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1 Introduction

The theories of relativity and quantum mechanics are among the most successful in
physics. While a full unification of general relativity and quantum mechanics has yet
to be achieved, such a unification has been partially accomplished for special relativity. A
key step in this direction is the Dirac equation, the relativistic extension of the Schrodinger
equation. This equation describes particles with spin %, such as electrons, in a way that
is consistent with the principles of special relativity.

In this thesis, we will approach the Dirac equation from a mathematical perspective.
Beginning with the symmetries of spacetime, we will explore which equations are appro-
priate for formulating a quantum theory that is relativistically admissible. This leads to
the Klein-Gordon equation and the Dirac equation as natural candidates.

During the early development of quantum mechanics, it was recognized that the math-
ematical structures employed in this theory are intimately related to those studied in
representation theory in mathematics. From this perspective, the framework of quantum
mechanics appears to align naturally with the mathematical language of representation
theory.

Although there are many excellent books on the Dirac equation and representation theory,
the language used is often abbreviated and not always rigorously presented. As a result,
significant time is required to become familiar with the subject matter. The goal of this
thesis is to describe the mathematical framework in a consistent and precise terminol-
ogy, drawn from mathematical representation theory, which will be introduced gradually
alongside the necessary mathematical definitions.

In Chapter 2, we focus on the physical space of special relativity, the Minkowski space,
and investigate its symmetries. This leads us to the Lorentz transformations, which form
a Lie group, a differentiable manifold endowed with a group structure. In discussing
its group properties, we encounter the mathematical concept of group representations,
which is closely tied to the description of the spin of a particle. We will show that the
connected component of the Lorentz group with the neutral element can be decomposed
into rotations and Lorentz boosts. Since the manifold of rotations is not simply connected,
we are led to the mathematical concept of the universal covering group.

In Chapter 3, we determine the universal covering groups. We find that the rotation
group is covered by SU(2), and for the Lorentz group, the universal covering group is
SL(2,C). The latter proves to be a suitable foundation for constructing further repre-
sentations. Through this approach, we can systematically derive relativistically invariant
field equations, including the covariant Dirac equation.

In Chapter 4, we take a different perspective by delving into the fact that the Lorentz
group forms a Lie group. This leads to a specific structure known as the Lie algebra. We
begin with a general introduction to the Lie algebra of matrix Lie groups, and then apply
these concepts to the Lorentz group, yielding the Lorentz algebra. The basis elements of
this algebra, which are the infinitesimal generators of the Lorentz group, are closely related
to the symmetries of spacetime. In particular, the generators of rotations correspond to
the components of angular momentum, while the generators of boosts are associated with
transformations between different inertial frames, linking time and space coordinates.
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To conclude the discussion, we will provide an outlook on further extensions of this theory
by considering the Poincaré group, which includes both spatial and temporal translations.
This allows for a more complete description of the system’s dynamics, including its time
evolution.



2 Lorentz Group

2.1 Minkowski Space

Events in spacetime are described with respect to a reference frame by coordinates x =
(2%, 2)T € R, where 7 = (2!, 2%, 2%)7 € R? represents the spatial coordinates, and x° = ct
is the temporal coordinate. A transformation of the reference frame is described by the
affine transformation

r—r=ANz+a (1)

where A € R¥* is a matrix representing the linear part of the transformation and a € R*
is a vector representing the translations. - is the standard matrix multiplication.

The aim is to determine which of these transformations are consistent with the principles
of special relativity and, therefore, represent transformations between all possible inertial
frames.

The principles of relativity can be stated as follows:

e All inertial frames are equivalent for the description of physical laws.
e The speed of light ¢ is constant in all inertial frames.
Light rays originating from the origin propagate along the light cone described by
At — |Z* =0 (2)

where | - | denotes the Euclidean norm. It consists of the past light cone (¢ < 0) and the
future light cone (¢ > 0). Translations in space and time a can be disregarded.
Given this, the above principles can be rewritten as

-2

(2°)? - =0 = (2°)-2" =0 (3)
where we use the notation |Z|? = 72,
It is useful to introduce the following quadratic forms:
Q) = a"ga @)
Q'(x) == Qa') = 2" ATgAx (5)
where
1 0 0 ©
0 -1 0 0
_ (VY
0 0 0 -1

is the metric tensor, for which we chosen a signature (1,—1,—1,—1). We use the stan-
dard index notation with covariant and contravariant indices along with the Einstein
summation convention as explained in (Thaller, 1992, Chapter 2.1)
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For a fixed 7, the quadratic form (4) vanishes when 2° = 4|#|. From the condition in
(3), it follows that the quadratic form in (5) must also vanish. Thus, it can be generally
expressed as

Q'(x) = A’ — |7 (2" + |7]) = A ((=")* — 7%) = AQ(x) (7)

The case A # 1 corresponds to a change of units and is not considered further. Conse-
quently, we obtain Q'(z) = Q(x), implying Vo € R* : 2TATgAx = 2Tgx. This condition
is equivalent to

ATgA =g or A 9N, = Gor (8)
This leads to the introduction of the bilinear form
(z,y) =" gy (9)

which can be shown to be a indefinite scalar product (Scharf, 2014, Chapter 0.1), and
remains invariant under the aforementioned transformations:

(Az, Ay) = (Ax)"g(Ay) = 2" ATgAy = 2" gy = (2,y) (10)

This is how constancy of the speed of light in all inertial frames, disregarding changes of
units, is mathematically reflected as the relativistic invariance of the scalar product. The
space (R%, (-, -)) is referred to as Minkowski space M.

2.2 Lorentz Transformations
Definition 2.1 (Lorentz transformation). A Lorentz transformation is a linear map A :

R? — R* such that Vx,y € R*: (Az, Ay) = (z,y).

As demonstrated, Lorentz transformations can also be characterized by Equation (8). We
now proceed to show that the set of Lorentz transformations forms a group.

Definition 2.2 (Group). A group is a pair (G, *), consisting of a set G and a binary
operation * : G X G — G, (a,b) — a x b, which satisfies the following conditions:

1. Associativity: Ya,b,c € G : (axb)xc=ax (bxc)

2. Fuxistence of identity element: Je € GVge G:gxe=g=ex*xg

3. Ezistence of inverse element: Vg € G 3g7' € G :gxg ' =e=g1xg

In this context, the group operation is the standard matrix multiplication. First, we
demonstrate that the composition of two Lorentz transformations results in another
Lorentz transformation:

(A1A2)T9A1A2 = A2TA1T9A1A2 = A2TQA2 =g (11)

Conditions 1 and 2 follow directly from the properties of matrix multiplication. It remains
to verify condition 3:

1 = —det(g) = —det(ATgA) = — det(AT) det(g) det(A) = det(A)* = det(A) = £1 # 0
=det(A) =-1

(12)
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This implies that A is invertible and A~! is itself a Lorentz transformation:
(ATH)TgA™ = (ATHT(ATgMAT = (ATH)TAT)g(AA ) =1 (13)

Consequently, it has been established that the Lorentz transformations indeed form a
group, which shall be denoted by £ = O(1,3) from now on.

