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Abstract

The main goal of this thesis is to understand the relation between resonances and scatter-
ing theory in a certain model of quantum field theory. We address the Spin-Boson model,
which describes the interaction of a two-level quantum system with a second-quantized
scalar field. We consider massive and massless scalar fields. In both cases an ultravio-
let cut-off is imposed. For the massless model, we study a slightly infrared-regularized
model but no infrared cut-off is imposed.

This thesis consists of three parts. In the first part, using the method of complex dila-
tion, the resonance and the ground-state of the dilated Hamiltonian of the massless model
are constructed and it is shown that they (and the corresponding eigenprojections) are
analytic with respect to the dilation parameter and the coupling constant. Furthermore,
it is proven that in neighborhoods of the resonance and the ground-state eigenvalue the
spectrum of the dilated Hamiltonian is localized in two cones in the complex plane with
vertices at the location of the resonance and the ground-state eigenvalue, respectively.
In addition, certain relevant norm-estimates for the resolvent of the dilated Hamiltonian
in regions close to the resonance and the ground-state eigenvalue are provided. These
results are obtained by an extension of Pizzo’s multiscale method for resonances.

In the second part, again for the massless model, a non-perturbative formula for the
scattering coeflicients of the one-boson scattering processes is derived. In particular,
the integral kernel of a scattering matrix element is given as an explicit function of
the resolvent, and we calculate the leading order term (with respect to the coupling
constant). This establishes a precise relation between the scattering matrix elements
and the resonance. The derivation of this formula strongly relies on a good control of
the time-evolution operator in the scattering regime which is achieved by the technical
results provided in the first part.

In the third part, the massive Spin-Boson model is considered. Similarly as in the
massless case, a formula for leading order term (with respect to the coupling constant)
of the one-boson scattering matrix elements is deduced. Here, we use a Mourre theory
argument combined with a suitable application of the Feshbach-Schur map, instead of
complex dilation, to study the spectral properties and the scattering matrix.






Zusammenfassung

Das Hauptziel dieser Arbeit ist es ein besseres Verstédndnis der Beziehung zwischen Res-
onanzen und Streutheorie in einem bestimmten Modell der Quantenfeldtheorie zu er-
langen. Wir untersuchen das Spin-Boson Modell, welches die Wechselwirkung zwischen
einem zwei-stufigen Atom und einem zweit-quantisierten Skalarfeld beschreibt. Es wer-
den sowohl massive als auch masselose Skalarfelder betrachtet. In beiden Fallen wird
ein Ultraviolett Cut-off angenommen. Im Falle des masselosen Modells wird ein Infrarot
regularisiertes Modell analysiert, jedoch kein Infrarot Cut-off angenommen.

Diese Arbeit besteht aus drei Teilen. Im ersten Teil werden die Resonanz und der
Grundzustand des Hamiltonians nach komplexer Dilatation fiir das masselose Modell
konstruiert und gezeigt, dass diese (und die dazugehoérigen Eigenprojektionen) analytisch
beziiglich des Dilatationsparameters und der Kopplungskonstanten sind. Desweiteren
wird bewiesen, dass das Spektrum des Hamiltonians nach komplexer Dilatation in Umge-
bungen der Resonanz und des Grundzustandes in zwei Kegeln in der komplexen Ebene,
mit Scheitelpunkten an der Position der Resonanz beziehungsweise des Grundzustands,
lokalisiert ist. Zusétzlich werden bestimmte Normabschatzungen der Resolvente nach
komplexer Dilatation in Regionen nahe der Resonanz sowie des Grundzustands bereit-
gestellt. Diese Resultate wurden durch eine Erweiterung der Pizzo Multiskalen Methode
fiir Resonanzen erzielt.

Im zweiten Teil wird eine nicht-perturbative Formel fiir die Koeffizienten der Streuma-
trix fiir Ein-Boson Streuprozesse hergeleitet. Die Integralkerne dieser Matrixelemente
werden als Funktion der Resolvente dargestellt und wir berechnen den fithrenden Term
(beziiglich der Kopplungskonstanten). Dadurch wird die genaue Beziehung zwischen
der Streumatrix und der Resonanz erlidutert. Die Herleitung dieser Formel beruht auf
einer guten Kontrolle des Zeitentwicklungs-Operators im Streuregime, welche durch die
technischen Resultate im ersten Teil der Arbeit erzielt wird.

Im dritten Teil wird das massive Spin-Boson Modell betrachtet und dhnlich wie im
masselosen Fall eine Formel fiir den fithrenden Term (beziiglich der Kopplungskonstan-
ten) der Ein-Boson Streumatrixelemente hergeleitet. Hier werden Argumente der Mourre
Theorie zusammen mit einer passenden Anwendung der Feshbach-Schur Abbildung be-
nutzt, anstatt die Methode der komplexen Dilatation zu verwenden.






Style of Writing

Although this doctoral thesis is written by only one author, the chosen form of writing
employs the use of first person plural throughout the work for three reasons: First,
research is never done by a single person alone. In this sense phrases like “we conclude”
are used to recall all people who contributed to a “conclusion” in one way or another.
Second, the particular results presented in this thesis are based on four publications (see
[21, 23, 19, 22]) and one conference paper (see [20]) including more than one authors.
Third, for an interested reader phrases like “we prove” are also meant in the sense that
the author and the reader go through a “proof” together to check if it is correct.
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1. Introduction and definition of the model

In the first part of this chapter, we formulate our main goals and present an outline of
this thesis. In the second part, we introduce the Spin-Boson model and recall some basic
results.

1.1. Main topics and outline of this thesis

All mathematical results and statements, presented in this thesis, are drawn from the
articles [21, 23, 20, 22] and [19] which arose from collaborations with Miguel Ballesteros,
Dirk-A. Deckert and the present author and Miguel Ballesteros, Dirk-A. Deckert, Jérémy
Faupin and the present author, respectively. The purpose of this manuscript is twofold:
first, it provides the opportunity to compare the results obtained in the works mentioned
above. In particular, this allows us to state a General Scattering Formula presented in
Theorem 3.0.1 below, which holds for both the massless and the massive scalar field
and separate the physical import from the mathematical technicalities (see Chapter 3).
Secondly, we present a self-comprehensive work in which all relevant results are collected
so that they are accessible for newcomers and students.

1.1.1. Main goal

The main goal of this thesis is to understand the relation between resonances and scat-
tering theory in the context of quantum field theory. The connection of these two fields
is of great interest since it permits to interpret resonances as peaks at certain energy
values in the measured scattering cross sections per solid angle. Thereby, we rigorously
derive the typical intensity profiles obtained in scattering experiments between photons
and atoms. More precisely, we show that poles of the dilated resolvent operator lead
to poles in the scattering matrix. Note that, in this context, resonances are defined as
poles of the complex dilated resolvent operator. In the case of quantum mechanics this
problem has been studied extensively and lead to a vast number of works that culmi-
nated in the seminal paper [63]. In [63], an explicit formula for the transition matrix
elements for n-body Schoédinger operators is presented and it is shown that the integral
kernel is meromorphic with poles at the positions of the resonances. However, in the
realm of quantum field theory, even for the case of special models, an analogous result
remained an open problem for several decades.
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1.1.2. Outline of this thesis

Chapter 1 We briefly describe the main goals and the structure of this thesis. Moreover,
we precisely define the Spin-Boson model, and collect some basic properties. Parts of
this chapter are based on [21, 23, 22, 19].

Chapter 2 We recall some well-known results about scattering theory for the Spin-
Boson model and derive an intermediate scattering formula. This chapter is based on
[23].

Chapter 3 We present our main theorems: a perturbative formula for the one-boson
scattering matrix elements (which holds true for the massive and the massless cases) —
see Theorem 3.0.1, and a non-perturbative formula for the one-boson scattering matrix
elements in the massless case — see Theorem 3.0.3. These results summarize Chapters 5
and 6, which are based on [22, 23, 20] and [19], respectively.

Chapter 4 We construct the ground-state and the resonance as eigenvalues of a dilated
Hamiltonian and prove that they (and the corresponding eigenprojections) are analytic
with respect to the coupling constant and the dilation parameter, for the massless case.
Furthermore, we localize the spectrum of the dilated Hamiltonian in cones with vertices
at the position of the ground-state energy and the resonance, respectively, and give
resolvent estimates for the dilated Hamiltonian in a large subset of the complex plane.
This chapter is based on [21].

Chapter 5 We derive a non-perturbative formula for the one-boson scattering matrix
elements for the massless case. In particular, we present a formula for the scattering
matrix elements as a function of the dilated resolvent operator and derive an explicit
formula for the leading order term with respect to the coupling constant. This chapter
is based on [22, 23] and a first announcement can be found in [20].

Chapter 6 We give a formula for the leading order term of the one-boson scattering
matrix elements for the massive case. We provide spectral estimates without using the
method of complex dilation, but using a Mourre type argument instead. This chapter is
based on [19].

Chapter 7 We present an outlook of prospective open problems.

1.2. Definition of the Spin-Boson model

We present the Spin-Boson model which is a non-trivial model of quantum field theory.
It can be seen as a model of a two-level atom interacting with its second-quantized scalar
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field, and hence, provides a widely employed model for quantum optics which gives in-
sights into scattering processes between photons and atoms.

The non-interacting Spin-Boson Hamiltonian is defined as

€1 0

Hy:= K+ Hy, K:—(O e

) . Hp:= /d?’kw(k)a(k)*a(k). (1.2.1)

We regard K as an idealized free Hamiltonian of a two-level atom. Its two energy levels
are denoted by the real numbers 0 = ey < e; and Hy denotes the free Hamiltonian of
a scalar field having dispersion relation w(k) = v k2 +m?2. The parameter m is referred
to as the mass of the scalar field. Throughout this thesis, we consider two different
scenarios: a massless scalar field (m = 0) in Chapters 4 and 5, and a massive field
(m > 0) in Chapter 6. Furthermore, a,a* are the annihilation and creation operators on
the standard Fock space, they are defined in (1.2.10) and (1.2.11) below. We sometimes
call K the atomic part, and H; the free field part of the Hamiltonian. The sum of the
free two-level atom Hamiltonian K and the free field Hamiltonian H; is named “free
Hamiltonian” Hy. The interaction term reads

Vi=o@®(f), () =(a(f)+alf)), o= (2 é) 7 (1.22)
where the boson form factor is given by
FIRI\(O} SR, ks e ATaw(k) A (1.2.3)

Note that the relativistic form factor of a scalar field is f(k) = (27r)_%(2|k|)_%, which
however renders the model ill-defined due to the fact that such an f would not be square
integrable. This is referred to as ultraviolet divergence. In our case, the Gaussian factor
in (1.2.3) acts as an ultraviolet cut-off for A > 0 being the ultraviolet cut-off parameter.
In addition, for m > 0, we take u = 0, and for m = 0, we take

e (0,1/2), (1.2.4)

which is a regularization of the infrared singularity at & = 0. In [8], a method to construct
the ground—sltate ofgthe massless model also for the case p = 0 is provided. The missing
factor of 272(27)~ 2 is absorbed in the coupling constant g in our notation. Note that
the form factor f only depends on the radial part of k. To emphasize this, we often write
f(k) = f(|k|). Our proofs in Chapter 6, where we analyze massive scalar fields (m > 0),
allow for more general boson form factors f. The particular conditions on f in this case
are specified at the beginning of Chapter 6 and in Chapter 3.
The full Spin-Boson Hamiltonian is defined as

H:=Hy+ gV (1.2.5)
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for some coupling constant g > 0 on the Hilbert space
H:=KoF[], K:=C? (1.2.6)

where
F[p] := éfn b, Fn[b] := 5", h:= L*(R3,C) (1.2.7)
n=0

denotes the standard bosonic Fock space, and the superscript ©n denotes the n-th sym-
metric tensor product and, by convention, h® = C. We identify K = K ® 1 Fly) and
Hy = 1x ® Hy in our notation (see Remark 1.2.1 below).

An element ¥ € FI[h] can be represented as a family (w(n))neNo of wave functions
P € hOn. The state ¥ with (@ = 1 and (™ = 0 for all n > 1 is called the vacuum
and is denoted by

Q:=(1,0,0,...) € F[h]. (1.2.8)
We define

Fo = {qf = (™) pen, € FI]|3IN € Np : o™ =0¥n > N,¥n e N: 9™ ¢ S(R3”,C)},
(1.2.9)
where S(R3", C) denotes the Schwartz space of infinitely differentiable functions with

rapid decay.
Then, for any h € h, we define the operator a(h) : Fo — Fo by

(a(R)D)™ (ky, ... ko) = V£ 1 / Bk (k)" (k, ky, . k) (1.2.10)

and a(h)2 = 0. The operator a(h) is closable and, using a slight abuse of notation, we
denote its closure by the same symbol a(h) in the following. The operator a(h) is called
the annihilation operator. The creation operator is defined as the adjoint of a(h) and
we denote it by a(h)*. For ¥ = (™), cxn, € Fo, we find that

(a(R)*T)™ (ky, ... k) = \}ﬁ zn: Rk (ky, o iy s kn),s (1.2.11)

where the notation * means that the corresponding variable is omitted.

Occasionally, we shall also use the physics notation and define the point-wise creation
and annihilation operators. The action of the latter in the m boson sector is to be
understood as:

(a(B)U)™ (ky, ... kn) = Vi + 100D (K Ky, k), (1.2.12)

for U = (™), en, € Fo. The operator a(k) is not closable. The point-wise creation
operator a(k)* is only defined as a quadratic form on Fy in the following sense:

(@, a(k)* V) = (a(k)®,T), VO,V e F. (1.2.13)
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Moreover, we define quadratic forms:
FoxFo—C, (3,0) /d%%@,a(ls)ﬁl) (1.2.14)
and
Fox Fo—C, (B,0) /d3k h(k) (®, a(k)*T) . (1.2.15)

It is not difficult to see that these quantities are equal to (®,a(h)¥) and (P, a(h)* V),
respectively. The point-wise creation operator a(k)* is not defined as an operator but,
formally, we can express it in the following way:

* n 1 = n— 7
(a(k)* D)™ (ky, ... ky) = %25(3)(/@— )™ D (o Ey s ki) (1.2.16)

This is the usual formula that physicists use. Here, § denotes the Dirac’s delta tempered
distribution acting on the Schwartz space of test functions. Note that a and «* fulfill
the canonical commutation relations:

Vhoieh,  [a(h),a* ()] = (h,D)y,  la(h),al)] =0,  [a*(h),a* ()] =0. (1.2.17)

Remark 1.2.1. In this work we omit spelling out identity operators whenever unam-
biguous. For every vector spaces Vi, Vo and operators A1 and As defined on Vi and Vs,
respectively, we identify

A=A ® HV27 Ay = ]lV1 ® As. (1218)

In order to simplify our notation further, and whenever unambiguous, we do not utilize
specific notations for every inner product or norm that we employ.

1.3. Collection of well-known properties of the Spin-Boson
model

We collect some well-known facts which are frequently used in the remainder of this
work. The following properties hold for massless scalar fields (m = 0 and u € (0,1/2))
as well as the massive scalar fields (m > 0 and p = 0).
1.3.1. Standard estimates
In the following we shall use the well-known standard inequalities
1/2

la(h) el < |a/v/ela 1 Hf ] L)
% 1/2 e
la(h) || < [|b/v/wl2 | H} | + Al 2|

which hold for all h,h/\/w € h and ¥ € H such that the left- and right-hand sides are
well-defined; see [64, Eq. (13.70)].
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Lemma 1.3.1. Let h,h/\/w € h. Then, we have the following estimates:

Jathy (a7 +1)” + /v, (132)
)y + 172 < |ln/ Ve, (1.3.3)
HV(Hf“)_§ + 2| f/vwll,. (1.3.4)

Proof. Let ¥ € F[h] with ||¥|l% = 1. Applying (1.3.1) and the spectral theorem, we find
X _1 _1 1 _1
la(h)*(Hy + 1) 2| < [|All2|(Hp 4+ 1) 72| + [[h/Vwl2l H7 (Hy + 1) 20|
< [Iall2 + 1A/ /w2, (1.3.5)
_1 1 _1
la(h)(Hy +1)72 0| < ||h/vVwll2|Hf (Hy +1)72 ¥ < [[h/Vwll2. (1.3.6)
The inequality (1.3.4) is implied by the boundedness of o; and the triangle inequality:

v+ 172 < o 2ah) <Hf + 1)‘5 o1 @a(f) (Hy+1)72
< ||atr) (Hy + 1) “(Hp+1)73 +2|| £ /vl (1.3.7)
This completes the proof. O

As preparation of the proof of Lemma 2.2.1 below, we recall that the Hamiltonians H,
c.f. (1.2.5), as well as Hy, c.f. (1.2.1), are self-adjoint on the common domain D(H) =
K®D(Hy) and bounded below by the constant b € R; c.f. Proposition 1.3.3 and (1.3.17)

below. By spectral calculus we can define the operators H f/ 2, (H—b+1)"/2 and
(Hf +1)7Y2, (H — b+ 1)7'/2 which are closed and densely defined and the latter two
are even bounded with norms bounded by 1.

Lemma 1.3.2. The following operators are bounded:

[

H2( -b+1)"2 (1.3.8)
(H-b+ 1) (Hy+1)"2 (1.3.9)
Proof. Let ¥ € H with ||¥| = 1. The boundedness of (1.3.8) follows from the equality

IO

l\J»—l

IHF(H — b+ 1) 302 = (H — b+ 1)"30, Hy(H — b+ 1))
= (H—-b+1)20,(H— K — gV)(H —b+1)"2¥) (1.3.10)
and the fact that K is bounded by |e;| and that for all € > 0
((H = b+1)"20,gV(H — b+ 1)"20)| < |[(H = b+1)"20| gV (H ~b+1)"2 0|
9olf /vl el (H = b+ 1) 730 + ]

IN

IN

2 L .
(Z2s/valla) + EIHF (T = b+ )92 4|11 (1.3.11)
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holds, which is a consequence of (1.3.1). Choosing 0 < € < 1 an explicit bound is

Lt lerl + (2201/V&l)* +Uflle _

1—¢€2

1
|HZ(H —b+1)"20| < (1.3.12)

The boundedness of (1.3.9) is implied by

I = b+ 1)3(Hy + )72 0° = (Hy + 1) 720, (K + Hy 4+ gV = b+ 1)(Hy +1)"20)
(1.3.13)

and, again as a consequence of (1.3.1),

((Hy +1)739, gV (Hy +1)73W)| < g2 f/v/all2 |HE (Hy + )73 + | fll2 - (1.3.14)
<\ Fll2 + 211 /vl
OJ

1.3.2. Self-adjointness and spectral properties

Clearly, K is self-adjoint on I and its spectrum consists of two eigenvalues eg and e;.
The corresponding eigenvectors are

eo=(0,1)T7 and ;= (1,007  with  K¢; =€, i=0,1. (1.3.15)

Moreover, Hy is self-adjoint on its natural domain D(Hy) C F[h] and its spectrum is
given by o(Hy) = {0} U [m,00) and its absolutely continuous is given by [m, o) (see
[61]). Consequently, the spectrum of Hy is given by o(Hp) = [eg, o0) (see [60]).

The self-adjointness of the full Hamiltonian H is well-known (see, e.g., [51]) and it can
be shown using the standard estimate in Lemma 1.3.1.

Proposition 1.3.3. The operator gV is relatively bounded by Hy with infinitesimal
bound, and consequently, H is self-adjoint and bounded below on the domain

D(H) = D(Hp) = K ® D(Hy), (1.3.16)
i.e., there is a constant b € R such that
b< H. (1.3.17)

Proof. 1t follows from Lemma 1.3.1 that

|V (Ho+ )72 || < ||V (Hy +1)72|||(Hy + )2 (Ho + 1) 2
1 1
< (1, + 2 /vl || 7 + 1 (0 + )3 (1318)
and moreover, we obtain from the spectral calculus that
1
H(Hf+1)%(Ho+1)*% < H(Hf+1)(Ho+1)*1H < sp L <

ref0,00)icfo,1} € +r+1 7
(1.3.19)
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This together with (1.3.18) yields that

|V (o +1)72

< |Iflly + 2/ f/vwll,- (1.3.20)

and thereby, V is relatively bounded by Hy with infinitesimal bound. We conclude the
proof by Kato’s theorem. O

1.3.3. Complex dilation

In this section we consider massless scalar fields, i.e., m = 0 since we employ the method
of complex dilation only for this case (in Chapters 4 and 5).
It is known (see, e.g., [51]) that the only eigenvalue in the spectrum of H is

Ao :=info(H) (1.3.21)

while the rest of the spectrum is absolutely continuous. This implies that there is no
stable excited state in the massless Spin-Boson model. Heuristically, the reason for this
is that the atomic energy of the excited state e; turns into what can be seen as a complex
“energy” \1 with strictly negative imaginary part once the interaction is switched on (see
e.g. [9, 10]). This complex energy A; is referred to as resonance energy and its imaginary
part is responsible for the decay of the excited state (see e.g. [2, 49]).

Note that the ground state Wy, of H corresponding to ground state energy Ao, i.e.,

HUy, = AWy, (1.3.22)

has already been constructed, e.g., in [51, Theorem 1], [48, Theorem 1] and [8, Theorem
3.5]. The ground state of the massive model can be constructed by regular perturbation
theory (see Proposition 6.2.1) and we denote it by the same symbol ¥y,. Since H on H is
a self-adjoint operator, A1 should rather be thought of as a complex eigenvalue of H on a
bigger space than H. This prevents us from being able to calculate the resonance energy
directly by regular perturbation theory on H. The standard way to nevertheless get
access to such a resonance without leaving the underlying Hilbert space is the method of
complex dilation which will be introduced next. We start by defining a family of unitary
operators on H indexed by 8 € R.

Definition 1.3.4. For 60 € R, we define the unitary transformation
ug b= b, (k) e e(e k). (1.3.23)

Similarly, we define its canonical lift Uy : F[h] — F[b] by the lift condition Uga(h)*UB_1 =
a(ugh)*, h € b, and UgQ) = Q. With slight abuse of notation, we also denote 1 @ Uy on
H by the same symbol Uy.

We define the family of transformed Hamiltonians, for 6 € R,

HY :=UpHU; ' = Hj + gV’ where H{:=K + Hj (1.3.24)
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and
HY ::/d3kw9(k)a*(k)a(k:), V0 =01 (a(f7) + a(f7)°) (1.3.25)

with
Ok =e K|, O R3\{0} >R, k~— e—9<1+ﬂ>e*@”i*3|k|—%+ﬂ. (1.3.26)

Egs. (1.3.26), (1.3.25) and the right hand side of (1.3.24) can be defined for complex 6.
If |6] is small enough, K —|—ch +gV? is a closed (non self-adjoint) operator. However, the
middle term in (1.3.24) is not necessarily correct because, although Uy can be defined
for complex 6, it turns out to be an unbounded operator, and UyHU, 1 might not be
densely defined.

We say that ¥ is an analytic vector if the map 6 — W := Uy¥ has an analytic
continuation from an open connected set in the real line to a (connected) domain in
the complex plane. In general we will not specify their domains of analyticity (it will
be clear from the context). It is well-known that there is a dense set of entire vectors
(they are analytic in C). This result has been proven in a variety of similar models, for
example, in [9, 53]. The set the example

D= {Xrr(A)¥: ¥ eH,R>0}, (1.3.27)

with A being the generator of Uy and y the corresponding spectral projection (c.f. [9, 53]),
is a dense set of entire vectors.
Furthermore, we define the open disc

D(z,r)={2€C:|z—z|<r} zeC,r>0, (1.3.28)

and note that, for # € D(0,7/16), we have

1

|V (o +1)72

< |, + v, 1320

which is guaranteed by the standard estimate (1.3.4), since (1.3.26) together with the
special choice § € D(0,7/16) implies that £, f¢/\/w € b. Hence, for § € D(0,7/16) the
operators HY are densely defined and closed. Moreover, the following holds true:

Lemma 1.3.5. The family {H(’}%R of unitary equivalent, self-adjoint operators with
D(H?) = D(H) extends to an analytic family of type A for 6 € D(0,7/16).

The above result was proven for the Pauli-Fierz model in [9, Theorem 4.4], and with
small effort that proof can be adapted to our setting.

Lemma 1.3.6. Let 0§ € C. Then, O'(Hg) = {ei +er:r>0,i=0, 1}.
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Proof. Let 6 € C. Definition in (1.2.1) implies that Hf = K ® Lrp + e ® H? is a
sum of commuting self-adjoint operators and o(K) = {eg,e1}. As shown in [61], we
have o(Hy) = R} and it follows from the definition of ch = e YHy in (1.3.25) that

O‘(ch) = {e_9r tr > 0}. The claim then follows from the spectral theorem for two
commuting normal operators. O

For sufficiently small coupling constants and for § € S, where S is a certain subset
of the complex plane defined in (4.1.1) below, it has been shown that H? has two non-
degenerate eigenvalues )\8 and )\f with corresponding rank one projectors denoted by
Pg and P{, respectively; see, e.g., Proposition 4.2.1 below. The corresponding dilated
eigenstates can, therefore, be written as

¥ =Plpi®Q, i=0,1, (1.3.30)

where the eigenstates ¢; of the free atomic system are given in (1.3.15), and 2 is the
bosonic vacuum defined in (1.2.8). In our notation \IJ?\Z_ is not necessarily normalized.
We know from Theorem 4.2.3 that the eigenvalues )\f are independent of 6 as long as 6
belongs to the set S, and therefore, we suppress it in our notation writing )\f = \;. Note
that this is not true for the eigenstates \If‘ii. In [21] (as well as in Definition 5.2.1 below)
we choose an open connected set S that does not include 0 (the imaginary parts of the
points in this set are bounded from below by a fixed positive constant). We chose such a
set in order to have a single set S for the cases ¢ = 0 and i = 1, because we want to keep
our notation as simple as possible (otherwise a two cases formulation would propagate
all over this manuscript). However, the fact that 0 is not contained in S is only necessary
for the case i = 1 (the resonance - due to the self-adjointness of H the state \Ilgl can
not even exist for § = 0). For the case i = 0 (the ground-state) we can choose instead a
connected open set containing 0. For # in this set, it is still valid that )\8 does not depend
on 6, and therefore, it equals the ground state energy, and ‘ligjo = W¥,, - as introduced
above. For a further explanation we refer to Remark 4.2.4 below.



2. Scattering theory in the Spin-Boson
model

In the first part, Section 2.1, we collect some well-known facts about scattering theory
for the Spin-Boson model. In the proceeding part, Section 2.2, we use these results in
order to derive an intermediate scattering formula which will be used to prove one of
our main results, the scattering formulas for both the massive and the massless case; see
Theorems 5.1.1, 5.1.3 and 6.3.2. Note that all results presented in this chapter hold true
for massless scalar fields (m = 0 and p € (0,1/2)) as well as massive scalar fields (m > 0
and p = 0).

2.1. Collection of well-known properties about scattering
theory in the Spin-Boson model

Let us recall some important results of scattering theory which will be necessary to state
our main results in Chapters 3, 5 and 6.

The first obstacle in formulating scattering theory for a second-quantized system lies in
the definition of the wave operators. Unlike in first-quantized quantum theory, where one
defines the scattering operator to be § := Q% Q_ with the wave operators {21 given by

the strong limits Q4 := s- t_l}gl et e=itHo in quantum field theory, the corresponding
o

wave operators usually do not exist in a straight-forward sense. Instead, one establishes
the existence of the asymptotic annihilation and creation operators first, which can then
be used to define the wave operators.

Definition 2.1.1 (Basic components of scattering theory). We denote by

ho (2.1.1)

the set of smooth complez-valued functions on R? with compact support contained in

R3\ {0}.

Furthermore, we define the following objects:
(i) For h€by and Ve K® D(H}/Q), the asymptotic annihilation operators
ax(M)¥ = lim ar(h)¥, ar(h) := e a(h)e ™ hy(k) == h(k)e ™ ®),
(2.1.2)

The existence of this limit is proven in Lemma 2.2.1 (i) below. Moreover, we define
the asymptotic creation operators a’.(h) as the respective adjoints.



12 2. Scattering theory in the Spin-Boson model

(ii) The asymptotic Hilbert spaces
HE =KT@F[h] where K¥:={UeH:ar(h)¥ =0 Vhehy}. (2.1.3)

(iii) The wave operators

Qv HE =N (2.1.4)
QLU @ a*(hy)...a*(hy)Q = a’(h1)...a’(hn)¥, hi,....hy €bg, ¥eK*E

(i) The scattering operator S := Q% Q_.

The limit operators at+ and a’ are called asymptotic outgoing/ingoing annihilation
and creation operators. The existence of the limits in (2.1.2) and their properties,
especially that ¥y, € K* and Q4 are well-defined, are well-known facts (see, e.g., [38,
37, 26, 41, 40] for various models of quantum field theory and [30, 31, 32, 34, 17] for the
Spin-Boson model). For the convenience of the reader, Lemma 2.2.1 below collects all
relevant facts. We can thus define the following two-body scattering matrix coefficients:

S(h,1) = [, (@' (W) Wrg,a" (D Tr), VAL E b, (2.1.5)

where the factor | ¥y, || > appears due to the fact that, as already mentioned above, in
our notation, the ground state V), is not necessarily normalized. In addition, it will be
convenient to work with the corresponding two-body transition matrix coefficients given
by

T(h,1) = S(h,1) — (h,1),  Vh,l € bo. (2.1.6)

These matrix coefficients carry a ready physical interpretation as transition amplitudes
of the scattering process in which an incoming boson with wave function [ is scattered
at the two-level atom into an outgoing boson with wave function h. Notice that the
transition matrix coefficients of multi-photon processes can be defined likewise but in
this work we focus on one-photon processes only.

It has been shown in [51] that the spectrum of H contains only one eigenvalue g (and
it is non-degenerate), namely the ground state energy, and the rest of the spectrum of
H is absolutely continuous. In case that asymptotic completeness holds, i.e.,

K* = Ran (xpp(H)), (2.1.7)

all one-boson processes are of the form (2.1.5). Here, Ran (xpp(H)) denotes the states
associated with pure points in the spectrum of H.

Asymptotic completeness has actually been proven in [30, 31, 32] for the Hamiltonian
H defined in (1.2.5), however, with coupling functions f € C2(R3\ {0},C), i.e., the
functions that are three times continuously differentiable and have compact support. The
boson form factor f defined in (1.2.3) does not fulfill this property. When considering
massless scalar fields in Chapters 4 and 5, we need an analytic continuation of our
Hamiltonian in order to study resonances. This implies that the coupling function f
cannot be compactly supported (see (1.2.3)), however, it belongs to the Schwartz space.
We expect asymptotic completeness also to hold in our case, although our results do not
depend on it.
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2.2. Intermediate scattering formula

In Theorem 2.2.2 below we derive an intermediate formula for scattering processes with
one incoming and outgoing asymptotic photon. A related formula was already em-
ployed in [50]. In order to derive it rigorously we need several properties of the asymp-
totic creation and annihilation operators. The necessary properties are collected in
Lemma 2.2.1. They have already been proven for a range of models in several works
[38, 37, 26, 41, 40, 30, 31, 32, 34, 17]. For convenience of the reader we provide a
self-contained proof.

Lemma 2.2.1. Let ¥ € £ ® D(H}/Z) and h,l € by. The asymptotic creation and
annihilation operators a’,a+ defined in Definition 2.1.1 have the following properties:

(i) The limits o (R)¥ = limy_+00 a] (R)U exist, where a* stands for a or a*.

(i) The next equalities holds true:
ay (h)¥ = a(h)¥ — ig/ ds e (h, f)oore W (2.2.1)
0
0 , ,
a_(h)¥ = a(h)¥ + ig/ ds e (hg, f)oo1e 51T, (2.2.2)

We point out to the reader that the integrals above are convergent since it can
be shown by integration by parts that there is constant C such that | (hs, f)| <
C/(1+ s%) for s € R (see (2.2.11) below).

(iii) The following pull-through formula holds true:

e " Ha ()W = a_(hy)*e 1P, (2.2.3)

(iv) The equality ax(h)¥y, = 0 holds true, i.e., ¥y, € K*.
(v) The following commutation relation holds: {at(h)*Wy,,ax()*¥y) = (h,1)a]| ¥, ||*.

(vi) There is a finite constant C'(h) > 0 such that for allt € R

Hat(h)*(HfH)—% Nae(r)(H; +1)72 | < (). (2.2.4)

Proof. We prove the statements only for the case of a massless scalar field, i.e., for the
dispersion relation w(k) = |k|. The proof for massive fields with dispersion relation
w(k) = Vk* + m? and m > 0 follows analogously.

Let h,l € hpand ¥ € £ ® D(H}m). Thanks to Lemma 1.3.2 we have K @ D(H
D((H—-b+ 1)%) We prove claims (i)-(vi) separately:

) =

ol
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(ii) The subspace of Hg, defined in (2.2.36), is dense in the domain of (H — b+ 1)/2

w.r.t. the graph norm || - [| g_y41y1/2 of (H — b+ 1)% so that there is a sequence
(V) nen in K @ Fenlho] with ¥,, — ¥ in this norm as n — oco. For all n € N, the
definition in (2.1.2) together with the group properties (e~ ),cr, in particularly,
the strong continuous differentiability on D(H ), justify

, , ¢ . ,
ai(h)¥, = eltHa(ht)eﬂtH =a(h)¥, +/ ds die”Ha(hS)e*”H\IJn
0 s
t . .
=a(h)¥, — ig/ ds (hg, f)oe®*Hoe 0w, (2.2.5)
0

where the last integrand was computed by observing the CCR (c.f. (1.2.17))

V.a(h)] = 01 ® [a(f) + alf)", alhs)] = o1 (e, £y (2.2.6)

We may now take the limit n — oo of identity (2.2.5) and find
t ) .
ar (W)W = a(h)V — ig / ds (hs, f)2 € 151 (2.2.7)
0

because of the following two ingredients: First, by definition (2.1.2), the standard
estimate (1.3.1) and Lemma 1.3.2, for all m € bo, there is a finite constant C(59.3)
such that

lar(m) (@ — @) || = [la(me)(H — b+ 1)"2e ™ (H — b+ 1) (¥ — ,,)]|
< /ol VHE (H = b+ 1) [ (H = b+ 1) (W — w,)]
=Cra28)l¥ = Vnll (g_ptr1)1/2, (2.2.8)
and likewise
la(m)(¥ — Wa)|| = a(m)(H —b+1)"2(H — b+ 1)3 (¥ — ¥,,)]|
< lm/Vlls | HE(H — b+ 1) [ (H — b+ 1)} (@ — w,)]
= Cl28) 1Y = Vnll(g_pg1)/2- (2.2.9)

Second, the integrand in (2.2.5) is continuous in s and, for sufficiently large n,
fulfills an n-independent bound

et Hore™o (0 = W) | < llo | [0 = Bl <1 (22.10)

so dominated convergence can be applied to interchanging the integral and the
n — oo limit to prove (2.2.7).

Finally, a stationary phase argument in w(k) = |k| as well as the facts that h € hg
and f € C*(R\ {0}), c.f. (1.2.3), provide the estimate

1

_— 2.2.11
1+]s]? ( )

<h87f>:C



2.2 Intermediate scattering formula 15

(iii)

(iv)

for all s € R, thanks to a two-fold partial integration. Hence, me way finally carry
out the limit t — +o00 to find

+o0 . )
ax(R)¥ = lim a;(h)¥ = a(h)V — ig/ ds (hs, f)oe®*Hore 0w (2.2.12)
0

t—+oo

as the indefinite integral exists thanks to (2.2.11) and the continuity of the inte-
grand in s. We omit the proof for the asymptotic creation operator a’ as the
argument is almost the same.

This follows from (ii).
Next, we calculate
e_iSHa_(h)*w _ tilznoo €_i8H6itHa(ht>*€_itHw

= tLII,n ei(tfs)Ha(h(tis)+s)*efi(tfs)Hefius

= lim e Ha(hy ) e W He 50y — q_(hy) e ™My (2.2.13)
! ——o0

which proves the pull-through formula in (iii).
First, for all t € R we observe
lae(R) ¥, || = lle™ a(he)e™ 0y, || = [la(he)Px | (2.2.14)

due to the ground state property in (1.3.22). Second, for ¥ = U, € D(H) C
K® D(H}/Q), we employ the same sequence (¥,,),cn as in (ii) to compute

a(he)Wn|* => VIi+ 1/d3k1 Ak

leN

. 2
/ &k ™ Rk (k, K, k)|

(2.2.15)

where we used the Fock vector representation ¥, = (%(p)leNo. We observe that
U, € Ho implies ¥ € K ® Cs°(R3\ {0}) and, by definition of Ho, c.f. (2.2.36),
there is a constant L such that w,(f )= 0forl > L . A stationary phase argument
in w(k) = |k| and a partial integration in k gives

[ @ SRR b

1 _ -
< ;/d:gk’k‘ Z‘a\k\(’k‘Qh(‘k‘72)1/}7(Ll+1)(|k’7E"kl,vzlv"'7|kl‘7zl))‘7 (2'2'16>

where we use spherical coordinates k = (|k|,X) and k; = (|k;|, ;). Here, ¥ and ¥;
denote the solid angles. Then, we find

(2.2.15) g% > \/l+1/d3k1...d3kl (2.2.17)

0<i<L

_ 2
< ([ d 1K 210 (KRR S (4], 2, ], Ea,.. . 50
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which converges to zero for t — +o00. In conclusion, for all n € R we have
tligloo a(hy) ¥, = 0. (2.2.18)
Moreover, there is a t-independent, finite constant 0(2_2.19)(h) such that
lae(h) (P, = Tl = [l a(he)e™ ™ (U, — )|
= [la(he) (H = b+ 1)"2e ™ (H — b+ 1)2 (¥ - )]
1 _1
< A/ Vwlz [HF (H = b+ 1) 721V = Wnll g_pp1y1/2
= C.2.19)(W||¥ = Vn |l (g_pi1)1/2 (2.2.19)
and
lax(P)Wx, | < 1im ([lac(h)(¥xg = Wn)l| + [lac(h)Wal))
< Ca219) (WY = Vnll (g_pi1y1/2 (2.2.20)
holds true for all n € N, where we have use the standard inequalities (1.3.1),
Lemma 1.3.2 and (2.2.18). Taking the limit n — oo proves the claim (iv).
(v) We consider the same sequence (¥, ),en as in (iv) and, for all n € N, we observe

that, by (i) and definition in (2.1.2), it holds

(a(h)L Way al)LTa) = 1 {a(h)* Tsy. all) ). (2.2.21)
Furthermore, using the CCR in (1.2.17), we find for all n € N that
(a(h)* Way, a(l) Wy,) = (Ur,, alhe)a(ly) P,,) (2.2.22)

= (U, (alle)*alhe) + [a(he), alle)™]) Wn) = (alle) Wao, alhe)Wn) + (Wag, Un) (h, D)2
holds. We may control the limit n — oo of this identity by
[{a(he) Wag, ale) (Way = U ))| < llalhe) Wx, [ a(le)" (P, — W)l (2.2.23)
< (I7ll2 + 12/ V@ )95t - ryrr2 (NEll2 + 1/ V@l ®r0 = Wl —payr/2s
and likewise,

(@l g, alhe) (Br, — T)] < alle) Ul la(he) (Tr, — )] (2.2.24)
< (ltlls + 10/ 170 g1y 72 (1Al + TR/ 150 = all gy

which are ensured by the standard estimates (1.3.1) and Lemma 1.3.2. These
bounds allow to take the limit n — oo of identity (2.2.23) which yields

(a(he) Wy, alle) " Way) = (alle)Wargs alhe) Urg) + (Wags W) (hs 1)
Finally, recalling (2.2.21) and exploiting (iv) that states ax(h)¥,, = 0, we find

<a(h)z:\1j)\o7a(l)j:‘1j>\o> = tl}inoo<a(ht)*\1j)\oa(lt)*‘y>\o> = <\I])\07 \I’>\o> <h7l>2

which concludes the proof of (v).
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(vi) Let t € R. Thanks to the standard estimate (1.3.1), we find

las(h)(Hy +1)7%|| = e a(he)(H —b+1)"2e ™ (H — b+ 1)7 (Hy + 1) 77|
< lla(he) (H = b+1)72|| || (H — b+ 1)2 (Hy +1)7%|

1
< b/ vwlla [|HF (H = b+ 1) 72| || (H = b+ 1)% (Hy +1)72]]. (2.2.25)

Lemma 1.3.2 ensures that the right-hand side of (2.2.25) is bounded by a finite
constant C'(h) which depends only on h. This proves the first inequality of (vi).
The proof of the second is omitted here as it is almost identical.

