particle
kinetic energy (infinite SPKE). We then found that, for fermions, these states cannot oc-
cur (see Section as well as that infinite SPKE states cannot be reached by scattering
processes involving finite SPKE states for all finite times ¢t € R (see Section .

We defined the kinetic energy of the first particle in the two-body state ¢ by
B [¥)] = (¥, (—ia - Vg + fm) @ idy) (7.2.1)

in Definition and analogously for the second particle. Due to the spinor structure
of two-body states, it can happen that Eiin1[¢)] = Ekinz2[¢)] = 0 although ¢ may also
contain high momenta, as shown in Example [4.10] This indicates that our definition of
single particle kinetic energy by Ekin1[t)] might not be satisfactory. However, Dirac’s
radiation catastrophe and the stability of (unprojected) relativistic many-body system
partly rest on the notion of single particle kinetic energy. Therefore, a rigorous and
physically meaningful definition of it lays the foundation of further investigations.

These further investigations can take several different directions. One particular inter-
esting direction considers the connection of antisymmetric states and Dirac’s radiation
catastrophe, and is suggested by the absence of antisymmetric SPKE states. We modify
the radiation catastrophe slightly such that it fits the context of Hopp. Originally, it con-
sists of an electron that is accelerated by some means (in absence of the Dirac sea). This
electron thus emits radiation. As the spectrum of the Dirac operator generically extends
to —oo, the electron can emit more and more radiation by falling deeper and deeper into
the negative spectrum. Now, we no longer assume a radiation field with independent
degrees of freedom, but simply a second particle. The two particles can interact. In this
two-body universe, no energy can escape, i.e., energy is transferred from one particle to
the other only. Precisely this situation is described by Hsgp. If now one particle falls
deeper and deeper in the spectrum, this has to be compensated for by the other particle
which will attain higher and higher energies. In this heuristic picture, the two particles
can reach positive, respectively, negative infinite energy only in infinite time.

In order to make now the connection to antisymmetric states, we first recast the mod-
ified radiation catastrophe in mathematical terms and conjecture that for each infinite
SPKE state 1., there exists an initial state 1)y with finite SPKE such that

Voo = lim e HH2ED ) (7.2.2)

Maybe this limit can even be turned into an equivalence, i.e., if the time evolution
e~#H2mg) is such that the two particles move more and more apart in the spectrum,
i.e., they exhibit the modified radiation catastrophe, then there exists an SPKE state to
which they converge in the limit ¢ — oo.

This conjectured equivalence of SPKE states and the modified radiation catastrophe
in the limit ¢ — oo poses the question if absence of antisymmetric infinite SPKE states,
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as shown in Section [4.4] automatically entails stability of antisymmetric interacting rela-
tivistic two-body systems without radiation, or even more general, N-body systems. Put
differently, is the Dirac sea, which is necessarily antisymmetric, automatically stable? Of
course, answering this question rigorously hinges on satisfying and physically adequate
notions of stability, single particle kinetic energy, and the like. We list a few questions:

Q1 Is it possible to explicitly construct an initial finite SPKE state 1 for which it can
be proven that lim,_,., e #2804y not only exists, but is an infinite SPKE state?

Q2 How can initial states be classified which are such that they drift apart in the spec-
trum under the time evolution, i.e., exhibit the modified radiation catastrophe after
some time? Are they rare in some sense?

Q3 Does the restriction to antisymmetric two-body states rule out the modified radiation
catastrophe completely, or only according to our notion of single particle kinetic
energy?

Q4 What is a good notion of stability for unprojected many-body Dirac operators? Is
the notion of asymptotic completeness adequate?

7.3. Brown-Ravenhall disease and the spectrum

Although identifying the essential spectrum of Hspp, as we did in Chapter [6] is very
important and generally regarded as one of the first steps towards any spectral analysis,
what one is really interested in, of course, are eigenvalues and/or resonances. After all,
using Hopp as model for the Helium atom and investigating its spectral properties is the
main motivation for the use of Hopp in relativistic quantum chemistry. What makes the
investigation of the point spectrum of Hsgp so interesting, however, is the absence of
isolated eigenvalues. This is a reformulation of gess(Hopp) = R from Theorem . Before
we shed light on some aspects concerning a further investigation of the spectrum of Hopp,
we describe the physical background of any spectral analysis of Hopp.

The relevant phenomenon has been first described by G.E. Brown and D.G. Ravenhall
in [BR51], and thus, goes under the name of «Brown-Ravenhall disease». The symptom of
this disease is the non-existence of eigenvalues—including a lowest eigenvalue or physical
ground state of Hopp, i.e., the Helium atom—due to the possible interaction of particles
with positive energy and negative energy. To be more precise, the Brown-Ravenhall
disease is a direct consequence of the existence of the negative energy continuum, which
is typical for Dirac operators, in combination with the interaction potential present in
Hspp.