Next, we explore how a group acts on a set, which will lead us to the concept of group
representations. We define:

Definition 2.3 (Group Action). A group action of a group G on a set M is a map
a:GxM—=M, (g,x)—g-x (14)

that assigns to each pair (g,x) of a group element g € G and an element x € M another
element g - x € M, such that

Vo1,0 € GV e M :g1-(g2-2) = (1% g2) - @ (15)
It follows that
Vx € M with e the identity element of G:e-x =« (16)
since
Vge GVreM:g-(e-x)=(gxe)-x=g-x (17)

In general, M can be an arbitrary set with a complex structure.

To simplify the problem, we consider the linearization of the set M. Let W be a vector
space over a field K. Define F(M) = {f | f: M — W} C WM as the set of functions on
the set M. This approach linearizes the problem, as F'(M) forms a vector space:

Vo € MYfi, f2 € F(M): (fi + f2)(2) == fi(z) + f2() (18)
VAXeKVre MVfe F(M): (Af)(x):=\f(x) (19)

Given a group action « of G on M, one can then define an ”action of G on F(M)”.

Definition 2.4 (Group Representation). A representation of a group G is a pair (V,7),
consisting of a vector space V' and a group homomorphism

7:G— GL(V), g— 7(g) (20)
where GL(V') denotes the group of invertible linear maps V. — V.
The group homomorphism property of 7 requires that Vg, go € G-
T(g1)m(g2) = 7(g1 * go) (21)

It ensures that a "group action on F(M)” is well-defined. From here on, we will just
use the term "homomorphism”, always referring to group homomorphisms unless stated
otherwise. The general idea is to linearize the group action by linearizing both the set M

5
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and the group G.

If V' is a finite-dimensional vector space, it is well-known (see Axler (2024)) that there
exists an isomorphism GL(V') = G L(n,C) between the group of invertible linear maps on
V' and the group of invertible n x n matrices with complex entries, where n denotes the
dimension of V.

The above definition of a Lorentz transformation is based on the standard representation
of the Lorentz group, which corresponds to the 4 x 4 matrices with matrix multiplication
as group action. This representation is also known as the defining representation. Other
representations can also be chosen, and we will explore them later. However, the next
chapters will work within the standard representation.

A 4 x 4 matrix is characterized by 4 - 4 = 16 parameters. Due to the symmetry of
Equation (8) in the indices p and 7, there are 377, i = 10 constraints. Hence, a Lorentz
transformation has 16 — 10 = 6 degrees of freedom.

In addition to its group structure, the set of Lorentz transformations possesses a rich
geometric structure, forming a six-dimensional manifold. Moreover, it can be shown that
these structures are compatible, and the Lorentz transformations constitute a Lie group.
In the following, these concepts will first be defined, and the corresponding statements
will then be proven.

Definition 2.5 (Topological Manifold). A topological manifold M is a topological space
(M, 1), which satisfies the following conditions:

1. Locally Fuclidean: Fach point of M has a neighborhood that s homeomorphic to an
open subset of R™.

2. Hausdorff: For every pair of distinct points p,q € M, there are disjoint open subsets
UV C M such that p e U and g € V.

3. Second Countable: There exists a countable basis for the topology of M.

With the introduction of charts, atlases, and transition maps on the manifold (Lee, 2012,
Chapters 1 and 2), we are able define the concept of smoothness for manifolds:

Definition 2.6 (Smooth Manifold). A smooth manifold is a topological manifold equipped
with an atlas A such that all transition maps are smooth.

Definition 2.7 (Smooth Map). Let M and N be smooth manifolds. A map f: M — N
is smooth if for every point p € M, there exists a chart (U, ¢) with p € U and a chart
(V,4) for N with f(p) € V, such that the composition 1) o f o ¢~ is smooth.

Definition 2.8 (Lie Group). A Lie group G is a smooth manifold with a group structure
m:GxG%G,(gl,gz)Hgl*QQ (22>

such that both the multiplication map m and the inversion map i : G — G, g+ g1, are
smooth.



2.3 Components of the Lorentz Group

We now aim to prove that the set of Lorentz transformations indeed forms a Lie group.
The strategy involves using the fact that the general linear group over the real numbers
GL(n,R), which is the group of all invertible n x n matrices with real entries, is a Lie
group (Lee, 2012, Chapter 7), and then applying the closed subgroup theorem (Lee, 2012,
Chapter 20).

Theorem 2.1 (Closed Subgroup Theorem). Any closed subgroup H of a Lie group G is
a Lie subgroup (and thus a submanifold) of G.

We have already established that £ forms a matrix group and thus is a subgroup of
GL(4,R). Tt is also a closed subset of GL(4,R) = R as can be seen from the following
considerations:

e The condition (8) yields a set of polynomial equations in the entries of A.

e These equations can be rewritten in the form P(A*)) = 0, where P(A*)) are poly-
nomials and thus continuous functions of A*,.

e Since 0 is a closed subset of R'® it follows from the continuity of P(A*) that the
preimage A¥, is also closed in R,

By applying the theorem, we conclude that the Lorentz transformations form a Lie group.

2.3 Components of the Lorentz Group

Next, we will examine the connectedness of the set of Lorentz transformations. This
concept will become important later when we study the Lie algebra of the Lorentz group,
which can be seen as a kind of ”derivative” of the Lie group. To transition from the
algebra back to the group, integration along a path is required. Thus, the notion of
path-connectedness is particularly relevant.

We consider the case where p = 7 = 0 in Equation (8):

(A00)2 - (A10)2 - (A20)2 - (A30>2 =1 (23)
It follows that (A%)? > 1, which implies
A% >1 or A%< -1 (24)

where we use the notation > for ”greater than or equal to” and < for ”less than or equal
to”. From Equation (12), we already know that

det(A) =1 or det(A)=—1 (25)

As a result, there are four components of the Lorentz group:

Ll ={AeL£: A% > +1,det(A) = +1} (26)
Lr={AeL:A%>+1,det(A) = —1} (27)
LY ={AeL: A% < —1,det(A) = +1} (28)
LY ={AelL: A\ < —1,det(A) = -1} (29)
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As we will see later, all four components are path-connected, meaning all components
have been identified.

Of particular interest is the proper orthochronous Lorentz group El = S0O(1,3)", which
is the only one that forms a subgroup, as we will demonstrate.

First, we show that £T = /51 uLl = O(1,3)" is a subgroup. To prove closure under
composition, we need to show that (AA)%, > 1 for A% > 1, A% > 1.