O]

Theorem 2.2.2 (Intermediate Scattering Formula). For h,l € bg, the two-body transi-
tion matriz coefficient T'(h,l) defined in (2.1.6) fulfills

T(h,1) = —27rig||\ll>\0||_2<01\11>\0,a(W)*\IJ,\O>, (2.2.26)
where W € hg is given by
R? 3 k — W(k) = |k|?1(k) /dZ h(|k|,X) f(|k],%). (2.2.27)

Here, we use spherical coordinates k = (|k|,X) with ¥ being the solid angle.

Proof. Again, we prove the statement only for the case of a massless scalar field, i.e., for
the dispersion relation w(k) = |k|. The proof for massive fields with dispersion relation
w(k) = Vk* 4+ m? and m > 0 follows analogously.

Let h,l € ho. Thanks to Lemma 2.2.1 (i) and the fact that the ground state ¥, lies in
D(H) = K®D(Hy), c.f. [51, Theorem 1] and Proposition 1.3.3, the transmission matrix
coefficient given in (2.1.6), i.e.,

T, 1) = (1) — (0 Dy = 00, Has () Wrga- (07 Tng) — By (2:2.25)
is well-defined. Lemma 2.2.1 (iv) and (v) implies that
(2.2.28) = [ W | 2(far ()" — a_ ()" Wrg, a_ ()" T,). (2.2.29)

Using Lemma 2.2.1 (ii), we obtain

o8} . .
(2.2.28) = —ig|| ¥y, || 2 / ds(Us,, o= a_(1)* Uz Vs, f)o.  (2.2.30)

—00

Finally, we use Lemma 2.2.1 (iii) to get

—2 [ s H isH
(2228) = ~iglWay | [ ds (7 M0y, ra- (1) e 0 ) (b, )2
—0o0

— —ig|| Wy |2 /_Oo ds (01T, a (1) Un,) (s, f)o. (2.2.31)
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We insert the definition of the asymptotic creation operator in (2.1.2) to find

(22:28) = ~iglWsy| 7 [ ds lim_ (010, 00(0) ¥r,) (B 2 (2.2.32)

Next, it is possible to interchange the ds integral and the limit ¢ — —oo. This can be
seen as follows. A two-fold partial integration implies that there is a constant C such
that, for all s € R, we get

1

<(C——-.
|<h87f>2’ = C]. + |S|2

(2.2.33)

By applying Lemma 2.2.1 (vi), we infer that there is a finite constant C(29.34)(l) > 0
such that for all s € R

1 1
(01 W02 (1) W) | < 029, |l ) (H + 1)~ (Hy + 130

< 2230 (D 1021, (2.2.34)

holds true. Both estimates, (2.2.33) and (2.2.34), give an integrable bound of the ds-

integrand in (2.2.32) that is uniform in ¢. Hence, by dominated convergence, we have
the equality

(2228) = ~igll Wy, |2 tim_ [ ds (010 au(1)"Ug) s, )2

= —ig| W, * lim_e it /_ _ds (e o105, ally11) Uxy ) (h, 2,
(2.2.35)

where in the last step we have inserted definition (2.1.2) and exploited the ground state
property (1.3.22).

In order to rewrite this integral in form of (2.2.26)-(2.2.27), we shall use the following
approximation argument. Let

Ho = K & Fein[bo] (2.2.36)

be the set of states with only finitely many bosons, i.e.,
Finlbo] = {¥ = (")nen, € FIo] | 3N € No 5" = 0n > N, (2.2.37)
wn € N: g™ € C2(R™\ {0},C)}.

Note that Hg is a dense subset of ‘H with respect to the norm in H and it is dense
in the domain of H; with respect to the graph norm of the operator H; defined by
-l := [IH -l + [I]]. Hence, for ¢ € R, there are sequences (¥, )men; (®L, )men in Ho

with || U,, — ‘I’AoHHf — 0, as m — oo, and H@fn - e_“HUl\IJ,\OH — 0, as m — oo. Then,

Lemma 1.3.1, applied in the same fashion as in (2.2.34), implies that

lim <<I>fn,a(ls+t)*\llm> - <e_itH01\Il)\0,a(lS+t)*\I/>\O>, (2.2.38)

m— 00
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uniformly in s. Thanks to the bound (2.2.33), we may apply dominated convergence
theorem to conclude that

tim [ ds (@ allen) W) (h fo = [

m—o0 N

ds <€7itH01‘I’,\o, a(ls+t)*‘l’,\0> (hs, [)a-
(2.2.39)

Now, we study the integrals in the left hand side of Eq. (2.2.39). The advantage of the
sequences (¥, )men, (PL,)men is that they allow to use point-wise annihilation operators
in the following manner:

| s (@ allesn) wn) (ha, ) (2.2.40)
_ / ds/d3k/€—isw(k’)€—itw(k’)l<k/)< /ddkh zsw( )
:/ ds / dr T e(r / dr’ e e (r' )t (r ))}

where O is the Heaviside function and we use spherical coordinates and the abbreviations
u(r) == r2/d§] h(r,X)f(r,X) and o (r'):= efitT/T/Q/dE/l(T/, ) <a(r’,2/)<1>,tw ‘11m>

By definition, vf, and u belong to C°(R \ {0}) so that the integrals with respect to r
and " above can be regarded as Fourier transform, introduced in Definition 5.3.3 below,
ie.,

(2.2.40) = / ds [Ou](s)§ [Ovh,] () (2.2.41)
holds true. Plancherel’s identity yields for all t € R
o
(2.2.40) = 27 / dr’ Quevt, (r')

P / dr' 1" / AS RO, ) £ (), B)e 12 / as 10, ) (a(r', )@l 0, )
= 21 (a(Wy) D, Wy ) = 27 (@, a(Wi)* 0, (2.2.42)

where we have used the definition of W in (2.2.27) and the definition (2.1.2), in particular,
the notation W; (k) = W(k)e "(*), Using Lemma 1.3.1, applied in the same fashion as
n (2.2.34), allows to carry out the limit m — oo which results in

(22.39) = lim (2.242) =2 <e_“Hal\Il>\O, a(Wt)*\I/AO>. (2.2.43)
This together with (2.2.35) and Lemma 2.2.1 guarantees
(2:228) = —ig|[ Wy, |72 lim e 02m (7o Wy, a( W) Wy, ) (2.2.44)
. -2 . *
= =2mig|[ V|| im (1 Wy,, ar(W) W)y (2.2.45)
= —27ig|| Wy, |7 (01¥ng, a— (W)*Ty,) (2.2.46)

which concludes the proof. O






3. Main results and comparison

This chapter summarizes our central results. We derive a formula for one-boson scat-
tering processes which relates the corresponding matrix elements to the resonance of
the model. In particular, we present a general (perturbative) formula which holds true
for massless as well as massive scalar fields and a non-perturbative formula for massless
scalar fields.

We consider a class of Spin-Boson models fulfilling one of the following sets of condi-
tions:

(A) For massless scalar fields (m = 0), we take w(k) = |k| and p € (0,1/2) (see (1.2.4)).
The boson form factor f is defined in (1.2.3).

(B) For massive scalar fields, we take eg = 0 < m < e; with e; —eg ¢ mN (see As-
sumption 6.0.1 below) and w(k) = Vk% +m?. Moreover, we choose the boson form
factor f to be spherical symmetric (in order to simplify our notation), satisfying
f,Df, D?f € L*(R?), where D is the generator of dilations introduced in Defini-

tion 6.4.1 (ii) below, and f(y/e? —m2) > 0 (see (6.0.1) below). Here, we use a
slight abuse notation and identify f(k) = f(|k|). In particular, f does not have

to be analytic and the infrared singularity is not an issue here. Note that (1.2.3)
meets these conditions.

Theorem 3.0.1 (General Scattering Formula). We assume that either condition (A) or
(B) holds true. Then, for sufficiently small g, 6 in the set S (defined in (5.2.2) below),
and for all h,l € by, there is a complezx-valued function X = \(g) such that the transition
matriz coefficients for one-boson processes are given by

T(h,l) = Tp(h,l) + R(h,1), (3.0.1)
where
_ 31.33 1./ . ! |k’ /
Tp(h,l) = | &°kd°k §(w(k) — w(k ))—(k)Tp(k,k) (3.0.2)
w
and
, 9 Re )\ — Ao
Tp(k, k') =amig®|| O, | 2 h(k)I(K') £ (k) f () —. (3.0.3)
’ (k) + X0 = A) (w(k) = Ao +X)
Moreover, there is a constant C(h,l) (that does not depend on g) such that
R(h.1)| < C(h,1)g%g|log g zf condz:tzzon (A) z:s fulfilled. 7 (3.0.4)
C(h,1)g%g"/3|log g if condition (B) is fulfilled.
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Tp(h,l) is the leading term in terms of powers of g for small g, and R(h,l) is regarded
as the error term. This is justified by Remark 5.1.5 below.

This statement is a direct consequence of Theorems 5.1.3 and 6.3.2 below (c.f. Remark
5.1.6).

Remark 3.0.2. (i) If condition (A) holds true, A\ = X\(g) (defined in Theorem 3.0.1)
is the resonance of the model which is constructed in Theorem 4.2.1. Moreover,
if condition (B) is fulfilled, A\ = X(g) is defined in (6.3.5) below. With similar
techniques as described in Chapter 4, it can be shown that, in this case, A = A(g)
is the resonance of the model up to an error term of order g*t* for some v > 0.
For both cases, there is a constant ¢ such that Im A < —g?c < 0. This can be seen
from (5.1.9) and (6.3.5), respectively.

(ii) The difference in the error term given in (3.0.4) for the two settings (A) and (B) is
solely due to the different techniques exploited in the proofs. As it will be discussed
in detail in the remainder of this work, in setting (A) a multiscale analysis and
complex dilation is used while in setting (B) we rely on Mourre theory. In Section
6.3, we give an overview over the advantages and disadvantages of both methods.

We emphasize that the General Scattering Formula stated in Theorem 3.0.1 covers
both massless and massive scalar fields. For the massless model, ey and e; are not
isolated points in the spectrum of the dilated free Hamiltonian H (defined in (1.3.24)),
and hence, one can not apply regular perturbation theory in order to construct the
ground-state and the resonance of the full Hamiltonian H? (defined in (1.3.24)). We
treat this so-called infrared problem with an extension of Pizzo’s multiscale method in
Chapter 4 below. We write the matrix elements of the time-evolution operator in terms
of the complex dilated resolvent and use the properties, obtained by the multiscale
analysis mentioned above, in order to control it in the scattering regime (see Chapter
5 below). The massive model lacks an infrared problem, and hence, the construction
of the resonance and the ground-state can be obtained by regular perturbation theory.
On the other hand, the non-zero boson mass introduces a new complication as the
spectrum of the complex dilated free Hamiltonian exhibits lines of spectrum attached to
every multiple of the boson rest mass energy starting from the ground and excited state
energies. This leads to an absence of decay of the complex dilated resolvent close to the
real line. Hence, the control of the time-evolution operator in the scattering regime has
to be achieved by a different method when considering massive scalar fields (see Chapter
6 below).

In conclusion, the structure of the General Scattering Formula presented in Theorem
3.0.1 is not affected by the infrared problem which occurs for massless fields, however,
the technicalities in the proofs are completely different in each scenario. For a more
detailed discussion of the different methods we refer to Section 6.3 below.

In addition to the perturbative result presented in Theorem 3.0.1, we obtain a non-
perturbative formula for the one-boson scattering matrix elements in the massless Spin-
Boson model.
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Theorem 3.0.3 (Exact Scattering Formula for the massless Spin-Boson model). We
assume that condition (A) holds true. Then, for sufficiently small g, 6 in the set S
(defined in (5.2.2) below), and for all h,l € bo, the transition matric coefficients for
one-boson processes are given by

T(h,1) = / ABkd3E §(w(k) — w(k)T(k, k'), (3.0.5)

where
T(k, k') = —2mig”h(R)L(K') £ (k) f () [ @, || 2 (3.0.6)
x <<alx1/§0, (H9 —Xo— \k’|)_1 01\1/§0> + <olx11§0, (fﬁ — o+ Ik/\)f1 01\1f§0>) :

The statement above is proven Chapter 5 — see Theorem 5.1.1. We point out that, in
comparison to Theorem 3.0.1, this is a major improvement since it connects the integral
kernel of the scattering matrix elements for one-boson processes to the dilated resolvent
in a precise formula without using perturbation theory. This result for the class of quan-
tum field models at hand can be seen as an analogue of the one obtained in [63] for the
case of n-body Schrodinger operators.

To the best of our knowledge Theorems 3.0.1 and 3.0.3 are among the first results
towards a clarification of the relation between resonances and scattering theory in models
of quantum field theory. It has to be emphasized, however, that the relation between the
imaginary value of the resonance and the decay rate of the unstable excited state has
been established rigorously in various models of quantum field theory in several articles
[2, 49, 3, 18]. In [12], a rigorous mathematical justification of Bohr’s frequency condition
is derived, using an expansion of the scattering amplitudes with respect to powers the
fine-structure constant for the Pauli-Fierz model. In [17], the photoelectric effect is
studied for a model of an atom with a single bound state, coupled to the quantized
electromagnetic field.






4. Ground state, resonance and spectral
properties in the massless Spin-Boson
model

We analyze the massless Spin-Boson model, as introduced in Chapter 1.2, where we
set the mass of the scalar field m = 0 and fix an infrared regularization parameter
pw € (0,1/2) (see (1.2.4)). Note that this yields the relativistic dispersion relation
w(k) = |k|. We construct the ground state and the resonance of the model and prove
analytic properties of them. In addition, we derive resolvent estimates, which allow for
spectral localization in cuspidal domains.

In the massless case, neither ey nor e; are isolated points in the spectrum of the free
Hamiltonian. This is why the interacting ground-state and the resonance (Ao and A;)
cannot be constructed using standard results from regular perturbation theory. Several
technologies were developed to overcome this difficulty. Two succesful methods that
recently received a lot of attention are: they are referred to as Pizzo’s multiscale method
(see e.g. [58, 59, 10, 9]) and the renormalization group method (see, e.g., [13, 15, 14,
11, 16, 7, 43, 45, 62, 35, 24]). In both cases, a family of spectrally dilated Hamiltonians
is analyzed since this allows for complex eigenvalues. In this chapter we employ the
Pizzo’s multiscale method. This technique invokes an infrared cut-off which is then
removed using an inductive scheme. In each step of the induction, lower and lower
boson momenta are added to the interaction and regular perturbation theory is used to
construct the respective ground-state and resonance. In order to reach the limit of no
infrared cut-off good control over the closing gap is essential. Note that such a procedure
has been introduced for the construction of resonances in the Pauli-Fierz model [9, 10]. In
this work we also construct resonances (and ground-state eigenvalues) but this is not our
main purpose. Our main purpose is to prove that resonances are analytic with respect
to the dilation parameter and coupling constant, and furthermore, to provide certain
spectral and resolvent estimates that allow for the control of the dynamics including
the scattering regime. In Chapter 5, these estimates are employed to address scattering
theory for the model at hand. In [18], the time evolution of this model is studied using
the spectral renormalization method. Some results derived therein are similar to some
of ours, however, utilizing different methods, respectively.

What we call resonances and ground-states multiscale analysis is an inductive con-
struction of a sequence of Hamiltonians that enjoy infrared cut-offs and satisfy certain
properties. As the parameter of the sequence tends to infinity these cut-offs are removed.
Our mutliscale analysis is the content of Theorem 4.4.5. Its basic scheme is presented
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in Section 4.4.2 and the proof of Theorem 4.4.5 is carried out in Section 4.4.3. Our
proofs of analyticity and of resolvent and spectral estimates are not part of our mul-
tiscale analysis employed in the contruction of the resonance and ground-state energy,
they only use it as mathematical input. The latter results are presented in Section 4.5
(spectral and resolvent estimates) and Section 4.6 (analyticity). Theorem 4.4.5 is only
an intermediate but necessary step. As we mention above, the method of Pizzo mul-
tiscale analysis for resonances is introduced in [9, 10]. However, the results in [9, 10]
cannot be used directly to prove analyticity because many of the estimations therein
consider the dilation parameter, 6, to be purely imaginary whereas analyticity requires
estimates that are uniform for 6 in an open set. Thus, although it does not involve
major obstacles, for the sake of analyticity, many of the given calculations and some of
the proofs need to be redone. For the convenience of the reader and in order to keep this
work self-contained we provide them in the proof of Theorem 4.4.5. Note that Theorem
4.4.5 is applied to the Spin-Boson model while [9, 10] address the Pauli-Fierz model.
This gives us the opportunity to review the Pizzo multiscale technique for a non-trivial
but more tractable model.

In Section 4.5 (in particular, in Subsection 4.5.1) we introduce a new inductive scheme
that is used to study resolvent and spectral estimates. This scheme is independent and
different from the scheme used in Section 4.4 to construct resonances. It allows to
localize the spectrum in two cones with vertices at the location of the resonance and
ground-state energy, respectively, and allows for arbitrary small apex angles provided the
coupling constant is sufficiently small. We want to emphasize that such a result requires
a more subtle analysis than localizing the spectrum in cuspidal domains. Additionally,
we provide estimates for the resolvent operator in the vicinity of the cones.

The study of analytic properties of resonances and ground-state eigenvalues in the
context of non-relativistic quantum field theory has been the source of several studies.
These papers use the method of spectral renormalization. In [46], a large class of models
of quantum field theory was analyzed and analyticity of the ground-state with respect
to the coupling constant was proven under the assumption that this ground-state is non-
degenerate. The existence of a unique ground-state and its analyticity with respect to
the coupling constant was shown in [48] for the Spin-Boson model without an infrared
regularization and, in [47], for the Pauli-Fierz model. Furthermore, in [24], a model
describing the interaction of an atom with its quantized electromagnetic field was studied
and it was proven that the excited states are analytic functions of the momentum of
the atom and of the coupling constant. Likewise, in [1], it is shown that the ground-
state energy of the translationally invariant Nelson model is an analytic function of the
coupling constant and the total momentum.

In [21], to the best of our knowledge, we give the first extension of the Pizzo multiscale
method that provides a ready access to analyticity properties that essentially amounts
to proving it for isolated eigenvalues only and exploiting that uniform limits of analytic
functions are analytic.

In [13, 15, 14], the renormalized group technique was invented and applied in order to
construct the ground state and resonances for the confined Pauli-Fierz model. Moreover,
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resolvent and spectral estimates were obtained therein. Based on this new method,
several simplifications and applications were developed in a variety of works [11, 16, 24,
45, 43, 7, 24, 62, 35, 7]. The Pizzo multiscale analysis was first invented in [58, 59]
and then adapted in order to gain access to spectral and resolvent estimates and the
construction of ground-states in [9, 10]. In [18], resolvent and spectral estimates are
derived in order to control the time-evolution operator of the Spin-Boson model and, in
[25], smoothness of the resolvent and local decay of the photon dynamics for quantum
states in a spectral interval just above the ground state energy was proven.

4.1. Infrared cut-offs and multiscale scheme

As discussed at the beginning of Chapter 4 it is not possible to construct the ground-
state and the resonance using regular perturbation theory since ey and e; are not isolated
points in the spectrum of Hg . One way to circumvent this problem is to employ a
multiscale analysis. For this purpose, we introduce a family of Hamiltonians H (n):0 which
have two isolated (complex) eigenvalues )\Z(n) in small neighborhoods of e;, i € {0,1}.
For every n € N, H™-? enjoys an infared cut-off which is removed as n tends to infinity.

Definition 4.1.1. We fiz a real number v € (0,7/16) and for every 8§ € C we set
v:=Imé@. We define

§:={0eC:-10" <Re0 <10 and v<Imd<n/16}. (4.1.1)

For 8 € S and n € N, we define:

(i) The sequence of infrared cut-offs {pntnen with p, = pop™ for real 0 < py <
min(1,e;/4) and 0 < p < 1. In Definition 4.4.2 below we specify additional prop-
erties of it.

(ii) The cut-off Hilbert space of one particle, h(™ :

h" = LAR3\ B,,), B, :={z cR®:[a| < pu}. (4.1.2)

The Fock space with one particle sector h™ is defined as in (1.2.7), and we denote
it by F[6(] and its vacuum state by Q. We set

H™ =Ko Flh™)]. (4.1.3)

The free boson energy operator with an infrared cutoff is defined on ]-'[b(")] by
(1.2.1), we denote it by H](cn)’o = H](c"). We set

n),0 — n),0
B = e 0HY. (4.1.4)

For every function h € b, we define creation and annihilation operators, an(h), al(h),

on F[6™)] according to (1.2.10) and (1.2.11). We use the same formula for func-
tions h € b, then it is understood that we take the restriction of h to R\ B,,.
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We define the following family of Hamiltonians (densely defined on HM - see
Remark 1.2.1)

H((]n)’g =K+ H](cn)ﬁ; vl =g @ (an(fg) + an(fe)*) (4.1.5)
and

H(n),9 = Ho(n)ve + gV(n):a (416)

(n)

The Hamiltonians H™? turn out to have gaps between the eigenvalues A, and

the rest of the spectrum of H(¥. This allows us to define Riesz projections, P-(n),

(2
corresponding to the eigenvalues )\Z(-n) and use regular perturbation theory for each n € N.
In an inductive scheme, one can obtain explicit estimates on the resolvents and the
eigenvalues in each step. Below, we prove that the sequences (Ag"))neN converge and the

interacting ground-state energy \g and resonance energy A; of H? are the limits

A= lim A i=0, 1. (4.1.7)
n—oo
We define
h(mo) .= L2(B,,). (4.1.8)

We denote the corresponding Fock space by F[h(>)] (it is defined as in (1.2.7)), with
vacuum state Q) Tt is straightforward to verify that # is isomorphic to H™ ®
F[h™>)], and therefore, we identify

H=H" @ Flpn=). (4.1.9)

We prove below that the sequence (Pi(n) ® Py(n.oo) )JneN, Where Pgn.o) is the orthogonal
projection onto the vector space generated by Q) converges to an eigenprojection
corresponding to the eigenvalue \;.

4.2. Main results of this chapter

Here, we state the main results of this chapter. All proofs are presented in the next
sections. In Proposition 4.2.1 below we state the existence of the ground-state eigenvalue
and the resonance of H?. A similar result, for a more complicated model (Pauli-Fierz),
is proved in [9]. The strategy of proof of Proposition 4.2.1 is based on the methods
introduced in [9] but it differs from the proof therein because, here, all our estimates
must be independent of # € S. As emphasized earlier, the existence of the resonance
and the ground-state is not our focus but is only provided in order for this work to be
self-contained.
The next proposition is proved in Section 4.5.3 below.
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Proposition 4.2.1 (Construction of the ground-state and the resonance). For every
p, po sufficiently small (see Definition 4.4.2) there is a constant gy > 0 (that depends
on p,po and v) such that, for every 8 € S (see (4.1.1)) and every g € D(0,go), the
(complex) number

A= lim A, =01 (4.2.1)

n—o0

is an eigenvalue of H? and the range of
P, = lim P @ Py, i=0,1 (4.2.2)

consists of eigenvectors corresponding to \;. An explicit formula for gy is presented in
Definition 4.4.3 below.

The non-degeneracy of the eigenvalues in Proposition 4.2.1 as well as estimates for
the imaginary part of the resonance can be derived from the corresponding results for
the Pauli-Fierz model in [9] and [10]. Since their proofs do not need the new features
of our multiscale scheme and they are not relevant for our main results, we only state
them without proofs and refer to [9].

Remark 4.2.2 (Fermi golden rule). The eigenvalues Ao and A1 are non-degenerate, this
follows from Section 6.4.3 in [9] (we do not repeat the proof here). The leading order
of the imaginary part of the resonance A1 can be explicitly calculated. This is presented
in Theorem 5.6 in [9] for the Pauli-Fierz model and, using a different method, in [16].
We do not include a proof here because it follows, for the model at hand, without much
change from the proof in [9].

We assume that |g| > 0 is small enough and define

Ep = —4n?(e; — e0)?|f(e1 — eo)|*. (4.2.3)

Then, there is a constant C(4.2.4) > 0 and a constant € > 0 such that for alln € N large
enough

]hn Al g2EI‘ < " Clanay- (4.2.4)

The next theorems are our main results of this chapter. We prove analyticity of the
resonance and the ground-state, and the corresponding eigen-projections, with respect
to the dilation parameter and coupling constant.

The next theorem is proved in Section 4.6 (see Theorem 4.6.9).

Theorem 4.2.3 (Analyticity with respect to the dilation parameter). For p, po suffi-
ciently small and g € D(0, go) (see Proposition 4.2.1), the functions

S>30~ P, S30— N\ (4.2.5)

are analytic. Moreover, this implies that X\;(0) = \; is constant for 6 € S (see (4.1.1)).
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Remark 4.2.4. Our bounds in the inductive scheme (see Theorem 4.4.5 below) which
are used to prove Theorem 4.2.8 blow up as we take v — 0. We study simultaneously the
cases i = 0 and i = 1, and therefore, our estimations blow up also for i = 0. However,
it is easy to see from our method that, for i = 0 alone, we can take 0 in a neighborhood
of 0 and prove analyticity in this neighborhood. This implies that Ay is real, because H
is self-adjoint for @ = 0. It is the ground-state energy constructed in [8, 51].

The next theorem is proved in Section 4.6 (Theorem 4.6.9).

Theorem 4.2.5 (Analyticity with respect to the coupling constant). For every p, po
sufficiently small and g € D(0, go), the functions

g— B g A (4.2.6)
are analytic.

Our next two theorems provide an estimate for the spectrum of H? in neighborhoods
of A\g and Ay, and resolvent estimates in these neighborhoods. As discussed in the
introduction, similar results on spectral estimates can be found in [13, 15, 14, 16] in
which the spectrum is located in cuspidal domains using the spectral renormalization
method based on the Feshbach-Schur map. Here, we localize the spectrum in cones. For
every z € C, we define

Cm(2) = {z fae™ x>0, |la—v < V/m} , (4.2.7)

where we assume that m > 4, allover this work.
The next theorem is proved in Theorems 4.5.9 and 4.5.10 below.

Theorem 4.2.6 (Resolvent estimates). There is a constant C (see Definition 4.4.1 and
(4.5.58) ) that depends on v but not on g nor in p and py such that for every m > 4
and p, po sufficiently small, there exists g™ > 0 with the following properties: for every
6 S and g € D(0,g0) (see Proposition 4.2.1) with |g| < g™,

1 1
<16C"tt—— 4.2.
=] < " oy (429
for every z € BZ-(l) \ Cnm (/\i — 2p%+“/4e*i”) and
1 1
<8Ccnt! , (4.2.9)
HH9 —z dist(z, Con A™))

for every z € Bi(l) \Cm ()\En) — p}f”“e‘“’). Here, the symbol dist denotes the Euclidean
distance in C and BZ-(I) is defined in (4.3.5).

Explicit bounds for C, py and p, go and ¢(™ are given in Definitions 4.4.1, 4.4.2,
4.4.3 and (4.5.58), respectively. We remark that we intentionally do not provide optimal
estimates because these would render the proof unnecessary opaque.

The next theorem is proved in the proof of Theorem 4.5.10 below.
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Theorem 4.2.7 (Spectral estimates). For every p,po sufficiently small, 6 € S and
g € D(0,go) with |g| < g™, there is a neighborhood BZ-(I) of \i (that depends on v but
not on g) such that the spectrum of H in Bfl) is contained in C(X\;) (recall that v is the
imaginary part of 0). An explicit formula for Bi(l) is given in (4.3.5).

4.3. Resolvent estimates far away from the spectrum and
detailed analysis of H(1)?

In this subsection we derive resolvent estimates for H(? and H? for complex numbers
z that are far away from their respective spectra. For the first Hamiltonian, H 1.0,
having an infrared cut-off, we present resolvent estimates for points that are close to its
spectrum. Here, we do not need any restrictions on the sequence {p, }nen other than
0 < po < min(1l,e1/4), 0 < p < 1. In the forthcoming sections we need to assume
other properties for the sequence {p, }nen (see Definition 4.4.2). We emphasize that the
particular choice of numbers p,, does not imply any physical constraint, it only specifies
the rate at which the infrared cut-off is removed.

In this section and (in the whole thesis) we denote by ¢ > 0 any generic (indeterminate)
constant (it can change from line to line) that is independent of the parameters n, 6,
0o, p, 0, v and ¢g. It might depend on the set S, as a whole, but not on its elements
6 € S and neither on the parameter v. Moreover, by stating that |g| is small enough,
we mean that there is a constant such that uniformly for |g| smaller than this constant
the referred statement holds true. We employ that such a constant does not depend on
6 and n but it depends on the set S and on the remaining parameters (e1, po, p, p and

A).

4.3.1. Resolvent estimates far away from the spectrum

We define regions in the complex plane in which we derive resolvent estimates.

Definition 4.3.1. We set § := e1 — eg = e1 and define the region

A:=A1UAyU As, (4.3.1)
where
Alzz{ze(C:Rez<eo—;5} (4.3.2)
Ag = {z eC:Imz> éésin(y)} (4.3.3)
Az = {z €C:Rez>el + %5, Imz > —sin (g) <Re(z) — (e1 + ;6))} . (4.3.4)

and for i € {0,1},

1 1 1
Bi(l) = {z €C:|Rez—¢ < 55, —5P sin(v) <Imz < 855111(1/)} . (4.3.5)
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Ay

€o e1 v/2

Ay

Figure 4.1.: Subsets of the complex plane (see Definition 4.3.1)

In this subsection, we estimate the resolvent of H(™? and H? far away from their

spectra, namely in the region A defined in (4.3.1). These estimates are applied for the
induction basis in our inductive scheme described in Section 4.4.2.

Lemma 4.3.2. Let 0 € S (see (4.1.1)) and n € N. There is a constant C(43¢) (inde-
pendent of 6, n, g, po, p and v) such that for small enough |g| (depending on v), for
every i € {0,1}:

Cuze 1
= sin(v/2) e; — 2|’

Cuze 1

1
Vz € A,
S sn@/2) e — 2 HHH—z Z€

(4.3.6)

1
HmO 2

Proof. Let z € A and n € N. Then, arguing as in Lemma 1.3.1 and using functional
calculus, we obtain that

(n)
M — - (HS + )2 ||| M - -
e +y+1
< (U0 + 2%/ Ve sup — . 4.3.7
<H HQ H / H2) y€[0,00),i=0,1 e; + e—ey —z ( )
Geometrical considerations imply that there is a constant ¢ > 0 such that
. —0 . C
; :1=0,1},A) > ——(1 > 4.3.
dist ({er+e 7y 1= 0,11 4) 2 s (Thy) W20, (439
and hence, there there is a constant ¢ > 0 such that
ymo___1 < ° Vz € A. (4.3.9)
Hén)’e _ 4| 7 sin(v/2)’
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Then, we choose |g| small enough such that

1 1

(n),0 -
qV ) oL < 5 (4.3.10)

0 —Z
and hence,
n n 1 n),0
H®O (1 4 gV )’01{(”)’9) (HE? - 2) (4.3.11)
0 —%

is invertible for all z € A, since AN U(Hon)’e) = (). Thanks to the particular geometry,
there is a constant ¢ > 0 such that |e; +ye™? — 2| > esin(v/2)|e; — z|, for every z € A,
every j € {0,1}, and every positive number y. This and (4.3.11) imply

2
= sup sup (4.3.12)

<2 < —
- i=0.1y>pn €0 +ye=? — 2| ~ sin(v/2)|e; — 2|

Hon)79 — Z

1
HM)0 —

for all z € A, i = 0,1 and some constant ¢ > 0. This completes the proof for the first
equation in (4.3.6). Since the second equation can be shown in a very similar fashion we
omit the proof here. O

4.3.2. Analysis of H1)?

Lemma 4.3.3. Let 0 € S (see (4.1.1)) and |g| small enough (depending on v and pi ).
Then,

L 1 . _
Hﬂ(l)e_z =2 W Vze B 7, i=0,1, (4.3.13)
where
B =B"\D (ei, plSISH(V)> . (4.3.14)

Proof. Let z € Ei(l) and ¢ = 0,1. Then, we have, arguing as in Lemma 1.3.1,

(1)

Hv(l)ﬁ1 < |lve 1 : H Hy’ ' +1

e N A i
< (|| £, +2[#°/va,) sup _city+l | (43.15)

2 2/ ye{0}Ulp1,00),i=0,11€i T €77y — 2
Take y € {0} U [p1,00) and i € {0,1}. It follows that
e +y+ :e—i-e(e +e %y —2)+ ef(e; — z) (43.16)
ei+efy—=z ei+efy—z

1 c

< 60 +c < . )
= le; + ey — 2| = pysin(v)
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where the last inequality is due to the considered geometry.
From (4.3.15) and (4.3.16) we obtain that there is a finite constant ¢ > 0 such that

1 c c
y e < < : 4.3.17
|| H((]l)’e _ 4|l 7 pisin(v) T prsin(v) ( )
For |g| small enough (depending on p; and v), we arrive at
1 1
ne___ -~ -
gV < (4.3.18)
H(gl)’e —z 2
and hence,
1
HYO — =1+ gV(l)’Gi1 7 (Hél)’e - z) (4.3.19)
H((] W0 _ z
- . a . (1) 1,0, .
is invertible for all z € E; ", since E;”’ No(Hy ") = (. Then, we obtain
H 2 ! (4.3.20)
HMLO — || = H(()l)ﬁ . e
which completes the proof. O
Definition 4.3.4. We define the projections
o.__ 1 .
PO = - /7 04 e (43.21)
and
e d L _poep 4.3.22
oi = "o fo Zm— e; @ Pow (4.3.22)
where
1 .
fAyi(l) :[0,27] - C, t+re+ e sin(v)e™, (4.3.23)

P, is the projection onto the eigenspace space corresponding to e; of the Hamiltom'an
K and Py is the projection onto the vector space generated by the vacuum, QW of

Flp].
Remark 4.3.5. The right-hand side of (4.3.22) follows from the following computation:

1 1 1 1 S
- — dz ——F+— = —— dz ————(P.. ® P, P. ®P
o7 Lgn CHDT LT om /@5” o ~(Pei @ Po + Fe; @ Pao)
1 1 -
=P, ® Py — / dz —57——Fe;, ® Py, (4.3.24)
e o7 4 H(()l)ﬁ . ¢
where
Pei X Pﬂ(l) = Piei ®1+ Pei (29 PQ(1) (4325)

implies that — 5 f/?gl) dz (1) 7 Pel ® Poay = 0.
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Lemma 4.3.6. Let § € S (see (4.1.1)) and let |g| be small enough (depending on v and
p1). Take i € {0,1}. Then, there is a constant C3.26) > 0 (independent of 0, n, g, po,
p and v) such that

C
1P = PO <1922 <1 and [P <149 yﬂ <2, (4.3.26)
p1sin(v) p1sin(v)
where 'Ayi(l), Pi(l) and Péi)z are introduced in Definition 4.3.4.
Proof. First, we observe that
W _ p0] L L
[P - PR < 5= /%(1) dz (H(Dﬁ = )| (4.3.27)

Note that 4 A(l) C EZ.(I) (see (4.3.14)). Eq. (4.3.17) implies that there is a finite constant
(1)

¢ > 0 such that for every z in the (image of the) curve 4,

1
<lg—S <= (4.3.28)

(1),
v p1sin(v) = 2’

(gl),a _

for |g| small enough (depending on v and p;). Next, we obtain

00 !
®_p0ll< L R SR o Y (e VR S
[PV - PR < & /%m dz QL ; ( GV T
p1sin(v) o 1.1 .
=T w 9 =) <lgl——=. (4.3.29
4 e =£L5m) (HHé H>| ’P SlH(V) g%(?) | |p1 sin(v) ( )

This proves the first part of the lemma. Furthermore, it follows from (4.3.22) that

’ Pétl)l =1, and hence,
Ol < || pW p(1) _ pM < ¢
|20 < |25 + (|2 - B Ltlgl- Sm( y<2 (4.3.30)
for sufficiently small |g|. This proves proves the second part of the lemma. O

Remark 4.3.7. Let 6 € S (see (4.1.1)) and i € {0,1}. Suppose that |g| is small
enough (depending on v and p1). Then, it follows from Lemma 4.3.6 together with the

fact that P, V) is a rank-one projection that also Pi(l)
4.8.3 implies that HM? has no spectral points in Ei(l) = BZ-(l) \ D (ei, %n('j)). Since

ot is a rank-one projection. Lemma
(1)

the contour of integration for the projection P(l) is contained in B; "’ and z'ts z'ntem’or

contains D (ei, %n(”)), we conclude that there is a unique spectral point )\ ofH

in Bi(l), it is a simple eigenvalue and it is contained in D (e,-, %n(y)).
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Lemma 4.3.3 together with Lemma 4.3.6 yield a resolvent estimate in the whole region
Bi(l) \ {)\gl)} by making use of the maximum modulus principle of complex analysis.