Let us describe the mechanism that leads, according to Brown and Ravenhall, to the
absence of eigenvalues. First, we consider Hopp without interaction, i.e.,

HO + ‘/ext = (_Za : v:l: + ﬁm + ‘/ext,m> & id
+1d ® (—io- Vy + m + Vit ), (7.3.1)
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where Vext = Vextz + Vexty- It is well-known that Hy + Vi has eigenvalues E for which
we can write ¥ = E; + E5, where E) is an eigenvalue of —ito- Vg + Bm + Vo 2, and Ey of
—io - Vy + Bm+ Vi, analogously. All eigenvalues E are embedded into the continuous
part of the spectrum. This implies that for all energies E’ arbitrarily close to E, there
exist (uncountably many) eigenvalues E] < —2m and E} > 2m, such that F| + E}, = E'.

If the interaction is switched on, one expects a shift of the eigenvalue F to E’. Brown
and Ravenhall now argue that Fermi’s Golden Rule (see line below) and the
sheer abundance of energies ] < —2m and E} > 2m such that E] + E}, = E’ imply
that all eigenvalues vanish or turn into resonances. In the physics literature, one says
that E dissolves into the continuum. The Brown-Ravenhall disease denotes exactly this
continuum dissolution.

In conclusion, the direction of further research suggested by the Brown-Ravenhall dis-
ease is to show absence of embedded eigenvalues. There exists a canonical approach to
this task, namely employing dilation methods. Applying the dilation transformation to
Hy+ Vet has—under some conditions—the effect of isolating embedded eigenvalues. This
makes standard Kato perturbation theory for eigenvalues applicable to the dilated opera-
tor. Vi is then considered as standard Kato perturbation of the dilated two-body Dirac
operator without interaction, just as in the heuristic picture of the Brown-Ravenhall dis-
ease above. For the non-relativistic Helium atom, this approach is presented in great
detail in [RS78|. In that scenario, eigenstates corresponding to embedded eigenvalues
that turn into resonances when perturbed are called «Auger states». For the relativistic
scenario, first results concerning complex dilated one-body Dirac operators were obtained
in [S88] and in [Wed73] which have been generalized considerably in [Hub09]. These ref-
erences seem to be a promising starting point for applying dilation methods to Hspp
due to the tensor product structure of Hy + Vi, and indeed, some arguments from the
non-relativistic case also apply to Hogp. We just want to mention one step from the
presentation given in [RS78| that has to be substantially modified. The complex dilated
two-body Dirac operator without interaction is not self-adjoint. Due to its unboundedness
from below, eigenvalues cannot be directly read off from the tensor product structure, as
in the non-relativistic case.

In, e.g., [Sim73], it is shown that there exists a formal connection between complex
dilation methods and Fermi’s Golden Rule. This formal connection can be made clear, if
Hy+ V. has continuum eigenstates. Let 1)y denote an eigenstate of Hy+ V., with energy
Ey, and let ¢, (F) denote continuum eigenstates of Hy+ Vixy with energy F, continuously
parametrized by A € R. The interaction potential Vj plays the role of the perturbation.
When the interaction is turned on, the eigenstate 1)y turns into a resonance, if it has a
non-zero decay width T, i.e.,

I =2r / (2 (Bo), Vi ) dA £ 0, (7.32)

This is precisely the mechanism leading to the Brown-Ravenhall disease cast into math-
ematical terms. Let us mention some literature relevant for this strategy of showing
absence of embedded eigenvalues. Existence of continuum eigenstates, or generalized
eigenfunctions, for one-particle Dirac operators in an external field has been treated rig-
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orously by many authors, notably in [Nen75| and in [Yam76] as well as references therein.
Explicit calculations of such eigenfunctions as well as bound states can be found in, e.g.,
[Gre00], [PG69|, and |[Ros61]. Due to its tensor product structure, these results carry
over to Hy + V.. In principle, showing absence of eigenvalues now reduces to plug-
ging everything into (7.3.2)), and carrying out all needed calculations. In the literature,
these particular computations are acknowledged as formidable (see [Ros61]) as they in-
volve, e.g., 16-component spinors, whose components can all lead to cancellations in the
occurring scalar products and back and forth coordinate transformations. To our best
knowledge, it has not been achieved, not even for simpler cases.

If absence of eigenvalues of Hsgp could be shown, this would be, of course, in stark con-
trast to the empirical evidence that Helium atoms are stable (provided that the lifetimes
of possible resonances are not of the order of the age of the universe). Clearly, this would
have strong negative implications for the validity of the Hogp-model of Helium. Never-
theless, the two-body Dirac Hamiltonian is used in the relativistic quantum chemistry
literature under the tacit assumption of, e.g., the existence of square-integrable eigen-
functions “in hundreds of papers every year” (see [Der12]). This makes an investigation
of o(Hypp) in rigorous mathematical terms very relevant to current research.
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A. Matrix operators with unbounded
entries

This appendix gives a short introduction to the theory of matrix operators with un-
bounded entries. The goal is to derive the so-called Frobenius-Schur factorization of such
operators in Theorem [A.3] This factorization shows that important properties such as
closedness or self-adjointness are—under some conditions—contained in the Schur com-
plement, given in line (A.0.8). We apply this result to H™'. A good general reference for
matrix operators is [Tre(8].