3 3
(AA)%) = A%A% + Y T A%AT G = A% — ) " AT (30)
i=1 i=1
Using the 00-component of Equation (8)
(A00)2 - <A10)2 - (A20)2 - (A30)2 =1 (31)
we obtain for the 3-norm
[(Alg, A%, A%) T = 4/ (A%)? — 1 (32)
Using the Cauchy-Schwarz inequality

(Ao, A%, A%)T, (Ao, A%, A%) )] < II(Ag, A%, A%) T (A%, A%, A%)TI - (33)

3Ry < /(%) - 1/ (%) 1 (34)

where (-, -) here is the Euclidean scalar product, we get

(AN)% = A%A% =/ (A%)2 = 14/ (A%)? — 1, (35)

= %A, - \/(A%A%>2 = (A%)2 = (A%)? +1, (36)
~——  N——
>1 >1
> NA% =/ (A%A%)2 — 1 (37)
Next, we use the following norm property:
Va,b e R,a>0b:|lal]| — [|b|| < |la— b (38)

— Va2 - Vi < Va2 -2 (39)

and finally arrive at
(RN = 2% — (/(A0A%)2 - VI ) =1 (10)

The identity element is contained in £ because it is in EL The same is true for the
inverse:

ANgh=g <= Ag=gA! <= A1 =gATyg (41)

— (A% =A%>1 (42)
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This completes the proof.

In a similar manner, it can be shown that £, = ﬁluﬁﬁ = S0(1, 3) also forms a subgroup:
e Closure: For det(A) =1 and det(A) = 1, we have det(AA) = det(A) det(A) = 1.
e Neutral element: The identity element is contained in L’l.

e Inverse element: From det(A) = 1, it follows that det(A™!) = ﬁm) = 1.

The proofs for £ and £ are independent of each other and can be performed simulta-
neously. Thus, we find that El is indeed a subgroup of L.

The other connected components can be obtained through discrete transformations of the
proper orthochronous Lorentz group:

c=pct, ch=1cl, £f=pPrLl (43)
with
1 0 0 0
. . 0 -1 0 0 o
e the parity transformation P = 0 0 -1 0 (0, Z)" — (xg, —7)
0o 0 0 -1
-1 0 0 0
. . 0 10 0 , .
e the time-reversal transformation 7" = 0 010 (20, Z)" +— (—x0, X)
0 0 01
-1 0 0 0
e the space-time-inversion PT'=| 0 —1 0 0] : (o, %)" = (—x, —7)T
0O 0 —-120
In short, we can express this as

where £/L]. denotes the factor set (Thaller, 1992, Chapter 3.1).

2.4 Rotations and Boosts

The next goal is to find the general form of the proper orthochronous Lorentz group and
to decompose it into its components.
We start with the following ansatz:

T
A — (alxl b1><3) (45)

C3x1 D3><3

ATop — (@ A\ (1 0T\ [fa b\  [(a*—cTe abt —(De)™\ 1 (1 0T\
98=\bs D)\0o —15)\¢c D) " \ab—Dc " —DDT )~ \0 —1,) ~
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This leads to the conditions

a*—cle=1, ab= Dec, bb" —DD" = -1 (47)

First, we consider transformations that leave the 2° component, i.e., the time component,
unchanged. To achieve this, we set a = 1. The first condition then gives ¢ = 0, and
the second condition implies b = 0. From the third condition, we obtain DDT = 15,
meaning that D belongs to the special orthogonal group SO(3), which is the group of
all orthogonal 3 x 3 matrices with determinant 1, and corresponds to a rotation. In four

dimensions, this results in
- 1 oF
AP =(, p (48)

where R € SO(3). R is characterized by the rotation vector ¢ = @i, which specifies the
rotation axis 77 and the rotation angle ¢ € [0, 7).
If we choose the rotation axis to be the e3 axis, the familiar formula is given by

cosp —sing 0

R(e3, ) = | sing cosep 0 (49)
0 0 1
and
1 0 0 0
MGy, ) = 0 cosep —sinp 0 (50)
’ 0 singp cosp 0
0 O 0 1

The notation is intended to show that A(J) represents a rotation about an arbitrary axis,
while A(€3) denotes a rotation specifically about the €3-axis. To describe a rotation about
an arbitrary axis, we can decompose the vector ¥ to be transformed into a component
parallel and a component perpendicular to the rotation axis:

L e, L L
$||: 902 @, J_:l‘—:l?” (51)

The parallel and perpendicular components of the rotated vector are given by

—

:;’H:i"’”, J?L:cosgmﬂ—l—singogxzﬁ (52)

Thus, for the rotated vector we get

z zﬁ\\ +a) = 7 +cosg0:ﬁ~|—singp§ X T =) +COSgD(f—f||)+Sing0§ X (¥ — @)

— i f —
= cos T + (1 — cos )7 —|—Sincpf X ¥ =cosp + (1 — cosgo)gp ¢+ Sincpf X T
¥ ¥ ¥
(53)
In component form, this reads as
2" = cos px'+(1—cos go)%x”—i—sin cpezjk%xk = cos pz'+(1—cos gp)@ f] x/ —sin gpezjk%xj
(54)

10
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which gives
i k
Aj:cos<p5j+(1—COS<P)72j—Sln%pé jk; (55)

In a similar manner to (50), a boost in the direction of €3 can be defined as

coshy 0 0 sinhy
S 0 10 0
A(é5,x) = 0 01 0 (56)
sinhy 0 0O coshy

where x € [0,00) is the rapidity. It can be shown that A(é;,x) € L] For brevity, we will
write A(x).

cosh? y — sinh? x 0 0 coshysinhy — sinh x cosh x
0 -1 0 0
A(x)"gA(x) = 0 0 1 0
sinh xy cosh y — coshxsinhy 0 0 sinh? y — cosh? y
1 0 0 O
10 =1 0 0| _
10 0 -1 0]
0O 0 0 -1
(57)

and det(A(y)) = cosh® y —sinh® x =1, (A(x))% = coshx > 1.
A(x) even forms a one-parameter subgroup of £1:

cosh y7 cosh xo + sinh yysinhxys 0 0 cosh x; sinh y2 + sinh x; cosh y»

0 -1 0 0
A(x1)A(xz) = 0 0 -1 0

sinh x4 cosh xs + cosh y;sinhys 0 0  sinh y; sinh yo + cosh x; cosh x»

cosh(x1 +x2) 0 0 sinh(x; + x2)
0 1 0 0
= 0 01 0 = A(x1 + x2)
sinh(x1 +x2) 0 0 cosh(x1 + x2)

(58)
which demonstrates closure. The identity element is obtained for x = 0 and the inverse
is given by

coshy 0 0 —sinhy
1N 0 10 0

—sinhy 0 O coshy

Next, we will demonstrate that this Lorentz transformation can indeed be interpreted as
a boost. Consider a free, classical particle that is at rest in the inertial frame I. At two
time points ¢; and o, it is described by the coordinates (ct;, )T and (cts, Z)T. When

11
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transformed into another inertial frame I’, the coordinates are given by (ct},2?)” and

(cty, z5)".

cosh(x)ct; + sinh(y)z?
1

A (etr, &) = = (th,2})" (60)

cosh(x)cty 4 sinh(x)z?

cosh(x)cty + sinh(x)z?