Lemma 4.3.8. Let 6 € S (see (4.1.1)) let |g| be small enough (depending on v and p; ).
Take i € {0,1}. Then, there is a constant C4331) > 0 (independent of 0, n, g, po, p
and v) such that

1 ) C(a.3.31) Cla.3.31) (1)
—— P, < < A B, 4.3.31
HH(l)ﬁ —z ' ~ pisin(v) ~ prsin(v)’ Ze b ( )
Proof. Note that the function
D (en,Sprsin)) 3 2 5 Gyu(z) = (6, ——— p(y (4.3.32)
ei, gp1sin(v z o0 (2) = (0 gma i 3.

is continuous, and furthermore, analytic on D (ei, %pl sin(u)), for all ¢,1 € H. Then,
it follows from the maximum modulus principle that this function attains its maximum
on the boundary of its domain. This together with the Cauchy-Schwarz inequality and
Lemma 4.3.3 and 4.3.6 implies that there is a finite constant ¢ > 0 such that

1
Goe)| € ——sloll. e € D (e gusinG)). (4.3.33)

Consequently, there is a finite constant ¢ > 0 such that

c

1)
P _°
= p1sin(v)’

1
H(1)70 —Z i

1
Vze D (ei, & sin(y)>, (4.3.34)
and moreover, Lemma 4.3.3 (again) guarantees that there is a finite constant ¢ > 0 such
that

C

~ prsin(v)’

< (4.3.35)

Hél)’e —z

< 2”

1
HLO — »

for all z € BZ-(I) \D (ei, = sin(u)). This together with (4.3.34) completes the proof. [

Applying Lemma 4.3.8 to our particular geometry allows to formulate the following
corollary.

Corollary 4.3.9. We define qZ(l) = /\El) + 1p1e™" and recall (4.2.7). Let 0 € S ( see
(4.1.1)) let |g| be small enough (depending on v and py). Take i € {0,1}. Then, there
is a constant Cy336) > 0 (independent of 0, n, g, po, p and v) such that

1 Ca.3.31)
~ sin(v/m) dist(z, Con (¢\"))

PO

1
HHme_z . Vze BN\ Cu(g)).  (4.3.36)
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Lemma 4.3.10. Let 0 € S (see (4.1.1)) and let |g| be small enough (depending on v
and p1). Then, there is a constant C(4337) > 0 (independent of 0, n, g, po, p and v)
such that for every i € {0,1}

)\(1) — €5

2

<191Cu.3.37)- (4.3.37)

Proof. It follows from Lemma 4.3.6 that ’ <gpi ® Q, Pi(l)gpi ® Q> ’ > % for |g| small enough
(depending on v and p;). We calculate

o _ (pi @00, HOIPVg, g o)
A= =e +g

(VI 0 00, P @ o)
(1) 1 '
(i @00, g 0 0M)

(pi @00, Pg; 0 0M)
(4.3.38)

Let now z € C such that |e; — 2| = 1psin(v). Eq. (4.3.26) (which requires |g| to be

small enough -depending on v and p;) then allows to obtain

1

gV(l)’g _
a7

‘)\Z(l) — €;

< 4f|gV D9, © Q0| < 4]e; — 2|

H <lgle,  (43.39)

for some constant ¢ (independent of 6, n, g, pg, p and v) . Here, we have used (4.3.17)
from Lemma 4.3.3 in the last step. Notice that in this work we assume that the imaginary
part of 6, v, is positive. Then, strictly speaking, we do not have the right to use our
results for §. However, the restriction we impose by assuming that v is not negative is
irrelevant. This is assumed only for convenience in order to simplify our notation. Of
course, the same results hold true if we take —7/16 < v < —v. In this case the spectrum

of Hél)’e is just mirrored with respect to the real line. Hence, one has to mirror also

the definition of Bi(l) with respect to the real line in order to obtain the same estimates.
Afterwards, the proofs are just the same. ]

Remark 4.3.11. Let 0 € S (see (4.1.1)) and let |g| be small enough (depending on v
and p1). Then

n_ 1
F= 271 /W) dz HOO (4.3.40)

where 7(1) 2 [0,27] = C, ¢t~ )\Z(-l) + ipl sin(v)e. This follows from Remark 4.3.7,

i

because, for small enough |g|, %'(1)7%(1) C Bi(l) \ {)\Z(-l)}, see Lemma 4.3.10.

Lemma 4.3.12. Let 0 € S (see (4.1.1)) and let |g| be small enough (depending on v
and p1). Take i € {0,1}. Then, there is a constant Cy 341y > 0 (independent of 0, n,
g, po, p and v) such that

PO

1 Ca.3.41) 1
H HLO 70

< — . vzeBWY. 4.3.41
sin(v) p; + ’)\21) _ . ( )
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Proof. We use Lemma 4.3.8 and calculate, for |z —e;| < py,

1 B p1+|)\£1)—z| 1 c 1
p18in(v) pisin(v) 5 4 |)‘§1) T sin(v) p, + ’)\l(l) 2

, (4.3.42)

where we use Lemma 4.3.10 and choose |g| small enough. For |z—e;| > p; we use Lemma
4.3.3. The spectral theorem and the explicit form of the spectrum of non-interacting
Hamiltonian Hél)’a allow us to estimate the norm of its resolvent. Then, similar estimates

as above imply the desired result. O

Lemma 4.3.13. Let 0 € S (see (4.1.1)) and n € N. There is a constant C(y343)
(independent of 0, n, g, po, p and v) such that for small enough |g| (depending on v ),
for every i € {0,1}:

C4.3.43) 1
= /2t

C4.3.43) 1
= @/ s s

. (4.3.43)

1 1
HM)0 — ’ HY — 2

for every z € AU (Bf’ -0, oo)e_i”) \Bg), every | € N and every \; € D(Agl), 39).
Moreover,
1 Cl4.3.44)
~ sin(v/m) dist(z, Co (¢\™))

for every z € (Bg) — 10, oo)e_i”) \Bgl).

1 (1)
Hm).0 _ ="

, (4.3.44)

Proof. We take z € A. Lemma 4.3.10 implies that [A; — ¢;| < 19/(C(a.3.37) + 3). Notice
that

L pm + i — 2] L gp’”ﬂxi_eﬂﬂerz‘ s (4.3.45)
R I e R e = e ]
1
<c——=—,
pm +|Ai — 2

since |e; — z| is bounded from below uniformly for z € A. Then, the result follows from
Lemma 4.3.2. The result for z € (Bgl) -0, oo)e_i”) can be found similarly which is why

we omit the proof. The proof of (4.3.44) follows from a similar argument as in Corollary
4.3.9,and therefore, it is also omitted. O

Definition 4.3.14. In this subsection (Section 4.3) we assumed a finite number of times
that |g| is small enough (depending onv and p1). We set g > 0 such that for every|g| < g
all results of this section hold true. Similarly, in the statements of our results we use a
finite number of times constants (that are independent of 6, n, g, po, p and v) in order
to estimate from above norms of various entities. We denote by ¢ > 1 a, fized, upper
bound of the set of all these constants. We additionally take g small enough such that

[P0 - P

i at,zt

<1073,

see Lemma 4.3.6.
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4.4. Resonance and ground-state multiscale analysis

4.4.1. Notation: the sequence (pn)neNu{O} and the coupling constant g

Next, we introduce a constant, D, that includes all constants involved in estimations for
our multiscale construction. This constant does not depend on 8 € S, g, v, n, p and pg.
Our bounds do depend on v. They blow up as v tends to zero with a rate that is not
worse than sin(u/2)73. The constant D does not depend on v. The dependence on v
in our bounds is reflected in a function C = C(v) that is bounded from below by the
constant D multiplied by the factor sin(v/ 2)73. As already explained, the constant D
and the blow-up rate sin(v/ 2)_3 are intentionally not optimal but often estimated from
above to increase the readability of the proofs.

Definition 4.4.1 (The function C = C(v)). We fiz a constant, D, that does not depend
on g € D(0,g), 0 €S, and v. The only property that it must satisfy is the following
(see Definition 4.3.14)

D > 10° + 10c. (4.4.1)

Next, we fix a function C = C(v) satisfying
C =C(v) > Dsin(v/2) > (4.4.2)
The sequence (pp)nen, Which we introduced above is defined in the following manner.

Definition 4.4.2 (Parameters py and p). The parameters py and p in the definition

of the sequence p, = pop",n € Ny, see Definition 4.1.1(i), have to fulfill the following
constraints:

C®pl <1, Cipt < 1/4. (4.4.3)

We recall that in this work we require |g| to be small enough. The next definition

summarizes all requirements that it must satisfy.

Definition 4.4.3 (The coupling constant g). We set a constant gy < g satisfying the
following (see Definition 4.3.14):

p1sin(v/2)?
0= 10%c¢
Henceforth, we always require |g| < go.

(4.4.4)

Remark 4.4.4. The selection of C, the sequence (pn)nen, and the constant go will
later allow to set up the infrared induction scheme, and is therefore, rather involved.
This remark is intended to help the reader to understand this procedure. Below (in this
section), we use boldface fonts whenever we use the properties of C and g (or go) that
we specified above.

The requirements for (pn)nen, are only present in order to satisfy the last inequalities
in (4.4.7) and (4.4.11) below. Then, it will turn out that it is only necessary to assume
that C4pg <1 and C?*p* < 1/2 in order to close our induction. We assume stronger
conditions again, for notational convenience, and because it implies a faster convergence
rate in (4.4.11), which will be used in Chapter 5 (see Remark 4.5.11).
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4.4.2. Induction scheme and the strategy of our multiscale construction

We denote by
b(n’n+1) = L7 (Bp, \ Bp,.i1) (4.4.5)

the Hilbert space of one-particle (boson) states with energies in the interval [p,+1, pn).
We denote the corresponding Fock space by F[h™"+1] (it is defined as in (1.2.7)). Note
that #("*1) is isomorphic to H(™ @ F[h("+1)], and therefore, we identify

HHD = (1) g FlprntD], (4.4.6)

For i = 0,1, we inductively (and simultaneously) construct sequences {)\En)}neNo of
complex numbers, sequences {Bi(n)}neN of subsets of the complex plane and sequences
{Pi(n)}neNO of operators that satisfy the properties listed below.

(P1) We set )\1(-0) = )\51). For n € N, Ag") is a simple eigenvalue of H™? and

(n) _ \(n—1) 1 1 \"!
A=A !<!9\C”+ (pn—1)""# < |g] (2> Pr-1- (4.4.7)

The second inequality follows from Definition 4.4.2.

(P2) For n € N, we define (recall that v = Im 0)

7

n n 1 .
BZ-( ).— W \ {z €C:Imz < Im )\Z(- ) 1 sm(y)} . (4.4.8)

A™ s the only point in the spectrum of H(™-¥ intersected with Bi(n).

)

(P3) We set Pi(o) = Pi(l). For n € N, we define

NN
B =5 /%mdz T (4.4.9)

where

%(n) :[0,27] = C, t— )\Z(n) + ipn sin(v)e”. (4.4.10)

The projections Pi(n) satisfy

where Pqn-1n) is the projection onto the vacuum vector Qn=1n) ¢ .7-"[[)(”_1’”)]
(see (4.4.5)-(4.4.6)). In (4.4.11) we omit the tensor product for n = 1. The second
inequality follows from Definition 4.4.2.

P(n) — P.(nil) & PQ(nan)

(2 (2

1 n—1
<l gonia e ol (> , (4.4.11)
p po\2
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(P4) Set n € N. For any z € Bi(n), we have that

Cn+1
L — (4.4.12)

p)
h = pn+‘z—)\§n)‘

1
HM),0 — ¢

where P = 1,0, — P".

Theorem 4.4.5 (Multiscale analysis for resonances and ground state eigenvalues). For
every ¢ € {0,1} and 0 € S (see (4.1.1)), there exist sequences of complex numbers
{)\Z(-n)}neNo, subsets of the complex plane {BZ-(n)}neN and projection operators {Pi(n)}neNo
satisfying Properties (P1)-(P4). Recall that we assume that |g| < go.

The proof for this theorem is given in Section 4.4.3.

Similar results, for the Pauli-Fierz model, are derived in [10]. In the present chapter
we need uniform estimates with respect to § € S and g € D(0, go), in order to obtain
uniform convergence with respect to these parameters (which is an important ingredient
for the proof of analyticity). This is not the case in [10] where analyticity is not an issue
at stake.

Remark 4.4.6. Note that (P1) and (P3) hold true for n = 1 by definition. Remark
4.3.7 implies that (P2) holds true for n = 1. Moreover, (P4), for n = 1, follows from
Lemma 4.3.12 (where we recall Definitions 4.3.14, 4.4.1 and 4.4.3).

4.4.3. Proof of Theorem 4.4.5

We recall that in the remainder of this work we always assume that |g] < go (see
Definition 4.4.3) and 6 € S (see (4.1.1)). In Section 4.4.3, we prove some key ingredients
which are then used in Section 4.4.3 in order to conclude the induction step.

Key estimates for the induction step

Here, we assume that (P1)-(P4) hold true for all j < n € N and we derive some key
estimates which we apply in the next section in order to show the induction step in the
proof of Theorem 4.4.5.

By (1.2.1), we define free boson energy operator restricted to F[h™"+1] and denote

. n,n+1),0 __ n,n+1
it by H](p 0 = H}(c 1) (see (4.4.5)-(4.4.6)). We set

n+1),0 — n+1),0
D = et DO, (4.4.13)

For every function h € h™"t1) we denote the creation and annihilation operators,
annt+1(h), a1 (h), on F[hmn+D] according to (1.2.10) and (1.2.11). We use the same
notation for functions h € b but then understand the argument as h restricted to hm+1).

Furthermore, we fix the following operator (defined on K @ F [h(”’”+1)], and hence, on
H"HD _ see Remark 1.2.1)

yontd.— 5 @ (an,n-‘rl(fg) + an,n+1(f9)*) : (4.4.14)
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In this notation we obtain (see Remark 1.2.1):
H(n+1),0 — H(n),@ + HJ(CTLWH*l),Q + gv(n,n+1),9‘ (4415)

Lemma 4.4.7. Suppose that (P1)-(P4) hold true for allm € N such that m < n. Then,

‘ Pz(n)

(notice that |g| < p/2, see Definition 4.4.3- recall Remark 4.4.4) and

P
H§2+Mg3, i=0,1 (4.4.16)
p

A = AP < 2)g]. (4.4.17)

Proof. Eq. (4.4.17) is a consequence of Property (P1). We estimate

=] <] '~ PI Py

Ll Z ( > <24 25" (4.4.18)

where we apply the induction hypothesis (P3) for j < n and use Definition 4.3.14 and
Definition 4.4.3. O

Definition 4.4.8. Let n € N and i € {0,1}. We define the region
(n) (n) (n)y 2 .
M;" :=B;7\{z€C:Im(z) € [ —oo,Im(N;") — Pl sin(v) ) ¢ . (4.4.19)

Lemma 4.4.9. Suppose that (P1)-(P4) hold true for allm € N such that m < n. Then,
forie {0,1}:

24 + 4CnHl 1

sin(v) 50+ ‘z —

b (4.4.20)

HO 4 g9

(n, n+1)

for all z € Mi(n), where we have used the notation P; P( n) ® Ponn+1)-

Proof. Let z € Mi(n). Note that (see Remark 1.2.1)

P + P @ Py = 1= P+ B @ (1 = Pyinnsn) = 1= P @ Pynsn

)

= plmnth), (4.4.21)
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and consequently, we obtain from functional calculus (notice that [H ()0, H}n’nﬂ)’e] =
0) that

H®).0 4+ Hj(cn,nJrl),G _ . i

:

1 ()
= sup H - — P’L
s€{0MU[pns1,00) | HMO — (2 — e=05)

1 -

(n) 1
9 ( L,n 1)70 i
H(n), -+ Hf —z

H(n)79 —+ H](anH_l),e —Z

+

P™ & Py

(n) _

7

|

+ sup (4.4.22)

se[pn+1,oo) |>\

(z — e ¥s)]
Lemma 4.3.13, Definition 4.3.14 and induction hypothesis (P4), together with Lemma
4.4.7 and the Definition of C, see Remark 4.4.4, in Definition 4.4.1 (notice

that C > ¢ > 00 and P < 4), imply that

1 o Cn+1
H ox —— P < o : (4.4.23)
HMO — (2 —e™fs) pn+‘)\i —(z—e?s)
for every s € {0} U [pp+1,00).
From the definitions of the sets Mz-(n) and S, it follows that
(n) _(, _ b 1 :
I\; (z—e"s)| > 1P sin(v) (4.4.24)
for all z € Mi(n) and s € [pp+1,00). Moreover, we define the sets
ng) = {z € Mi(") : Re(z) > Re()\,(;n))} , i=0,1, (4.4.25)
and for d > 0
L= {A" + e (@ +id) iz R}, i=0,1. (4.4.26)
Furthermore, we define
L™= " na, i=o,1. (4.4.27)
d>0
Note that, by construction, we have
dist (LZ(")’d,AZ(-")) — e Rely 0,1, (4.4.28)

and, by definition of the sets Mi(n) and S, it follows that

‘z - )\En)‘ < ‘z — /\z(»") —e ], Vz € Mi(") \ ngn)7 Vs € [pnt1,00), (4.4.29)
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Figure 4.2.: Subsets of Mi(n)

where we have used the factor % in the definition of Mi(n). Let Zil’d and Zf 4 be the

intersections of Lgn)’d with the lines
(n) .2 : (n)
A= I Pnt1 sin(v) + R and X\, +R, (4.4.30)

respectively. Furthermore, we define Zf’ 4= )\En) + de’27% and recall that v < 7/16.
Then, we obtain

2 2 2
sup L )\Z(n)‘ _ Zil,d _ )\En)‘ — ¢ 2Re02 | Zlga,d _ Zil,d‘
zeLMdng™
—Ref 2
_ _—2Ref ;2 3d _ 24d 2.d  ,1,d[\2 _ —2Re6 2 e d 2
= e 2RI g (|234 = 22 4|22 - 2))) = d+<tan(y)+5pn+1> .
(4.4.31)
This yields the bound
=)
‘z — )\En) — 6_98‘
1
273
- 672R69d2 N e~ Re@d N 2pn+1
- ‘z _ )\Z(n) _ 6—93‘2 tan(v) ‘z — AE") — e—"s‘ 5 ‘z — )\E") — e—es‘
(4.4.32)

for s € [ppt1,00) and z € Lgn)’d N ng). Note that ‘z A 6—65‘ > e~ Ref( for all

)
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z € Lgn)’d and together with (4.4.24) we obtain

14 (Cos(l/) " 8(1/))2] <_ 4 (4.4.33)

sin(v)  5sin

=

)

’z — )\Z(-n) — 6_08’ =

for all z € Lgn) N GE”). This and (4.4.29) guarantees

1 4 1

(n) .
< — Vze M, Vsé€|ppt1,00), i=0,1.
‘z — )\En) — 6_93‘ sin(v) ‘z — )\Z(n)‘

(4.4.34)
Now, if ‘z - )\Z(")‘ > poi1, we use (4.4.34) and compute
T U
|2 = A — et T sn@) 22| gt |2 = A0
and if ]z - AS’”] < pns1, we use (4.4.24) and find
1 o4 N 1
|2 = A" — e=ts| 7 sin(v) Pt Pt + [ = A
< 8 ! (4.4.36)

sin(v) Pri1 + ‘z . )\Z(n)‘~

We conclude from (4.4.35) and (4.4.36) that for ¢ =0, 1
1 < 8 1
’Z o )\Sn) _ 6—08’ Sln(l/) pn+1 + ’Z _ AETL)‘

Vz € Ml-(n), Vs € [ppt1,00) (4.4.37)

holds true. Egs. (4.4.22), (4.4.23), (4.4.34), together with Lemma 4.4.7 and (4.4.37)
yield
24 4+ 4C"*! 1

sin(v)  poq + ‘z _ )\l(n)‘.

1 Pi(n,n-i—l)

4.4.38
HH(n)’G + Hj(cn,nJrl),e _ ( )

This completes the proof. ]

Lemma 4.4.10. For all z € Mi(n) \ {)\Z(-n)}, all0 <r< ‘z - Agn)‘ and every i € {0,1}:

HE Y 4o 10 (4.4.30)
H](cn,n-‘rl),@ . (Z _ AEn)) — SiH(V) ’ o
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Proof. We calculate:

y+r
ey + /\E") —z

| = sup

H](cnm—&-l) +r
y€{0}U[pn+1,00)

H](cmn—i-l)ﬂ . (Z . )\En))

—0, _ \™ z— )\Z(n)
< ‘69’+|69| sup e ’r Z(n)+Z < |€9‘+(1_‘_’69|) sup ‘ (n)‘
ye{0}Ulpni1,00) [ e Py + N\, — 2 y€{0}U[pn+1,00) ‘e*"’y +A = z’
41+ |e? 1
<jefy 4 A0F ) 10 (4.4.40)
sin(v) sin(v)
where we have used (4.4.34) in the second last step. O

Lemma 4.4.11. Suppose that (P1)-(P4) hold true for all m € N such that m < n.
Then,

1
Hm.0 4+ HJ(cn,n—l-l),O _,

2500

V(n,n+1),9
~ psin(v)?

Ccripe (4.4.41)

n

for all z € Mi(n) \ {)\Z(n)} such that ‘z - )\Z(n)‘ > Lpni1sin(v) and for all i € {0,1}.

Proof. Set r = ’z - /\En)} > %oﬂnﬂ sin(v). We observe that

(n,n+1)
y(nnt1).0 1 < [yt 1 Hy +r
EH(n).0 + Hj(cn,n-i-l),e T Hj(tn,n—i-l) iy H](cn,n—i-l)ﬁ . (Z . Agn))
(n,n+1),0 (n) 1
- H —(z— A
H( f ( J )> H(n).0 + Hj(fn,n—l-l)ﬂ . Z‘
(4.4.42)
Lemma 4.4.10 yields
H(n,n—i—l) +r 10
T (00| S sin(v)

and furthermore, we obtain from functional calculus that

e_9y + )\En) -z

1
H(n,n—i—l)ﬁ . (Z . A(n)) < sup ‘
H( ! ' ) H®).0 + Hj(cn,n+1),9 -z y€{0}U[pn+1,00) Hm0 ey —=
M) _(, _ =0,y ——
YE{0}Ulpni1,00) || HMY — (2 — efy)

In the last step, we use Lemma 4.4.7 for the first term. For the second term, we utilize
Lemma 4.3.13, Definition 4.3.14 and induction hypothesis (P4), together with Lemma



4.4 Resonance and ground-state multiscale analysis 47

4.4.7 and the Definition of C in Definition 4.4.1 - see Remark 4.4.4 (notice

that C > sty > s and [P7] < 4).

Using the proof of Lemma 1.3.1, we obtain

1

Hj(cn,n—s—l) +r

o (7 )

V(n,n+l),0

1
2

IN

+

an,n+1(f0)* (Hj(fnerl) + 7“)

)

(4.4.45)

1
7
1
=1

p(nn+1) + 5?”‘709/\/(;‘

hnnt+1)”

We estimate

Pn w2
er‘ oy = / Bk [ fO(k)|2 = |e_0(1+“)\/47r/ duu1+2”|672€29p|
pirnt B, \Bpn+1 Pn+1
< e 00|/ arpt p,, (4.4.46)
and similarly,
1
72158y < e Vgl (4.4.47)
From our choice of r, it follows that /22 < ﬂ() and, consequently, we obtain
psin(v
v (nn+1).0 1 < |e= 0041 | /ix (p” 19 /p"> plt < |e~00+m)] 60 o
H](cn,n—i-l) iy - r r n = pSiIl(V) "
(4.4.48)
Plugging (4.4.43), (4.4.44) and (4.4.48) into (4.4.42) yields (we recall that p € (0,1/2))
1 2500
( ) +1)79 +1
e 0 o py(nnt1),0 < 50" (4.4.49)
H®).0 H; — 2 psin(v)
This completes the proof. O

Induction step

Here, we apply the results from Section 4.4.3 in order to show the induction step, i.e.,
we assume that (P1)-(P4) hold true for all j < n € N, and prove that (P1)-(P4) hold
true for n 4+ 1. This together with Remark 4.4.6 then completes the proof of Theorem
4.4.5.

We first employ the estimates of Section 4.4.3 in order to prove Property (P2) and
(P3). After this, we prove (P1). Finally, (P4) follows again from the results of Section
4.4.3 together with the maximum modulus principle.

Proof of (P2) and (P3) :
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Proposition 4.4.12. Suppose that (P1)-(P4) hold true for all m € N with m < n.
Then,

168 4+ 8C"*1 1
sSin) gy + ’Z - )\gn)”

(4.4.50)

1
H®m+1),0 _ >

forall z € Ml-(n) \ {)\Z(n)} (see Definition 4.4.8) such that lz - )\gn)‘ > & ppiasin(v) and
for alli e {0,1}.

Proof. Let z € Mi(n) \ {)\En)} such that '2 - /\gn)‘ > spptasin(v) and i € {0,1}. Then,
it follows from Lemma 4.4.11 that

1

Hm).0 4 Hj(cn,nJrl),O .,

< 2500 CrHph, (4.4.51)

V(n,n+l),9
= psin(v)? "

Our assumption on ¢ in Definition 4.4.3 together with (4.4.51) yield that
(notice that Definition 4.4.2 implies that C""!p# < 1 and Definition 4.4.3
implies that p’ﬁ% < 1, see also Remark 4.4.4)

sin(v)
1 1
y (nt1).6 <. 4.4.52
This and Lemma 4.4.9 imply that
1 0
g0 _ [ 1 4 gy (untD).0 (.0 +H(n,n+1), .
9 HmO 4 H](fn,n-i—l),@ _ . ( f )
(4.4.53)
is invertible, and we estimate
1 <9 1
m — H(”)’0 +H—](cn,n+1),9 _
(n,n+1)
B —
= : ( )H 2 P
’z — ’ HOO 4 g te
() ‘
] b 48 4+ 8C" 1 1
<2 . , (4.4.54)
‘z _ )\l(n)‘ sin(v)  poiq + ‘z _ )\l(n)

where we apply Lemma 4.4.9. Moreover, Lemma 4.4.7 implies that ‘ Pi(n)H < 3 and it
follows from ‘z - )\En)‘ > 5 ppt1sin(v) that
1 20 1

o] S i) g+ [ A0

(4.4.55)
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Altogether, we obtain

168 + 8Cn ! 1
sin(v)  poq + ’z _ Agn)’7

(4.4.56)

1
HMm+1),0 _ 5

and thereby, complete the proof. O

Lemma 4.4.13. Suppose that (P1)-(P4) hold true for all m € N with m < n. We
define

P _% A . d2 H(ﬂ%ﬁ_z (4.4.57)

where
5 j0,20] > €, e A 4 épn-i—l sin(v)e”. (4.4.58)

Then,
[P~ P & Py < ”;’CQ(”“)“,OZ < ‘i‘ (;)n (4.4.59)

(The last inequality follows from Definition 4.4.2.)

Proof. Recall that the definition of Pi(n) is introduced in (4.4.9). We notice that the
function

B\ A} 520 (4.4.60)

Hm0 — 2

is analytic as an operator valued function and the region between f%(n) and %(n) is con-

tained in the domain of (4.4.60). We obtain from the Cauchy integral theorem that

n 1 1 1 1
p L / ot _7,/ dz— (4.4.61)
2mi Jym T HO — 2 2mi Jym T HWE — 5

As in Remark 4.3.5, it turns out that (see Remark 1.2.1)

(n) _ 1
P ® Poontny = 2wt Jo dz o0 1 H}”’"J“l)’g o (4.4.62)

We calculate

1 1 ‘ ’

5(n+1)  p(n) _ 1 B
| P; P ® Py || = 27rH [yf”) dz HOD0 — 2 e 4 H](cn,n—&-l),@ .,

= - (n,n+1),0
2T H Afn) . H(n+1),0 _ ng H ()0 + H}n,n—i—l),& . H (4'4'63)
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(n)

Furthermore, Lemma 4.4.11 implies that for z in the curve #4;

gy : < Jgl—20 g, (4.464)
H®n)0 4 H}”?”“‘l)ﬁ — psin(v)
and Proposition 4.4.12 ensures that
H 168 +8C" 1 1 (4.4.65)
H(+1).0 _ 5 sin(v)  ppi1 o

Eqgs (4.4.63)-(4.4.65) imply
|2

which together with the definition of C in Definitions 4.4.1 imply the desired
result (Definition 4.4.1 imply that % < C?, see also Remark 4.4.4). O
Proposition 4.4.14 (Proof of Properties (P2) and (P3)). Suppose that (P1)-(P4) hold
true for all m € N with m <n, then (P2) and (P3) hold true for n+ 1.

< g -B0_ ) 168+ 8C™FL _ [g[2500 oy, 200
=~ 7 psin(v)? sin(v) T psin(y)? "sin(v)’
(4.4.66)

- P,L(n) &® PQ(H,,n+1)

n

Proof. Lemma 4.4.13 implies that Hpi(nﬂ) — Pi(n) ® Ponntn)

4.4.3 and recall Remark 4.4.4). From the induction hypothesis it follows that Pi(n) ®

. .. A (n+l
Pqn.n+1) is a rank-one projection. Therefore, P(”Jr )

sition 4.4.12 implies that H*+1:¢ has no spectral points in M \D( ), Pt sin(u)).

Since the contour of integration for Pi( Uy n)

< 1 (see Definition
is also a rank-one projection. Propo-

and its interior contains

D(A("), 5Pt sin(y)), we obtain that there is only one point in Mi(n)

)\(n—f—l)

is contained in Mi(
contained in

H(”H'l)

This point is the eigenvalue that we introduced above.

)\(”"‘1 )\(”)|

the spectrum of
Lemma 4.4.12 implies that | pnﬂ sin(v). This in turn implies that
BZ-(nH) C Mi( ), Then, )\EnJr ) is the only spectral point of Hi(nﬂ)’e in Bi("H), which is
Property (P2). A deformation in the integration contour in the definitions of Pi(nﬂ)

and Pi(nﬂ) implies that these projections coincide and, therefore, Property (P3) is a
consequence of Lemma 4.4.13. ]

Proof of Property (P1):

Proposition 4.4.15 (Proof of Property (P1)). Suppose that (P1)-(P4) hold true for
all m € N with m <n. Then, we obtain for i =0,1 that

n n 1 "
)‘ < |g|lCmtDHL gl < gl <2) Pn (4.4.67)

holds true. Notice that the last inequality follows from Definition 4.4.2.
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Proof. In this proof we explicitly emphasize the dependence of Pi(n) on # and write
Pi(n) = Pl.(n)’e. We define \I'Z(-n)’e = Pi(n)’eapi ® QD see Remark 1.2.1. Proposition
4.4.14, Property P3, Definition 4.3.14 (see Remark 4.3.11) and the restrictions for
¢ in Definition 4.4.3 imply that H\Ifgn)’e —; @ QY| < 5z- This guarantees
that

0 1
H\Ill(n)ﬁH <2 and ‘<\I,z(n),9’Pi(n+1),9\I/l(n),0>‘ =5 (4.4.68)
Notice that in this work we assume that the imaginary part of 6, v, is positive. Then,

strictly speaking, we do not have the right to use the symbol \Pgn)’e = Pi(n),e% @ Q)
However, the restriction we impose by assuming that v is not negative is irrelevant. This
is assumed only for convenience in order to simplify our notation. Of course, the same
results hold true if we take —7/16 < v < —v (we use this fact in the present proof as

well as Pi(n)ﬁ = (Pi(n)’e)*). Then, we obtain

|

(n41) <\I/Z(n),9, H(n+1),9pi(n+1),0qu(n)79> <H(n+1), \Il(n),g P~(n+1)’9\11(")’9>
AT =

<\Ij('n),9jp(n+1),e‘1,(n),9> <W(n),97ﬂ(n+1),9wgn),a>

K3 3 (2

<V(n7n+1)79\1,2('n),9’ P‘(n+1),€qj(n),9>

3 3

=AM 4g . (4.4.69)
<‘If§n)’9» Pi(n+1),e‘1,§n),a>
Now we choose z € C such that |z — /\Z(»n)\ = p"%%in(”). We get that
’)\Z(n+1) B )\En)‘ < ZHgV(W“WPi(”)’%Z- % QD) ”Pi(n+1),0qjl(n),0“
< 54 ’Z _ A(”)’ gv(nm—i-l),@ 1 _
e HOD 1 T
i 2500 1\"
< gsaPorr1 (V) SO < lglCm I < gl () o (4470)
10 psin(v) 2
where we use Lemmas 4.4.11 and 4.4.7 and the definition of C' in Definition 4.4.1
(it implies that 545115&?}(;2 < C, see also Remark 4.4.4). O

Proof of Property (P4):

Lemma 4.4.16. Suppose that (P1)-(P4) hold true for all m € N with m < n. Then,
forie {0,1}:

P.(n—I—l)
2 7

H 1 168 4+ 8Cn+1 1
Hn+1),0 _

(m)
<3 : ; Vee M;"", (4.4.71)
sin(v) g1 + ’z _ /\Z(n)
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and hence, for all z € B( nt1) (recall B(nH) C M from the proof of Proposition
4-4-14).

Proof. Let z € Mi(n) such that ’z — /\(n)’ > Podlsin(v) and i € {0,1}. Then, (4.4.71)

)

follows from Proposition 4.4.12 and the fact that || P; (n+1) | <3 (see the proof of Lemma

4.4.7 and Proposition 4.4.14). Furthermore, we observe that Mi(n) Sz WP( 2

z 1t

is analytic (see the proof of Proposition 4.4.14), and hence, (4.4.71) follows for |z — E ’ <
L Figt sin(v) from the maximum modulus principle of complex analysis. O

Proposition 4.4.17 (Proof of Property (P4)). Suppose that (P1)-(P4) hold true for
all m € N with m < n and take i € {0,1}. Then,

168 + 8C"+! 1 Cntl)+1
. <
| sin(v)| Pnt1 + ’z — )\Z(-nﬂ)‘ Pnt1 + ‘z — )\Z(-nﬂ)‘
(4.4.72)

H (n+1)
Hm+1),0 _ 7t

for all z € BZ-(nH).

Proof. Let i € {0,1} and z € Bl-(nH). It follows from Proposition 4.4.16 that

H G| 5108 +8C()™ ! (4.4.73)
Hm+D,0 — 70 = sin(v) Pt + ’z _ /\Z(n)’
holds true. Lemma 4.4.12 implies that \)\gnﬂ) - )\gn)\ < Spppasin() < fsppi -
Therefore,
1 10 1
< - (4.4.74)
pn+1+‘z_)‘z(' )’ 9 pn+1+‘z_ +1)‘
This together with (4.4.73) yields
H W _ 4168—|— {Cntl 1 _ Cn+1)+1
H0t+D.0 _ 4 sim(v) o+ lz _ n+1)’ P ’z _ n+1)
(4.4.75)

where in the last line we use the definition of C in Definition 4.4.1 (it implies

that 4168(‘;;3 < C, see also Remark 4.4.4). O

4.5. Resolvent and spectral estimates

In this section we prove Theorems 4.2.6, 4.2.7 and Proposition 4.2.1. The resolvent
and spectral estimates that we provide are essentially different from the ones presented
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in Section 4.4 and [10]. The reason is the following: in [10] the construction of the
resonance is based on a sequence of infrared cut-off Hamiltonians. As the parameter,
n, of the sequence tends to infinity the cut-off is removed. Each cut-off Hamiltonian
has a resonance that is isolated from the rest of the spectrum and they tend to the
resonance of the Hamiltonian without cut-off. The delicate point is to estimate spectra
of the cut-off Hamiltonians in such a way that these estimates do not require conditions
in the coupling constant that depend on n. This implies a selection of spectral regions
to be analyzed at each step m. In [10], these regions are chosen in neighborhoods of
the resonances and far away from the rest of the spectrum, because the interest lies in
constructing the resonance of the full Hamiltonian. Here, we need more subtle estimates
in regions that are not only close to the resonances but to other parts of the spectrum
of the cut-off Hamiltonians. Then, we get resolvent estimates in terms of the distance
to the spectrum rather than the distance to the resonance, as it is done in [10]. The
regions that we choose are complements of cones with vertexes in neighborhoods of the
resonances. Some parts of the cones are closer to the resonances than to the rest of the
spectrum and other parts of the cones are closer to other spectral points. This makes our
analysis harder than in [10]. Our analysis requires a geometric construction that controls
spectra and resolvents outside cones at step n using the same information for the exterior
of cones at step n — 1. In Section 4.5.1 we analyze the infrared cut-off Hamiltonians and
prove spectral and resolvent estimates about them (Theorem 4.5.5). Geometric aspects
of the cones are presented in Lemmas 4.5.1 and 4.5.3 below. In Lemma 4.5.2 we give
resolvent (and hence spectral) estimates of a Hamiltonian that is obtained by adding to
the Hamiltonian at step n the free energy of step n+ 1, using the information we have at
step n. From this last Hamiltonian we obtain the Hamiltonian at step n + 1 by adding
the interacting energy at step n + 1, the analysis of this is presented in Lemma 4.5.4.
Theorem 4.5.5 is a consequence of Lemma 4.5.4. The study of the full Hamiltonian is
carried out in Theorems 4.5.9 and 4.5.10 in Section 4.5.2, using Theorem 4.5.5, in a
similar manner as in Section 4.5.1. First, we add the full free energy to the Hamiltonian
at step n in Lemma 4.5.7, and then, we add the full interacting energy, using Lemma
4.5.8, in Theorems 4.5.9 and 4.5.10. These theorems imply Theorems 4.2.6 and 4.2.7.
The proof of Proposition 4.2.1 is not difficult and it is presented in Section 4.5.3.

We start with introducing some notation. In this section we assume that Definitions
4.4.1, 4.4.2 and 4.4.3 hold true. We additionally assume that C > Dsin(v/m) ™, in
order to freely apply Corollary 4.3.9 and (4.3.44). We fix the Hamiltonians (see Remark
1.2.1)

HM™O .= HE 4 gv ()0, (4.5.1)
which are densely defined on the Hilbert space H. We recall that we already defined
b") = L2(B,,) (45.2)

and the corresponding Fock space F[h(™)] (it is defined in (1.2.7)), with vacuum state
Q(20)  We identify, as above,

H=H" o Flhn). (4.5.3)
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We define the free boson energy operator on F [b("’oo)] by restricting the definition in
(1.2.1) accordingly and denote it by the symbol H](pn’oo)’0 = Hj(cn’oo). We set

b 70 - b 70
H W = e 0, (4.5.4)

For every function h € h(™) we define the creation and annihilation operators, an,oo(h)
and a;, o (h), on F[h)] according to (1.2.10) and (1.2.11). Again, we use the same
notation also for h € h but then understand h as its restriction to hn+1).

We fix the following operator (defined on K @ F [f](”’o")], and hence, on H - see Remark
1.2.1)

(00,0 — 01 ® <an,oo(f§) + an,OO(fe)*> ) (4.5.5)

and further, we obtain (see Remark 1.2.1):

HY — H(n),@ _|_H](cn,oo),9 +gV(n,oo),9 _ ﬁ(n),@ _i_gv(n,oo)ﬁ. (456)

4.5.1. Resolvent and spectral estimates multiscale analysis

In this section we analyze the infrared cut-off Hamiltonians and prove spectral and
resolvent estimates about them (Theorem 4.5.5). Geometric aspects of the cones are
presented in Lemmas 4.5.1 and 4.5.3 below. In Lemma 4.5.2 we give resolvent (and hence
spectral) estimates of a Hamiltonian that is obtained by adding to the Hamiltonian at
step n the free energy of step n + 1, using the information we have at step n. From
this last Hamiltonian we obtain the Hamiltonian at step n+ 1 by adding the interacting
energy at step n + 1, the analysis of this is presented in Lemma 4.5.4. Theorem 4.5.5 is
a consequence of Lemma 4.5.4.