We introduce notation for this section only. Let H; and Hs be closed subspaces of the
Hilbert space H such that H = H; & Hs holds. We consider the matrix operator

. ( 45 ) (A.0.1)

that acts naturally in the Hilbert space H = H;®Hs,. Its entries are unbounded operators
with

A:D(A) — Hy, B:D(B)— Hi,

A.0.2
C:D(C)—Hy, D:DD)— Hs ( )
and they are throughout this section subject to the following conditions:

M1 A B,C, and D are closable, possibly unbounded operators with dense domains
D(A),D(C) C H1, D(B),D(D) C Ho. (A.0.3)
M2 D(B) = D(D).
M3 The resolvent set of A is not empty, i.e. p(A) # ().
M4 D(A*) C D(B*).
M5 D(A) C D(C).
M6 D(A) = D(A) @ D(D) which is dense in H.
Lemma A.1. The matrix operator A is symmetric if and only if
ACA*, DCD*, C|DACB, BCC. (A.0.4)

Proof. We follow [Tre08| Proposition 2.6.1]. m
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Lemma A.2. The following statements hold for all pu € p(A):

a) The operator (A — )~ B is bounded on D(B).

b) The operator C(A — u)~' is bounded on all of H;.

¢) The matriz operators R(u): H — H and T (u): H — H, given by

R (s o) Tw= (0 TR e

are bounded and boundedly invertible.
d) If A is symmetric with A = A*, then R(pn)* = T (@) and T (n)* = R(@) hold.
Proof. a) See [Tre08, Remark 2.2.15].
b) This follows from the closed graph theorem.
c¢) See [Tre08, Theorem 2.2.18].
d) With Lemma and A = A*, we obtain

(A=) 'B)y = BX(A* =) = B(A—T)" = C(A— )" (A.0.6)
and
(C(A=—p)™)' 2 (4 =)' C" = (A=) 'C* 2 (A—70)'B. (A.0.7)

Since the bounded linear transformation theorem gives a unique closed extension of
(A—p)™' B, and (C(A—pu)~1)* is closed, it follows that (C(A—u)™')* = (A —1)"!B.
Hence, equations (A.0.6) and (A.0.7) imply R(u)* = 7 () and T (u)* = R(@). O

The Schur complement of A is defined by
S(u):=D—pu—C(A—pu)'B (A.0.8)
with domain D(S(u)) = D(D) for all u € p(A).

Theorem A.3. A is closable if and only if, for all p € p(A), S(p) is closable in H,.
The closure A is given by the Frobenius-Schur factorization

Z:u+(O(A—iCL)1 5)“;#%)(13 W)’<A09>

independently of u € p(A), that is,

D(A) = { ( g ) e H, @%’ f+ Mg;“g;ji; D), } (A.0.10)
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s( f\_( A=p)(f+(A—p)"'Bg) +nuf
A( g ) a ( C(f +(A—pu)tBg) + (S(u) + 1)g

Proof. See [Shk95, Theorem 1].

)

(A.0.11)
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B. Auxiliary lemma

Lemma B.1. Let 0 < k < 1. Then, for any a,b € R3 it holds that
’|a A |a|”/2‘ < 6" (B.0.1)

Proof. First, we assume |a—b|*/? > |a|*/?

of exponentiation, we obtain

. Then, with |a—b| < |a|+|b| and monotonicity

la =" < (la| + [b))"* < |a|*/* + B]*"”, (B.0.2)

where we used the equivalence of the 2/k-norm with the 1-norm in R?:

1
2/k 2/k\ 27k
(Jal + b) 2" = (|l + Jb] <) ”

1 1
2/k 2/r 1 1
- ( a2 ) < ( al? ) —la|7% (b5 (B0.3)
ol ), = I\ i )],
Inequality (B.0.2)) then implies
la — b|*? — |a|*/* < |b|"/2. (B.0.4)

Next, we assume |a|*/? > |a — b|*/2. Then, with |a| < |a — b| + |b| and monotonicity
of exponentiation, we get

|a‘n/2 < (|CL _ b| + ‘b|)’€/2 < |CL _ b|”/2 + |b’“/2 (B05)
which implies
|a‘n/2 _ |a _ b|l-€/2 < |b|'€/2 (B06)

where we made again use of the inequality from line (B.0.3). This concludes the proof. [
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