LIZ’l

A (cty, &) = 2 = (th,ah)" (61)

cosh(x)cty + sinh(x)z?

The relative velocity of I’ with respect to [ is given by
v |2} — 2| _sinh(x)cty 4 cosh(x)az?® — (sinh(x)cty + cosh(x)a?)

b= ¢ th —t,  cosh(x)cty + sinh(x)z3 — (cosh(x)ct; + sinh(y)z3) (62)
inh to — ct
_ sin (x)(cty — cty) — tanhy
cosh(x)(cty — cty)
: _ 1 —_ tanh x — 1 _
With coshy = . cosh x Tty and vy : S the boost can be ex

pressed in terms of 5 :
(63)

Using these components, it can be demonstrated that any proper orthochronous Lorentz
transformation can be decomposed into a rotation, a boost in a coordinate direction, and
another rotation:

Theorem 2.2. FEvery proper orthochronous Lorentz transformation A € 51 can be ex-
pressed in the form A = A(¢1)A(x)A(g2).

Proof. Construct the three-vector Ay = (Aly, A%, A%)T # 0 from the matrix A* and
normalize it:

c= )\Kg = (Cl, Co, Cg)T, (C1)2 + (02)2 —+ <03)2 =1 (64)
Choose two normalized three-vectors @ = (ay, as,a3)” and b= (b1, by, b3)T such that @, b,
and ¢ form a positively oriented basis of the three-space.
Then the matrix
1 0 0 O
1/ =Y\ __ 0 a; a2 as
A (901) 1o by by b3 (65)
0 C1 C2 C3
is a rotation € SO(3). The positive orientation ensures that det(A~'(¢})) = +1.
Therefore,
A_l(gil)A _ 0 dll d12 d13 (66)

0 dar dy dos
dso ds1 ds2 dss

12



2.4 Rotations and Boosts

is in /31 because both A and A™'(4)) belong to El, so their composition does as well.

The two zeros in the first column arise from the fact that a, l;, and ¢ form an orthonormal
basis.

Now, consider the two three-vectors d; = (di1, dya, di3)T and dy = (day1, dag, daz)”, which
are orthonormal. This follows from a transformation of (8):

ANMgh=g <= ANTg=gA™' «—= AT =gN 'y <= gANT =A"'g <= AgAT =¢

(67)
AN, = g (68)
3 0 for p # v
A A — Z AN, =<1 fory=v=0 (69)
=1 -1 fory=v+#0

Add a third three-vector € = (eq, es, €3)” to again form an orthonormal basis with positive
orientation.
The matrix

1 0 0 0
0 dyy doyg e
A*l pd — 11 21 1 70
(¢2) 0 dia daa e ( )
0 dig das e3
is again a rotation € SO(3), and the product
A% 0 0 fo3
U 0 10 0
fso0 0 0 fa3

is once again a Lorentz transformation. The entries in the second and third columns, as
well as the two zeros in the fourth column, result from the fact that the rows of A=!())
are orthonormal (see Equation (69)) and that the multiplication by A~!(5) corresponds
to multiplication by the corresponding rows. We now show that the matrix corresponds
to a boost in the €3 direction. To do this, we consider the conditions in (47):

(A%)? = (fs0)? =1, A%fos = fasfao, (fo3)® — (fa3)® = —1 (72)
This system of equations is solved by

A% =coshy, fo3=sinhy, fs =sinhy, fs3 = coshy (73)
and we obtain A7 (1)AAT!(p5) = A(x), which implies A(¢7)A(x)A(2) = A.
It remains to consider the case where (A'), A%, A3))? = 0. In this case, the first con-
dition in (47) gives A% = 1, and the second condition yields (A%, A%, A%)T = 0. Thus,

A is a rotation, and the theorem is trivially satisfied.
O

13
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The decomposition in the theorem is not unique, which can be seen from the construction
in the proof.

For the rotation matrix A~*(¢7), the first normalized vector was given. The other two
vectors can be chosen orthonormally with positive orientation in the plane orthogonal to
it. This ultimately corresponds to an arbitrary rotation of the two new vectors around
the axis of the given vector.

In Equation (66), one could have swapped the order of A™*(¢1) and A. The proof would
then proceed almost identically, but the freedom of choice would apply to the other rota-
tion.

This raises the question of how to interpret this freedom of choice. For a boost in the
coordinate direction, the orientation perpendicular to the boost axis does not matter.
Therefore, one can perform rotations before and after the boost which cancel each other
out.

Theorem 2.2 can be used to show that 51 is path-connected, a mathematical concept,
which we introduce next:

Definition 2.9 (Path-connectedness). A subset A of a topological space M is called path-
connected if, for any two points x,y € A, there exists a path with initial point x and
terminal point y that lies entirely within A. That is, for a,b € R, there exists a continuous
map

v:a,b] = A with v(a) =z, y(b) =y (74)

We recall the fact that for a metric space X a map f : X — R" " is continuous if and
only if all components f*, u,v =1,...,n are continuous.

Lemma 2.3. £1 18 path-connected.

Proof. Let A1 and Ay be two arbitrary elements of El, and let id denote the identity
element of £ . It suffices to show that there exists a path with initial point A; and
terminal point id, and a path with initial point id and terminal point A,, i.e., continuous
maps

" - [tl, 0] — £I_ with 71 (tl) = A1 and Y1 (O) =id (75)
Yo . [O,tg] — LE_ with ’}/2(0) =1id and ’}/Q(tQ) = A2 (76)
A(¢1), A(g2), and A(x) are continuous maps and approach the identity as 7, @2, x — 0.
Since the composition of continuous maps is again continuous, it follows from the above

theorem 2.2 that A = A(¥1)A(x)A(¢3) can be continuously deformed into the identity.
O]

Due to Equation (43), the other three components £T_, Ei, and £* are also path-
connected.

With A = A(&1)A(x)A(gh) and definition of the new rotation A(@) := A(F))A(F), we
obtain

A = AGDACOAT (EDA) = A)A(P) (77)

14



2.4 Rotations and Boosts

where A(x1) = A(@1)A(x)A(¢1) is a boost in an arbitrary direction. Similarly, we also
obtain

—, —,

ABIA (A = A@A(R) (78)
where A(\) = A’l(wz)A(x)A( ).

Here, ¥ = x7i is the boost vector, where y € [0, c0) is the rapidity, and 7 is the boost axis.