Lemma 4.5.1. Suppose that |g| < p% sin(v/2m). We define for i = 0,1

qz(n) = /\En) + ipne%y, qf"’"ﬂ) = /\gn) + (% — ﬁ)pm_le*w. (4.5.7)
1t follows that
i = A" <2lgloy (45.8)
and
Crn(a"”) € Con(ag™" ™) € Con(g{™), (4.5.9)

where the set Cp,(+) is defined in (4.2.7) (see Figure 4.3). Moreover,
dist (C(g"" ). C\ Cr(g ) > Sin(V/Qm)l—lOan. (4.5.10)
and

n n,n . 1
dist(Cm(qZ( )),(C\Cm(ql( ’ H))) > sm(y/m)ﬁpnﬂ. (4.5.11)
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Figure 4.3.: Cones

Proof. That Cm(qz(n)) C Cm(qgn’nﬂ)) is immediate. From Theorem 4.4.5 (Property P1)
and Definition 4.4.2 it follows that

1 1/2 1/2 1
AT =X < gl (o) A ((C0)m) o < gl ot (4.5.12)
This and a geometric series argument prove (4.5.8). We write
qgn,n—&-l) _ Q£n+1) + glefiu + 522‘672'”. (4513)
Eq. (4.5.12) implies that
2 1 1 1
&2] < [glpn, & > (5 ~ 100~ Z)pn+l = lglon > 15Pn+1- (4.5.14)

The last step follows for g > 0 sufficiently small (see Definition 4.4.3). To prove that
Cm(q(n’nﬂ)) C Cm(q(nﬂ)), it is enough to show that q(n’nﬂ) € Cm(q(nﬂ)). We shall

[ 7 ) 7

prove that

|&2]/61 < tan(v/2m), (4.5.15)

which holds true if |g| < p-s sin(v/2m) < p3- tan(v/2m).
Eq. (4.5.11) is is implied by the particular geometry considered here because both
cones have the same axis, see also Definition 4.4.2.

Eq. (4.5.15) implies that the angle between the axis of the cone Cm(q(nH)) and the

i
complex number qgn’nﬂ) — qZ("H) is smaller than v/2m and, therefore, the angle between
this complex number and the closest edge of the cone must be larger than v/2m. Then,

the distance between the referred complex number and the edge is larger than
(n,n+1) - (n+1)

. . . 1
o " sin(v/2m) > & sin(v/2m) = sin(v/2m) <5 pus1,
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this implies (4.5.10). O

Lemma 4.5.2. Assume that for all z € Bi(l) \Cm(qi(n))

sin(v/m)

O] " 1
| " < +1dist(z,cm(q§n)))’ (4.5.16)

then

pnntl) n 1

HH(n)ﬂ + H}n,n+1),9 _ ZPi +1 H <4C +1 T (chm(qi(n,n—f—l)))’ (4.5.17)

and
HH( )0 +H%n n+1).,0 H}H’HH)WH < 0o, (4.5.18)

n), f ’ v,

for all z € BM N\ Cp (g™ ).

Proof. Take z € BZ»(I) \Cm(q(n’n+1)). We use the spectral theorem and that (see (4.4.21))

)

to calculate
1 (n,n+1)
P
H(”)ﬂ + H](cn,n—‘rl)ﬁ _ i
1 (n) 1 ) o
S 'PZ + PZ ® P (n,n+1)
‘ Hwo 4 g te H HO 4 gemo :
= sup H ! P+ sup | Pi(n)” (4.5.20)
s€{0}U[pn41,00) HMO — (2 —e7s) " 5€[pn41,00) ]/\gn) —(z—e s
Thanks to the geometry, for all s > 0, we have
dist (z — e_es,Cm(ql(n)D > dist (z,Cm(qZ(n))> > dist (Z,Cm(qgn’nﬂ))). (4.5.21)

Eq. (4.5.21), our hypothesis, Lemma 4.3.13 and Definitions 4.3.14 and 4.4.1 imply that
for s >0

n+1
= st 0 Gl )

(4.5.22)

HH(”)?G — (Z — 6795)

Notice that for s > pn41,

z—els¢ Cm()\gn)) (4.5.23)
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and, therefore,

A = (2= e7s)| = dist (2 — e 75, Cu(A) ) =dist(2,Cu(A" + %)) (4.5.24)

m\7
Zdist<z,Cm(qin’n+1))).
Egs. (4.5.21), (4.5.22) and (4.5.24), and Lemma 4.4.7 together with Definition 4.4.1
imply (4.5.17).

Now, we prove (4.5.18). As in (4.5.20) and (4.5.22), we have

1 (n,n+1) p(n,n+1)
H H(n).6 + H}((n,n%»l),@ _ sz ]Dz
(n)H
P s
S ‘ i

< sup cntl + sup )

s€{0}U[pn+1,00) dist (z — e s, Cm(qi(n’nﬂ))) 5€[pn41,00) ])\Z(n) — (2 —e%)]
(4.5.25)

Notice that for z ¢ Cm(qi(n’nﬂ)),
n,n 1 .

dist(z - efes,Cm(qZ( ’ H))) > 55 sin(v/m). (4.5.26)

Now we argue as in (4.5.24) and obtain, for s > pp41,
(M) _ (o0 ot (5 o0 M) _dist (5 — L o0 m) , 9 -0
A (z—e"s)] zdlst(z e "s,Cm(A, )) —dlst(z 1€ $,Cm(N; " + 1€ s))
(4.5.27)

. 1 (n,n+1)
2d13t<z—1—06 $,Cm (g, ))

7

1
Z%s sin(v/m).

Egs. (4.5.25), (4.5.26) and (4.5.27) together with Lemma 4.4.7 imply (4.5.18). O

Lemma 4.5.3. Let CV.C? B be cones in C, such that CY G c® G CB), of the
form (4.2.7) - with the same m. Assume that

1
; (1) = di 3) o)
yé%f?é) dlst(y,C ) < 2dlst((C\C ,C ) (4.5.28)

Then, for every z ¢ C3):

dist (z,c<2>) > Laist (z,C(l)). (4.5.29)

|
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Proof. We take z ¢ C®), y € 9C?, and x € CV) such that |y — z| = dist(y,C(l)). We

calculate

lz—y|>|lz—z|—|z—yl =]z — 2| — dist(y,C(l)) (4.5.30)
> o — | %dist (C\e®,cm). (4.5.31)
Next, we use that
dist(C\c®,cM) < |z - af (4.5.32)
to obtain:
2y > 1)z — o > 1dist(z c®) (4.5.33)
- 2 - 2 ) )
and therefore,
1
- (2) ~di ¢9)
dist (Z,C ) > 2dlst (z,C ) (4.5.34)
0

Lemma 4.5.4. Assume that |g| < % and p < 1073 sin(v/m)e;y and that for all
2 € B\ Cn(af"”)

1
dist (z, Cm(qi(n))) ’

P < (4.5.35)

1
|7 —

then (Bfl) \Cm(qz-(nﬂ))) \{/\Enﬂ)} is contained in the resolvent set of H"1:0 and

1 St 10° . 1
Hmﬂ( +1)H gmc +1dist<z,Cm(q.(n’n+l))).7 (4.5.36)

1

10°
sin(v/m

for every z € Bi(l) \Cm(ql(nﬂ))

BMN C(g™)

i

. Moreover, assuming that C > 7 for all z €

1

|z :

dist (z, Cm(qi(n+1))) '

PO < e (4.5.37)

Proof. Eq. (4.5.37) is a consequence of (4.5.36) and (4.5.9) together with C' > ﬁ
. We fix the cones:

Ch = (@™ ™M), € =Cold™" ™ ~ prsie™), (4.5.38)

i

(3) _ (”7”+1) _ # —iv
¢ Cm(4; 2sin(u/m)pn+1e )
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Note that the cones we just defined fulfill the hypothesis of Lemma 4.5.3. They satisfy
the following properties (see Lemma 4.5.3). For all z ¢ C®) and for all s > 0:

1
AW ec® |z = se?) =AM > dist((2 — se?),C@) > dist(z,¢?) > Sdist(z,c),
(4.5.39)

where we use that z — se™? ¢ C(®). We define z; = .,”Ugl) + z'xgl) (.1‘(11), acél) € R) to be the

point in the intersection of qi(n’nﬂ) + ﬁpnﬂe_i” + R with CM) with smaller xgl), and
similarly, zo = 1:32) + z'acg) the point in the intersection of qZ(n’nH) + ﬁpnﬂe*i” + iR
with CY) with bigger :Egz) . We recall that
1 ~ 2 ,
g e =AM 4 Sy e e M™, (4.5.40)
100 5
see Definition 4.4.8, and therefore,
21,29 € Mz(n) (4.5.41)

(the factor 135 is chosen for this reason). Now, we set

U= (c<3) \C(l)) N U {ta+Q—t)z+e "R} (4.5.42)

te(0,1]

Our restrictions on p together with (4.5.40) and (4.5.41) imply that
ucmm. (4.5.43)

It follow from the particular considered geometry at hand that the distance between the

boundary of U and )\gn) is bigger or equal than the distance between the point zo and the

(n,n+1) (n,n+1)

i i

and the intersection of the line zy + ie”™R with qgn’nﬂ) + Re™™. Then ¢ is bigger
(n,n+1)

)

line ¢ + Re~%, which equals tan(v/m)t, where ¢ is the distance between ¢

or equal to the distance between gq and the intersection of the line Z; + ie ™R

with qgn’nﬂ) + Re™ %, where Z is the intersection of zo + iR with qi("’nﬂ) + R. Then,
L> ﬁpnﬂ cos(v) cos(v). We obtain that
1 1
dist(oU, )\En)) > T00Pm+! cos(v) cos(v) tan(v/m) > 300 sin(v/m)pn+1, (4.5.44)

where we use that 6 € S.
For every z € C3) \ C(V) \ U and s > 0, we have that

n _ 1
\)\g ) _ (z —se )| > msm(u/m)pnﬂ (4.5.45)

and
dist(z, M) < 2

Sin(i/m)pnﬂ. (4.5.46)
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It follows form (4.5.45), (4.5.46) together with (4.5.39) that

dist(z,C™M)
N = (2= se0)

< 400 (4.5.47)

sin(v/m)?’

for every z € (Bi(l) \C(l)) \ U. This implies, we also use Lemma 4.5.2 and the spectral

theorem that (actually we only need s = 0 above),

1 104 1

< cntl : (4.5.48)
HH(n)ﬂ + H}(cn,n+1),9 o zH sin(u/m)2 dist (Z,Cm(qi(n’nﬂ)))
and for every positive number r
1 (n,n+1) 100 1
H;” <———C"" 4.5.4
HH(n),G —|—H](cn7n+1)70 _ Z( f +T)H _sin(y/m)c ( 5 9)

i

sin(v/m)? dist <27 Cm(q(n’nﬂ))) ’

where we use that H}n’nH)Pi(n’"H) = 0, for every z € (Bi(l) \C(l)) \ U. Choosing
7 = pn+1, and additionally, z ¢ Cm(q§n+1)), we get from (4.5.10) and (4.5.49) that

| ! (H" "D ) gC““liOGg. (4.5.50)
H®)0 4 Hj(cn’nﬂ)’e — 2z sin(v/2m)
We observe that
1 1
V(n,n—i—l),@ < V(n,n+1),07
H®m0 4 Hj(tn,n—l—l)ﬁ _ H](cn,n-‘rl) +r
(n,n+1) 1
x (H +r
( ! ) H(n)o +H}(cn,n+1),9 _
(4.5.51)
Then, we have (see also (4.4.48))
6
Hgv(n,n+1),9 1 10 ||y mnt1),0 1

< |lg| ——= [ —
H ()0 + H](Cn,n-ﬁ-l),@ _ ZH — ’g’SiH(l//Qm)g H}(cn,n—&-l) +r

6 8

< ‘Q‘Lcnﬂle_e(pr“)\vélw (/)n + 2\//)7) Pl < L’mcnﬂpu < 1’

B sin(y/2m)3 r r n = 2sin(V/2m)3P "2
(4.5.52)

because Definition 4.4.2 implies that C" ™! p# < 1 (we use as well our restrictions in |g]).
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Eq. (4.5.52) and a Neumann series argument implies that < 2 \ Cin ( (n+1) )) \U is

contained in the resolvent set of H(™+1):% and for all z in this set (see also (4.5.48))

10* cntl 1
sinr/m? it (G ™)

‘ <2 (4.5.53)

|5z

Lemma 4.4.16 ensures that )\gn+1) is the only spectral point of H®+D.0 Mi(n). Hence,
the function

1 (n+1)
Ussm P, (4.5.50)
is analytic. The maximum modulus principle implies that it attains its maximum on the
boundary of U, then we have (see Definition 4.4.1 and Lemma 4.4.16)

pirt) H <Ccntl— ! (4.5.55)

1
Hm P

for every z € U. Next, notice that, for z € U, dlst(z Cm (g (m, n+1))) < m,onﬂ.
Then, we obtain

1 2

1 ptD)

— P < Al 4.5.
1 2
S - C?’L-l—l ,
sin(v/m) dist (z, Cm(qi(nﬂ)))
Egs. (4.5.53) and (4.5.56) together with Lemma 4.4.7 imply the desired result. O

The next theorem is proved inductively using Corollary 4.3.9 and Lemma 4.5.4. This
is the main theorem of the present subsection.

. 5
Theorem 4.5.5. Assume that |g| < % p <10 3sin(v/m)e; and C > W.

Then, forallnGNandforalleB \C ( )

1
dist (z, Cm(qi(n))) '

P <cm (4.5.57)
z

HH(n) 6 _

4.5.2. Resolvent estimates

In this section we study the spectrum and resolvent of the full Hamiltonian, it is carried
out in Theorems 4.5.9 and 4.5.10, using Theorem 4.5.5, in a similar manner as in Section
4.5.1. First we add the full free energy to the Hamiltonian at step n in Lemma 4.5.7,
and then, we add the full interacting energy, using Lemma 4.5.8, in Theorems 4.5.9 and
4.5.10. These theorems imply Theorems 4.2.6 and 4.2.7.
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In this section we assume, in addition to Definitions 4.4.1 4.4.2 and 4.4.3 (and C >
Dsin(v/m)™1), that

sin(v/2m)%p _3 . 10°
< ———M———-— < > — . 0.
lg| < 108 , p <10 ”sin(v/m), C > sin(u/m)2 (4.5.58)
Lemma 4.5.6. Let z ¢ Cm()\l(-n)) and 0 <r <|z— )\1(-”)|, s > 0. It follows that
s+r 1 r
<2— + , (4.5.59)
’dist (z —e s, Cm()\gn))) ‘ sin(v/m) - gist (z,Cm(AZ(.n)D

6

sin(v/m)’

=
e fs — (z — )\gn)>

IN

(n)

Proof. We use coordinates in C = R? with origin at A; 7, the first coordinate axis with
direction e~* and the second coordinate axis with direction ie~®. Notice that for every
point z = )\En) + 1e7W + LrieW ¢ Cm()\gn)) and every s > 0, the following facts are
implied by the considered geometry:

§1<0= ‘)\gn) —(z— 86_0)’ > |)\En) - z’, (4.5.60)
& > 0= |&] > |&]| tan(v/m). (4.5.61)

Eq. (4.5.61) implies that for & >0

12— A™| < |&]y/1 + tan(v/m) 2, (4.5.62)

and because \)\gn) —(z— 36*9)‘ > |&2], we obtain that (we also use (4.5.60))

2 (n) -0 (n)
R — > A = 0.
O )| = A -2, (4.5.63)
for every z ¢ Cm()\l(n)) and every s > 0. Take z ¢ Cm()\z(»n)) to obtain
o)

< 1e] + |€°] < Je’| + (1 +1¢))

e r — /\Z(»n) +z

e0s+ A" — 2
0

2(1+ [€"]) < 6

sin(v/m) ~ sin(v/m)’

e fs+ AE”) —z ’e—es + )\En) - z’

< || + (4.5.64)

which proves the second inequality in (4.5.59). The first inequality of the claim is again
ensured thanks to our considered geometry that implies:

sin(v/m)

dist (z — efes,Cm(/\z(»n))) > max [ s, dist (z,Cm()\l(")))}; (4.5.65)

recall that 6 € S. O
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Lemma 4.5.7. Fori=0,1, the set Bi(l) \Cm()\l(-n)) is contained in the resolvent set of
H™ and for all z this set:

1

S 4C7L+1 .
dist(z, Cry(A™))

(4.5.66)

1
Hm)0 — 5

Proof. The spectral theorem, Lemma 4.3.13, Definitions 4.3.14 and 4.4.1, and Theorem
4.5.5 imply that (we also use Lemma 4.4.7, which is valid for every n because Theorem
4.4.5 is proved above)

1

H A0 — 5| TS H00 ¢ et — 2 (7 +r) (4.5.67)
1 1
<cnt! o) +3 o
dist(z — e~%r,Cn(q;")) N + ety — 2|
<4cn+1 1 < 4Cn+1 1

)

dist(z — e~7r, Cu (1) dist(z, Crn(A"))

were we use that )\En) € Cm()\l(-n)) and the geometrical fact that dist(z —e %, Cm(/\gn))) >

dist(z, Coe A™)). 0
Lemma 4.5.8. For every z € Bi(l) \Cm()\l(-n) — e_i”p}l+”/4) the following inequality holds
true

10°

~ sin(v/m)?

1

3
n+1 4
Fo0T Ccrilpt . (4.5.68)

Hv(n,oo)ﬁ

Proof. We compute (see Remark 1.2.1):

1
(n,00),0
Fwe || =Y

Hv(n,oo)ﬂ <

1 (n,00) 1
H](cn’oo) —i—THH(Hf +’/“)Ij[(

where we take

r = dist ((C \ Cm()\gn) — €_iVP}L+“/4),Cm()\£n))> _ sin(u/m)prlﬁ'“/‘l < ‘z _ )\Z(n)‘ .
(4.5.70)

As in (4.4.48) we obtain

3u
< e~ 00+ | /ar (pn 1 2\/7") pl < 50)an* . (4.5.71)
T r

sin(v/m
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The spectral theorem and Theorem 4.5.5

and Lemma 4.5.6 imply that

(n,00),0 n4-1 s+
H +7r) = <4C"7 sup (4.5.72)
H f ) HM).0 — 7 s>0 ' dist (z - e‘es,Cm()\Z(n))) ’
2 T
<4cmt - +
0] (O )]
4o 2 r 12Cc™
B | sin(v/m) sin(v/m)pn vhu/d ] = sin(v/m)
We conclude the desired result by (4.5.69) together with (4.5.71) and (4.5.72). O

Theorem 4.5.9. The set E B (1) \ Con (N Al e*i”p}f“/zl) is contained in the resolvent
set of H? and for all z € B \C ()\(n — *’Vp}ﬁp“/zl):
1 1

<8c"t! : (4.5.73)

H HO — 2 dist(z, Con(A™))
and
1 10° S 1
H — — = . 0 5 G2 2p, . (4.5.74)
HY — > H®.0 _ 4 sin(v/m) diSt(Z,Cm(AZ(-n)))

Proof. The result is a consequence of Neumann series and Lemmas 4.5.7 and 4.5.8 and

(4.5.58). Notice that our assumptions on
1.

Theorem 4.5.10. For everyn € N and ¢
CnA" Y — p ey c Cu (A" -

and thus, Bfl)\Cm()\i—Qp}f“Me*i”)

3u
C in Definition 4.4.1 imply that C"*lp,t <
O

€ {0,1},

1+u/4

W) C Con(Ai — 2L TH/4e™™) . (4.5.75)

is contained in the resolvent set of H? (see Theorem

4.5.9). Moreover, BZ-(l) \ Cn (Ni) is contained in the resolvent set of HY. Additionally,

the following estimate holds true:

HH"l— H < 160”+1W, Vz € Cp( N — 2piHH/4e=), (4.5.76)
Proof. Tt follows from (4.5.12) that
AT A < gl pkthr? (4.5.77)
holds true. We write, for £1,& € R,
AHD  prthHemiv =\ pltn/emiv g6y gyie . (4.5.78)
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Eq. (4.5.77) implies that

1+p/4 1
&) < |glontH/2, €1 > pltw/t — pltn/t lgloy™* > S, (45.79)

see Definition 4.4.2 and Definition 4.4.3 (or (4.5.58) - notice that |g|p1+“/2 < |g|pii’f/4pg/4)

To prove the first assertion in (4.5.75) it is enough to prove that )\EHH) p:;ﬁ‘/ femiv ¢

Cm(AZ(-n) - p71l+”/4e_w). Note that since |g| < & sin(v/m) < 3 tan(v/m) (which is verified
by (4.5.58)), we have

€2]/&1 < tan(v/m). (4.5.80)

This proves the first assertion in (4.5.75).
The first part of (4.5.75) implies that, for all n,

C\ Crn(A™ = plttlte=ivy c €\ € (AT — pht/de=iv) (4.5.81)
and
Ucc \ Crn(A™) — pLt#/e=iy = C\ Cp(Ny) (4.5.82)

belongs to the resolvent set of H?, see Theorem 4.5.9.
In a similar fashion as above we prove that

Con (A — pEH#/Ae=) C Cp(N; — 208/ 16, (4.5.83)

using (4.5.8). For every z ¢ Cp(N\i — 2p711+“/4e*"”) and a € Cm(/\z(n)) we know that (see
(4.5.8))

dist(z, Cp(A\s)) <dist(z, a) + dist(a,Cm(\;)) < dist(z, a) 4 2|g|piT#/2, (4.5.84)
and hence, we obtain (see (4.5.58))
dist(z, Con(A)) < dist(z, Con (A™)) + sin(v/m) pL /4, (4.5.85)
Moreover (see (4.5.83)),
dist(2, Crn(A™)) > dist (C\ Cru(A" = pfH/4e™™), Cu(A™)) > sin(v/m)pr /1.
(4.5.86)

Then, it follows that

dist(z,C(A) _ dist(z,Coe(A™))  sin(v/m)pn /4 —y 587
. o = R T =2 (4.5.87)
dist(z,Cn(N; 7)) dist(z,Cn(N; 7)) sin(v/m)pn

This and Theorem 4.5.9 implies (4.5.76). O
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We end this section with a remark about the convergence rate of the projections
P ® Pqn.) that will be used in Chapter 5.

Remark 4.5.11. It follows from Theorem /.4.5, Property (P3), that

This is a consequence of a geometric series argument and Definition 4.4.2, since it
implies that

1
P — P @ Pognoo | < 2"’;'#‘/2. (4.5.88)

ann

G2t — (3ol () 2l < gl (1:5:89)

4.5.3. Proof of Proposition 4.2.1

We define the sequence of vectors (see Remark 1.2.1)

v =P 00, nel. (4.5.90)
Due to the Property (P3) in Theorem 4.4.5, we know that the sequence above converges
to the non-zero limit Wy, := Pjp; ® Q # 0 (see the discussion above (4.4.68)). Note that
(see Remark 1.2.1)

HG _ H(n),é) + Hj(cn,oo)ﬁ +gv(n,oo),9 _ I_}(n)ﬂ +gv(n,oo),9 (4‘5.91)

and set z = )\En) —10ppe~". Then,

0 () _ () g () () _ ypr(noo) 1L (n)
HOW, 7= N0+ g\ 2)V F08 Z\I/)\i . (4.5.92)
Lemma 4.5.8 implies that V(”voo)ﬁm tends to zero as n tends to infinity. We
conclude that
Tim_ HOWY = N0y, (4.5.93)

As H? is a closed operator, V), belongs to its domain and is an eigenvector of H 0
corresponding to the eigenvalue A;. Furthermore, as P; is rank-one, W, spans its range.

4.6. Analyticity

In this section we prove Theorems 4.2.3 and 4.2.5, in particular, we show analyticity of
the projections P; and the eigenvalues \; with respect to the coupling constant g and the
dilation parameter . We only prove in detail analyticity with respect to 8, the result
for the coupling constant g follows the same line of arguments and it is actually simpler
since g only appears in the interaction term and the dependence is linear. This result
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(n)

is achieved in two steps: At first, we prove these properties for Pi(") and A; " which is

straight-forward since there are spectral gaps between )\En) and the rest of the spectrum
of H™Y_ For this purpose we collect several estimates leading to Lemma 4.6.5 where,
among other things, we show that the resolvent is differentiable with respect to the
dilation parameter 6. This together with the properties of the Riesz projection allows
us to conclude analyticity of Pi(n) and )\l(-n) with respect to 6. Secondly, we take the
uniform limit n — oo in order to conclude that the statement also holds for P, and \;
(see Theorem 4.6.9 below). This is possible because our estimates are uniform in the
parameter 6.

In this section we assume that Definitions 4.4.1, 4.4.2, 4.4.3 hold true. We recall that
we use the symbol ¢ to represent any generic (indeterminate) constant that does not
depend on n, g, p, po and dilation parameters (here do not only use 6, but also n and
A).

Lemma 4.6.1. For everyr >0 and \,n € D(0,7/16) (and every n € N):

<10. (4.6.1)

HEO 4y
|

Moreover, for large enough r (independent of n, g, p, po and n and \) and every z in
the resolvent set of H(™:

n),\ 1 1
|15 Frmma = | < 20+ 20021+ /2| gy = | (1:62)
Proof. Notice that for every n, A € D(0,7/16)
)7A —
HHS” —|—rH< ei+e ’\s—l—r" (4.6.3)
Hén)m 4+ 7 s>0ic01le; FeTMs+r
For every s > 0 and i € {0,1} :
) -A ) )
w‘ <[em] + |err—T e | Gitr <10, (464)
e +els+rl— e, +els+r e;t+els+rl—

where we use that n, A € D(0,7/16) and e; > 0. This implies (4.6.1).
It follows from Lemma 1.3.1 that there is a constant ¢ that does not depend on n, g,
p, po and n such that for every r > 1:

L H (4.6.5)

In conclusion,

v B

< (4.6.6)
Hén),O Y 172
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holds true. It follows that there is a constant C4¢.7) that does not depend on n, g, p,
po and 7 such that for every r > 1:

(4.6.7)

1 H < Cle.m) .

[y BT 4 = T

Take ¢ in the domain of Hén)’n, z€ Cand r > 40(24.6.7). Then we have (recall that
gl < 1):

1HS )| <||(H = 2)¢]| + V18] + 2|6 (4.6.8)
<[|(EH™ = )| + (1/2)|HS" Il + (|2 +7/2) 6]

Then, we obtain, for z in the resolvent set of H(™" and s > 0 (we take the term
(1/2)||Hén)’n¢|| in the previous equation to the other side and ¢ of the form m@b)

| g+ S)H(%H <24+ 2(|2] + (r + 25)/2) HmH (4.6.9)
Using (4.6.1), we find
n), H(”):)\ n),
H“ﬁ)A+@Hm$_z”—ui@mizﬁﬁ)"+$Hmm_zH
< 10((HE"" + S)H(" H <20+ 20(|2] + (r + 25)/2) HmH (4.6.10)
Taking the limit s to zero, we arrive at (4.6.2). O

Lemma 4.6.2. For every \,n,0 € D(0,7/16) (and every n € N), there is a constant
¢ (independent of n, g, p, po, n, 0 and \) such that for every z in the resolvent set of
H(n),e‘.

| — ) |+1). @61

H <e(1+[2])|n — /\’(HW

(n) 0

Proof. We take a large enough r > 0 such that the results of Lemma 4.6.1 hold true.
We calculate

WHmm_HWMy—J—;H§WHW”—HWA W ) g |

H(n)ﬁ — H(n
(4.6.12)
Next, we notice that
1 1
H(”)ﬂ? _ H(n)v)‘ — su 6_77 _ €_>\ §—m—— — < 6_77 — €_>‘ .
H( 0 0 )H(()n),0+,r,“ sEO,iE?l,Q}H( ) ei—f—s—‘,—rH - | |

(4.6.13)
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Using Lemma 1.3.1, we find a constant ¢ (independent of n, g, p, po and n and A) such
that

(v vy H < cln = Al (4.6.14)

(n) 04

Egs. (4.6.12)-(4.6.14), together with Lemma 4.6.1, imply the desired result. O

Definition 4.6.3. For every 6 € D(0,7/16), we set h? = %fe and

869 vl .— 5 ® (an(hg) + an(he)*) (4.6.15)
and (see Remark 1.2.1)
0 0
g1 = —H g v, (4.6.16)

Lemma 4.6.4. For every A\,n,0 € D(0,7/16) (and every n € N), there is a constant

¢ (independent of n, g, p, po, n, 0 and \) such that for every z in the resolvent set of
H(n)ﬁ:

(gt — O = L) | < et i = (| e |+ ).
(4.6.17)

Proof. The proof is very similar to the proof of Lemma 4.6.2, and therefore, we omit
it. O

Lemma 4.6.5. For every \,n,0 € D(0,7/16) (and every n € N), there is a constant ¢

(independent of n, g, p, po, n, 6 and X) such that for every z in the resolvent set of both
H™n gnd HA

1 Ly b Opgma
Hn - )\(H(n),A —z Hm®n— z) HmA — 2 O\ H@m)A — ZH

< e(1+20)%In = A|(HWH + 1)7“%“ +1).

(4.6.18)

and
oy 1 1 1 1 d i 1
HH(())H(n /\( ()X 72_H(n),nfz)_H(n):)\—zaH( MW)H (46.19)
< oL+ 1l =N (| |+ ) (| e —] + 1)

Proof. First, we notice that Lemma 4.6.2 and the resolvent identity imply

(H7 = H ) (Hm),ln - H(n),lA —)l (46:20)

< e(1+ |2])2n — AIQ(HWH + 1)%”%” + 1).

o=
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We use the resolvent identity again and also (4.6.20) to obtain

1 1 1
|G =~ 7o =) ~ (o W = N =)

e (e R (o R}

Then, (4.6.18) follows from (4.6.21) and Lemma 4.6.4. The proof of (4.6.19) follows in
a similar fashion as the one of (4.6.18), using Lemma 4.6.1. Therefore, we omit it. [

(4.6.21)

Proposition 4.6.6. For every n € D(0,7/16), the operator valued functions

e8P, 0eS— HMpM (4.6.22)

1
are analytic.

Proof. The proof is an obvious consequence of Lemma 4.6.5 and the formula for the
Riesz projections as line integrals in the complex plane. O

Proposition 4.6.7. The complex valued function
0eS A (4.6.23)

s analytic.

Proof. We use the formalism of the proof of Proposition 4.4.15 and make explicit the
dependence of Pi(n) on 0, i.e., Pi(n) = Pi(n)’e. We define \I/Z(n)’e = Pi(n)ﬂ% ® QM) (here we
use a slightly different notation from proof of Proposition 4.4.15). Notice that

<\I,Z(n),§’ \If(n)’0> )

)

Al = (4.6.24)

and that the denominator does not vanish (this follows as in (4.4.68)). Then, the result
is a consequence of Proposition 4.6.6, because it implies that the functions

1

0 — wim? 0 — HMOGM? — gmo
a1

e, ((H™ + 1) P 0 )
(4.6.25)

(n),0

are analytic. Notice that the function 6 — H ™ ——L— is an operator valued analytic
HSM O 41

function (the proof of this fact is similar to the proof of Lemma 4.6.4, but much simpler).
O

Proposition 4.6.8. The maps
g € D(0,gp) — PZ-("), g € D(0,g0) — )\l(n) (4.6.26)

are analytic.
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Proof. The proof follows directly from the proofs of Propositions 4.6.6 and 4.6.7. In
this case the proof is much simpler because the coupling constant is only present in the

interaction term (and the interaction term depends linearly on the coupling constant).
O

Theorem 4.6.9. The functions

S 30— P, S260— N\ (4.6.27)

are analytic. Moreover, this implies that X\;(0) = \; is constant for € S (see (4.1.1)).

Proof. Theorem 4.4.5, Properties (P1) and (P3) imply that the convergence rates of )\Z(-n)

to \; and Pl-(n) ® Py, to P; do not depend on 6 and g. Then )\; and P; are uniform
limits of analytic functions (see Propositions 4.6.6, 4.6.7, 4.6.8). Therefore, they are
analytic. That \; is constant with respect to 6 follows from the fact that it does not
depend of the real part of # because a change in the real part of H? produces unitarily
equivalent Hamiltonians: if # and # have the same imaginary part, then H? and H? are
unitarily equivalent (thus, isospectral). Both A\;(f) and );(f) are distinguished points
in the spectrum because they are the vertex of the same cone (see Theorem 4.2.7), we

conclude that X;(0) = X\;(0). O






5. Scattering formula for the massless
Spin-Boson model

In this chapter, we again analyze the massless Spin-Boson model introduced in Chap-
ter 1.2 and we fix an infrared regularization parameter p € (0,1/2) (see (1.2.4)). Note
that this yields the relativistic dispersion relation w(k) = |k|. We derive an explicit
formula for the two-body scattering matrix elements which reveals its dependence on
the resonance (and ground-state) energy of the model. Theorem 5.1.1 is a improve-
ment in comparison to [23, Theorem 2.2] since it provides an exact relation whereas [23,
Theorem 2.2] only gives the leading term with respect to the coupling constant explicitly.

Scattering and resonance theories are well-established in the context of quantum field
theory (see Chapters 2 and 4, respectively). The purpose of the present chapter is to
bring these two well-developed fields together. For n-body Schrodinger operators, it
has been shown that the singularities of the meromorphic continuation of the integral
kernel of the scattering matrix are located precisely at the resonance energies (see [63]).
To the best of our knowledge, this question has not yet been addressed in models of
quantum field theory, which is most probably due to the fact that quantum field models
involve new subtleties as compared to the quantum mechanical ones. These can however
be addressed with the recently developed methods of multiscale analysis and spectral
renormalization (while we rely on the former in this work; c.f. Chapter 4). We provide a
representation of the scattering matrix in terms of an expectation value of the resolvent of
a spectrally dilated Hamiltonian; see Theorem 5.1.1 below. The relation of the scattering
matrix and the resonance can then be read of this formula; see Theorem 5.1.3 below.
Loosely put, our results imply that, for the photon momenta |k’| in a neighborhood of
Re A1 — Ao, the leading order (in g for small g) of the integral kernel of the transition
matrix fulfills

TGk 1) Eig' (5.01)
’ (\k’]+)\0—Re)\1)2+g4E12’ o
where we define
By =g %Im )\ (5.0.2)

and it turns out that there are constant numbers E; < 0, a > 0 and a uniformly bounded
function A = A(g) such that Ey = E7 + ¢g*A. Heuristically, for an experiment, in which
a two-level atom is irradiated with monochromatic incoming light quanta of momentum
k' € R3, the relation (5.0.1) states that the intensity of the outgoing light quanta with
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momentum k € R3 is proportional to |T'(k, k")|?, which is given as a Lorentzian function
with maximum at |k'| = ReA\; — A\¢g and width 2Im A;. This relation is already found as
folklore knowledge in physics text-books. In this chapter we give a rigorous derivation
in the model at hand. On the other hand, the relation between the imaginary value of
the resonance and the decay rate of the unstable excited state was established rigorously

in several articles [2, 49, 3, 18].

5.1. Main results

In this section we present the main results of Chapter 5. The corresponding proofs will
be provided in Section 5.3.2. We point out that these proofs strongly rely on the results
found in Chapter 4.

Our first main result of this chapter provides the precise relation between the scattering
matrix element and the complex dilated resolvent of the Hamiltonian.

Theorem 5.1.1 (Exact Scattering Formula). For sufficiently small g, 6 in the set S
(see (5.2.2) below), and for all h,l € by, the transition matriz coefficients for one-boson
processes are given by

T(h,1) = /d%d%’%l(k’)é(w(k) —w(ENT(k, k') (5.1.1)
where

Tk 1) = ~2mig? £(0) F) Ul 2( {8, (B0 =20 = K]) " on )

— -1 —
+<01\Il§0,<H9_)\0+|k’\) alw§0>>. (5.1.2)

The integral with respect to the Dirac’s delta distribution distribution ¢ in (5.1.1) is
to be understood as

T(h,1) = /OOO k| /dEdE’h(|k|, Sk, S)T(k], S, k], ), (5.1.3)

where we have introduced spherical coordinates k = (|k|, ¥) with ¥ being the solid angle
and T'(k, k') = T(|k|, %, |k|,X') is given by (5.1.2). Notice that (5.1.2) is not defined for
k =0 or k' = 0. However, since we take h,l € b, the expression (5.1.1) is well-defined.
Representing such matrix elements in terms of a distribution kernel is convenient (in
our case, e.g., it makes the energy conservation apparent) and also frequently used in
the literature. In particular, similar distribution kernels in a closely related model have
been studied in [17, 12, 23].

Our second main result establishes the relation between resonance and scattering
theory in our model. First, we state a definition that we use for our main result.

Definition 5.1.2. Using solid angles dX,dY, we define, for all h,l € by,

[dzdy r*h(r, 2)I(r, X)) f(r)? for r>0

(5.1.4)
0 for r <O0.

G:R—>C, ’I"HG(T‘)ZZ{
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Theorem 5.1.3. For sufficiently small g, 8 in the set S (see (5.2.2) below), and for all
h,l € b, the transition matriz coefficients for one-boson processes are given by

T(h,1) = Tp(h,1) + R(h, 1), (5.1.5)
where
Tp(h,1) :=Mg’ / o A?)(E;“) o (5.1.6)
and there is a constant C(h,l) (that does not depend on g) such that
|R(h,1)| < C(h,1)g3|log g|. (5.1.7)
Here, we use the notation
M = 4mi(Re A\ — o) || Wy, || 2. (5.1.8)

Tp(h,l) is the leading term in terms of powers of g for small g, and R(h,l) is regarded
as the error term. This is justified by Remark 5.1.5 below.

Remark 5.1.4. In the proof of Theorem 5.1.3 we show that the factor | Wy, ||~ can be
dropped in (5.1.8). We keep this factor in the statement in order to keep our notation
consistent in Chapter 3.

Remark 5.1.5. The scattering processes described by the transition matriz in (5.1.6)
clearly depend on the incoming and outgoing photon states, I and h. This is well un-
derstood from a physics as well as a mathematics perspective. For example, it can be
read from (5.1.2) that, if | is supported in a ball of radius t and h is supported in its
complement, then the principal term Tp(h,l) vanishes and only higher order terms (with
respect to powers of g) contribute to the scattering process. The quantity Tp(h,l) is the
only one that might produce scattering processes of order g* since the remainder is of
order g®|1og(g)|. If an experiment is appropriately prepared, then such a scattering pro-
cess will be observed and the term describing this is Tp(h,l). This justifies why we call it
the leading order (or principal) term. In Appendiz B we give an example of a large class
of functions h and | that make Tp(h,l) larger or equal than a strictly positive constant
times g>. In particular, we prove that this happens when the corresponding function G
is positive and strictly positive at Re A\ — Ag.