The ambiguity in the decomposition from the above theorem disappears in Equations
(77) and (78). The part that could be chosen arbitrarily was precisely the one perpendic-
ular to the boost axis, and it is not affected by A(x). Therefore, this part of the rotation
commutes with A(x) and cancels out with the inverse rotation.

Next, we want to take a closer look at boosts in an arbitrary direction. Instead of ex-
plicitly calculating A(Y) = A(G)A(x)A~1(F), we can avoid this lengthy computation by
taking a similar approach to the one used at the beginning of the chapter for rotations.

The vector to be transformed is decomposed into components parallel and perpendicular

to the boost axis:

Hi

—

T = X, _’L =7 — fH (79)

Using Equation (56), the components of the boosted vector are obtained as

0 . X > . X = S

2" = cosh yz° + sinh X; -Z, a'| = cosh x&| + sinh X;xo, ¥ =1 (80)

The boosted vector is then given by

—.\

_» — [
- - - . — X'x

x’:x||+xL—coshxxH—l—smhx P+ 7 = X
X X
=7 + (cosh xy — 1)u)2 sinh szo
X2 X
(s1)

In component form, this reads as
i i

= (5ij (cosh xy — 1)X X 2)x? 4 sinh XX—x 2" = cosh y2° + sinh X&xi (82)
X2 X X

and we obtain

% %

A% =coshy, A" =sinh X&, A’y = sinh XX—, Ay =6+ (coshy —1)=52  (83)
X X X
. [ coshx sinh 77
A = <sinh X7 13+ (coshy — 1)nin” (84)

Using the relation from Equation (62), this can also be written as

o _ (7 VBT
AB) = (Wﬁ 1,4 (7 — 1)ﬁﬁT) (85)

15



2 LORENTZ GROUP

2.5 Composition of Boosts

We want to examine the composition of two arbitrary boosts. To enhance clarity, we
use the following notation in this chapter: B denotes a boost in an arbitrary direction,
R represents an arbitrary 4-dimensional rotation matrix, and R signifies an arbitrary 3-
dimensional rotation matrix. In general, boosts do not form a subgroup of the Lorentz
group, meaning the composition of two boosts does not necessarily result in another boost.
As a counterexample, consider:

Mmoo mB 00
B o 00
By = 0 0 1 0 (86)
0 0 01
Y2 0 By 0
0 1 0 0
B, = 87
Y Y2B2 0 v 0 (87)
0 0 0 1
Mmoo oMb 00 Yo 0 7B 0 MYy mbr B 0
BB — B8 o 00 O 1 0 0] _ MBiv2 o mbBiyeBe 0
Y 0 0 120 Y282 0 v 0 Y252 0 Vo 0
0 0 0 1 0 0 0 1 0 0 0 1
(88)

Clearly, this result only assumes the form (85) when v; =, =1 and 8; = 5, = 0.
In general, B>B; is not a boost, but BsB; € El. Therefore, by Theorem 2.2 we can
express it as ByB; = RBs;, where By is a boost and R € SO(3).

T T
BB, = | 72 Y252 g 7151
2 1 d - T nd - T
YoB2 13+ (72 — 1)nans 1B L+ (o — 1)nnd
— — T -T . oT
_ ( Y21 (1 + Bz - B1) Yoy + b (s + (i — 1)miny ™) )

— oL — - =T R oL
Yoy1 B2 + i (Ls + (v2 — Dmpnn B vamiBeBi + (Ls + (2 — Dmpnin” ) (Ls + (1 — Dninn )
(89)

1 0" e -
RBoy = a1 Y1521 _ Y21 Y1521
21 0 R o - =T > - =T
Yo1Bo1 13+ (721 — 1)nzinay Y21RBar R(Lz + (y21 — V)mzinzi )
(90)
By comparing the first row and column, we obtain:

o o1 =yn(l+ ﬁ; : gl)

- T T T o ST
e Y9101 =vnfr + 702 (Ls+ (n—1)nini')
. 721735;1 = 72715; + 713+ (92 — 1)@@5@“1
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2.5 Composition of Boosts

The second bullet point yields the relativistic addition of velocities:

— ﬁ: + 97 A+ (11 — 1)7"717”71T)52 _ gl + ’Yflgul - 32”1

= — — 91
- 1+ 6 B L+ 8- B o

Now consider the effect of switching the order of By and By. We know that By B; = RBoy,
RT = R, and from (85) BT = B:

BB, = (B BN = (ByB))" = (RBoy)" = B, R" = By R™ (92)
To express this in the form "first boost, then rotation”, we proceed as follows:
BBy = R (RByR™) (93)
(RByyR°YH! = (RY'BLR" = RBy R™ (94)
Thus, RBy R~ is a pure boost, and we define By, := RBy R™!, leading to
BBy = R By, (95)

When the boosts are swapped, the inertial frame is rotated in the opposite direction after
the boost.

The relationship between Bs; and Bjs can be determined by performing an analogous
calculation for BB, as for By B;:

® Y2 =m7(1+ ﬁ_i : gz)

- T T T o ST
e 112812 =7l +mb1 (Ls+ (2 — 1)nany’)
. 712735;2 = 71725_; + Y2 (13 + (1 — 1)771771T)5_;

A comparison of the third bullet point from B, B; and the second bullet point from B; B,
transposed gives

721735;1 = 7125?2 = Rﬁgl = 512 (96)

Thus, the boost vectors are rotated by the same angle as the inertial frames after the boost.
Inverting B, B results in

(ByBy) ™' = (RBoy) ' = By R = (R'BpR) 'R =R 'By} (97)
This implies a boost in the — By, direction.
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2 LORENTZ GROUP

2.6 Rotation and Boost Manifold

In the previous sections, we examined the group structure of rotations and boosts. Now,
we turn to their topological structure.

Boosts:

Boosts are parameterized by the boost vector ¥ = x7i, x € [0,00). This shows that the
set of all boosts is diffeomorphic to R®. As a result, the manifold is simply connected and
non-compact.

We can define the so-called mass-shell

Myos ={p €R" [ (p,p) =m?, p* > 0} = {(VP* + m?,p)’ €R'|PER}, m >0 (98)

and show that the boost manifold is diffeomorphic to it. M,y,s contains the point ¢ =
(m,0,0,0)" and for any p € M,,s, there exists exactly one boost A, such that A,g = p as
the following calculation shows:

ym o\ 1 (/PP + m2)
a= () S (V) = (99
We choose E = \/% and verify
p2+m
ym = L m — = m2 =\pPP+m? v (100)
\/1 - BQ \/1 - ﬁgf_mz ﬁZTmQ

Bm=vVEtmi—t— —§ v (101)
VDP? +m?

The map is also differeantiable, which concludes the proof of the claim.

Rotations:

Rotations preserve the origin, Euclidean distance, and orientation. They satisfy (Rx, Ry) =
(z, RTRy) = (z,y) and det(R) = 1, implying RRT = 1 and det(R) = 1. This shows that
rotations are isomorphic to the special orthogonal group SO(3).