We recall the definition E; = ¢g=2Im \; given in (5.0.2). It follows from (5.2.11) and
(4.2.4) below that F1 = Er 4+ g*A where a > 0, A = A(g) is uniformly bounded and
E; <0 is the constant defined in (5.2.11). This implies that

B < —c<0, (5.1.9)

for some constant ¢ that does not depend on g (for small enough g).
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Remark 5.1.6. By (5.1.6) and (5.1.4), we can express the principal term Tp(h,l) in
terms of an integral kernel:

Tp(h,l) = /d?’kd?’k’ml(k’)mm — |K'NTp(k, k), (5.1.10)

where

Erg?
(IK'| + Xo — Re Ay —ig2Eq) (|K'| — Ao + A1)

Tp(k, k) = M (k) [ (K) ( ) (5.1.11)
and we recall (5.0.2). FEq. (5.1.10) is important, because it allows us to calculate the
leading order of the scattering cross section. It is proportional to the modulus squared of

Tp(k‘, k‘,)

M| f (k)L (K2 Eig
ok K | (k 1 , 5.1.12
‘ P( )‘ ( Hk/|_)\0+)‘1‘2 (|k/|+)\0—Re/\1)2+g4Ef ( )

For momenta |K'| in a neighborhood of Re \1 — \o, the behavior in the expression above is
dominated by the Lorentzian function. As expected, there is a mazimum when the energy
of the incoming photons is close to the difference of the resonance and the ground-state
energies of the system and the width of this peak is controlled by the imaginary part of
the resonance Im \q.

Note that the Dirac’s delta distribution in (5.1.10) is to be understood similarly in
(6.3.3). Note that (5.1.11) is not defined for kK = 0 or k£’ = 0. However, since we take
h,l € ho, the expression (5.1.10) is well-defined.

Remark 5.1.7. In this chapter we denote by C any generic (indeterminate) constant,
that might change from line to line. These constants do not depend on the coupling
constant and the auziliary parameters pg, p introduced in Section 5.2.1 and n introduced
in Section 5.2.2.

5.2. Known results on spectral properties and resolvent
estimates

In this section we recall results about the spectrum of the dilated Spin-Boson Hamilto-
nian and resolvent estimates which have already been presented in Chapter 4. We repeat
the relevant definitions, properties and estimates here in order to make this chapter more
readable and self-contained.

Throughout this chapter we address the case of small coupling, i.e., we assume the
coupling constant g to be sufficiently small. The restrictions on the coupling constant
only stem from the requirements needed to prove the results reviewed in this section,
i.e., the ones considered in [21] and Chapter 4 of the present work. We do not explicitly
specify how small the coupling constant must be but give precise references from which
such bounds can be inferred. This issue is addressed by the next definition:
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Definition 5.2.1 (Coupling Constant). Throughout the remainder of this chapter we
assume that g € (0,g), where 0 < g satisfies Definition 4.4.3 and (4.5.58), the Fermi-
golden rule (see (4.2.4) and (5.2.13) below) and (5.2.28) below.

We denote the imaginary part of the dilation parameter 6 by
v:=Imé (5.2.1)
and assume that 6 belongs to the set

S={0eC:-107 <Red <107 and v < Im 0 < 7/16}, (5.2.2)

where v € (0,7/16) is a fixed number, Here, we recall Definition 4.1.1.

5.2.1. Spectral estimates

We know from Proposition 4.2.1 that the Hamiltonian H? has two eigenvalues \g and \;
in small neighborhoods of ey and ej, respectively. Loosely put, ey turns into the ground
state \g and e; tuns into the resonance A\; once the interaction is tuned on. Both g
and A\; do not depend on # provided that 8 € S and in the case of Ay we can take 8 in a
neighborhood of 0, and therefore, infer that A\g is real and gives the ground state energy.
This is proven in Theorem 4.2.3 and Remark 4.2.4.

In Theorem 4.2.7, we give a very sharp estimate on the location of the spectrum of
H? We prove, among other things that, locally, in neighborhoods of Ay and A, its
spectrum is contained in cones with vertices at Ay and A;. To make this statement more
precise we need to introduce some more concepts and notation. There are two auxiliary
parameters that play an important role in our constructions:

pe(0,1), po € (0,min(1,e;/4)), (5.2.3)

which also satisfy the conditions in (5.2.31) below. In order to specify the spectral
properties of HY we recall Definition 4.3.1, where we have defined some regions in the
complex plane:

Definition 5.2.2. For fizred 0 € S, we set 6 = e1 — eg = e1 and define the regions

A:=A;1UAyU Ag, (5.2.4)

where
Aj:={2€C:Rez<eyg—9/2} (5.2.5)
Ay:{zeCﬂmz>;%m@% (5.2.6)

As:={2€C:Rez>e; +6/2,Imz > —sin(v/2) (Re(z) — (e1 +/2))}, (5.2.7)

and for i =0,1, we define
(1) 1 1 1.
B/ :=<¢2€C:|Rez—¢) < 55, —5P1 sin(v) <Imz < gésln(y) . (5.2.8)

7

These regions are depicted in Figure 5.1.
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Ay

€o e1 v/2

Ay

Figure 5.1.: An illustration of the subsets of the complex plane introduced in Definition
5.2.2.

For a fixed m € N with m > 4, we define the cone (recalling (4.2.7))

Cm(2) = {z +ae™ x>0, la—v| < V/m} . (5.2.9)

It follows from the induction scheme in Section 4.4 that \; € Bi(l), and moreover, Theo-
rem 4.2.7 together with Lemma 4.3.13 yields

o(H?) < C\ [AU (B \ Cn(X)) U (B \ C(M))]. (5.2.10)

As we mention above, we have A\g € R. The imaginary part of A; can be also estimated
(see Remark 4.2.2 — Fermi golden rule): Recalling (1.2.3), we define

Ep = —47n%(e; —eg)?|f(e1 — €)% (5.2.11)
Then, for g small enough, there are constants C,a > 0 such that
’Im A — gQE]‘ < g*tec. (5.2.12)
This implies that, for g small enough, there is constant ¢ > 0 such that

Im )\ < —g%c < 0. (5.2.13)

5.2.2. Auxiliary (infrared cut-off) Hamiltonians

Some of the bounds in Section 5.3 employ a certain approximation of the Hamiltonian
H? by Hamiltonians with infrared cut-offs. The strategy will be the following: A mathe-
matical expression that depends on HY is replaced by a corresponding one that depends
on a particular infrared cut-off Hamiltonian. We then analyze the infrared cut-off ex-
pression and estimate the difference between both expressions. The construction of a
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sequence of infrared cut-off Hamiltonians (H (”)’9) such that, as n tends to infinity, the
cut-off is removed is called multiscale analysis. In Chapter 4 (and [21]), we present the
full details of this method and derive several results. Here, we only use some of those
results and only present the notation necessary to review this part of Chapter 4. The
infrared cut-off Hamiltonians H(™-¢ are parametrized by a sequence of numbers (see also
(5.2.3) and (5.2.31))

Pn = pop”, (5.2.14)

where the Hamiltonians H(™? are defined by

H(n),@ =K+ Hj(cn)za + gv(”)79 =: Hén),@ + gV(n)’e (5215)
HM .~ / Bro’ (k)a (k)a(k), «’(k) = e '|k] (5.2.16)
R3\Bp,,
VOi—are [ dk (£ alk) + £ (ke (8)). (52.17)
RS\BPn
2
FORB\ {0} S R, ks e 0 o R 3, (5.2.18)

on the Hilbert space
H™ =Ko Fh™], 5= [AR*\B,,,C), B, ={zcR®:[z|<p,}. (5219
Additionally, we define
HMO .= HY 4 gy )0 (5.2.20)
and fix the Hilbert spaces
h(°) .= L%(B,,) and F[h>)], (5.2.21)

defined as in (1.2.7) with f(7:2) ingtead of b, with vacuum states Q%) and correspond-
ing orthogonal projections Pqn,-). Note that H = H™) @ Fpno0)].

In Proposition 4.2.1 and Theorem 4.4.5, we prove that, for each n € N, H™-? hag
isolated eigenvalues )\Z(-n) in certain neighborhoods of ¢;, for i € {0, 1}, respectively. The
fact that these eigenvalues are isolated permits us to define their corresponding Riesz
projections which are denoted by

(5.2.22)

In Proposition 4.2.1, we prove that this sequence of projections converges to the projec-
tion associated to the eigenvalue );, i.e.,

P/ =P, = lim P @ Py (5.2.23)
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and that the latter is analytic with respect to 6 (see Theorem 4.2.3). Furthermore, it
follows from Remark 4.5.11 that

0 9
7,9 - Pz‘(n) ® Pan.c) H < 2;[)%/2 < PZ/Q' (5.2.24)

This together with Lemma 4.3.6 implies that there is a constant C' such that

H < Oy, (5.2.25)

and in addition, we know from Lemma 4.4.7 that

for every n € N. Finally, Lemma 4.5.1 yields that for all n € N

P "H < 3, (5.2.26)

I\ — A < 2gpkter2, (5.2.27)

This together with Lemma 4.3.10, which states that there is a constant C' such that
le; — )\Z(-l)\ < (g, proves that there is a constant C' such that, for every n € N and for g
sufficiently small, we have

A e < Cg <1073y, A — e < Cg < 1073y (5.2.28)

5.2.3. Resolvent estimates
In Chapter 4 (and [21]), we derive bounds for the resolvent of H? in [AU (Bél) \Crm(No))U
(Bil) \Cm()\l))} , see (5.2.10). The region A is far away from the spectrum, and therefore,

resolvent estimates in this region are easy. In Lemma 4.3.2, we prove that there is a
constant C' such that

1
<C
HH‘)—ZH ~ lz—el]’

Vz € A (5.2.29)

Resolvent estimates in the regions B (1) \ Crm(Xo) and B \C (A1) are much more com-
plicated because these regions share boundarles Wlth the spectrum.

In Theorem 4.5.5, we prove that, for i € {0,1}, B \C ( (1/4)pne_“’) \{)\(n)}

is contained in the resolvent set of H(-Y and that there is a constant C such that
1

P(n)ve ,
dist(z, Cm()\gn) + (1/4)pne=))

- - A < 7L+1
HH(n)79 — Z ¢ - C

(5.2.30)

for every z € B \C ( + (1/4)pne*i”) where P(") -1 —Pi(n)’e. Here, the symbol
dist denotes the Euclidean distance in C. In [21], we select the auxiliary numbers p and
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po satisfying Cgpg < 1, and C*pt < 1/4. In this chapter we assume the stronger
conditions

C®pl <1, CBpH < 1/4, (5.2.31)
and observe that this implies
Cp3 a4 < 1, (5.2.32)

The constant C is larger that 10°, it is specified in Definition 4.4.1 and (4.5.58), however,
its precise form is not relevant in this chapter (in Chapter 4 and [21], we do not intend
to calculate optimal constants, because this would make the work harder to read). From
the inequalities above and (5.2.3) we obtain that, for very n € N:

pn < 107 % (5.2.33)

Finally, we prove in Theorem 4.5.9 that the set € Bi(l) \Cm()\gn) —e™W p,llﬂl / 4) is contained
in the resolvent set of both H? and H(™)-? and for all z in this set there is a constant C
such that:

1
HH" — 2z Hme _,

n

1 & 1 &
< gCCH 2 _p2 < gC—pft, (5.2.34)
Pn

where we use (5.2.31). Notice that (5.2.30) implies that there is a constant C' such that

P.(")’9

1 1
H( " , <ccrtt—, (5.2.35)
H n),v __ z

Pn

for every z € BZ-(I) \Cm()\l(-n)). Moreover, Theorem 4.2.6 implies that there is a constant
C' such that

1

1 n+1
for every z € BZ-(l) \Cm()\l(n) - p711+“/4€_w)7 and
1 1
< n+1___ - 4.
HHQ = ce dist(z,Cm(N\i))’ (5.2.37)

for every z € BZ.(I) \ Cr( N — 210}##/4641/)_

5.3. Proof of our main results in this chapter

In the remainder of this chapter we provide the proofs of the main results Theorem 5.1.1
and 5.1.3. Note that we have already derived an intermediate formula for the scattering
matrix coefficients (see Theorem 2.2.2). This formula together with several technical
ingredients provided in Section 5.3.1 and the results summarized in Section 5.2 will pave
the way for the proofs of our main results given in Section 5.3.2.
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5.3.1. Technical ingredients

Here, we derive some technical results which will be applied in Section 5.3.2. Most of
statements in this section will mostly be formulated without motivation, however, their
importance will become clear later in Section 5.3.2.

General results
Lemma 5.3.1. Forn € N and § € S, we have

P PM = 0. (5.3.1)
The statement has already been proven in [8, Lemma 2.1].
Next, we prove a representation formula of the time-evolution operator similar to the
Laplace transform representation (see, e.g., [9]).

Lemma 5.3.2. For ¢ > 0 and sufficiently large R > 0, we consider the concatenated
contour T'(e, R) :==T_(¢, R) UT.(€) UT4(R) (see Figure 5.2), where

I'_(e,R):=[-R,\o—€]U[N +¢,R],

Ty(R) := {—R— ue't sy > O} U {R—i—ue*i% Tu > 0} )
Te(e) := {/\0 —ee "t e 0, 7'(']} . (5.3.2)
The orientations of the contours in (5.3.2) are given by the arrows depicted in Figure 5.2.

Then, for all analytic vectors ¢, € H (analytic in a — connected — domain containing
0) and t > 0 the following identity holds true:

—itH )\ _ 1/ —m< (0 \! 9>
<¢,e ¢> = 3mi ey dze ) ,(H z) o). (5.3.3)
Te(e)
I'_(¢,R) J’\ I'_(c,R)
v/4 _R g ;0 " R v/4
Fd(R) Fd(R)

Figure 5.2.: An illustration of the contour I'(¢, R) :=I'_(e, R) UT'.(¢e) UT'4(R).
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Proof. Let t > 0 and € > 0. We define a contour f(e) := R + ie with a mathematical
negative orientation if the contour were closed in the lower complex plane. As an appli-
cation of the residue theorem closing the contour in the lower complex plane, we observe
forall E € R

! / @ itk (5.3.4)
— Z————==e€ .3.
21t Jre) (B — z)?

holds true. Thanks to the spectral theorem we may write for all v € ‘H

—itz

—itH, \ _ —itE _ 1 €
(i) = [ oy (P T = / . /f@ 4z (v, dPev) s
(5.3.5)

Next, we may interchange the order of the integrals by the Fubini-Tonelli Theorem since
the following integral is finite:

/ o (0P / e

—itz

it(E — 2)?

te [e%e)
< e7/ <w,dPE¢>/ dz |z — ie| % < oo.
t Jo(H) —00
(5.3.6)

Hence, after the interchange we may apply the spectral theorem again to find

—itz

1 e 1 e—itz 1
(5.3.5) = 27m,/f(e) dz/U(H) <zp,dPEzp)m = 27”'/1*(5) dz — <w, (H—z)2¢>'
(5.3.7)

Exploiting the polarization identities we recover for all 1, ¢ € ‘H the identity

i 1 —itz 1
(v, e g) = 5 /f(e) dz eit <¢, e Z)2¢>. (5.3.8)

The fact that the family H? is an analytic family of type A implies that the operator
valued function

1
0— —— 5.3.9
is analytic for all z in the resolvent set of H?. A detailed and self-contained exposition
of this topic is presented in Section 4.6. It is straight forward to prove that for real 0

L o 1

T H_Z(U")*l. (5.3.10)

For complex 6, however, this expression is not necessarily correct (due to a problem
of domains of unbounded operators). Nevertheless, (5.3.9) and (5.3.10) imply that the
function

0 — <¢9, (Hgl_z)Qqse> (5.3.11)
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where ¢/ = U%, wg U ew, is analytic and it coincides with <¢, 2¢> for real 6,

because in this case U? is unitary. Hence, we conclude that

<¢9 (HY )2¢0> <¢’( )2¢> (5.3.12)

for every 6 in a connected (open) domain containing 0 such that (5.3.11) is analytic in
this domain. We obtain:

1 e/ 5 1 0
(5.3.8) = '/f@ a= <¢ T > (5.3.13)

211

Egs. (5.2.10) and (5.2.13) imply that the only spectral point of H? on the real line is
)\8 and all other spectral points have strictly negative imaginary part. Therefore, the
operator valued function

AUCt 32+ (5.3.14)

HY — 2’

where Ct = {z + iy|z € R,y > 0}, is analytic. Moreover, for R > e + ¢ = 2e1, ['4(R)
is contained in the region A, and hence, it follows from (5.2.29) that there is a constant
C such that

C

T |z — e

H I Vz €Ty (5.3.15)

Due to the analyticity, we may deform the integration contour from I'(e) to I'(e, R) which
gives:

_L e—ztz 7 0
(5.3.13) = —— <¢ T )2¢> (5.3.16)

21 F(EyR)

Now we observe that the integrand on the right-hand side features an exponential decay
for large | Re z| thanks to the factor e =% in the integrand and the definition of T'y(e, R).
In particular, the decay in |z| provided by the resolvent, i.e., bound (5.3.15), is not nec-
essary anymore to make the integral converge. We may therefore perform an integration
by parts. Note that, for z in A UC™, we have

= ) = ) (5:3.17)

which is implied by the resolvent identity

e R G e i L G e e T e
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Moreover, the boundary terms of the partial integration resulting from the piece-wise
concatenation of contours, i.e., I'(e, R) = T'_(¢, R) UT:(e) UTy(R), cancel and the ones
at |Re z| — oo vanish because of the exponential decay. In conclusion, the identity

1 < 7 1
3.13) = — dze = (y? 9> 3.1
(5.3.13) 2m'/r(6,R> ze <w e (5.3.19)
holds true which proves the claim. ]

Definition 5.3.3. Let S(R,C) denote the Schwartz space of functions with rapid de-
cay and let S'(R,C) denote its dual, i.e. the space of continuous linear functionals
L: S(R,C) - C. Forallu € S(R,C), we define the Fourier transform of a func-
tion and its inverse

3lu)(z) = /R dsu(s)e™™,  § 'ul(x) == (2m) " /R ds u(s)e™”. (5.3.20)
and likewise for all L € S'(R,C) and u € S(R,C)
SILI(u) == L([ul),  F'[LI(u) == L3 [ul). (5.3.21)

Note the factor (27)~! which is not the normalization factor of the standard definition
of the inverse Fourier transform, however, it is convenient in our setting (see e.g. [60]).

Definition 5.3.4. We define
(i) the Heaviside distribution © € S'(R,C) as

0:5R,C)=>C, ur— Ou):= /OOO dz u(z). (5.3.22)

(ii) the Dirac-delta distribution § € S'(R,C) as

5:S(R,C) = C,  ur du):=u(0). (5.3.23)

Remark 5.3.5. We shall shall use the following conventions:

(i) Every f € L} (R,C) gives rise to a distribution

loc
F:(R,C)=C, ur / dz f (z)u(z) (5.3.24)
R
in C(R,C). With slight abuse of notation, we denote f € L}, (R,C) and F €
C®(R,C) by the same symbol f.
(ii) In a similar vain, we also introduce © as a function

1 for >0

. (5.3.25)
0 for =<0

O:R—R, x*—)@(x)::{
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(iii) In some locations we employ the physicists’ notation and write §(u) = [ da §(z)u(zx)
forallu € S(R,C). The right-hand side is just a symbolic expression and its mean-
ing is defined in Definition 5.5.4.

Lemma 5.3.6. We denote by (PV(1/e)) € S'(R,C) the principal value:
1 1
(PV(1/e)) (¢) = PV / ds ~p(s) = lim ds—p(s) Ve S(R,C). (5.3.26)
R S n=0% JR\[-nm] S
1t follows that
§[O] =md —iPV(1/e). (5.3.27)

This statement is well-known, however, for the sake of completeness, we present a
proof in Appendix A.

Key estimates

The next definition is motivated by a simple geometric argument which we give in the
following for the convenience of the reader: take a cone of the form Cm()\(()n) — ze ),
x > 0, where m is a fixed (arbitrary) number greater or equal than 4. Although m is
arbitrary, our estimates and constants depend on it. The distance between the vertex of

the cone and the intersection of the line )\én) — iz sin(v) + R with the cone is
2z sin(v) 2 ) sin(v)

+ (2 2<4 < 8z.

\/(tan (1-— 1/m)y)) (2zsin(v))* < T sin (1=1/m)v) — v

To obtain the last inequality we use the sum of angles formula for sin(v), writing v =
(v —v/m) 4+ v/m. Then, we have that the distance between )\(()n)

described above is smaller than 8zx.

and the line segment

Definition 5.3.7. For everyn € N and recalling (5.2.3), (5.2.14) and (5.2.31), we define
the sequence

€ 1= 20pLTH/4, (5.3.28)
It follows from (5.2.33) and (5.2.28) that for every n € N

D(Xo, 2¢n) C BIY. (5.3.29)

The geometric argument given above together with ])\(()n) —Ao| < 10_2/)71L+“/2 (see Defini-
tion 5.2.1 and (5.2.27)) yields that, for alln € N and a fized (arbitrary) m > 4,

(A" — 2011 1/4e7) 0 (TF 4+ AJY = i2sin(v)py /1) € D(Xo, n) C D(M0,260) C By
(5.3.30)
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and
Con(Ao = 205 /1™ ) 1 (TF + Ao — i2sin(v)ph /1) € D(Xo, en) C D(Xo, 260) C By,
(5.3.31)
Note that (5.2.27) and the fact that Ao € R imply that
Im )\é") — 2sin(v)pL A < 2gpltH2 — 9 sin(v)pltH/t < 0, Vn € N, (5.3.32)
for small enough g (see Definition 4.4.3). Eq. (5.3.30) implies that for every n € N
To(en) € BSYN\ Con(AY) — 2plti/de—ivy, (5.3.33)

Next, we formulate three essential technical ingredients for the proof of the main
theorem.

Lemma 5.3.8. For alln € N, a fized (arbitrary) m >4 and 0 € S, there is a constant
C' (that depends on m) such that

1
<ccnt—, (5.3.34)
Pn
for every z € B \C ( — ,0,114'“/46*"”), and hence, for every z € Bo \C (Ao —
2,05””4 ~w), see Theorem 4.5.10.

Proof. We take z € B(()l) \Cm(/\én) —pn /4e—iv ) and recall the definition \Ilgo = P{oo@9.
Then, (5.2.24) yields

0
HHQ — 20'1\11)\0

n),0
198, — PS™ © Ponoyipo ® Q| < phl. (5.3.35)

This together with (5.2.34), (5.2.36), (4.4.3) and (5.2.26) implies that there is a constant
C' such that (we use a telescopic sum argument)

1 0
7%~ g A @ Panogo 09
1 1 n),0 0 n),0
< ’ T~ |7 + HH9 - ZH‘ W, = Py @ Poonoorpo @ Q)
1
<ccrtt—. (5.3.36)
Pn
The fact (see Remark 1.2.1) that
1 (n),0 1 pln)o
(7}](”)79_2 )(P ®PQ(noo))(PO®Q ((H(n)70—z )®PQ(noo)) ©o ®Q
(5.3.37)
guarantees that there is a constant C such that
L ()0 w1 crt
| g™ @ P 0 9| < | (B =) @ Pa| < 0=
(5.3.38)

Here, we use (5.2.35), (5.2.26) and Lemma 5.3.1. O



88 5. Scattering formula for the massless Spin-Boson model

Lemma 5.3.9. Set G € C°(R, C) with support contained in R\ {0}, n € N large enough
and n > 0 small enough such that G(xz) = 0, for |x| < 2(e, +n). We define

To,r(n) : = /F(%R) dzu(z) /Rde_GA(Z)_?~ (1 — nfn(z)(r)) : (5.3.39)

where 1y, () is the characteristic function of the set In(z) := [z — Ao — 1,2 — Ao + 1],
I'_(en, R) is defined in (5.3.2) and

— 5 -1
u:Ct\{ Ao} — C, z = u(z) = <01\If§\0, (Ha - z) 01\11§0> . (5.3.40)

Then, for sufficiently large R (independent of n and 6 € S), there is a constant C' (that
does not depend on n, but it does depend on G and the other parameters) such that

Tn,r(n) — M'/Rdr G(rju(r+ o) < C (pﬁ/s T i n> : (5.3.41)

R

Proof. The integrand in (5.3.39) is absolutely integrable with respect to the variables z
and r because the singularity is cut off by the characteristic function. We apply Fubini’s
theorem to get

Tor(n) = /Rd?” G(r) /F(en . dzu(z) z—)\lo—r (1 — 17,2 (r)) . (5.3.42)

Next, we analyze the inner integral above for r in the support of G. Set I'(;;) the half-
circle in the upper half complex plane with center » + Ay and radius n. Moreover, set
I'®) the half-circle in the upper half complex plane with center 0 and radius R. Then,
I'.(€,) and Iy do not intersect each other and both are contained in @& for large
enough R (independent of n and 6 € S, but dependent on the support of GG). Note that
there is a constant C' (that depends on the support of G, but not on n and 6 € S) such
that (see (5.2.29))

1 C
‘u(z)z—)\o—r‘_RQ’ Vzel (5.3.43)

Moreover, there is a constant C' (that depends on the support of G, but not on n and
6 € S) such that (see Lemma 5.3.8)

1

1
— T’ <ccrtt =, Vz € Tolen), (5.3.44)
-

‘u(z) o

where p, = pop™ and pp > 0, 0 < p < 1 and C > 0 are specific numbers defined in
Definitions 4.4.1 and 4.4.2. We know from (5.2.10) and (5.2.13) that the only spectral
point of H? in CT is \g. Hence, there is a constant C (that depends on the support of
G, but not on n) such that

lu(z) —u(Xo +7)| < Cn, Vz e Tpy. (5.3.45)
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A direct calculation shows that

dzu(Ao + 1)

— = —u(A 7T 5.3.46
5 o = e+ im (5.3.46)

It follows from Cauchy’s integral formula that

u(z) / u(2)
dz———(1—1 =— dz ———— 5.3.47
/1“_(573) : z—X—T ( I,,(z)(ﬂ) TR UD(r)UT e (en) ? z2—X—1 ( )

which together with (5.3.42)-(5.3.46) imply the desired result, we additionally use (5.2.31)
to estimate the integral over I';(e,). O

Lemma 5.3.10. Let n > 2 and R > 0 be large enough. For 0 < ¢ <1< Q < oo and
¢ € S(R,C), we define

. -1
A(Q,n, R) / ds((s / . dz e ?5(z=20) <01‘11)\0, (H9 — z) 01‘11§\0> . (5.3.48)

Then, the limits A(Q, 00, 00) = gm A(Q,n,R) and A(co,n, R) := Qlim A(Q,n, R)
n,R—o0 —00

exist and they are uniform with respect to Q and (n, R), respectively. Moreover, there is
a constant C (independent of n, q, @ and R) such that

|A(Q,n, R) — A(co,n, R)| < C/Q. (5.3.49)
Additionally, the limits
Qh_]géon%gloo A(Q,n, R), n%r_n)ooA(oo n, R) (5.3.50)

exist and they are equal.
Proof. For 0 < g < Q < oo, n € Nand R € R" sufficiently large, we write
A(Q,n,R) = AY(Q,n,R) + A®(Q,n, R), (5.3.51)

where
@ —is(z—Xo) 7 0 -1 0
/dsc dze o0, (H' = 2) "o ¥l ), (5.352)
q I,

Q
AP(Q,R) : /d
q

-1

dz e—zs(z—)\o) <0_1\I//\07 (H9 _ Z) UI\I}§\O> . (5353)

Here, we split the the domain of integration I'_(e,, R) = I; U I,,, where I := [-R, R] \
(Mo — €1,A0 + €1) and I, := [Ag — €1, 0 + €1] \ (Mo — €n, Ao + €,). We analyze first
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(5.3.53). We obtain from the integration by parts formula (in the variable s) together
with e=#5(=20) = j(z— \g)~19,e~*(*~20) that there is a constant C' such that, for Q > Q,

@(Q,R) - AP(Q,R)

Q : = -1
= / dsc(s) | dz(z— Ag)~t8seis(z=0) <o—1\11§0, (H9 - z) 01\11§0> .
Q I

—i [z (cl@em @ — Qe ) (08, (17 2) e, )

Q 4 _
— z/ ds (85¢(s)) [ dz(z— o) te (xR0 <01\Il>\0, (Ha - z) '
Q I

Since ¢ € S(R,C), there is a constant C such that, for all s € R, |((s)],]0sC(s)| <
C/(1 + s%), and hence, there is a constant C' such that

! <01\P§0, (H9 - z)il 01\P§\0>‘ :

(5.3.55)

aqu§0> . (5.3.54)

AD(@Q, B) - AP(Q, R)| < CQ‘l/ dz |z — Ao|”
I

It follows from (5.2.29) and Lemma 5.3.8 that there is a constant C' (independent of n,
R, q and Q) such that

A@(@Q, B) - AP(Q, R)| < C/Q. (5.3.56)

Similarly, again employing ¢ € S(R,C), we find a constant C' (independent of n, R, g
and Q) such that
= ~1
<01\IJ‘?\0, <H9 — z) 01\11§0>‘

<01\II)\0,(H —z>_101\11f)\0> ,

where I j11 1= [Xo — €5, Ao + €] \ (Ao — €j4+1, Ao + €j11). We observe from Lemma 5.3.8
together with Definition 5.3.7 that there is a constant C' (independent of n, R, ¢ and Q)
such that

A0@Qun) - AV @m| <0 [ a

<CQ12/ dz

JJ+1

(5.3.57)

~ 0 Cj 26
AD(@Q,n) - AD@Q.m)| < CQ! / " <o 1. (5.3.58
’ @m= ( Z I+ PJ+1 Jz:; Pj+1 ( )
From Definition 5.3.7 together with (5.2.31), we obtain that
AD(@,n) — AN (Q,n)| < C/Q. (5.3.50)

This together with (5.3.56) implies that there is a constant C such that

A(Q,n, B) = A(Q,n, R)| < C/Q. (5.3.60)



5.3 Proof of our main results in this chapter 91

Consequently, the limit limQ oo A(Q,n,R) exists and it converges uniformly with re-
spect to n and R. We denote the limit by A(co,n, R) = Qlim A(Q,n, R). Tt follows that
— 00

(5.3.49) holds true. )
For fixed () and 7 > n and R > R, we have

‘A(Q7 ﬁa R) - A(Qa n, R)‘ < ‘A(Q7 77]‘7 R) - A<Q7 ﬁ? R)‘ + ’A<Q7 ﬁ? R) - A(Q? n, R)’ :
(5.3.61)

For 77 and R large enough, employing a similar calculation as in (5.3.55), we get from
(5.3.51), (5.3.52), (5.3.53) that there is a constant C' (that does not depend on Q) such
that

A@Q.7, B) = AQ. 7, R)| = |[AP(Q, R) — AP(Q, R)|

gC’/ ) _dz \z—)\orl
[-R,—R]U[R,R]

and furthermore, similarly as in (5.3.58), we obtain that there is a constant C' such that

7 -1
<01\1/§0, (H9 - Z) 01\I’§0>‘ <C/R, (5.3.62)

n—l oi+2, .
|A(Q, 7, R) — A(Q,n, R)| = )A<1>(Q,ﬁ) - A(l)(Q,n)‘ <cYy . i (5.3.63)
j+1

j=n

and consequently, it follows from Definition 5.3.7 together with (5.2.31) that there is a
constant C' (that does not depend on @) such that

|A(Q, 7, R) — A(Q,n, R)| < C/n. (5.3.64)

This together with (5.3.61) and (5.3.62) yields that there there is a constant C' (that
does not depend on @) such that

A(Q, 7, B) — AQ,n, R)| < C(R™ +n7Y), (5.3.65)

We conclude that the limit A(Q, 00, 00) = gm A(Q,n, R) exists (uniformly with
n,R—oo

respect to Q). This completes the first part of the lemma.
Now we prove the second part of the lemma. At first, we show the existence of the

limit lim A(oco,n, R). For 7 > n and R > R, we estimate
n,R—oo

|A(00,7, R) = A(00,n, R)| (5.3.66)
< ‘A(OO7 ﬁv R) - A(Q7 ﬁ) R)‘ + ‘A(Qa ﬁa R) - A(Q7 n, R)’ + ’A(Qv n, R) - A(OO, n, R)| .
For € > 0, we take Qg > 0 such that for all Q > Qg

|A(o0, 7, R) = A(Q,7, B)| < ¢/3 and  |A(c0,n, R) — A(Q,n, R)| < ¢/3.  (5.3.67)
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We obtain from (5~.3.65) that, for € > 0, there are constants ng, Ry > 0 such that, for all
n,n > ng and R, R > Ry,

\A(Q, 7, R) — A(Q,n, R)] < ¢/3. (5.3.68)

This together with (5.3.67) and (5.3.66) yields that, for € > 0, there are ng > 0 and
Ry > 0 such that, for n > ng and R > Ry, we have

|A(00, 7, R) = A(oo,n, R)| < e. (5.3.69)

This implies the existence of the limit %m A(oo,n, R) =: A(00,00,00). We fix € > 0.
n,R—oo

According to (5.3.69) we obtain that for large enough n, R, |A(oc0, 00, 00)—A(c0, n, R)| <
€/3. Since limg_,00 A(Q,n, R) = A(oc0,n, R) uniformly with respect to n, R, then for
large enough @) (independently of n, R) |A(co,n, R) — A(Q,n,R)| < €/3. Moreover,
because A(Q, 00, 00) := . ggloo A(Q, n, R) (uniformly with respect to @), for large enough

n, R (independently of Q) we have that |A(Q,n, R) — A(Q, 00, 0)| < €¢/3. We conclude
that there are n € N, R > 0 and Q > 0 such that, for n > n, @ > Q and R > R, we
have

|A(OO7 o0, OO) - A(Qa 0, OO)| S|14(OO’ 00, OO) - A(oo,n, R)‘ + |A(OO’ n, R) - A(Qvna R)|
+[A(Q,n, R) — A(Q, 00, 00)| < €. (5.3.70)

This proves that limg_,., A(Q,00,00) = A(00,00,00) and completes the proof of the
second part of the lemma. O

5.3.2. Proof of Theorems 5.1.1 and 5.1.3

In the section, we give the proof of the main theorems based on the previous results.

Proof of Theorem 5.1.1. Let h,l € ho; c.f. (2.1.1). Recall the definition of W given in
(2.2.27) and the form factor f in (1.2.3). Thanks to the fact that f € C*°(R3\ {0},C),
we find that

hf, lf,W € bho. (5.3.71)
Theorem 2.2.2, i.e., Equation (2.2.26) together with Lemma 2.2.1 (iv) yields

T(h,1) = =2mig||Wxo ||~ (a—(W)o1Wag, Wa) = —2mig|[ Wi, |7 ([a— (W), 01] Wi, ¥} ,
(5.3.72)

and furthermore, recalling w(k) = |k|, and Lemma 2.2.1 (ii), we obtain that
2 o [0 e [ isH isH
T(h,1) = —2m(ig)?[| W | / ds (W, ) ([e*Hore™ 01| Wy, 0, )

— 9o QH\I/ o [ d 1774 —isH isH N, U
= g Ao” 0 3<f7 —s>2 € g1e , 01 Xos ¥ o

= ig?| @y, |7 (T = 7)), (5.3.73)
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where we use the abbreviations

TU) .= lim lim T0)Q (5.3.74)

q—0t Q—o0

for j = 1,2 with

TW:2Q 72771/ ds/d?’kW (k) f (k)e?s(kl+20) <01\IJ/\0,e_iSH01‘11)\0>

= —2m'/ ds/dr G(r)e? (o) <01\1!>\0,6_i8H01\II>\0> (5.3.75)
q
and
Q ) A
7290 .= _om; / ds / dr G(r)e'*(r=20) <01\IIA0,625H01\II>\0>. (5.3.76)
q
Here, we recall (5.1.4):
dXdY r4h(r, X)1(r, X) f(r)? f >0
G . R — (C, ro— G( ) f (’r ) (T, )f(’/") or r=z
0 for r <0,
(5.3.77)

where we write spherical coordinates k = (r,X) and k¥’ = (+/,%') in (2.2.2) and (2.2.27)
recalling the definition of W and that f(k) = f(|k|) only depends on the radial coordinate
r = |k|. Thanks to (5.3.71), we observe

G e C®(R\ {0},C) C S(R,C). (5.3.78)

Term T(D4@:  Theorem 4.2.3 guarantees that ¥,,, and therefore, also o1V, is an
analytic vector (see Definition 1.3.4). As pointed out earlier, for the ground state, we
can take the set S to be a neighborhood of 0 which allows us to apply Lemma 5.3.2 and
find

Q ) ) — -1
TR = —/ ds/dr G(T)eZS(T+’\°)/ dze "7 <01\Il§0, (Hg — z) 01‘1’§0> )
q I'(en,R)

(5.3.79)

Here, I'(e,,, R) = T'_ (€, R) UT'c(€,,) UT'4(R) is the contour defined in Lemma 5.3.2, i.e.,
(5.3.2), for sufficiently large R > 0 and n > 2. We split the term

T(1)7Q7Q — Téi?g’Q + Te(j)quQ + Tlgl)’q’Q (5380)
according to the different contours parts, see (5.3.2), in the dz-integrals:
. = -1
6m / ds J(s / o) dze " <01\P§0, (Ha - z) 01\11§\0> ,  (5.3.81)
-1
T(10Q ; — —/ J(s)/F ) dze™ < 108, (HY - 2) almy§0> : (5.3.82)

)
—1
T, / ds J(s / dze <a v, (H - z) 01\1/§0>, (5.3.83)
La(R)
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and we use the definition

J:R—=C, s—J(s /er )ets(rio), (5.3.84)

We observe that, thanks to (5.3.78), we have J € S(R, C) which implies
|J(s)] < C(1+]s]*)7! (5.3.85)

for some constant C. Moreover, we have (see (5.2.29))

eslmz

1

, —1
e is <a v, (H - 2) 01\11§0>‘ < Ol P

Contribution Te(:)’q’Q in (5.3.82): Using (5.3.85), we may start with the bound

-1
dze™ <U\II , HY — 2 O“If6>.
o o (B —2) " o,

It follows from Lemma 5.3.8 together with Definition 5.3.7 that there is a constant C
such that, for s € [¢, @], we have

/Fc(en) dze < vl (H9 — z) 01\II§0>

where we use (5.2.31). In conclusion, we have for all 0 < ¢ < Q < oo

|70,

(5.3.87)

5€[q,Q]

< Cen@omtl < e @pi/8, (5.3.88)
Pn

lim 7)%Q = 0. (5.3.89)
n—0 "

Contribution T(l) %9 in (5.3.83): Using (5.3.85) again, we find

-1
/ dze™ <0 \II)W (HG — z) 01\If€\0>’ . (5.3.90)
(R)

For s € [g, Q], we observe that there is a constant C' such that (see (5.2.29))

-1
dze™ \I/ , HY — > A4 >
/Fd(R) <J Ao ( ) g1¥),

Thereby, as in (5.3.91), we obtain the estimate

1 -1
li vl (HY - Nk
Rg{l)o/ ds —— APE /Fd(R) dz <J )\0’( z) o1 ,\0>‘

< lim — = 0. 5.3.92
—REEOR/ 1+ysyzysy (5:3.92)

(1).0.Q 1
T < d
| R |—C/q 51+|3|2

< C/ duy e~ susn@/4), (5.3.91)
R Jo
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Then, we conclude for all 0 < ¢ < Q < 00

lim TH)7% =0, (5.3.93)

R—o0

This together with (5.3.89) and (5.3.80) yields that for all 0 < ¢ < @ < o0

TR = Jim 79, (5.3.94)

n,R—00 €ns

Note that J € S(R,C). Therefore, we are in the position to apply Lemma 5.3.10 and
find

7MW@ .= Ji;m 7MW@ = lim  lim T(l)]gQ lim Tg( )R (5.3.95)
Q—00 Q—oon,R—o0 n,R—o0 ™’
where
(.g00 . _ 1 Wae _ [T —isz 7 o \N' 50
T, 'k = Qh—r>nooT€"’R = /q dsJ(s)/F - )dze <01\IJ/\0,(H z) 01\1'/\0>.
(5.3.96)

, = -1
For fixed n and R, the function z s e *%? <01\I/§\0, (He - Z) 01‘11?\0> is bounded in
I'_(en, R). Then, thanks to (5.3.85), we may apply Fubini’s theorem and find:

1 00 .
Te(i?j%q’oo = —/F o dz <01\I!>\0, (H9 — z) 01\11§\0>/ ds/dr G(r)els(”)‘ofz)
—\€n, q

= —/ dz <U1\I//\07 (H9 _ 2)71 01\11?\0> /ds O(s — Q)/dr G(Z)(T)e—isr_
I'_(en,R)

(5.3.97)
In the last step, we use the coordinate transformation r — z — A\g — r and the notation
GHR-C, r=GA0r):=Gkz-N-71) z€eR (5.3.98)
Then, it follows from (5.3.78) together with Definition 5.3.3 that
/ds s—q/er _m*/ds /erZ)
F[GE) = F[O)(GH), (5.3.99)
where, for ¢ > 0, we define
G@a(r) = G (r)e i, (5.3.100)
Thanks to (5.3.78), we have for z € R and ¢ > 0

G#a e C®*(R\ {z = \},C) € S(R,C). (5.3.101)
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It follows from Lemma 5.3.6 that for z € R
/ dsO(s — q) / dr G&) (r)e™" = 75(GE9) — i (PV (1/e)) (GP9).  (5.3.102)

This together with (5.3.97) yields that

1),q,00 1,1),q,00 1,2),q,00
T = g gl (5.3.103)
where
e, _ o dz {01 (Hf’— )*1 U9 NGz — A 5.3.104
en,R - = 1% o> z O1% )\ (= 0) (5.3.104)
I'_(en,R)
0o . ) -1 —\n — —iqr

Te(ljzz?,)’q’ D= z/ dz <01\I/§\07 (HG - z) 01\11?\0> lim / dr Glz = do = r)e

n I'_(en,R) n=0% JR\[=n,n] r
(5.3.105)

In the following, we shall compute both contributions explicitly.