Rotations are parameterized by the rotation vector ¢ = i, ¢ € [0, 7). Thus, the set of
all rotations is diffeomorphic to the ball B with radius 7 in R?, where we must identify
antipodal points on the surface of B because a rotation of 7 in 7i-direction is the same as
a rotation of 7 in —n-direction. The manifold has no boundary.

A rotation about a fixed axis can be visualized by moving radially outward from the ori-
gin. Upon reaching the boundary of the sphere (corresponding to a half-turn of ), the
motion continues inward from the opposite side of the sphere, representing a full rotation
of 2.

The manifold is also diffeomorphic to the 3-dimensional real projective space RP?, which is

formed by identifying antipodal points of the 3-sphere. This diffeomorphism corresponds
to the parametrization of the rotation group by Euler angles.

18



2.6 Rotation and Boost Manifold

As a consequence, the rotation manifold is compact and path-connected, but it is not
simply connected, a mathematical concept, which we introduce next:

Definition 2.10 (Free Homotopy of Paths). Let X be a topological space. Two closed
paths v, 71 : [a,b] = X are called freely homotopic in X if there exists a continuous map
H :[a,b] x[0,1] = X such that

1. H(t,0) =~(t), H(t,1)=(t) forallt € [a,b]
2. H(a,s) = H(b,s) foralls€|0,1]

Definition 2.11 (Null-homotopic Path). A continuous closed path ~ : [0,1] — X with
base point x = ~(0) = (1) in a topological space X is called null-homotopic if it is
homotopic to the constant path at x.

Definition 2.12 (Simply Connected Space). A topological space X is called simply con-
nected if it is path-connected and if every continuous closed path in X is null-homotopic.

For example, the diameter through two antipodal points is a closed path, but it cannot
be continuously shrunk to a point. This shows that the rotation manifold is not simply
connected.

However, it would be desirable to have a simply connected Lie group to work with. We
will briefly justify this here. In a quantum theory, due to the axioms taken, projective
representations are of importance (see A). However, working with these representations is
more difficult, which is why we prefer to switch to (regular) representations. Under cer-
tain conditions, all projective representations of a connected Lie group are ”covered” by
the unitary representations of the universal covering group (see Thaller (1992) Theorems
2.18, 2.21, 2.22, 2.23).

The universal covering group can be understood as the ”smallest” Lie group that covers
G and is simply connected (Thaller, 1992, Chapter 2.3).

Definition 2.13. Let X be a topological space. A covering of X is a topological space X
and a continuous map )
X > X (102)

such that for every x € X there exists an open neighborhood U, of x, a discrete space D,
and for every d € D, an open set Vy such that

o UL) = | | Va (103)
deD,
and
Qly, Vg — U, (104)

1s a homeomorphism for every d € D,.

Definition 2.14. A covering group of a topological group G is a covering space G of G
such that G is a topological group and the covering map ® : G — G is a continuous group
homomorphism, i.e.

®(g)®(h) = ®(gh) (105)
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2 LORENTZ GROUP

One can now consider what the covering group of the rotation group might look like. The
manifold is simply connected and locally resembles the rotation manifold (e.g., it has no
boundary).

As previously described, the rotation manifold is isomorphic to the ball B in R® with
radius 7 and identified antipodal points. When transitioning to a simply connected set
without boundary, we obtain two balls, B; and B,, in R® with radius 7 and mutually
identified points.

Similarly, one could start from the 3-sphere S* with identified antipodal points, or equiv-
alently RP?, which is also isomorphic to the rotation manifold. The simply connected

covering without boundary in this case is the 3-sphere S3.

These two perspectives are connected as follows: the 3-sphere can be projected onto two
balls in R? with identified boundary points.

Thus, topologically, the covering appears like the 3-sphere. To obtain the universal cov-
ering group, the covering map must be chosen as a continuous group homomorphism.
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3 Representations

3.1 Double Cover of the Rotation and the Lorentz Group

We aim to find the universal covering group of SO(3). We propose that SU(2), the group
of all 2 x 2 unitary matrices with complex entries and determinant 1, is isomorphic to the
universal covering group of SO(3).

It has the correct topology:

UeSU(2) = U:(_a5 g), la* +b)* =1, a,beC
_<$1+i$2 T3 + 124

2 2 2 2
. i ryt+ a5 +as+xs =1, x1,72,73,24 €ER
—x3+zx4 xl_zx2>’ 1 2 3 4 ’ ) y L3y

(106)
This shows that SU(2) is isomorphic to the 3-sphere, and thus it is a covering of SO(3).

Next, we need to find a continuous group homomorphism.
The Pauli matrices are

() () )

These form a basis of the 3-dimensional real vector space of complex, traceless, Hermitian
2 x 2 matrices, denoted TH(2). Their properties are given by

3

{Ui; O'j} = 25@']'12’ [O'Z‘, O'j] =2 Zeijkgka tI‘(O’i> =0 (108)
k=1

An element z in this vector space is defined as

3 1

3 . 9
L i x T = - 3
x—;xal— (x1+ix2 3 ) 7eR (109)

This defines an isomorphism between R* and TH(2). This is useful because SO(3) matrices
act on 3-dimensional objects, while SU(2) matrices act on 2-dimensional objects.

Moreover, we have
det(1) = —(2°)* — (2)* = (2?)* = —(7,7) (110)

Next, we investigate how Z could transform. The most general transformation that pre-
serves hermiticity is

(i) = (A2B)' = Bi4TAT = B1#AT £ A3B =4 — A1 =B (111)

The most general transformation that preserves the trace is

tr(ABC)=tr(BCA)=tr(CAB)

tr(#') = tr(A2B) tr(BA) = tr(2) = A'=B (112)
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3 REPRESENTATIONS

Thus, we require AT = A~! which holds for SU(2) matrices.

This transformation also preserves the scalar product:

(o, 2"y = — det(2') = — det(UzUT) = — det(UzU ™)
(113)

= —det(U) det(#) det(U™") = — det(U) det(z) = —det(2) = (%, 7)

det(U)
Therefore, 2’ = Uz2U" seems like a plausible candidate for the transformation.
Let us verify this. We need some additional properties:

1
0'in = ({Ui7 O'j} + [O'Z‘, O'j]) = 5 (25”12 + 2i€ijk0k) = (Sijlg —+ ieijkak (114)

N | —

= (Z-0)(y-0) = (Z xim) (Z yjaj> = Zinaiyjaj

i=1 j=1 i=1 j=1

. 3 3 3 3 3 - (115)
Dy (6 + i) egpon) = Y ayi+ ) (Z > Ez‘jkfy]> Ok
=1 k=1

j=1 k=1 i=1 j=1
=T -y+ic - (ZTNY)

-
WE

Lemma 3.1. For two n x n matrices U, H over the complex numbers with U := et =
ZneNo (itH) , the following holds: U is unitary if and only if H is Hermitian.

n!