Contribution Te(j’ll%)(h,l): It follows from (5.3.78) that there are numbers M > x > 0
such that supp G c [k, M]. Recall that everything so far holds for any choice of n, R > 0
large enough. For the rest of this proof we will restrict this choice to R > M and n > 0
large enough such that e, < k/4. In this setting, we may turn the dz-integral in an
indefinite one, exploiting, the compact support of G and the definition of the contour
I'_(€n, R). We thus obtain

(L1),goo _ 9 o\t 0 B
T = W/F(GMR) dz <01%0, (H z) 01\11)\0> G(z — o)
7 -1
=— dz (o108 (HY —Xg— 2 \119>Gz
W/F(en,R)—Ao <J1 Ao ( 0 ) 1y, ) G(z)
© 7 -1
- /0 d <01\1/§0, (1"~ 2 - 2) aqu§0> G(2) (5.3.106)

Contribution Te(i:;)(h, l): In order to calculate Te(j:?(h,l) we can now fall back to

Lemma 5.3.9. We recall Definition 5.3.7 and notice that 0 < ¢, < x/4 for sufficiently
large n. Then, as a direct consequence of Lemma 5.3.9, we find (for sufficiently large R)

lim TR =i lim T, g(n)

n,R—oo n,R—o0,n—0
; 7 -1
= —7T/Rd7” G(r)e " <01\I/§0, (HG — X — 7") 01\11?\0>
- “a o (H? -\ ol ) Gl)e i, (5.3.107
= | de (o Qo (H? =20 = 2) 0088, ) G(z)e ™, (5.3.107)

where T}, p(n) is defined in (5.3.39).
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Collecting the contributions of (5.3.103), i.e, (5.3.106) and (5.3.107), we establish the
identity

70 = lim  lim T8 (5.3.108)

g—0T n,R—o0 ™

00 _ -1 .
= —m lim A dz <01\IJ?\0, (He — Xy — z) 01111?\0> G(z)(1+ e %)

q—0t
- —27r/ dz <01\Il§0, (H” =2 - z)*l 01\1/§0> G(z)
0
_ —27r/d3kd3k’h(k)l(k’)f(k)f(k’)d(]k! —¥)) <01\I/§\0, (27~ 20— K1) aqu§0> .

In the third line we applied the dominated convergence theorem which is justified by
(5.3.78). Moreover, we have inserted the definition of G using the symbolic notation of
the Dirac-delta distribution in the last step.

Term T3): The second term T® can be inferred by repeating the calculation with
6 replaced by 0 and reflecting the path of integration I'(e,, R) on the real axis when

applying Lemma 5.3.2. In this case one has to consider the Hamiltonian HY whose
spectrum is given by mirroring the spectrum of H? at the real axis. Due to the similarity
of the calculation, we omit a proof but only state the result

T = 27r/d3kd3k’Wuk’)f(k)f(k’)aw —|K']) <01\1/§0, (H” = + ]k:’|)_l aqu§0> .
(5.3.109)

The relative sign in comparison with (5.3.108) is due to the the opposite mathematical
orientation of the contour. Inserting (5.3.108) and (5.3.109) in (5.3.73) completes the
proof. O

Proof of Theorem 5.1.3. We recall from Theorem 5.1.1 that, for all h, [l € hg, we have
T(h,1) = —27”'\\%0!\_292/dBkdgk'h(k)f(k)l(k’)f(k’)5(\k\ —[¥]) (5.3.110)
— -1 _ 1 _
X <<0’1\I’§0,<H6—)\0— ’k/|> 01\1’§\0>+<O’1\IJ§\O,(H9—>\0+|/€,|) 0'1‘11§\O>) .

It follows from h, [ € hy that there is a constant x > 0 such that the support of h and [ is
contained in the interval [k, 00). Hence, for the remainder of the proof we only consider

k, k' € R3 such that |k|, |k'| > x. Using the identity P? + P? =1, we find

5 -1
<01\If§0, (H9 ~ o — |k'|) glxp§0> (5.3.111)

1

] o o
= g (e Hend )+ (Plovt,. (B = 20~ ¥)) " Plon )
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Recalling (5.2.25) and the definitions \Ilgi = Plp; @ Q (for i = 0,1), we observe
(108, Pl ®,) = [ W |P(1 +7(9)),  where  [r(g) <Cg  (53.112)
for some constant C' (independent of g). Similarly, we find

[Pfovts, | < waslcs, and [P,

< |y, ]| Cy. (5.3.113)

Let ¢ be the constant introduced in (5.1.9). Note that the vertex of the cone Cy, (A1 —

2p,11+“ /A e—iv ) belongs to the lower (open) half space of the complex plane if

—g?c+ 2pHH/  sin(v) < 0, (5.3.114)

and the condition C,, (Ao — 2p,11+“/4e_i”) N [k + Ao, 00) = 0 holds true if
—k + 2o cos(v) < 0. (5.3.115)

We find that there is a fixed number 7 € N (independent of g) such that (5.3.115) is
fulfilled for n > n. Moreover, recalling v € (0,7/16), we observe that the conditions
(5.3.114) and (5.3.115) are fulfilled for

g’c ) 1
2sin(v)pp 1/ (1 + p/4)log(p)

n > log ( + 7. (5.3.116)

We fix ng > 0 to be the smallest integer number satisfying this inequality. Then, we find

g’c ) 1
ZSin(V)p(l)+“/4 (14 p/4)log(p)

no < log ( 41 (5.3.117)

For such ng, the cone C,, (A1 — Qp}lj“ / 46*1"’) belongs to the lower (open) half space of
the complex plane and Cp, (Ao — 2p,1$”/4e_i”) N[k + Ao, 00) = 0. Then, for k¥’ € R3 with
|k'| > Kk, we conclude

o+ K1) € AU (B \ G (o = 2055/1e7) ) U (BIY\ Gl — 2057/27))
(5.3.118)

where we recall (5.2.4), (5.2.8) and (5.2.9). Moreover, (5.3.117) implies that

: Po N\
cm™o < CTH—I exp |:_ log ( 1+#/4>:| (1+p/4) log(p)
2sin(v)p,
. 1+p/4 log(C)
_ ot 2sin(v)py (+u/4) Tog(p)
- 2

<Cg, (5.3.119)
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where we use that Cp2(11/4) < 1, see (5.2.32). For k' € R? with |k’| > & such that
X+ K] eRN Bgl), this together with (5.2.37) and (5.3.118) leads us to

1

_ 1
T

< . 3.1
< Cy dist(ho + B[, Cm (M) (5.3.120)

It is geometrically clear, because of Im\; < —g?c < 0 - see (5.2.13), that there is a
constant C' (that depends on v and m, but not on g) such that, for ¥’ € R? with |k'| > &

such that Ao + |[k'| e RN Bg), we find

Ao + || — A\1] < Cdist(Ng + |K'], Cn(A1))- (5.3.121)

Then, for k' € R? with |k’| > & such that \g + |k'| € RN Bgl), (5.3.120) and (5.3.121)
yield

1

1
Hm

< _1—.
SO T

(5.3.122)

Similarly, we conclude from (5.2.37) together with (5.3.119) and (5.3.118) that, for k' €
R3 with |k'| > & such that Ao + |k'| € RN BV,

1

1
Hm

AL — o — |K||
(5.3.123)

1
-1
dist(Ao + k'], Cim(N0))

1
< Cyg <Cg'-<Cg!
K

where the last step follows again from geometrical considerations. Moreover, (5.3.122)
and (5.3.123) together with (5.3.118), (5.3.113) and (5.2.29) yield that

— —1— — = ~1
'<Pfaqu§0, (H” = 2o — [K]) Pfalq;§0> < ‘ Ploy g, ‘Pf)ollll?\o (H” = xo — |K]) H
1
< |y |PCg—— 5.3.124
< 1|l I 0 T ( )

for all ¥ € R with |k'| > k > 0. Consequently, (5.3.111) implies that

— —1 1
-2 0 0 ! 0 —
[K2v| <0-1\Ij>\07 (H Xo — |k |) 01\1%> YRS w—TY (1+Ri(g9)), (5.3.125)
where |R1(g)| < Cg for some constant C' (independent of g).
By an analogous computation, we obtain

_ 7 ) -1 1
195172 <01\IJ§0, (H” = 2o + [¥]) alxlf’;0> b= (1+ Ra(g)), (5.3.126)

Ao + K]

where |Ra(g)| < Cyg for some constant C (independent of g). It follows from (5.2.28)
that there is a constant C' (independent of g) such that |[A; — \g + |K/||7! < C for all



100 5. Scattering formula for the massless Spin-Boson model

k' € R? with |k’| > k, and hence, it follows from (5.3.125) together with (5.3.126) that,
for k' € R3 with |k’| > &, we have

— -1 — — —1
Hwa4(<mm%,Qﬁ—Ao—m® <nw%>+<mm%(ﬂﬂ—xm+mﬂ <n@%>)

1
= —— - (1+R =", 5.3.127
where |R(g)| < Cg. This together with (5.3.110) implies that
T(h,1) = —2m’g2/d3kd3k’h(k)f(k)l(k’)f(k’)é(]k\ — |K) (5.3.128)

« 1 n L bR —
M=o — & = o+ K] PN = xo— K] )

Changing to spherical coordinates k = (r, X) and k' = (/, ¥’) and recalling the definition
of G in (5.1.4) yields

1 1 R(g) )
+= +
AM—=X—7T M-—X+r M—A-—7T
. 2(Re )\1 - )\0) R(g)
=2 2/d G — . (5.3.129
i T(”QM—M—MM—M+m+M—M—T ( )

In the following we will show that there is a constant C'(h, 1) > 0 such that

G(r)
‘/dT‘ )\1 — )\0 — T

Recalling that |R(g)| < Cg, we then observe that

‘/dr G(T))\lfi()\go)—?“

Note that the function G does not depend on g. Moreover, we observe from (5.1.4) and
h,l € ho that G : R — C is a smooth function with compact support in the interval
[r1, 2], where r1 and r9 are some real numbers such that 0 < k < r; < ry. Hence, there
is a constant C(h,l) > 0 such that

T(h,l) = —2m'92/d7‘ G(r) <

< C(h,1)|loggl. (5.3.130)

< C(h,l)g|logg|. (5.3.131)

G(r) T2 1
dr ———————| < C(h,l / dr ———. 5.3.132
‘/ A —X—T (h,1) " A1 — o — 7 ( )

In addition, we find
T2 1 T2 1
dr —— :/ dr
/7‘1 |)\1 —)\0—T| r1 \/(Re/\l —/\0—7')2+(Im)\1)2
(Re)\1—>\0—r1)/g2 1

U , 5.3.133
(ReA1—Xo—r2)/g? \/U2 +g*4(Im )\1)2 ( )
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where we substituted u = (Re \; — A\g — 7)/g? in the last step. It follows from (5.2.13)
that there is a constant ¢ > 0 (independent of g) such that |g=2Im \;| > ¢. This yields

(/md :l<</ﬂ%A1AOTnM /ﬂm vt (5.3.134)
r , 0.
1 |A1 - )\0 - T| - (ReAd1—Xo 7‘2 \Y U2 + C a/g U2 + 02

where in the second line, we introduced the notation o := 1+max;eo,1y [Re A1 — Ao — 7.
Note that @ = «(g) depends on the the coupling constant g, however, it follows from
(5.2.28) that it is bounded from above by constant a (independent of g). Recall that
we require g to be sufficiently small. In particular, we have 0 < g < gg for some
fixed constant 0 < go < 1 (see Definition 4.4.3). Then, we find that a/g?> > 1, and
consequently, we observe from (5.3.134) that

/g’ 1 2 a/g 1
[t [ontvgieas ool e
At —Xo—7| a/g \/u2 + c2 c 1 Vu? + ¢?
2
10g< )‘< + 2|log a| + 4| log ¢

< C(h,1)|log(g). (5.3.135)

<+2

for some constant C'(h,1) > 0 (independent of g). Here, we recall that a and ¢ do not
depend on g. Then, (5.3.135) together with (5.3.132) implies that (5.3.130) holds true.
This together with (5.3.129) yields that

Redi — Xo
(A =20 —1)(A1 — Ao +7)

ﬂhb:%mf/MGm + R(h,1),, (5.3.136)

and there is a constant C(h,1) such that |[R(h,1)| < C(h,1)g?g|logg|. We observe that
this completes the proof of the theorem if we drop the factor ||¥y,[ 2 in (5.1.8) (see
Remark 5.1.4).

We recall that there is a constant C' (independent of g) such that |A\; —\o+|K'|| 71 < C
for all ¥ € R? with |k'| > k. Then, we obtain from (5.3.132) that there is a constant
C'(h,1) such that

Re)\l—)\o
drG — < C(h,0)|1 . 5.3.137
‘/ PO G e e | S Ol (5.3.13)

Moreover, it follows from (5.2.25) that ||¥y, || = 1+ r(g) and |r(g)| < Cg. This
together with (5.3.137) and (5.3.136) implies that

Re)\l — )\0
()\1 —)\0 —7“)()\71— )\04‘7’)

T(h,1) = —dri]| Uy, | 2g? / dr G(r) LRI, (5.3.138)

and there is a constant C(h,1) such that |R(h,1)| < C(h,1)g?g|log g|. O






6. Scattering formula for the massive
Spin-Boson model

In this chapter, we analyze the massive Spin-Boson model introduced in Chapter 1.2,
where we set the mass of the scalar field m > 0 and the infrared regularization parameter
p = 0. Note that this yields the dispersion relation w(k) = vk? + m? and the infrared
regularization is not necessary anymore. We point out that our proofs, in this chapter,
allow for more general boson form factors f than the one defined in (1.2.3). In particular,
f has to be spherical symmetric (in order to simplify our notation), satisfy f, Df, D*f €
L%*(R3), where D is the generator of dilations introduced in Definition 6.4.1 (ii) below,
and the condition

f(y/e2 —m2) > 0. (6.0.1)

Here, we use a slight abuse notation and identify f(k) = f(|k|). This means that f does

not have to be analytic and the infrared singularity is not an issue here (m = 0). This

being said, for concreteness, we consider the particular choice of f defined in (1.2.3) in

the remainder of the chapter and observe that it meets all conditions mentioned above.
In addition, we assume the following throughout the present chapter:

Assumption 6.0.1. We suppose that ey — eg ¢ mN. This implies
J := dist(e; — ep,mN) > 0, (6.0.2)

where the symbol dist stands for the Fuclidean distance. Moreover, we assume the mass
of the scalar field to be smaller than the energy level e1 in order to allow for scattering
Processes.

Speaking in physical terms, this assumption excludes the possibility that a certain
number of bosons with zero momentum are able to flip the atom to the excited state.

6.1. Comparison to previous results

In Chapter 5 (c.f. [23, 22]), we derived a formula revealing the relation between the
resonance A; and the integral kernel of the scattering matrix was for the case of a
massless scalar field. It was proven that the scattering matrix coefficients of one-boson
scattering processes, excluding forward scattering, feature the expected Lorenzian shape
in leading order in the neighborhood of the real part of the resonance A\;. More precisely,
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it was shown in Theorem 5.1.3 that the leading order in the coupling constant g (for
small g) of the integral kernel of the transition matrix 7" fulfills

Re )\1 — )\0

T(k, k') ~ dmig?||[ 0 || 72 f(k)25(|k| — |k =

(6.1.1)

Here, U, denotes the (due to the construction, unnormalized) ground state correspond-
ing to A\p and ¢ the Dirac delta distribution. Due to the absence of a spectral gap, a
subtle study by means of multiscale perturbation analysis was necessary to construct
the ground state and resonance and control the required spectral estimates (see Chapter
4 and [21]). The main tool used to control the time-evolution operator in the scat-
tering regime, and hence, the scattering matrix coefficients, was the Laplace transform
representation of the unitary time-evolution operator generated by the corresponding
Hamiltonian H, i.e.,

(¢, e7 M) = lim % /]R+ dze ™ (¢, (H —2) " ¢). (6.1.2)
In order to justify this identity in a rigorous sense, precise control of the resolvent
close to the real axis is needed to infer sufficient decay for the integral to converge.
For this purpose, the Hamiltonian was studied with the help of a conveniently chosen
complex dilation in which it exhibits a spectrum consisting of the ground-state energy
Ao, a resonance A1 having negative imaginary part, and the rest of the spectrum being
localized in cones in the lower complex plane attached to A\g and A;, respectively. Thanks
to this fact, a well-defined meaning can be given to (6.1.2) by deforming the integration
contour R + i€ at —oo and +o0o towards the lower complex plane.

In the case of a scalar field with mass m > 0 as discussed in this chapter, this strat-
egy fails. The reason is that the spectrum of the corresponding dilated unperturbed
Hamiltonian contains the points

{60 + km}kGNo @] {61 + km}keNO, where Ny :=NU {O} (613)

This leads to an absence of decay of the corresponding complex dilated resolvent close to
the real line, which, in [23], was a crucial ingredient to control the time-evolution operator
in the scattering regime. Therefore, compared to Chapter 5 (c.f. [23, 22]), a different
strategy to control the time-evolution operator has to be developed which is the content
of this chapter. As discussed in Section 6.3 below, we use Mourre theory to obtain the
required spectral control. In particular, we combine Mourre theory with perturbation
theory and the Feshbach-Schur map. In Section 6.3 we compare this approach to the
method of complex dilation which was employed in [23, 57].

We point out to the reader that, in general, Mourre theory has been studied in a
variety of models (see, e.g., [6, 5, 28, 44]). We emphasize, however, that our application
of this theory is non-standard. In the spirit of [4, 36], we prove a “reduced” limiting
absorption principle for the unperturbed Hamiltonian at the excited energy e; and ap-
ply perturbation theory — see Lemma 6.6.3 and Proposition 6.4.8 (iii) below. One of the
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main achievements of the present chapter (c.f. [19]) is then to combine the obtained lim-
iting absorption principle with a suitable application of the Feshbach-Schur map. Using
in addition Fermi’s Golden Rule, we then manage to obtain the required control of the
time evolution.

The remainder of this chapter is structured as follows: In Section 6.2, we construct the
ground-state of the model and in Section 6.3 we present our main result of this chapter,
i.e., Theorem 6.3.2. The remaining sections consist of the main technical ingredient given
in Section 6.4 and its proof in Section 6.6, the proof of our main result in Section 6.5.
We lay out a roadmap for these sections in the end of Section 6.3.

6.2. Ground-state and standard estimates

The existence of a unique ground-state has already been proven in the more complicated
situation of a massless scalar field; see e.g. [51] and [21]. For the massive model at stake,
it can be shown using regular perturbation theory. However, for the sake of completeness,
we provide a detailed proof in the following.

Proposition 6.2.1 (Ground-state). For g > 0 sufficiently small, H has a unique ground
state, i.e., \og = inf o(H) is a simple eigenvalue of H. We have

Ao = ey — g*To + Ro(g), where To:=|f/(ex —eq+ w)||2, (6.2.1)

and there is a constant C > 0 such that |Ro(g)| < Cg*. Furthermore, denoting by W,
the (unnormalized) ground-state, we have that

[Wx, — o @ Q| < Cy. (6.2.2)

The existence of a ground state can be established for any value of g (see [34]). For
the sake of simplicity, we only present the proof for sufficiently small g > 0 since our
main results require this condition anyways.

First of all, for 0 < r < ' < co and w € C, we introduce the notation for the open
annulus in the complex plane:

D(r,r',w)={2€C:r<|z—w| < R}. (6.2.3)

Lemma 6.2.2. Let g > 0 be small enough and Assumption 6.0.1 hold true. Then, H—z
is invertible for all z € D(m/4,m/2,0) (defined in (6.2.3)) and

| = 2)7Y| < 2|[(Ho — 2)7Y|| < 8/m vz € Dm/4,m/2,0). (6.2.4)
Proof. First of all, note that o(Hy) = {0} U [m, c0). This implies that

dist (D(m/4,m/2,0),0(Hp)) > 4/m, (6.2.5)
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and hence, Hy — z is invertible for all z € D(m/4,m/2,0), and for those z, we have
(o = 27| < 4/m. (6.2.6)
Moreover, it follows from the standard estimate in Proposition 6.2.5 that
HV Ho+1)" H <c, (6.2.7)

and hence, we obtain for all z € D(m/4,m/2,0)

[V -2 < vt + 1) szi < Csw zfi <CB+4/m). (6.2.38)
Consequently, for g > 0 sufficiently small, we find
[V, -2 < cg <1/, (6.2.9)
and hence,
H—z=1+gV(Hy—2) ") (H— 2) (6.2.10)

is invertible for all z € D(m/4,m/2,0) and the resolvent fulfills

| = 2)7Y| < 2|[(Ho — 2)7Y|| < 8/m. (6.2.11)

Definition 6.2.3. We define the contour
¢:[0,27] — C, @ C(t) :=m/4e™. (6.2.12)
Furthermore, we define the projections

Po gt = (—2mi)~ ?{dz (Ho —z) = P,, ® Pg (6.2.13)

and

Py := (—2mi)~ ! ]fdz (H—2)"". (6.2.14)
¢
Here, P,, denotes the projection onto ¢o and Pq the projection onto the vacuum €2 €
Fb]. The equality in (6.2.13) can be seen by a direct calculation.

Lemma 6.2.4. Let g > 0 be small enough and Assumption 6.0.1 hold true. Then, we
find

1Py — Po,atll < 9C < 1. (6.2.15)
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Proof. 1t follows from Definition 6.2.3 that

2m . .
1Py — Poell < (27) 7" /0 dt [|(H = m/ae")™t = (Hy — m /1)

< g sup } H(H - m/4eit)_1HHV(Hg —m/4e) 71|, (6.2.16)

te[0,2m

where we used the resolvent identity in the second step. This together with (6.2.9) and
Lemma 6.2.2 completes the proof. O

Proof of Proposition 6.2.1. Clearly, Py .t = P,,®Pq is a rank-one projection, and hence,
it follows from Lemma 6.2.4 that also Py is a rank-one projection. Consequently, the
self-adjoint operator H has exactly one eigenvalue in (—m/4,m/4) which we call A\g and
Wy, = Popo ® Q € H is non-zero and fulfills HV )y, = \gW¥),.

In the remainder of the proof we compute Ay up to second order in g.

(Ao — eo) [{¢0, Pogo)| = {¢o, (H — Ho) Poo) = g (¢0, V Podo) , (6.2.17)

where we have introduced the notation ¢; = ¢; ® €2 for i = 0,1. Moreover, the resolvent
identity yields that

(0, V(H = 2)" ) = (0, V(Ho — 2)""¢0) — g (0, V(Ho — )"V (Ho — 2)'¢0)
+ 6% (60, V (Ho — 2) 7'V (Ho — 2)7'V (Ho — 2) " 60)
— g% (60, V(H = 2)7'V (Ho — 2)"'V (Ho — 2) "'V (Ho — 2) 60 ) . (6.2.18)

Note that the even orders of g vanish due to symmetry and recall from (6.2.6) that
|V(Ho — 2)~!|| < C. This implies that

|V =27 < |[(Ho = 2)(H = 2)7Y||[V(Ho — 27| < C(1+ gC). (6.2.19)

Consequently, we obtain

(60, V(H = 2)"'¢0) = —gleo — )" (al(f)"é1, (Ho — 2)""a(f)"é1) + Ro(g)
= —gleo—2)" [ k1) ler +wik) - )7 + Rolg) (6.2.20)
where |Ry(g)| < Cg®. Then, it follows from (6.2.17) together with Definition 6.2.3 that
Ao = e — 9°To + Ro(g) (6.2.21)
where Ro(g) = g |(¢0, Podo)| " Ro(g) and

Py = (—2mi)"! fé dz (o =27 [ ARIFEP(er +wh) - 2)7" (6.2.22)
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Fubini’s theorem allows for interchanging the order of integration, and hence, we obtain
from the Cauchy integral theorem

Ty = /d3k F(R)2(er — eo + w(k)) L. (6.2.23)

We point out to the reader that this integral is non-singular because of Assumption 6.0.1.
This completes the proof of the first part of the proposition. The second part follows
from the definition of the ground state:

Uy, =Popo @ Q=00 @ Q+ Ty, (6.2.24)

where {I})\o = (Py — Poat)po ® Q € H and Lemma 6.2.4 yields that H‘T’Ao < Cy.
Moreover, note that ¢g ® €2 is the unique ground state of Hp, and hence, Py, is a
rank-one projector. We conclude the uniqueness of ¥, again from Lemma 6.2.4. ]

In the following we recall important properties and estimates for the model at stake.
Note that the statements are direct consequences of Proposition 1.3.3, Lemma 1.3.2 and
1.3.1 (see, e.g., [23] and [51], see also [39, Lemma 21)).

Proposition 6.2.5. For every h € b and a(h)* € {a(h)*,a(h)},

|a(r) (Hy +1)72|| < C|Al,, (6.2.25)

where C' is a positive constant. This implies that gV is infinitesimally bounded with
respect to Hy and, consequently, H is self-adjoint and bounded from below, on the domain

D(H) = D(Ho) = D(1g @ Hy), (6.2.26)
and the operators
Hy(H+i)™",  HHp+1)™" (6.2.27)

are bounded.

6.3. Main result of this chapter — and comparison to results in
the massless model

We now come to our main result of this chapter, Theorem 6.3.2 below, which makes
precise the relation between the scattering matrix kernel and the resonance in the massive
Spin-Boson model.

At first, we recall Definition 5.1.2:

Definition 6.3.1. Using the notation d°z = d¥r?dr for solid angles ¥ and radius r in
spherical coordinates, we recall, for all h,l € by,

[ddY r4h(r, D)l (r, %) f(r)? for r>0
0 for <0’
(6.3.1)

Gh,l R — (C, = GhJ(T') = {

In the proofs below we will drop the indices h,l and write Gy = G.
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Theorem 6.3.2. Suppose that Assumption 6.0.1 holds. There exists a complex number
I'_o withImT'_y > 0 such that for all h,l € bg and g > 0 sufficiently small, the transition
matriz coefficients (2.1.6) are given by

T(h,l) =Tp(h,l) + R(h,1), (6.3.2)
where

Gh’l(T) (61 — 92 Re F_o — /\0)

w(r) + o — (e1 — g?T'_p)) (w(r) — Ao+ (e1 — gQI’i_o)) 7
(6.3.3)

Tp(h, 1) ::47rz’gZH\IJ)\OH_2/d7’ :

and there is a constant C'(h,l) > 0 such that
[R(h,1)| < C(h,1)g%g"?|10g(g)|- (6.3.4)

In (6.4.50) below we give an explicit expression of T'_g.
Tp(h,l) is the leading term in terms of powers of g for small g, and R(h,1) is regarded
as the error term. This is justified by Remark 5.1.5.

Not surprisingly, it turns out that
Xl =e1 — gQF_O (6.3.5)

is the leading term of the resonance, up to order g?. This connection can be made by the
standard construction of the resonance by means of complex dilation. This computation
is not carried out here since we wanted to focus on the methods of Mourre theory rather
than complex dilation; see, e.g., [10] for such a construction for massless fields using the
method of complex dilation. Note that, in our situation, the construction is much easier
since the dilated Hamiltonian exhibits spectral gaps. For treating resonances within the
realm of Mourre theory we refer to [54, 55, 27, 36].

In order to compare this formula with the massless case, see (6.1.1), we may rewrite
(6.3.3) in integral kernel form which takes the form

2 [K[(w(k) — w(k)) Re A1 — g

w(k) (k] + Ao — M) (k] = Ao + A1)
(6.3.6)

Tk, k') ~ dmig? |0, ||~ (k)

There are only two differences in the formulas (6.3.6) and (6.1.1). One is due to the
different dispersion relations w(k) = /|k|?> + m? and w(k) = |k| for the massive and
massless case, respectively, and the other due to the fact that, in (6.1.1), A\; figures
the non-perturbative resonance while, in (6.3.6), the entity M is only the second order
perturbation in g for small g as explained above. However, the latter difference is not
relevant as the rest term R(h,[) in both cases is of order g ¢'/?|logg|, and thus, will
swallow this difference anyway.
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The difference in the order in g of the given estimates of the rest terms R(h,[) between
the massive, i.e., g2 g'/3|log g| in Theorem 6.3.2, and the massless case, i.e., g° g|log g| in
Theorem 5.1.3 (c.f. [23, Theorem 2.2]), is solely due to the different techniques which were
employed. While in the present chapter the required spectral information is inferred by
Mourre theory, in Chapter 5 the method of complex dilation was used. If a fair compar-
ison of both techniques is possible at all, from our experience, it turns out that Mourre
theory requires less information about the model, especially, no analyticity properties,
to start with, however, gives a little more imprecise estimates of the remainders. In turn,
the method of complex dilation is based on these analyticity properties but, given this
information, one is able to produce slightly better estimates on the remainders. Since
the model features a scalar interaction, the physical perturbation processes only differ
for even orders in g. Hence, the different estimates of the remainders inferred by our
application of Mourre theory and the method of complex dilations can be expected to
be physically insignificant. Furthermore, also technically, there seems to be room for
improvement.

Compared to our previous derivation of the transition matrix formula (6.1.1), see
Chapter 5 and [23, 22], for the massless Spin-Boson model, there are two main innova-
tions in the strategy of proof. First, as already explained, we do not rely on complex
dilations anymore but instead use Mourre theory to infer the required spectral infor-
mation. And second, as mentioned already in the introduction, we handle the problem
caused by the nature of the spectrum of the free dilated Hamiltonian (see (6.1.3)), which
is a complication due to non-zero boson mass. In previous works [23] and [21], complex
dilations were used both for the construction of the resonance as well as the control of
required spectral properties, in particular, the estimates on the relevant resolvents.

The main technical import for the proof of Theorem 6.3.2 is contained in the next
Section 6.4.1. There, we provide a central Mourre estimate in Lemma 6.4.7 which im-
plies the limiting absorption principle in Proposition 6.4.8. The latter is employed in
Section 6.4.2 in a new way, in a combination with the Feshbach-Schur map, to control
the time-evolution operator in the scattering regime, and hence, the transition matrix
coefficient under investigation. In Section 6.6 we provide a proof of the limiting absorp-
tion principle, i.e., Proposition 6.4.8, which in parts is a self-contained review of results
in the literature but also provides a non-standard result, see (6.4.37), which allows to
conveniently apply the limiting absorption principle in the context of perturbation the-
ory. In Sections 6.7, 6.8 and 6.9 we collect proofs of several other technical and in most
parts well-known auxiliary results which were used for the sake of self-containedness.

Remark 6.3.3. In the remainder of this chapter we denote by C' any generic, positive
(indeterminate) constant which may change from line to line in the computations but
does not depend on g and the parameters z,z',e,n, 3 introduced below.
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6.4. Technical ingredients

In this section we derive a formula for the leading order term with respect to the coupling
constant of a certain matrix element of the time-evolution operator and estimate the error
term. We rely on two main ingredients, namely, a limiting absorption principle derived
from a Mourre estimate and a Feshbach-Schur map. In the first part, Section 6.4.1,
we introduce some notation and prove technical lemmas and a Mourre estimate which
allows to derive a limiting absorption principle. The latter is also stated in this section
since we use it as a key tool in order to prove our main result. Although some of these
results are standard and have been proven for large classes of Hamiltonians, we provide
a full detailed proof in Section 6.6. In the second part, Section 6.4.2, we introduce a
Feshbach-Schur map and combine it with the limiting absorption principle in order to
control a certain matrix element of the time-evolution operator.

6.4.1. Limiting absorption principle

In this section we present the limiting absorption principle based on a Mourre estimate
for the model at stake. We follow the construction of [28], see also [51, 36, 44]. We start
with introducing some notation.

Definition 6.4.1. Recall that by has been defined in (2.1.1).

(i) For any self-adjoint operator O, we define dI'(O) as the generator of the unitary
one-parameter group {F(e‘ito)}teR, where

Dei0) = (e *0)°n, (¢710)0 = 1. (6.4.1)

n=0
It follows from Stone’s theorem that dI'(O) is self-adjoint. Note that Hy = dI'(w).

(ii) For B € R, we define the unitary dilation operator
ug :h — b, o(k) — pg(k) := eg'ggo(eﬁk), VEk € R3. (6.4.2)

We denote by D generator of dilations, which is the generator of the unitary one-
parameter group {u5}5eR. Note that D is self-adjoint on D(D) C H due to Stone’s
theorem.

Moreover, for ¢ € by and f € R, we observe that

d 1
@@@(k‘) =5 (Vi k+k-Vi)ps(k), ke R3. (6.4.3)

This implies that the action of D on ho is given by %(k Vi + Vi - k).
(iii) We introduce the function

£:R3 =R, ks (k) =k w(k). (6.4.4)
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(iv) We set
Ho := K ® Fpnlho), (6.4.5)
where
Fralbo] 1= {¥ = (") ey, € F[H] | 3N € No %" = 0%n > N, (6.4.6)

Vn e N: ™ e C°(R3™ \ {o},@)}.

(v) Moreover, for every closed operator A, we denote by

2
v (6.4.7)

FLa s= (Al + 1-0%)

its graph norm in the domain of A.

Remark 6.4.2. Note that Ho and Fgplho| are dense subsets of the domains of H and
Hy with respect to the graph norm of H and Hy, respectively. In other words, Ho and
Frinlbo] are cores of H and Hy, respectively.

The following statement is a collection of general properties of the objects introduced
in Definitions 6.4.1, which we will use in the remainder of this chapter.

Lemma 6.4.3. The following properties hold true:
(i) Fpnlbo] C D(Hy) N'D(AT(D)).

(1) D(Hy) € D(®(Df)) and (D f)(Hy + 1)7% is bounded (recall the definition of
O(f) in (1.2.2)).

(iii) D(Hy) C D(AL(E)) and AT(€)(Hs + 1)~ is bounded.

(tv) The operator [Hy,idI'(D)] defined as a quadratic form on D(Hy) N D(dI'(D))
can be uniquely extended to a H-bounded operator on D(H) = D(Hy) denoted
by [Hy,idT(D)]°. We have the identity:

[Hy,idT(D))° = dT(€) (6.4.8)
on D(Hy).

(v) The operator [®(f),idI'(D)] defined as a quadratic form on D(H;) N D(dl'(D))
can be uniquely extended to a H-bounded operator on D(H) = D(Hyp) denoted by
[®(f),idT(D)]. We have the identity:

[@(f),1dl(D)]° = ®(Df) (6.4.9)

on D(Hy).
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Proof. (i) Clearly, this holds by Definition 6.4.1.

(ii) A direct calculation shows that Df € h. We conclude the claim by Proposition
6.2.5.

(iii) Note that, for all k € R3, £(k) = % = w(k:)kﬁ% < w(k). This directly implies
the desired result.

(iv) Clearly, [H¢,idI'(D)] can be defined as a quadratic form on D(Hy) ND(dI'(D)),
and hence, it follows from (i) that, for 1) € Fg,[ho], we have

(0, [Hy,idD(D)]¢) = (¢, [dl'(w),idl(D)]Y) = (¢, dl([w,iD])¢) . (6.4.10)
Moreover, it follows from a direct calculation that
[w,iD] =&, (6.4.11)
on by, and hence,

(4, [Hy, idD(D)]i6) = (,dT(€)Y) b € Fialbo. (6.4.12)

Note that Fgn[ho] is a core of Hy. This together with (6.4.12) and (iii) implies
that [Hy,idI'(D)] uniquely extends to an Hy-bounded (and H-bounded) operator
on D(H) = D(H,) denoted by [H,id['(D))".

(v) This statement follows similarly as (iv) while using (ii) instead of (iii) in the last
step.
U

For the proof of our main result it suffices to control the time-evolution operator only
on a spectral subset close to the excited state. In the following we define a cut-off
function with its support localized in such a subset. Recall that § > 0 has been defined
in Assumption 6.0.1.

Definition 6.4.4. We fiz x € C°(R,[0,1]) such that supp x C (e1 — 35/4,e1 + 36/4)
and X|[e1—6/2 48/ = 1. Moreover, for 0 < k < 2 and g*> < s < ¢*, we define xs by
xs(r) == x(e1 + (r —e1)/s) for all r € R.