Proof. Let U, H be n x n matrices over the complex numbers. The expression U := e =

> neNo (itg)n is well-defiend since it converges for any H (Hall, 2015, Chapter 2.1).

. d
U unitary <= UlU =1 < et it _ | %|
t=0
— —iH'+iH =0 (116)
<= H'=H <= H Hermitian
H Hermitian = UTU = ¢ ¢ = ¢~ — 1 s [ unitary (117)
[

Lemma 3.2. For any n x n complexr matriz A, it holds that det(e?) = (4,

Proof. Let A be a complex n X n matrix.
For any square n x m matrix A over the complex numbers C, there exists a Jordan
decomposition

A=pJjp! (118)
where P is an invertible matrix, and
A1 0
J1 0 A1 0
J = with J; = , A eC (119)
0 Jk A1
0 J
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3.1 Double Cover of the Rotation and the Lorentz Group

det(exp(A)) = det(exp(PJP 1)) = det(Pexp(J)P') = det(P) det(exp(J)) det(P!)

n

— det(exp(J)) = Hexp()\i) = exp() _ \i) = exp(tr(J))

i=1

= exp(tr(PJP™1)) = exp(tr(A))

(120)
[l
The general form of an element U(F) € SU(2) can be expressed as
5 —exp (15 5) — cos (£) 1, —isin (£) - 7
U(cp)—exp( 5% a) cos<2>12 zsm<2>n o
(121)

~ [cos (£) —isin (£)n® isin (%) (—n'+in?)
~ \sin (2) (—n' —in?) cos (£) +isin (£)n®
The first expression shows that U () is unitary (117) and that det(U(Z)) = 1 (120), since
tr(o;) = 0.

The factor 1 is deliberately chosen so that it cancels out in the subsequent calculation

2
using addition theorems.

Ut(@) = exp (%93- 5) — cos (g) 1, + isin <§) i g (122)

= cos? (g) T -G+ cos (g) Z -7 isin (—) n-d —isin (—) n-d &-0cos (g)
sin? (£) -G giid
(L) 0s? (g) Z-d—2cos (g) sin (g) - (ZAM)
+ sin® (g) (it - G(Z - 7+ id - (F A7)
1052 (g) -4 —2cos g sin (g) - (ZNAT)
+ sin? (g) (f-T7-G+ift - (FAR)—F - (A A (T AR)))
A —(-7)E—(R-F)7

= | cos? (g) T —2cos (g) sin (g) # A7+ sin’ (g) (M-)yn—2Z+m-2)n) |-

[\

-~

—1g
=5sing

I
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s
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3 REPRESENTATIONS

In ’Ehe):)sixth step, we used the identities cos?(£) = (1 + cos(p)) and sin*(£) = (1 —
cos(¢)).

This equation establishes a relationship between U € SU(2) and R € SO(3):

(RT)-¢=U2Z-5 U (124)
(R(ULU)Z) -6 = U Uy -G UJU] = Uy (R(UR)E) - & U = (R(U)DR(UL)E) -7 (125)

Thus, we have indeed found a group homomorphism. This homomorphism is also contin-
uous, since all operations in R(¢) and U(@) are continuous.

Since SU(2) is isomorphic to the 3-sphere, it is also simply connected. This confirms that
SU(2) is the universal covering group of SO(3).

It is evident that U(@) and —U(g) € SU(2) correspond to the same rotation R(g) €
SO(3), as the two negative signs cancel each other out in Equation (123). Therefore,
SU(2) is a double cover of SO(3).

We now transition from the case of rotations that preserve the scalar product and ori-
entation in 3-dimensional Euclidean space to proper orthochronous Lorentz transforma-
tions, which preserve the scalar product, orientation, and time direction in 4-dimensional
Minkowski space.

Therefore, we add the identity matrix to the Pauli matrices:

10 0 1 0 —i 10
L O R V) R () B IRV

These matrices form a basis of the 4-dimensional real vector space of complex, Hermitian
2 x 2 matrices H(2), which do not have to be traceless.
An element z in this space is given by

3 04 3 1 _ ;.2
X 2’ +a® ot —ix
x—g o, = (a:1+i:c2 0 3), zeR (128)

This defines an isomorphism between R* and H(2).
It holds that

det() = (2°)* = (2)* = (2*)* = (2°)* = (2, ) (129)
The most general transformation that preserves Hermiticity is given by
i = Az Al (130)

To preserve the scalar product, we require det(A) = 1:

(', 2"y = det(') = det(AZAT) = det(A) det() det(A") = det(z) = (x, z) (131)
Thus, SL(2,C), the group of 2 x 2 complex matrices with determinant 1, with 2’ = Az AT
could be a good candidate for the universal covering group of the proper orthochronous
Lorentz group L’L
To verify this, we require the following theorem (Hall, 2015, Chapter 2.5):
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3.1 Double Cover of the Rotation and the Lorentz Group

Theorem 3.3 (Polar Decomposition). Any invertible matriz A € C"*™ can be uniquely
written as

A=Ue" (132)

where U € C™*™ is unitary and H € C"*™ is Hermitian.

We decompose A € SL(2,C) as A = Ue” with U € SU(2) and H € SH(2) = {X €
CP»? | X = XT det(X) = 1}.

—

HX) 2 (eHOZ))T — R 4. 5 (eH*(X)) _ e3XT (2% + 7 - &) e3X'T
= (COSh <§> 0o + sinh (%) n - 5) (2% + 7 - &) <cosh (g

(cosh2 ( >00+2008h< >smh (K) il - & + sinh? (%) n-o ﬁ~5)

+ cosh® ( Z - & + cosh (;C) Z -0 sinh (%) n - & 4 sinh (%) -0 X -0 cosh (g)

+sinh2< ) GIGRHG

(1;5)$0 (cosh2 (
X

2
(150 (cosh2 (%) 0o + 2 cosh (% sinh (g) fi - & + sinh? ( ) 00>
+ cosh? (E) T -7+ 2cosh (g) sinh (g) l-Z oo

=0 —(A-R)E—(R-F)7
= (cosh2 <§> z° + sinh? (%) 2% + 2 cosh <§> sinh % 7 f) 0o
+ (2 cosh (2> inh (g) 27 + cosh’ (%) T
+ sinh? (;“) (7 &)t — &+ (7 - D)) - &

)27 4+ = (cosh(x) + 1)@ + = (cosh(x) — 1)((7i - )it — T + (71 - &

(smh

(X
= (cosh(x)z" + sinh(x)7 - Z) o9
+ (sinh(x)z°7 + £ + (cosh(x) — 1)(7i - Z)7) - &

(
(B(X)z) -0 = B(Y)z

(NN
DO | —
E
N——
Qu

(33)