The following formula is well-known and can be shown using operator calculus (see
[14, 52]). For the sake of completeness, we present a detailed proof in section 6.7 below.

Lemma 6.4.5. For every v € C°(R,[0,1]), there is a constant C,, > 0 such that
lv(H) — v(Hp)|| < gCl. (6.4.13)
For every s > 0 in a compact set there is a constant C that depends on this set such that

Ixs(H) — xs(Ho)|l < Cs'g. (6.4.14)
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In the following we derive a positive commutator estimate close to the unperturbed
eigenvalue ej. For this purpose, we set (see (1.3.15))

Hﬁ = ?H?, Hmﬁ = ﬁHOﬁ, Hf,ﬁ = FHfﬁ, Vﬁ = PVP, (Pf(f) = P@(f)?,
(6.4.15)

where, taking P, and P, the orthogonal projections on the spans of 1 and €2, respec-
tively, we define

P:=P, ®P,, P=1y-P (6.4.16)

Remark 6.4.6. It follows from Lemma 6.4.3 that operator [Hp,idl'(D)], defined as
a quadratic form on D(Hy) N D(AI'(D)), can be uniquely extended to a Hp-bounded
operator on D(Hp). We denote this extension by

[Hp,id[(D))° = Hp(¢, Df). (6.4.17)

Lemma 6.4.7 (Mourre estimate). There is a constant a > 0 such that, for sufficiently
small g > 0,

X(Hp)[Hp, idD(D)]"x(Hp) > ax(Hp)*, (6.4.18)
where we recall Definition 6.4.4.

Proof. We take a fixed function v € CZ° ((61 — 26,e1+ 56), [0, 1]) with xv = x (since

this is fixed, we identify C' = C), in the constants below).
Note that dT'(D) commutes with P = 13 — P. Then, Lemma 6.4.3 (iv) and (v) yields

v(Hzp)[Hp, idT(D)]"v(Hz) = v(Hz)PAT (&) Pu(Hz) + gu(Hz)Poy ® &(D f)PU((HP).)
6.4.19

It follows from Lemma 6.4.3 (ii) that v(Hp)Po1®@®(D f)(H, 5+1) " "P(H, +i)v(Hp) is
bounded (notice that (Hy,5+i)v(Hp) = (H, 5+1)(Hp+i) ' (Hp+i)v(Hp) is bounded,
which follows from our estimates in Lemmas 1.3.1 and 1.3.2). Then, we obtain

ng(Hﬁ)?al ® ®(D f)?U(Hﬁ)H < Cyg. (6.4.20)

Similarly as above, we argue that v(Hz)PdI'(§) and dI'(§)Pu(Hp) are bounded, using
Lemma 6.4.3 (iii). Then, Lemma 6.4.5 implies that

v(Hp)PdI'(¢)Pu(Hp) > U(Ho,ﬁ)?df(f)ﬁv(ﬂof) —gC. (6.4.21)
Plugging (6.4.21) and (6.4.20) into (6.4.19) yields that

(Hp)[Hp, idl(D)°u(Hp) > v(H,5)PdT(€)Pu(H,5) — gC. (6.4.22)

0,P
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Set ¢ € NU {0} be such that
er > ¢m er < (L+1)m. (6.4.23)
Notice that Assumption 6.0.1 implies that
lex — fm| > 6, (6.4.24)

and since v € C° ((61 — 24,e1+ +50), [0, 1]),

1
U(Ho,ﬁ)Ho,ﬁU(Ho,ﬁ) = (Zm + Eé)U(HOF)Q- (6.4.25)

For any self-adjoint operator O, we denote by Ep its resolution of the identity. It follows
that

Ep _(U) = {PEHo(U)’ if0¢ U, (6.4.26)

0P | P+ PEg,(U), if0eU.
This is a consequence of the fact that the formula in the right hand side of the equation
above defines a resolution of the identity and the integral of the identity function with

respect to it equals H,5 (notice that P commutes with Ep,(U)). Since 0 does not
belong to the support of v, it follows that

v(Hy ) = v(Ho)P = Pu(H,)P. (6.4.27)

Set N' = dI'(1) the number operator. Since w(k) > m, it follows that 1xr~,Hy > ({+1)m,
and therefore (notice that A commutes with H 5 and P and recall (6.4.27)),

m’U(H(),F)Q./\/’ = mv(HO’ﬁ)Q]lNSg./\/' < ’I?’LEU(HO7F)2. (6.4.28)
Egs. (6.4.25) and (6.4.28) imply that
1
U(HO,F) (HO,F - mN)U(Ho,ﬁ) = EéU(HO,F)2' (6.4.29)
Since (k) = W =w(k) — uf'(@;) > w(k) — m, we get that
dT(€) > Hy5 — mN. (6.4.30)
Egs. (6.4.29) and (6.4.30) imply that
1
v(Hy )AL (§)v(Hy p) > 1T)<SU(JLJI(@)2. (6.4.31)
This together with Lemma 6.4.5 and (6.4.22) lead us to (see also (6.4.27))
1
v(Hp)[Hp,idl(D)]v(Hz) > 1—05U(HF)2 —gC. (6.4.32)

We multiply by x(Hp) from the left and the right and use that yv = x to obtain
. 1
X(Hp)[Hp, idl(D)|"x(Hp) > 156x(Hp)* — 9Cx(Hp)*. (6.4.33)

Our desired result follows from (6.4.33), taking small enough g. O
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Proposition 6.4.8 (Limiting absorption principle). We introduce the notation
9 1/2
(dr(D)) == ((dr(D))* +1) . (6.4.34)

For sufficiently small g >0, € € (0,1) and 2,2’ € [e1 — /4, e1 + §/4] we have

(1) opp(Hp)N[e1 —6/4,e1+6/4] = 0, where 0,,(Hp) denotes the pure point spectrum,

(i1
[(r (D))~ (Hp — = i) (@dD(D) || < €, (6.4.35)
and

H(dF(D)Yl (Hyp — = i) <dF(D)>’1H <c, (6.4.36)

(iii)
[dr(p) " ((Hp - 2% ie) ™ = (Hyp — 2 +ie) ™) (@T(D) 7| < © (M2 + |2 — #/72).
(6.4.37)

We recall that the constants above do not depend on €, z,2' and g (c.f. Remark 6.5.3).

For the convenience of the reader, we provide a proof of statements (ii) and (iii) in
Section 6.6 - following [28]. Note that statement (iii) is not standard, similar results are
addressed in [36]. Their work also draws from [4]. However, we present no proof for
statement (i) since this is not used in the remainder of this chapter and it is a standard
result.

6.4.2. Resonance and time-evolution operator

In this section we introduce a Feshbach-Schur map, c.f. [14], in order to derive a formula
for the resolvent restricted to a spectral subset. This together with the limiting absorp-
tion principle obtained in Proposition 6.4.8 allows then for controlling the leading order
term of a certain matrix elements of the time-evolution operator (with respect to the
coupling constant) and estimate the error term in Lemma 6.4.14 below.

Definition 6.4.9. We recall (6.4.15)—(6.4.16). For all z € C\ o(H), we define
Fp(z) = Fp(H — z) := P(H — 2)P — ¢*PVP(Hs — 2) 'PVP, (6.4.38)
as an operator on the range of P.

The following lemma is an application of the limiting absorption principle derived in
Proposition 6.4.8 and allows for the control of certain term of the Feshbach-Schur map
introduced in Definition 6.4.9.
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Lemma 6.4.10. For sufficiently small g and every z € ey —6/4,e1+3/4] and € € (0,1),
the following estimates hold true:

(i)
|PVP(tip — 2 i) 'PVP| < C. (6.4.39)
(i)
HPVF(H()P ozt z’e)—lﬁvzau <c. (6.4.40)
(iii) if [z —er| <,
|PVP ((Hyp — e ki)™ = (Hp — 2 +ie) ') PVP| < C(g"/2 4+ 11/2). (6.4.41)

We recall that the constants C do not depend on €, z and g (c.f. Remark 6.5.3).

Proof. We take z € [e; —d/4,e1 + /4] and € € (0,1). Note that d['(D) commutes with
P. Then, it follows from Lemma 6.4.3 (v) together with dI'(D)P = 0 that dI'(D)PV P =
iPo1 ® a(Df)* P, and consequently,

Hdr(D)PVPH < lla(Df)*Q| = || Df]. (6.4.42)
Moreover, we similarly obtain
|Pve|<c. (6.4.43)

We recall the definition of (dI'(D)) in (6.4.34) and observe

H(dF(D»PVPHQ: sup  (PVPU,(dl(D))* PV PU) (6.4.44)
VEM,||T||=1

= sup  (PVPY,(d0(D)*+1) PVPY) < Holr(D)FVPH2 + HFVPHZ.
VEH,|V|=1

This together with (6.4.42) and (6.4.43) implies that
H<dF(D)>PVPH <c, (6.4.45)

and hence, (d['(D)) PV P is a bounded operator on H. Then, it follows that also its
adjoint is a bounded operator. We obtain that

HPV?(HF 2t ie)—lﬁvpu < cH(ar(D)>—1 (Hp — 2 +i€)! <dr(D)>—1H. (6.4.46)

We conclude statement (i) by Proposition 6.4.8 (ii). Statements (ii) and (iii) follow
similarly from Proposition 6.4.8 (ii) and (iii). O
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Next, we derive an explicit formula for the leading order of the Feshbach-Schur map
with respect to the coupling constant. This allows then for an easy approximation of
the resolvent restricted on a certain subset in Corollary 6.4.12 below.

Lemma 6.4.11. For sufficiently small r,g > 0, € € (0,1) and z € R with |z —e1]| <,
we have

Fp(H — z+i€) = (e1 — 2z — ¢°T'+c £ i€)P + R(g, 1), (6.4.47)

where ||Re(g,7)|| < C92(91/2 + 7’1/2) and

/ d*k T P (6.4.48)

Moreover, recalling m — e; < 0, we observe that the limits

lg% I'ic :=T4g (6.4.49)
exist (note that I'y. does not depend on g, and z) and they are given by

Iio = Fmib(0) + 77/ (x)/xdx, (6.4.50)
—e1

where, for T > m — ey, we define
0(r) i= Am(er + 7)((er +7)% — mAV2F(((e1 +7)2 — m)2)2. (6.4.51)
Note that 6(0) > 0 and hence (see (6.0.1))
ImI'yp = F70(0) # 0. (6.4.52)

Proof. Note that PVP = 0 and PHoP = e;P. We take € € (0,1) and z € R with
|z —e1] < r. We obtain from Definition 6.4.9 that

Fp(H — z+ie) = (e1 — 2z + ie)P — ¢*T'+c + Re(g), (6.4.53)
where
[P := PVP(Hyp — e +ic) ' PVP (6.4.54)
and
Rc(g) = ¢*PVP ((Hyp — e1 +ie) " — (Hp — 2 +ie) ') PVP. (6.4.55)

For k > 0 and sufficiently small g, > 0, Lemma 6.4.10 (iii) implies that ||R.(g)| <

Cg? (g2 + r/2). We define fi(k) = % and calculate

[P =PVP(H,p —e1 + i)' Poy @ a(f)*P = PVP(H, 0P €1t i€) oo @ f

f (k)

P 6.4.56
w(k) — ey Lie ( )

=PVPpy® fi = / 4k
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where we recall ey = 0. This together with the definition of 'y, in (6.4.48) completes
the first part of the proof.

In the following we compute the limits as € tends to zero of 'y .. This is actually a
consequence of the Sokhotski-Plemelj theorem, we calculate using the changes of vari-
ables s = (r2 + m?)"/2 and 7 = s — e; (we recall that we identify f(k) = f(|k|) and we
do the same with w):

o0 1
d3k =4 / drr? - 6.4.57
/ —elize T 0 rref(r) w(r) — ey £ ie ( )
-4 . 1/2 2 2\1/2)2 €
7r/m ds s(s> — m?)V2f((s* — m?)1/?) G tic
o0 1
:47r/ dr (e +7)((er +7)2 = m®) Y2 f(((e1 + 7)% = m?) /22 ——.
m—ey T £ i€
Using (6.4.57) and the Sokhotski-Plemelj theorem, we obtain that
lim [d®k A Frif(0) + P/OO dz 0(z)/x (6.4.58)
e—0 w(k) —e1 *ie —er ’
and thereby, we complete the proof. O

Corollary 6.4.12. For sufficiently small g,7 > 0, small enough € > 0 (depending on g)
and z € R with |z — e1]| < r, the following holds true

P(H—z+ie)'P=(e; — 2z — ¢°T+0) "'P+ R(e, g, 7), (6.4.59)
where
HR(G,g, r)” < C(g"* + r1/2)‘el_zig2ri0’, (6.4.60)
and C does not depend on €,g,r and z; c.f. Remark 6.3.3.
Proof. Tt follows from [14, Eq. (IV.13)] that
P(H — 2z +ie)'P = Fp(H — 2z +i¢) ", (6.4.61)

which is invertible for small enough €, 7 and g (this is a consequence of Lemma 6.4.11,
we recall that ImT'1g # 0). We use Neumann series and Lemma 6.4.11 to get

|Fp(H — 2z +ie) ' —(e1 — 2z — 2ri0 -1p|| (6.4.62)

IZH pr)Eictd T g L

‘61 —2—gT4o

1

<C(qY? 4 p1/2 ’
for small enough g, e and r (we can take, for example, € < ¢°/? and so small such that
Tio — Tl < g%/?). =
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In addition, we present an easy formula for a certain matrix element of the time-
evolution operator restricted to a spectral subset.

Lemma 6.4.13. We set &1 := p1 ® . For every s > 0, we have

<<I>1,e_itHXs(H)<I>1 = 7! lim /drxs ’trIm<<I>1,(H—r—ie)_1<I>1>. (6.4.63)

e—0t
Proof. The result follows from the spectral theorem and the next calculation

A 1 . 1 1 .
e_’t’\xs(/\) =1lim — dre_’t(’\+€r)xs()\ +er)—5—r 1= lim — dre_’trxs(r)( <

e—0 T JR r 1 e—ormJ/r r—A)?2+¢e2

— 1 1 —tr 1
= lim - dre”"" xs(r) Im S p— (6.4.64)
O

The following formula strongly relies on the previous results in this section and it is a
crucial ingredient for the proof of our main theorem in this chapter.

Lemma 6.4.14. For sufficiently small g > 0, s as in Definition 6.4.4 and Lemma 6.4.5
sufficiently small, and allt € R the following holds true

<(I>1, e*itH<I>1> = 7r*1/ dze ™ TIm(e; — 2z — ¢*T o) "' +10(g, 5), (6.4.65)
R

where
ro(g, )| < C (g% + 5'/)] log(g)| + gs7) . (6.4.66)

and we recall ®1 = 1 @ Q. The constant C' does not depend on g, s and t.

Proof. The spectral calculus implies x(Hp)®; = ®1, and hence, it follows from Lemma
6.4.5 that

<(I>1,e_itHQ>1> = <‘I>1,e_itHXs(H)(I>1> +7r1(g,8), where |ri(g,s)| < Cgs™ L.

(6.4.67)
Lemma 6.4.13 yields
(@1, M\ (H)®y) = 7" lim / dz xs(2)e " Tm (@1, P(H — 2 — i) ' Pdy ).
e—0t
(6.4.68)

We calculate:

<<I>1, e*"tHXS(H)®1> =1 hI(I)l (/ dze " Im(e; — 2z — ¢°T o)~ +r2(g, €, 8) + r3(g, 3)) ,
€E—
(6.4.69)



6.4 Technical ingredients 121

where

ro(g,€e,8) =" /Rdz Xs(2)e " Im <<I>1, (P(H —z—ie)'P —(e; —z— gQF,o)_1)<I)1>

(6.4.70)
and
ro(g,s) = 7! /]R dz (1 = xs(2))e™® Im(er — 2 — ¢°Tg) L. (6.4.71)
Now, we use Corollary 6.4.12, for sufficiently small s, to get
Xs(2)e " Tm (@1, (P(H -z —i€) ' P — (e — 2 — g2r_0)*1)c1>1>] (6.4.72)
< C(g" + 512 fer — 2 - ng—o‘_1 Xs(2)-
This together with (6.4.70) and Definition 6.4.4 yields then that
ra2(g, €, 5)| <C(g*? + s1/2) /dz xs(2) ’el —z— gQI‘_O‘il (6.4.73)

~1/2

:C’(gl/2 + 51/2)/dz x((z—e1)/s+ 61)<(61 —z—g* ReF_0)2 —l—g4(ImF_0)2>

36s—g?Rel_g 1 1
<C(gV/? 4 §1/2 /4 dr-
SO s e, T (EP (TP

1

<C(gl/2 1 §1/2 / d
U o T T 2

where the last step follows for g > 0 sufficiently small and some constant ¢ > 0. Here,
we recall from Definition 6.4.4 that g2 < s < ¢~ for some 0 < x < 2. Employing that
2v/x? +y? > |z| + |y|, we find a constant C' > 0 such that

Ira(g, €, 8)] <C(g"? + s'/%)| log(g)|. (6.4.74)

Moreover, it follows from (6.4.71) together with the definition of x and 0 < x < 1 that
there is a constant ¢ > 0 such that

ra(g, )| <nt [ dz (1= x(2) [tm(er = 2 = T o) (6.4.75)
1
(e1 —z—g?Rel_)2 + ¢g*ImT?,

<n g ImT /(1 — Xs(2))

1 1 1
<Cg* dr——————— = C/ det————— < Cg?s™ L.
= [r|>cs g4 (g%)Q +Im F2_0 |z|>cs/g? x2 +Im FZ_O =9
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6.5. Proof of our main result in this chapter — Theorem 6.3.2

In this section we provide a proof of our main result in this chapter; c.f. Theorem 6.3.2.

Proof of Theorem 6.3.2. Our proof starts from the intermediate scattering formula given
in Theorem 2.2.2, i.e., equation (2.2.26). Note that this result was already proven for the
massless case in [23, Theorem 4.3] and the proof for the massive case works analogously.
Then, for h,l € bho; c.f. (2.1.1), it follows from (2.2.26) together with Lemma 2.2.1 (iv)
below that

T(h,1) = =2mig|Wa, |7 {a—(W)o1Wx,, Wa,) = —2mig|[ U, || 72 (fa— (W), 01]¥x,, U,)
(6.5.1)

where we recall the definition of W in (2.2.27) and W € ho. It follows from (2.2.2) in
Lemma 2.2.1 (ii) that

0 . .
T(h,1) = 27 (ig)2|| Wy, || 2 / At (W, fla ([ ore™ 1] W), Wy, )

=21 2 j -2 Ood %% —itH itH I Vj
- g || )\OH 0 t(f? —t>2 € g1€ ;01 Ao Ao

= 2|0y, | > (T - @), (6.5.2)
where we recall the notation W(k) = e~*“(® )W (k) and use the abbreviations
T = 92/0 dt/d3k: W (k) f (k)ett@k)+)o) <01\IJ>\0,67“H01\IJ,\0> (6.5.3)
292/ dt/ er(r)eit(w(TH)‘o) <01\Il>\0,e_itH01\Il)\0>
0 0
= 92/ dt%(t) <O’1\I’)\O, e_itHOj\I/)\O>
0
and
T® .= 92/0 dt/0 dr G(r)e @) =) <01\I/,\0,eitH01\I/AO>. (6.5.4)
Here, we changed to spherical coordinates k = (r,X) and take:
G(r) = / ASdS R0 )i S ()2, R(t) = / dr G(r)e@O ) (6.5.5)
0

Moreover, we observe that G € C°(R \ {0},C). Notice that an integration by parts
(using that e (") = %(ewwmé) — itw(r) 2 ( L )) ensures that

iQ%w(r) r iG%w(r)

‘E(t)‘ <C/1+t%), VteR, (6.5.6)

which guarantees the existence of the integrals in (6.5.3) and (6.5.4).
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Recall ®; = ¢1 ® Q (see Lemma 6.4.13). It follows from Proposition 6.2.1 that

<0’1\If)\0, e_iSH01\PAO> = <<I>1, e_iSH<I>1> + p1(9), (6.5.7)

where |p1(g)| < Cg. Moreover, we recall that Lemma 6.4.14 states that
<<I>1, e*itH<I>1> =x! /Rdz e Im(e; — 2z — g*T o) "' + ro(yg, 5), (6.5.8)
where
ro(g, )] < C( (972 +s"72) |log(g)] +g57). (6.5.9)

Note that [23, Remark 4.8] implies that the first term in (6.5.8) is bounded by a constant
as g — 07 (this actually follows from computing the integral). Then, (6.5.3) together
with (6.5.7) and (6.5.8) yields

TW = 1Y + Ry(g, 5), (6.5.10)

where

Tél) ::717192/0 dtﬁ(t)/Rdz e Im(e; — 2 — ¢g°T ), (6.5.11)

and |R1(g, s)| < Cg?((g"/?+5'/2)|log(g)|+gs~") for some constant C' > 0. AsImT_y > 0
and Im(e; — z — g?T'_o) ™! decays as |z|~2 at infinity, (6.5.11) is absolutely integrable,
and consequently, Fubini’s theorem allows for interchanging the order of integration.
Similarly, we argue that we can apply the dominated convergence theorem and conclude

7V = 1im TV (), (6.5.12)

n—0t+

where

Tél)( )—77_192/ dz Im(eq —z—gQF,O)_l/O dt/o dr G(r)eit(w(r)JrAO_Z”")

(6.5.13)
_71'_192/ dz Im(e; — z — g2F_0)_1/ dth(t)e e,
0
Again, Fubini’s theorem yields for @ > 0
/ dt/ er ) it(w(r)+o—z+in) / dT’ (T) (1 - eiQ(w(r)Jr)\ofz«H'n)) )
)+ Xo—z+1in
(6.5.14)

Moreover, for all n > 0, we obtain by the integration by parts formula (see above (6.5.6))
together with G € C>°(R\ {0}, C) that there is a constant C'(n, g) > 0 such that

G(r) piQw(r)+Ao—2+in)

<C(n,9)Q7 ", 6.5.15
ez tin’ < Cn,9)Q ( )
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and consequently, (6.5.14) implies that

/ ds/ dr G(r)ets@ ) Fro=z+in) _Z/ dr Gr) (6.5.16)
w(r)+ X —z+in
This together with Fubini’s theorem yields that
(1) 12 [ 9 1 1
T = dr G dz I —z—gT_ . (6.5.17
$ U =inlg? [T arG) [ aztmien 2 - o) e (6507
For a > e, we define Q, := [—a,a]U{ae™ : ¢ € [0,7]} C C~ to be a closed contour with

mathematical negative orientation. Note that the integrand in (6.5.17) is meromorphic
in the lower half of the complex plane and its only pole lies at z = e; — g?T'_, and hence,
inside the contour Q, by definition. Notice that, for real z, as in (6.5.17),

_ 1 _ =
Im(e; — 2z — ¢°T o) ' = Z((el —2—¢*T o)t —(e1 —2—¢°T_p) 1), (6.5.18)
i.e. we do not conjugate z. We extend the formula above, in a meromorphic way, to
the lower half of the complex plane. We obtain, for small enough 7, using the residue
theorem that

1
dz T —2—gT o)t
/ z Im(er =2 = ¢°T'o) w(r)+ X —z+1in
1 _
-1 2 -1 2 -1
- 1 =T ) = (e — 2 — g?T_
QLI{}O/ dz +)\0—Z+277((61 z—gT_9) (1 —2z—g"T o) )
= . 6.5.19
w(r) + o — (61 —¢’T_o) +1in ( )
This together with (6.5.17) yields that
0o - 2
lim Té )( )= lim dr ig"G(r) : (6.5.20)
n—0+ n—0+ w(r) =+ )\0 — (61 — gZF,()) + 1
_ / ig*G(r)
)+ Ao — (e1 — g?T o)’

where in the last step we applied the dominated convergence theorem which is justified
because G € C°(R\ {0}, C). Consequently, it follows from (6.5.10) and (6.5.12) that

_ G(r)
=ig / dr T h = (e1 = g2 ) + Ri(g, s), (6.5.21)

where we recall that |Ri(g,s)| < CgQ((sl/2 + g'/?)|log(g)| + gs~'). Analogously, we
obtain

_ G(r)
=ig /dr ot (e — Ty + Ra(g, s), (6.5.22)
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and [Ra(g,s)| < Cg?((sY/? + ¢'/?)|1log(g)| + gs~') for some constant C. Finally, we
conclude from (6.5.21) and (6.5.22) together with (6.5.2) that

o -2 G(r) _ G(r)
T(h.D) _27ng2||\lf>\0|| /dT (w(r) +Xo—(e1—¢*T—)  w(r)— Ao+ (e1 — 92”)>

+ R(g, s)
—4rig?|| Wy, |72 [ dr G(r) (e1 — g*Relyo — Ao)
1T, || / (w(r) + Ao — (e1 — g2T'_g)) (W(T) ot (e1 — QQF—_O))

+ R(g; s), (6.5.23)

where R(g,s) := Ri(g,s) + Ra(g,s). Hence, there is a constant C' > 0 such that
|R(g,s)| < Cg>((s/2 + g"?)|log(g)| + gs~'). We take s = ¢g*? and obtain that
|R(g,s)| < Cg?g"/3|log(g)|. This completes the proof. O

6.6. Mourre theory and the limiting absorption principle

In this section we present a proof of Proposition 6.4.8 (ii) and (iii). Although Mourre
theory is a standard tool to prove limiting absorption principles, in this section, we do
not address the usual procedures because we prove perturbative results in the spirit of
[4, 36] (see Proposition 6.4.8 (iii)). Note that in [36] an abstract family of Hamiltonians
is studied.

The main result of this section is Proposition 6.4.8 (iii). Despite the fact that Proposi-
tion 6.4.8 (ii) is standard, we also prove it because we need it to prove Proposition 6.4.8
(iii). Some other well-known estimates in the context of Mourre theory are not proven
in this section — we will give instead proper references (to sections below).

We also mention that we do not employ the original techniques of Mourre to study
domain problems and commutators (see [56, 28]). Instead, we directly dilate the opera-
tors at stake: our approach is close to the usual one based on the theory of operators of
class C* with respect to a self-adjoint conjugate operator (see [6, 5]), but, in our work,
given the explicit form of the operators at stake, we do not need to rely on this theory
and we give a more transparent presentation.

In this section we address the limiting absorption principle, i.e. we study the behavior
of the resolvent operator (Hp — (2 £ i€))~! as € > 0 tends to 0 and z belongs to the
interval

I:=e; —d/4,e1+6/4]. (6.6.1)

Of course, the norm of (Hp — (2 £1i€)) ! tends to infinity as € tends to zero. Then, con-
trolling its behavior requires restricting its domain, and this is achieved by multiplying
by the operator

p = (dD(D))'. (6.6.2)
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Our goal is to obtain uniform norm-bounds for p(Hp — (2 £ i€))~p and regularity
properties with respect to g (this is what we call above perturbative Mourre theory) and
z.

Intuitively, one might consider the operator Hz — z as a real quantity because it is
self-adjoint. Ome of the clever ideas of Mourre is to add to Hp — (2 £ i€) a non-zero
imaginary part of size n > 0 and sign + (according to +ie). Then, the resulting operator
( H%n — 2z — see (6.6.4) below) can be intuitively regarded as a real quantity plus
Fi(e + n). It is, therefore, invertible and the norm of its inverse is uniformly bounded
with respect to €. Our goal is to study the behavior of the resolvent operator associated
to H%n — 21 as € and 7 tend to zero. More precisely, the imaginary part that we refer
above is given by the operator FinM?2, where 7 is a strictly positive small enough real
number and (see Lemma 6.4.7)

M? = x(Hp)[Hp, idD(D)"x(Hp) > ax(Hp)’, (6:6.3)

which is a bounded operator (see Remark 6.4.6). We properly select p as a function of
dI'(D) because pdI'(D) is bounded. This allows us to control the unbounded operator
dI’'(D) in the above commutator. The other operator in this commutator is chosen in
order to cancel resolvents (see (6.6.23) and (6.6.25) below for the limiting absorption
principle, and (6.6.61) for perturbative results).

We define the operators (for z € I)

-1
HE" = HpFigM?,  R¥(2a0) = (HE" = 2a) , zeci=zkie (6.6.4)

It is a standard result that H%n — 24 is invertible (with bounded inverse) — see [28] —
and that Rin(zie) is continuous at n = 0 and derivable with respect to n, for n > 0
small enough. Its derivative is given by

d/dn R (z1e) = iR (200 M2 RT (2,), vn € (0,7). (6.6.5)

For the convenience of the reader we give a proof of this in Section 6.8 below (see also
[28]). Moreover, if we multiply R*"(z..) by an operator that localizes the spectral region
of H far away from z, we get a bounded operator which satisfies:

|(Hp + i)X(Hp)R™"(2+)|| < C, (6.6.6)

where Y = 1 — x. This is proven in Section 6.8 (see also [28]).
As announced above, it follows that the norm of R*¥"(z4.) can be uniformly bounded
(with respect to €). Actually, the following estimate holds:

I(Hp + )R (210)[| < C/n, (6.6.7)

where C' does not depend on z, € and g (see [28] and Section 6.8).

Estimate (6.6.7) itself is not enough because we still have the singularity C/n and we
need to consider the operator p, otherwise we cannot expect to have a limiting absorption
principle — this is explained above. For this reason, we define

FE(210) == pR¥(240)p (6.6.8)
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and get a better estimate which is a key ingredient of Mourre theory. Note that this is
the only place where the Mourre estimate (see (6.6.3)) is used:

(s + ) Rz )p]| < € (147 2| F (0| 2). (6.6.9)

Eq. (6.6.9) is a standard result (see, e.g., [28]), but we prove it in Section 6.8. Looking
at (6.6.7) and (6.6.9), it seams that we get again the unsatisfactory bound

IF=(z40)[| < C/n. (6.6.10)

At this point, the line of reasoning becomes more subtle. Actually, in the lines above we
never use that M? is defined in terms of the commutator [Hp,idI'(D)]%. The only thing
we utilize about M? is that it satisfies the Mourre estimate (6.6.3). All the material
presented above in this section is standard and it can be directly deduced from the
proofs in [28]. Therefore, we do not include proofs of this in the present section. For the
convenience of the reader we provide proofs in Section 6.8.

In this section we use all estimates and statements presented above (without proofs)
and provide a detailed proof of the limiting absorption principle (Proposition 6.4.8-(ii))
and its perturbative version (Proposition 6.4.8-(iii)). The idea of the proof of Proposition
6.4.8-(ii) (which amounts to bound ||F*"(z4.)| by a constant) is quite simple, we just
write F¥"(z1.) as the integral of its derivative. Then, the difficult part is to estimate
the referred derivative (Lemma 6.6.2 below). This derivative consists of a sum of several
terms and each of them is separately estimated. The most singular term is (1,1 defined in
(6.6.23) below. The analysis of Q11 is the only part of the proof of Proposition 6.4.8-(ii)
that requires that M? is defined in terms of the commutator [Hp,idI'(D)]% we control
the unbounded operator dI'(D) using that pdI'(D) is bounded and Hy is important to
cancel resolvent operators (see (6.6.25) below).

As we mention above, the main result of this section is Proposition 6.4.8-(iii). The
proof of it follows the same strategy of the proof of item (ii), but it is substantially more
complicated. Again, we study the terms we are interested in using that they are integrals
of their derivatives. The difficult part is to estimate the derivatives, which consist on
several terms that must be analyzed separately. This is achieved in Lemma 6.6.3 below.

Before we start with the proofs, we state two last results that we use in this section
and prove in Appendix 6.9: the operator R¥"(z.) leaves the domain of dT'(D) invariant.
Moreover, there is a bounded operator that we denote by

[AT(D), M?)° (6.6.11)

that represents the quadratic form [dT'(D), M?]. These results can be proved as in [56, 28]
(defining a scale of Hilbert spaces and regularizing the generator of dilations) or [6, 5]
(using that the Hamiltonian is of class C* with respect to the generator of dilations).
We provide a more direct proof in Appendix 6.9.

Remark 6.6.1. The definitions and estimates introduced above in this section are also
valid for the case g = 0. We distinguish this case by adding everywhere in our notations
a subscript 0. For example:

Mg = M?|g=0,  Hyp = Hplg=o.
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Lemma 6.6.2. For > 0,1 > 0 sufficiently small, n € (0,n), € € (0,1), 2,2’ € I and
Zie 1= Z T i€,

ld/dn F¥(zr)| < C (14072 FE s |2 + [ FE1(20)]]) (6.6.12)
Proof. 1t follows from (6.6.3), (6.6.5) and (6.6.8) that
+id/dn F¥(220) = Q1 4 Q2 + Q3 + Qu, (6.6.13)
where
Q1 = —pR* (z4¢)[Hp, idD(D)]"R* (22c)p (6.6.14)
Q2 : = —pR*" (22 )X(Hp) [Hp, idl(D)"X(Hp) R*" (z4)p (6.6.15)
Q3 : = pR" (210 )X(Hp) [Hp, idD (D) R (210)p (6.6.16)
Q1 1 = pR* (210 [Hp, idD (D)) "X (Hp) R (24¢) p. (6.6.17)
Remark 6.4.6 and (6.6.6) imply that
H[Hﬁ, idl(D)]*%(Hp) R (z4)| < C. (6.6.18)
This yields that
Q2] < C||pR(22e)x(Hp)|| < C, (6.6.19)

where we use again (6.6.6) (taking the adjoint). Taking the adjoint in (6.6.18), it follows
that

1Qs]| < C||R*(2x0)p|| < C (1 o V2| P 2y y|1/2) (6.6.20)
where we use (6.6.9). Similarly, taking the adjoint in (6.6.9) we obtain that
1Qall < € (14072 FE0 (2 ||1/2) (6.6.21)

In the remainder of the proof, we estimate Q;. For ¢,¢ € D(dI'(D)) N D(Hp), Re-
mark 6.4.6 and the fact that R*"(z1.) leaves the domain of dI'(D) invariant (see above
(6.6.11)) allows us to write

(0, Q1) = (¢, Qu) + (¢, Qr21) (6.6.22)

where
(6,Quiv) : = ((Hp £ inM? = 220) R¥(250)po, idD(D) R (24)p))
~ ((—dD(D)) B¥(z20)po. (Hp ¥ inM” — zee) B (ze)pv) . (6.6.23)

(6, Quatp) : = iz’n( (MPR¥"(23)p,idD (D) R*"(22.0) v )

~ (- (D)) B (2)p0 MERE ) ). (6.6.21)
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Employing that ||dI'(D)p|| < 1, we find
(6, Qup)| = [((=idl (D)) po, R*"(zc) ptb) — (R¥" () pp, idD (D) po)|

< gl (BT el + | Rzl (6.6.25)
It follows again from (6.6.9) that
(6, Que)| < CllglIll (1+n7" 2| F=(zx0) %) - (6.6.26)

Furthermore, we estimate (using again that R*"(z4.) leaves the domain of dI'(D) in-
variant and the text around (6.6.11))

(&, Quat)| < ll NIl BT (o) o[ | B ()| [M2, D (D)) (6.6.27)

< Onflollel (14072 FE 0] 72)
< Cllgllll (1 + [FE (2ol

where we use (6.6.9). It follows from (6.6.26) together with (6.6.27), (6.6.22) and the
density of D(dI'(D)) N D(Hp) in H that

1Qill < € (1477 2 F=1(0) |2 + | F*7(2x0)) - (6.6.28)
This together with (6.6.13), (6.6.19), (6.6.20) and (6.6.21) completes the proof. O

Proof of Proposition 6.4.8 (ii). Let n € (0,n) (and n is sufficiently small). We use the
fundamental theorem of calculus

+n _
FEzye) = F*(z4c) + / dij d/di F=(z4c), (6.6.29)
+n
and (6.6.10) to obtain that there is a constant C(n) > 0 such that
+n
[Pz < [ + €| [ anja] < O logal. (6.6.30)
n

Inserting this in Lemma 6.6.2, we obtain
[d/dn FE1(z1e)|| < C(m)n~ "2 |logn| , (6.6.31)

and similarly as above, we find
+n
[F=0 o) | < 1P (z2) | + C () \ [ a2 g (6.6.32)
n
We conclude that there is a constant C'(n) > 0 such that

[F=7(220) | < C(m). (6.6.33)

Now we use the text below (6.6.4) and take the limit n — 0" in (6.6.33). We conclude
that (6.4.35) holds true (also (6.4.36), taking g = 0). Analogously, we show (6.4.36). [
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In the remainder of this section we prove Proposition 6.4.8 (iii). The spirit of the proof
is similar to the proof of statement (ii), however, we need additional estimates which are
collected in the lemma below.

Lemma 6.6.3. For g > 0,1 > 0 sufficiently small, n € (0,m), € € (0,1), z,2' € I and
Z4e = z T i€, the following estimates hold true

(i)
ld/dn (F="(z4e) = F*(2L))|| < Oy~ '/2 (6.6.34)

(i)
ld/dn (F*"(zxc) = F¥1(2L0)) || < On~2|z = 2| (6.6.35)

(i)
Hd/dn (Fi"(zie) - F(?_Ln(zie)) H < Cn~3%, (6.6.36)

see Remark 6.6.1.
Proof. (i) It follows from Lemma 6.6.2 and (6.6.33).

(iii) Using the second resolvent identity, Remark 6.6.1, Remark 6.4.6 and (6.6.3), we

get
. d =+ . d -, 4
Figy (F*(z20) = Fy"(220) ) = +igq, (PRE(24) Vo RS (220)p) »  (6.6.37)
where (see (6.4.15))
V) i= o1 (®p(f) F inx(Hp)Pp(Df)x(Hp)) - (6.6.38)
We write
d
Fig (FE(z10) = Fy(22)) = g (WO + W 4 W), (6.6.39)
where
w .= p <i¢§73ﬂ(zﬂ)> Vy RE" (240)p, (6.6.40)
N d
W® .= pR*¥ (24 )V, <iz’an(jf’7(ziE)> P, (6.6.41)
WO = pR¥ (21 )x(Hp)®5(D f)x(Hp) Ry (22¢)p- (6.6.42)
Egs. (6.6.5) and (6.6.3) yield that
4
wi=wO +w® =S w® + w?), (6.6.43)

=1
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where

WY = —pRE () [ Hyp, idD (D) B (22 )V Ry (2)p (6.6.44)
Wi+ = pRE(z2s0) [Hyp, idD(D)] X (Hp) RE" (220 Vy RS (22)p (6.6.45)
Wit = pRE (21 )X(Hp) [Hp, idD (D)) B (24) Vy Ry " (1.0 (6.6.46)
WiV = —pR¥ (1) X (Hyp) [Hp, idD (D)X (Hp) B (24 Vy Ry " (20)p (6.6.47)
Wi = —pRE(21.)Vy Ry (220) [Hy 5, idD(D)° Ry (22)p (6.6.48)
Wi = pR¥ (o )V RS (200) [H, 5, 1T (D)) *X( 0P>R§"<zﬂ> (6.6.49)
WP = pRE (2 ) Vy By (2 ) X (Hy 5) [Hy 3, 1D (D) RS (20)p (6.6.50)
WP = —pRE (22 Vo Ry " (220 )X(Hy 5) [ Hy 5. idD (D)X (Hy 5) By (220)p.

(6.6.51)

We observe from (6.6.39) that in order to complete the proof of statement (iii) it
suffices to show that

Wil <o and W@ < op72 (6.6.52)
It follows from Proposition 6.2.5, (6.6.9) and similar estimates that that

VR )| < ||Vl 5+ )7 (H -+ 8) (B - 6) 7 ||| (H + ) B (20 ) |
<C (1 + 77_1/2||Fin(zie)||1/2> (6.6.53)

and similarly, using the adjoint operator, we find
|oR=(za V| < € (14072 F=(00)|?). (6.6.54)
This and (6.6.33) imply that
HVnRin(zﬂ)pH <Cp 2 and HpRin(zﬂ)VnH <on V2 (6.6.55)
Using additionally (6.6.18), we get

|3 < loR* ol | [ T (D) R () R (20)

H‘%&T"(@dﬁH <cn !
(6.6.56)

Egs. (6.6.55), (6.6.6) and (6.6.7), and the fact that [Hg,idI'(D)]" is Hz-bounded
(see Remark 6.4.6) imply that

|WiP|| < | R Geox(Hp) || [Hp, idD (D) R (20)

“V"R§n(zie)p” < 077_3/2.
(6.6.57)
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Moreover, we obtain from (6.6.55), (6.6.6) and (6.6.18) that

|WiV | < loR*" ax )| Hp. idD (D)X (Hp) B () || Va B ™ ()|
<cnp2, (6.6.58)
Analogously, we deduce that
w32 [|ws® | Wi < en=2. (6.6.59)

Next, we estimate the terms Wl(l) and Wl(Q). For ¢,¢ € D(dI'(D)) N D(Hp), we
find

(6, (W + W) ) = A1+ Ap + A3 + Ay, (6.6.60)
where
Ay = — ((HE = 20.) B (206, idD(D) RH (22 Vy e (240
+ (D (D) R () poy, (HZ" = zae) B (2 Vo Ry () i)

Ay =% in( (MPR 2.)p6, 1T (D)RE 2 Vy R 240}

= (D) B ()96, MR a2 Vy B 1)) ).
Ag = = ((HJh = z2¢) B3 (z20) (V) B¥(z30)p0, idD(D) Ry (z:2c) pu)
+ ((=idT (D)) RS (z2) (V) R¥ (2) o, (H % — 2 ) By (2 )it

Ay:=7 2'17( <M2R3F"(z¢6)(Vn)*Ran(Zie)Pd)a idF(D)Ri”(Zie)p@
~ (DD B () (7) B (5090, MER s )pw) ). (6:6.61)

This is possible because p maps the Hilbert space H into the domain of dI'(D) and
- by Lemma 6.9.3 - R*(z1¢), (V;))*RT"(25) and V;; R*"(2) preserve the domain
of dT'(D) (see above (6.6.11) — this holds true also for g = 0, see Remark 6.6.1).
We estimate

Az < nllollllwll| VRS (e p| [ | B (zae) [ | BT (2o | [M2, a0 (D). (6.6.62)
Egs. (6.6.55), (6.6.33), (6.6.9) and (6.6.7) imply that
|42 < Cllglln ", (6.6.63)
and analogously, we find

[ A < Cllollllln~" (6.6.64)
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As we argue above, Lemma 6.9.3 implies that R (zx¢€), (V;))*RT"(2) and V, R (24)
preserve the domain of dI'(D) (see above (6.6.11) — this holds true also for g = 0,
see Remark 6.6.1). Moreover, the quadratic form [id['(D),V;] is represented by

a Hz-bounded operator that we denote by [id['(D),V;]° (see Lemma 6.9.5). We
obtain that

A+ Ay = = ((idD(D)) po, B* (22 Vy B (20 )
<R¢” =)o zdr(D»,V]OR "(ese)ow)

(25 (V) R (220)p, idT(D)py) ) (6.6.65)

It follows from (6.6.9), (6.6.33) and the fact that [id['(D), V;]° is H-bounded (see
Lemma 6.9.5) that

| (R¥(250)p0, [(AT(D)), V] Ry " (=)o) | < 1l ]ln~". (6.6.66)
We obtain from (6.6.55) and (6.6.7) that
[((—idT (D)) pi, B (22) Vy By " (z2)pwr)| < Clol[ln ™2, (6.6.67)
(RS2 Wy R¥ () p6, idT (D)o )| < Cll ol =2 (6.6.68)
This together with (6.6.65) and (6.6.66) yield that
A1+ A3] < Cllg [l (6.6.69)
It follows from (6.6.69), (6.6.63), (6.6.64) and (6.6.60) that
WY+ w®| < o2, (6.6.70)

Collecting (6.6.43), (6.6.56), (6.6.57), (6.6.58), (6.6.59) and (6.6.70), we deduce
that

W] < Cn?2. (6.6.71)

Egs. (6.6.33) and (6.6.9) together with the H-boundedness of (D f) yield that
(W < con. (6.6.72)

This together with (6.6.71) imply that (6.6.52) holds true and, thereby, we complete
the proof of Item (iii).

(ii) The proof of Item (ii) follows the same line of arguments as the proof of Item (iii).
In fact, it is simpler since the term V,, does not appear.
O
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Proof of Proposition 6.4.8 (iii). We estimate, for z,2' € I,

|FO(he) = B e | < [FO(he) = FOCewe) | + | FO(ae) = FS(2s0)||.  (6.6.73)
Hence, it suffices to show that
HFO(z;EE) PO < €)p - 22, (6.6.74)
and
HFO(zﬂ) — FO(zs0)|| < Cg*2. (6.6.75)

In the remainder of the proof we show (6.6.74) and (6.6.75). We start with the first
estimate and obtain for 77 € (0,n)

) = F(e) = — [ dn S (F1E) — (a2
- /n "y d‘;(Fn(z;E) CF(za) 4+ FEL) — F(za0). (6.6.76)

It follows from Lemma 6.6.3 (i) that

/77 dn ;;(F”(Z’ie) - F"(Zie))H < '/, (6.6.77)
0

Moreover, it follows from Lemma 6.6.3 (ii) that

and it follows from the resolvent identity that there is a constant C(n) > 0 such that

n
[ n (e — Peso)| < Cle - 17, (6.6.78)
n

|E" () — F"(zxe)|| < C(m)]z — 2. (6.6.79)

Note that, in principle, the constant C'(n) could depend on € and z. However, this is not
the case, see (6.6.7) Choosing 77 = |z — 2/|'/2, we get (6.6.74) from (6.6.76) — (6.6.79).
Eq. (6.6.75) can be proven analogously employing item (iii) of Lemma 6.6.3 instead of
item (ii). 0

6.7. Proof of Lemma 6.4.5

In the following we recall the Helffer-Sjostrand formula from [29, Section 2.2]. We use
it in order to prove Lemma 6.4.5 and certain estimates in the proofs of Section 6.9.
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Definition 6.7.1. For v € C®(R,C), we define its almost analytic extension by

" (iIm z)"

v:C—C, 0(z) = o(Rez,Imz) ,; o v (Re 2), (6.7.1)
where n € N, v(") denotes the r-th derivative of v and
(RezTm 2) bm » (6.7.2)
oc(Rez,Imz) =7 | ———m———= 7.
(Rez)?+1

for some 7 € C*(R,C) with 7(t) = 1 for all |t| < 1 and 7(t) = 0 for all |t| > 2. It
follows from [29, Section 2.2] that

(i) © is smooth as a function of (Rez,Im z).
(ii) If v is compactly supported, |0z0(z)| < C|Imz|™ (where d% = %(% —1—2’6%), with
z=x+1iy).

Theorem 6.7.2 (Helffer-Sjostrand formula). For every self-adjoint operator and any
v € C§°(R,C), the next formula holds true

v(0) =71 /C dady 0:0(2)(0 — 2)71, (6.7.3)

where z = x + iy, for x,y € R. Eq. (6.7.3) does not depend on n and o.

Proof of Lemma 6.4.5. We only prove (6.4.14). Since (6.7.3) does not depend on o, we

= - 1 Imz -
choose n = 2 and, for s > 0, 0s(Rez,Imz) := 7 ¢ FeoriT ) We denote by x5 the
corresponding almost analytic extension of x;. It follows form (6.7.3) and the resolvent

equation that
s (H) = xs(H) | = v [ dadyds )t =) gV (o =27 (674)

We calculate now

0 0 1
| - (n+1) o) /)
05 xs(z g xs Y(iy)" /7! ( o5+ zayas) + 3Xs (x)(iy)" /nlo. (6.7.5)

Notice that H(H_Z)_lgvﬁ(f[f—i—l)(ffo—z)_l|| < Cgﬁ. Moreover, |X§7”)(:c)y |y\"|gas+
ifo < CLEE [\ (@)|ly|m|o| < C4|yl?. This together with (6.7.4) yields

s sT

2

1]y
H) — xs(Ho)|| < C / dzd
Ixs(H) — xs(Ho)| 9;:0: s (o 2o i) Vo

1
+Cyg / dzdy —. (6.7.6)
supp ([x\?|o]) s

|7"2
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For y € R, we observe that the diameter of the support of the functions R 3 =z —
X @) [204(2, ) + i os(z,y)] and R > 3 supp (I (@)|o(w,)]) is of order s,
Moreover, for x € R, we find that the diameter of the support of the function R 3 y —
supp (|X§3) ()||o(z,y)|) is of order s. We conclude that

s (H) = xs(Ho)l < 02, (6.7.7)

which is the desired result. O

6.8. Standard results from Mourre theory

In this section we prove all assertions and estimates described at the beginning of Section
6.6, upto (6.6.9). We adapt the proofs of [28] to our model.

Lemma 6.8.1. Recall x € C*(R,[0,1]) from Definition 6.4.4. For g > 0,m > 0
sufficiently small, n € (0,m), € € (0,1), z € I and zy. := z % i€, the following statements
hold true:

(i) The operator R*™"(zi.) introduced in (6.6.4) exists and it is in C1((0,n)) and
C°([0,m)) with respect to 1. Moreover, the following identity holds true:

d/dn R¥(zyc) = £iRF (20 ) M*R¥(24,),  V¥n € (0,m). (6.8.1)

(ii)
| (H + i)x(Hp) B ()| < O 72 [, R (a2 (6.8.2)

(iii)
|(Hp + i)X(Hp) R (2:0)|| < C, (6.8.3)

where we recall that Y =1 — .

(iv)
[(Hp + )R (z4)|| < C/n. (6.8.4)

(v)
|(Hp + )R (=)o < © (1457 2F¥1(220)?) . (6.8.5)

The constants C above do not depend on n, €, z and g, see Remark 6.5.5.
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Proof.

(iii)

(i) Recall that Hp is a closed operator and M? is bounded (see Remark 6.4.6).
Consequently, Hf" is closed. For ¢ € D(H), we observe that

|(HE = =) | = || (B2 = =) || + @l + 2mel My, (6.86)

and, thereby, the range of H%n — Z4¢ is closed and H%n — 24 is injective. It also fol-

*
lows from the equation above that its inverse is bounded. Moreover, (H%77 — zie)
fulfills a similar estimate and it is, therefore, injective. This implies that the range
of H%n — Z+. is dense and because it is also closed, H%" — Z4 is surjective.

In addition, the resolvent identity yields that
R¥1(z4¢) — R (24,) = +i(n — no) RE" (24e) MPRE™ (24,). (6.8.7)

It follows from (6.8.6) that there is a constant C' > 0 (independent of 1) such that
|R"(2+)|| < C/e. This together with (6.8.7) and the fact that M? is bounded
implies that Ri"(zie) is continuous with respect to n, for n > 0, and differentiable
for n > 0. Moreover, taking n — 0 in (6.8.7) we get (6.8.1).

It follows from Lemma 6.4.7 that there is a constant o > 0 such that for ¢ € H
Ul = (4, R (o) (HE + )X (Hp) R (22000
(e1 +0)2 + D)o~ (v, BF(z2.0)" ax*(Hp) B (22.)0) )

(ex +0)2 + 1)(2am) ™! (v, B*(22.0)" (20 M2 + 26) R (22.0)) )

(ex +0)? +1)(20m) ™1 (1, i(B* (22:0) " — B¥"(220) )

(e1+0)? + 1)(am) ™" [(, B¥(z)0)| (6.8.8)

This implies then statement (ii).

(Hp +i)x(H
2

p)R*
< 1

IN

(
(
(
<(

We calculate

X(Hp) R (22c) = X(Hp) R’ (22c) (Hp — 20) R (24)
= X(Hp) R®(220) (1 inM2R*(z1.) ) . (6.8.9)

It follows from Definition 6.4.4 and (6.6.1) that ||x(Hp)R"(24c)|| < 4/6. Moreover,

| HpX (Hp) R (z2) | = [x(Hp) + 2eex(Hp) R (220) | (6.8.10)
We obtain that
H(Hﬁ+ HX(Hp)R(z+)| < C. (6.8.11)
This together with (6.8.9) and the boundedness of M? yields that
|(Hp + i)X(Hp) R (2)|| < C (1 + || RF(21e)]]) - (6.8.12)

Statement (iii) follows then by (iv) which is proven below.
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(iv) Tt follows from (ii) together with (6.8.12) that there are constants C,C > 0 such
that
L+ [[(Hp + i) R (20|
<1+ ||(Hp +)xX(Hp) R (ze0) | + ||(Hp + i) x(Hz) R (21|
<1+ C (14| R (zx0)|)) + Cn 2| B (210) | (6.8.13)
We fix n > 0 sufficiently small such that Cn < 1/2 and C' + 1 < Cyp~'/2. Then,
employing |z| +1 < 2v/a? + 1 for all z € R, we conclude for n € (0,n)
1
L | (Hp + )R ()| < O /2 (14 e )+ 5 0+ IR o))
< 200 (14 ||(Hp + )R (2 |) M+ 5 (0 4+ (B4 z)Ri” zxd)]))-
(6.8.14)
This yields then
1+ ||(Hp + 1) R (20| < 402 (14 ||(Hp + 1) RF"(220) )2, (6.8.15)
and hence,
|(Hs + i) R¥(21)|| < 1602071, (6.8.16)
which implies statement (iv).
(v) For ¢ € H, we apply statement (ii) to the vector pyp € H and find that there is a
constant C' > 0 such that
: _ 1/2
|(Ep 4+ i (Hp) R* ) pi]| < O [(w, F¥(z20) 2, (6817)
which implies
|(F + i)X (Hp) B (z0)p]| < O™V P02 0) |2, (6.8.18)
In addition, it follows from statement (iii) that
|(Hs + )X (Hp) R (24c)p|| < C. (6.8.19)
This together with (6.8.18) completes the proof of statement (v).
O
6.9. Domain properties and commutator estimates in Mourre

theory

6.9.1. Domain properties in Mourre theory

In this section we prove auxiliary technical results that we need in Section 6.6. In
particular, we prove that R*"(z1.) (see (6.6.4)) leaves the domain of dI'(D) invariant —
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this (and similar results) might be regarded as the main result of this section, see Lemma
6.9.3. In this work we do not use the standard strategy and we believe that our method is
much simpler and more direct than the usual one: A novelty of our presentation is that
we do not employ the usual techniques to study domain problems and commutators.
The standard presentation of Mourre theory includes a scale of Hilbert spaces and a
regularization of the generator of dilations in order to address domain problems (which
is a technical and delicate issue — see [28]). In our case, instead of stating scales of
Hilbert spaces explicitly and regularizing the generator of dilations, we directly dilate
the operators at stake. We point out to the reader that the details of the arguments in
this section are rarely found in the literature. A presentation of similar arguments may
be found, e.g., in [42].

Definition 6.9.1. Let B be a closed operator, defined in H. For every f € R, we denote
its dilation by

BB _ —iBdT(D) gifdI (D) (6.9.1)

For every function h : R — R we denote by h'® (k) := h(ePk). A direct calculation
shows that (see Definition 6.4.1)

HY = Hp(w® ugf), (M*)O = x(HOVHED usD)x(HY),  (69.2)
see Remark 6.4.6, and (see (6.6.4))
(HENE) = BY Fin(M%) @), (RE(20) D = (HE)®) = 2a0) . (693)

Lemma 6.9.2. Let B be a bounded operator in H. Assume that the map 8 — B®) is
continuous at 0 and, for every ¢ € D(dI'(D)), the limit

o Lionm
lim B(B B)o (6.9.4)

exists. Then, D(dT'(D)) is invariant under B. In particular this holds true if the map
B — BW) s differentiable at 0.

Proof. We recall that B¢ € D(dI'(D)) if and only if the function 8 +— e~*#I(P) By is
differentiable at 0. Set ¢ € D(dI'(D)). We notice that the limit

lim l(e*wd”m —1)B¢ = lim l(BG@’) — B)¢ + B<ﬁ>l(e*iﬂdF<D> ~1)¢  (6.9.5)
50 3 p

B—0 /B
exists because ¢ € D(dI'(D)) (see (6.9.4) and above). O
Lemma 6.9.3. The derivatives (recall (6.6.38))
0 1 d 0
%H(T—ALB:O’ @X(Hg)ﬂﬁzo, %(Rin(zﬂ))(mﬁ:o, (6.9.6)
P
0~ o -
a5 (W) BT 2)) Doz, o5 (R (220) 3=

exist, and therefore, the operators above leave D(dAT'(D)) invariant (see Lemma 6.9.2).
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Proof. In this proof, we denote by a dot on the top of a symbol the derivative with
respect to 3 at zero. If it is necessary, we specify below with respect to which norm is
the derivative taken. For example, the (point-wise) derivative of ugf with respect to /5 at
zero is denoted by (uB f). In case that the dependence on 5 is written as a superscript,
we sometimes omit the symbol §. For example the (point-wise) derivative of £ B) at zero
is denoted by &.

Moreover, we recall from (1.2.1), (1.2.2) and (1.2.5) that Hy and H; depends on
w, V depends on f and H depends on w and f. Therefore, in the remainder of the
proof, we write this dependence explicitly: Hy = Ho(w), Hf = Hf(w), V = V(f) and
H = H(w, f).

A simple calculation shows that

|71 = 1) = wap)| < 181, |87 (P (k) - wk)) - w(k)| < ClBlw (k). (6.9.7)

This together with Proposition 6.2.5 (see also (6.9.2) and similar calculations) implies
that

H (;(Hp(w, @ — Hp) - Hp(a, (u;éf))) 41 | <t (6.9.8)

Then, the second resolvent identity and Proposition 6.2.5 imply that, for every A € C
with not vanishing imaginary part (here we proceed as in (6.9.12) below),

0 1 1 . 1

= = ——— H(a
P

(6.9.9)

and therefore, we obtain that the derivative in the left term of the first line in (6.9.6)
exists. Similar proofs (and formulas) hold for HfH(%ﬂ)\ and H(B ~Hy. Eq. (6.9.9)
and the second resolvent equation (used as in (6.9.12) below) allows us to analyze the
resolvents in the integrand in the Helffer-Sjostrand formula ((6.7.3), with n > 3) and get
(see also Proposition 6.2.5)

50+ XD a0 =77 [ dndy 050 L0 + ) — (6910)

dg ap H(ﬁﬁ) _

where z = x + 4y. This implies that the derivative in the middle term of the first line in
(6.9.6) exists. Similarly as in (6.9.8), we obtain that

d

1
5 HED w0

Hf—l-l'

1 .
—o=H D .9.11

7, 710 = H(E (wsD)) (6.9.11)

Eqgs. (6.9.10) and (6.9.11) imply that (M?)(® is differentiable with respect to 3 at 5 =0

(see (6.9.2)). This and (6.9.8) imply that (H%")(B) Hf1+1 is differentiable with respect to

B at 8 =0. Now we calculate the derivative of (Hy + 1)(R*"(24¢))® at zero using the




6.9 Domain properties and commutator estimates in Mourre theory 141

second resolvent equation:

;(Hf + 1) ((R¥1(20)) P = B(21)) (6.9.12)

+(Hy o+ DR (o) [ (HE) O

; |=0] (Hy + 1) R*"(2)

Hp+1

={ s+ DE= e (U — () oy [%% ot rﬁ:o)}

+{(Hy + D) = B ) Y5 057 - (12 ><ﬂ>>

It follows from Proposition 6.2.5 and (6.6.7) that (Hy + 1)R*"(24,) is bounded. This
and the fact that (H i")( )ﬁ is differentiable with respect to § at 5 = 0 imply that
the first term in the right hand side side of (6.9.12) tends to zero as 3 goes to zero. The
same arguments and the fact that

(Hy + D 20) ) = (7 41) ) (4 D) (60.13)

is uniformly bounded for small 8 (see Proposition 6.2.5 and (6.6.7)) imply that the
second term in the right hand side of (6.9.12) is bounded (uniformly with respect to
B). Since the second term in the left hand side of (6.9.12) is bounded (see arguments
above), it follows that

lim (H + 1) ((R=1(220)? = B*(210)) = 0. (6.9.14)

This in turn and the arguments above imply that the second term in the right hand side
of (6.9.12) tends to zero as [ tends to zero. We conclude that the left hand side of (6.9.12)
tends to zero as 3 tends to zero and, therefore, (H; + 1)(R*(24¢))® is differentiable
at zero. This proves the existence of the derivative in the right term of the first line
n (6.9.6). The proof that the derivative of (Vn)(ﬁ)ﬁa with respect to (3, at zero
exists follows exactly the same lines as the corresponding result for (H%n)(ﬂ) Hfl 1
therefore, we omit it. Then, using this and that (H; + 1)(R*"(24.))?) is differentiable
at ZeI“O, we Obtain that <V77 1+H )((1 + Hf)Rin(Ziﬁ)(ﬁ)> lb dlﬁerentlable at 7ero. Thls

proves the existence of the derivative in the right term of the second line in (6.9.6). The
proof for the left term is analogous. O

and

6.9.2. Commutator estimates in Mourre theory

Lemma 6.9.4. Recall that we introduce x € C°(R,[0,1]) in Definition 6.4.4. The
quadratic form [x(Hp),dL(D)], defined in the domain of dI'(D), extends to a bounded
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operator that we denote by [x(Hz),dl'(D)]°. Additionally, (H5 + i)[x(Hp), d'(D)]°
bounded.

Proof. For 1, ¢ € D(dT'(D)) N D(Hp) and z € C\ R, it follows from Lemma 6.9.3 that
(6, [(Hp — 2)7",dD(D)]y) = (dI( ~2)7', (Hp — 2)(Hp — 2) ')
~ ((Hp —2) "1, dI(D)(Hp — 2)'v)
<¢, <Hﬁ > '[Hp, dT(D)*(Hp —2)"'¢) . (6.9.15)
Note that
|+ i) (Hp — 27| <1+ || (2 + i) (Hp — )7 < € (14 [Re 2| Tm 2[7) . (6.9.16)
Then, we observe from Remark 6.4.6 that

(0, [(Hp —2),d0(D))| < CllglwlTmz| ! (1+ |Rezl[Tmz["1),  (6.9.17)

and consequently, [(Hs — z)~!,dI'(D)] uniquely extends to a bounded operator on H
which we denote by [(Hp — z)~1,dI'(D)]° and

[(Hp — 2)"1,dI(D)]° = —(Hp — 2) '[Hp, dT(D)]°(Hp — 2) . (6.9.18)

This together with Remark 6.4.6, (6.9.16) and the Helffer-Sjostrand formula (see (6.7.3))
yields

H(Hﬁ+i)[X(H*)’dF(D)]OH <! / dedy |az>z<z>\H<Hf+z'>[<Hr 2)~Lar())|
/dxdy|&x )| (B + ) (1 H |, ar (D) (s — i) 7
<c /C dxdy|a;>z<z>\(1+rx||yr1) , (6.9.19)

where we take z = x + iy for z,y € R and ¥ is the almost analytic extension of x
(see Definition 6.7.1). In the definition of x we choose n > 2 and, therefore, |0zx(z)| <
C|Im z|?. Since y is compactly supported, then ¥ is also compactly supported. It follows
that

|t + i) [x(Hp). AT (D \<c/sup]p dadyly? (1+ |2lly| ") < €. (6.9.20)

This completes the proof. O

Lemma 6.9.5. Recall that we introduce x € C°(R,[0,1]) in Definition 6.4.4 and M?
n (6.6.3). The quadratic form [dT(D), M?], defined in the domain of dAT'(D), extends

to a bounded operator that we denote by [d['(D), M?]°. Similarly, the quadratic form
[idT'(D), V;] estends to a Hp-bounded operator that we denote by [idD'(D), Vy]°.
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Proof. For ¢, € D(dI'(D)) N D(Hp), we observe from Lemma 6.9.3 and the Hp-
boundedness of [Hz,idl'(D)]° that

(d0(D), M?y) — (M?¢,d0(D)y ) (6.9.21)
= ([X(Hp), dT(D))g, [Hp, idl (D)X (Hp)¥:) + (AT (D)x(Hp)é, [Hyp, idD (D) "x(Hp)v)
— ([Hyp, idT(D)*x(Hp) o, [X(Hp), dT (D)) — [Hp, il (D)]°x(Hp)é, dT(D)x(Hp)v ) .
It follows from Lemma 6.9.4 and Remark 6.4.6 that

([T (D), x(Hp))o, [Hp, idD (D) x(Hp)w)| < Cllel|]1¢] (6.9.22)
and

([Hp, idD(D)Px(Hp)g, [A0(D), x(Hp) )| < Clla][¥]. (6.9.23)
Moreover, for ¢, € Fgnlho|, we obtain from Lemma 6.4.3 (iv) and (v) that
(d0(D), [Hyp, idD(D))"9) — ([Hzp, idD(D))%, dl(D)?)

= (p,[dD(D), (A5(8) + g (D)D) = (¢, (AU(E) — igo d5(Df)) 9),
(6.9.24)

where € = [D,&]. Direct calculations show that |£| < Cw and D?f € b. Proposition
6.2.5 implies that (dfﬁ(é) — igal<I>ﬁ(D2f)) is relatively bounded with respect to Hp
and, hence, [dT'(D), [Hp, id['(D)]°] extends to a Hp-bounded operator which we denote

by [d[(D), [Hp, id[(D)]°)° = dT'5(£) — igo1 ®5(D?f). Employing Lemma 6.9.3, we find
a constant C' > 0 such that

’<dF(D)X(Hﬁ)¢7 [Hp, idF(D)]OX(Hﬁ)@ — <[Hp, idL (D) "y (Hp), dF(D)X(Hﬁ)wM
= |(xtap)0. [a0 ), g, iar )] xtatp) | < Ul (6.9.25

This together with (6.9.21), (6.9.23) and (6.9.22) implies that there is a constant C' > 0
such that

(dr(D)g, M) — (M9, d0(D)y)| < Cllo|l[1¢ll, (6.9.26)

and, thereby, we complete the proof, since D(dI'(D)) N D(H3p) is dense in H. The
statement concerning [idI'(D), V;] is proved following the same lines above. O






7. Outlook

In this last chapter, we conclude with some thoughts and questions that arose during
our analysis in the previous chapters that seem worthwhile to be addressed in future
research projects. Moreover, we give a brief assessment of the respective difficulties that
are to be expected.

Formula for multi-boson scattering processes: One further aim could be to find a
formula for multi-boson scattering processes, which are of higher order with respect to
the coupling constant. From a physical perspective, it could be interesting to examine
which processes are dominating and which are suppressed. This would provide rigorous
versions of the well-known exclusion rules. As mentioned above, a major step in this
direction has already been achieved in [12], where they provide an expansion of the
scattering amplitudes with respect to powers the fine-structure constant for the Pauli-
Fierz model. Starting from their results, we expect that this goal can be achieved by
the methods presented in this work. However, we encountered difficulties in a potential
derivation of an exact version the scattering formula for multi-boson processes. The root
cause can already be observed in the intermediate scattering formula, which has been
presented in Theorem 2.2.2. In a multi-boson setting, this formula produces a lot of
terms, which all require their own careful treatment in view of the long time estimates.

Scattering formulas for n-level systems: Another aim could be to study a generalized
version of the Spin-Boson model, where one models an atom with more than two energy
levels, i.e., the replacing the atomic part of the Hamiltonian by a n-by-n matrix instead
of a 2-by-2 matrix (compare to, e.g., [24]). From a physical point of view, this is an
interesting situation since such a model allows for more complicated scattering processes
than the model studied in this work. For the latter, heuristically, there are only two
possible processes: first, the atom is in its lower energy state, absorbs a boson, and
thereby, gets flipped to the excited energy state, and second, the atom is in the excited
energy state, emits a boson, and thereby, gets flipped to the lower energy state. In the
generalized model with more than two energy levels, additional processes will show up.
For example, the processes mentioned in the paragraph above could happen in cascades.
It would be interesting to analyze those additional processes and prove that some of
them are dominating while others are suppressed as know from physics. Even though
the study of a n-level system allows for more processes compared to the 2-level system,
we presume that the respective terms look similar. Therefore, we expect that this aim
could be achieved with the methods described in this work.
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Removing the slight infrared-regularization: Recall that, for the massless case, we
studied an infrared-regularized model. In particular, we chose the boson form factor f
(defined in (1.2.3)) to have a slightly less singular behavior for small momenta. Con-
sequently, in Chapter 4, we also obtained slightly better key estimates as for the case
of no infrared-regularization, which are used in the induction step of the multiscale
analysis for the construction of the resonance and the ground-state (see, e.g., Lemma
4.4.11). The corresponding estimates of the dilated resolvent operator are later exploited
to control the time-evolution operator in the scattering regime (see, e.g., Lemma 5.3.8).
Hence, for the case of no infrared-regularization, these estimates would have to be im-
proved. As shown in [8], there are already techniques to treat this case, e.g., for the
construction of the ground-state. The employed multiscale method relies on a certain
symmetry of the model which guarantees that the most singular terms vanish. A further
research goal could be to extend their method to construct the resonances and control
the time-evolution operator such that the formula for the scattering matrix elements
(see Theorems 3.0.1 and 3.0.3) can be recovered.

Relaxing Assumption 6.0.1: In Assumption 6.0.1, we suppose that the mass of the
scalar field, m, can not be a multiple of the energy gap of the two bound states of
the free system e; — ey. Heuristically, this excludes situations where an atom being in
its lower energy state gets flipped to the excited energy state by a certain number of
boson with zero momentum. The question whether this condition can be relaxed is of
both physical and mathematical interest. The latter arises since, in the critical case (i.e.
m = n(e; — eg) for some n € N), we find that the dilated free Hamiltonian does not
exhibit a spectral gap around e;. Hence, one has to overcome similar obstacles as in
the massless model and we expect that they can be handled by the methods described
in this work. From a physical perspective, it would be interesting to know whether this
condition is again (only) a technical issue or if the physical properties will change in this
case.

Scattering formulas for other models: An obvious research goal is to derive a similar
scattering formula, as presented in Theorems 3.0.1 and 3.0.3, in other models of quantum
field theory, which provides a deeper physical interpretation than the Spin-Boson model
at hand. One could have several such models in mind: for example, the Pauli-Fierz
model, the Yukawa model, and ultimately relativistic quantum electrodynamics. One
of the crucial ingredients for the proofs of our scattering formulas (Theorems 3.0.1 and
3.0.3) is the good understanding of certain spectral properties of the model since we
employ them to control the time-evolution operator in the scattering regime. Regarding
this issue, several results and techniques can be found in the literature. For example,
in [10], the Pauli-Fierz model is studied and the methods used therein are similar to
some of the ones presented in Chapter 4 (and [21]). There is a new obstacle when
considering a more complicated model. The proof of the exact scattering formula for
the massless model (see Theorem 3.0.3), strongly relies on a special symmetry of the
Spin-Boson model, namely, the fact that o1V, is orthogonal to ¥ . This symmetry is
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not (necessarily) present in other models of quantum field theory.

Analyzing the ultraviolet behavior: Maybe one of the most interesting questions in
this context is to study also the ultraviolet properties of the model. In particular, a
goal could be to construct the ground-state and the resonance for a fixed (but small)
coupling constant but for arbitrary large ultraviolet cut-offs. Once this is achieved, one
could examine the dependence of the physically relevant entities, such as the energy
difference of the excited state and the ground-state and the decay rate of the excited
state (given by the imaginary part of the resonance), on the ultraviolet cut-off. Note
that Pizzo’s multiscale method (see Chapter 4 and [10, 21]), which has been introduced
in order to solve the so-called infrared problem, can interestingly also be applied to
analyze ultraviolet properties. This has been shown in [33] in order to construct the
ground-state of the Yukawa model for an uniformly fixed coupling constant and arbitrary
large ultraviolet cut-offs. Unfortunately, it is not obvious how their methods apply to
resonances, and therefore, we expect this problem to require substantial efforts.






A. Fourier transform of the Heaviside
distribution

In this section we present a detailed proof of the formula for the Fourier transform of
the Heaviside distribution presented in Lemma 5.3.6. This section is drawn from [22].

Proof of Lemma 5.3.6. For a > 0, we define g, € S'(R,C) by
da: SR,C) = C, ¢+ galp) = /OOO dz e~ (x). (A.0.1)
It follows from Definition 5.3.3 that for ¢ € S(R, C)
39al(0) = ga (& / dz e*"p / dze® / dsp(s)e ™. (A.0.2)

The integrand on the right-hand side of (A.0.2) is absolutely integrable because of ¢ €
S(R,C), and hence, the Fubini-Tonelli theorem yields that

) = / ds go(s)/ da e~ @aFis), (A.0.3)
R 0
This together with
o) . 1 « S
dpestotio L _ i A0
/0 ve a+is (a2 + s?) Z(oz2+32) (A.04)

implies that

l0el(9) = [ ds g ayels) —i [ s g yels) = G (p) —iGR(e). (A05)

SN +57
where
() = [ ds gyl (4.0.6)
and
GO (p) = /R dsﬁap(s). (A.0.7)

Using coordinate transformation s — as yields then that

(1) () = plas) _ [ ds g = me(0) =
ali%lJrG (p) alg{)h Rd 2 »(0) Rds mp(0) = 7o(p). (A.0.8)
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The second step follows from the dominated convergence theorem together with the
continuity of ¢. Moreover, we have

G (p) =GPV (p) + G2 (¢), (A.0.9)
where
(21)( ) . 5 Aod
G = [ ) (A.0.10)
and
068 S
GPP(p) = [ ds—5——50(s). (A.0.11)

—a8 (a2 + s?)

We treat these two terms separately. At first, we obtain

s 8
2,2 “ 5 ) ;
6906 = [0 [y (0 = e 0| [ o0
0)| 0(16 1
o NECT) .
= 2o sE[Elol(I;)aii] |(p(8) QP(O)‘ T 2 —alb ds a? +s <A ’ 12)

where we have used the coordinate transformation s’ = s2 for the second term in the
last line. Then, we obtain

GED(p)] < 20 P 1P = e+ PO (14 o) ~m(1-a¥)|. (A013

Note that In(-) is continuous close to 1 and supgc(_qs o8] [0(s) — ©(0)] < oo since a
continuous function has a maximum on a compact set. We conclude

lim G2?(p) = 0. (A.0.14)

o
a—0t

Finally, for some R > 0, we obtain

G2 () = / ds —— (p(s) — p(0)) + / ds — (0

«(#) [~R,R]\[-a8,a8] "+ 5 () = (0) [~R,R\[-a8 8] S(a2+82)@()
S

d . A.0.15

+/R\[R,R] S(a2+82)¢(8) ( )

Note that the second term vanishes independently of R because of symmetry, and further,
the mean value theorem implies that

lo(s) = @(0)] < Is]|¢]| - (A.0.16)

Altogether, this yields that

GEV < 2RI o+ [ dsle()/ls] < oo, (A.0.17)
R\[-R,R]
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This allows us to apply the dominated convergence theorem which yields that

lim G2D(p) = PV /R dségo(s) - (PV (1)> (o). (A.0.18)

a—0t °

This together with (A.0.14), (A.0.9), (A.0.8) and (A.0.5) implies that

) 1
i loal(e) =nole) =i (PV(5)) (0) Vo e SRO). (A.0.19)
Moreover, Definition 5.3.3 yields that

lim loal(o) = lim 0§l = OGle) = FlOll) Ve SRO)  (A.0.20)

a—0

and, thereby, we complete the proof. ]






B. The principal term T),(h,1)

In this section, we prove that if G = G(h, 1) is positive and strictly positive at Re A\; — Ao
then the absolute of the principal term Tp(h,l) can be bounded by a strictly positive
constant times g®. This section is drawn from [23].

Lemma B.0.1. Suppose that G = G(h,l) is positive and strictly positive at Re Ay — Ao,
then, for small enough g (depending on G), there is a constant C(h,l) > 0 (independent
of g) such that

|Tp(h,1)| > C(h,1)g% (B.0.1)
Proof. We set
G(r)

1= /dr —, B.0.2
(T—i—)\o—Re)\l—igZEl)(T—)\O—F/\l) ( )

and take small enough g. Recalling (6.3.3), we observe that
Tp(h,l) = g* By M. (B.0.3)

We recall from the discussion below Definition 5.1.2 that Fy = Ef + g*A, where a > 0,
A = A(g) is uniformly bounded and Ej is a strictly negative constant that does not
depend on g, see (5.2.11). Additionally, it follows from (5.2.25) together with ||po @ Q|| =
1 that [|[U),|| > C > 0, for some constant C' that does not depend on g. Moreover, we
conclude from (5.2.28) that ReA; — A\g > C' > 0 for some constant C' (independent of
g). Consequently, (5.1.8) guarantees that there is a constant C' (independent of g) such
that |M| > C > 0.

This together with (B.0.3) implies that it suffices to show that there is a constant
C(h,1) > 0 such that

1] > C(h,1), (B.0.4)

in order to conclude (B.0.1).
For o = ay :== Re A\; — A and recalling (5.0.2), we observe

I /dr G(r) _ /er(r) (r? — a? — g*E? + 2ig?Eqr)
(r—a—ig?Ey)(r + a —ig?E) (r2 — a2 — g*E?)2 + 494 E?r2
(B.0.5)
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Let ¢ > 0 be such that G is supported in the complement of the ball or radius ¢ and
center 0. Then, we have

292r
Im(I)| > |E drG . B.0.6
()| 2 |B1] [ arGir) gy (B.0.6)
Substituting s = 72, yields
2
g
Im(I)| > |F dsG . B.0.7
()| 2 |B1] [ asG0R) oo oo (B.0.7)

Since G(a) # 0, then for small enough g there is a constant rg, that does not depend
on g and a constant C' > 0 (independent of g) such that G(y/s) > C, for every s €
[+ g*E? — rg, —a? — g*E? + 10]. We apply the change of variables u = s — a? — g*F?
and obtain

T 2

0
g
Im(I)| > C|E ds——————. B.0.8
@) = ClB| | ds gy (B.0.8)
Finally, we change to the variable 7 = s/g? to obtain:
r0/9* 1
| Im(I)| = C|E| d ClEA], (B.0.9)

T >
—rofg? T2+ 4E3c? —

for small enough ¢ (depending on G). O
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