(133)

For U € SU(2), we have essentially performed the calculation in the previous section on
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3 REPRESENTATIONS

rotations:

(134)
"t (R -6

= (R(@)z) -0 = R(P)z

Using Theorem 2.2 and Theorem 3.3, we have thus found the following relationship be-
tween A € SL(2,C) and A € L] :

(AMA)z) - c=Axz-0 Al (135)
We can show that the mapping defined above is a group homomorphism:

(A(A1Ay)z) -0 = AjAy -0 ATAT = Ay (A(Ay)x) -0 Al = (A(A4))A(Ay)z) -0 (136)

= A(A142) = A(A))A(Ay) (137)
Next, we want to explicitly specify the group homomorphism.
Define
ot = (09, —0;), 0, = (00,0;
3 ( 0 ) R I ( 0 ) (138)
6" = (00,0i), 6= (00,—0%)
From Equation (114), we have
0,05 = 5ij00 -+ iEiijk — tr(aiaj) = 51‘]' tr(Uo) + ieijk tr(ak) = 25” (139)
000, = 0,00 =0, = tr(ogo,) = tr(o,00) = tr(o,) = 20, (140)
= tr(0,0,) = 20,, (141)
The inverse mapping of the isomorphism (128) is given by
1 1 1 1
5 tr(zo") = 5 tr(z"o,0t) = 535” tr(o,0t) = 51”’2(5/‘ =z (142)

For the transformation properties of = and Z, we have

1 1 1 1 !
(') = 3 tr(z'e") = §tr(A£AT&“) =3 tr(Az”o, AleH) = §tr(AJVAT&“)x” = A z¥
(143)

tr(XY)=tr(Y X

— A = %tr(AUVAT(}“) ) %tr(AT6“AJl,) (144)

Here again, we see that A and —A € SL(2,C) correspond to the same Lorentz transfor-
mation A € Ll.

Theorem 3.4. The kernel Z = ®71({1,}) of ® : A — A(A) is given by {15, -1}, and
Ll =SL(2,C) /{1y, —15}.
Proof.

Z=0"1{14}) ={A € SL2,C) | Ac, AT =0,} (145)

Taking 0, = 0¢, we find that A € Z is unitary. It follows that Ao, = 0,A for A € Z,
meaning A must be a multiple of 1,. Since A must also be unitary, we obtain A = +1,
or A= —12.

Therefore, A = £B if and only if A(A) = A(B). O
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3.2 Spinor Representation of the Lorentz Group

Thus, we have proven the following theorem:

Theorem 3.5. SL(2,C) is the double cover of El, and the covering map
1
®:SL(2,C) = Ll A A(A) = 3 tr(Af6" Ao, (146)
18 a group homomorphism.
This homomorphism is also continuous.

Because of Theorem 2.2 and Theorem 3.3, we can decompose A € SL(2,C) into U €
SU(2) and e with H € SH(2), which correspond to a rotation and a boost. Therefore,
SL(2,C) is diffeomorphic to S x R3, both of which are simply connected. Hence, SL(2,C)
is simply connected.

In conclusion, this shows that SL(2,C) is isomorphic to the universal covering group of
ch.

3.2 Spinor Representation of the Lorentz Group

Equation (135) shows that the tuple (H(2),.4), with

ALl — SL(H(2))

; (147)
A— (& ApzA)), Ap € SL(2,C)
is a representation of 51:
Ay z-0 Al = (Az) -0 (148)
Apng 70 Al y, = (MAsz) -0 = Ay, (Aoz) -0 Al (149)

= Ap An, w00 AL AL

A is also well-defined because Z — AA:%AR is linear and invertible.

Aecll

8

A-Af e SL(2,C

:E,
3 ) J
&= Zx“au &= Zx’“au
n=0 p=0
The diagram illustrates the representation (H(2),.A).
": R* — H(2) denotes the isomorphism defined in (128) and the symbol - in A - AT serves
as a placeholder.

27



3 REPRESENTATIONS

As a next step one might try to define a representation (C2, D(z:0)), with

DGO . £t — SL(2,C)

(150)
Ar— (ur— Apu)

However, this representation would not be well-defined, as it is 1 : 2. An element A € El
could be mapped to both Ay € SL(2,C) and —A, € SL(2,C).
This issue does not arise with (H(2),.4), because the sign of A, cancels out in this case.

We can instead use SL(2,C) rather than £1 and define a representation (C2, D(z0),
with )
DGEY . SL(2,C) — SL(2,C)

(151)
A— (u— Apu)

It follows from Equation (149) that D0 is a homomorphism: Ay, = Aa, An,.
Therefore, we are working with representations of the universal covering group. This is
done here to obtain a well-defined mapping. But it fits perfectly with our discussion at
the end of Chapter 2, where we mentioned that it makes sense to use representations of
the universal covering group.

The vectors v € C2?, which the representation map acts on, are called spinors.

1

Ap acts in a natural way in both cases (H(2),.A) and (C%, D(z9):
On H(2), Aj acts, as is usual for matrices, from both the left and the right:

A(A) - H(2) = H(2), & — &' = Apz Al (152)
On C2, A, acts on the vector from the left:

D@O(A): C* = C?urm v = Apu (153)

Inspired by Equation (129), we define the symplectic bilinear form
(,):C*xC?* = C, uxvr (u,v) =uvy —ugv; = det(u,v) (154)

which is invariant under SL(2,C):

Al ut + Al ANl + Alye?

A2t + A2 A2l 4 A%?) det(A(u,v))

= det(A) det((u,v)) = det((u,v)) = (u,v)
Z_/

(u',v") = det((Au, Av)) = det (
(155)

We now introduce a suitable index notation:
C?su= (“1) = (uq) (156)
DEO(A): C? — C2, ug > ul, = AL ug (157)
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3.2 Spinor Representation of the Lorentz Group

0

With the definition € = (¢2%) := (_1 0

), we can write

(u,v) = uy €*? vg (158)

We can define u® := €*Pug, and consequently u, = €,5u” with (€,5) = ¢! = €. Thus,
we obtain

(u, v) = uuv® (159)

This shows that a summation over an upper and lower index is invariant under SL(2,C).
¢ can be understood as the metric tensor for spinors.

For the representation of SL(2,C) we can introduce a second representation space c.
The complex conjugated vector space (C,+,~) has the same elements and additive group
structure as (C,+,-) but the scalar multiplication involves complex conjugation of the

scalars B
CxC—=C(NMu) = Adu=\u (160)

This gives a representation (C_, D©3)) with

D©2) ; S[(2,C) — SL(2,C)

_ (161)
A — (u— Apu)
where A, is the complex conjugate matrix.
That this is a representation follows from Equation (149):
Z/\11\2 = AAlAA2 = ZAIZA2 (162>

The two representations (C2, D39 and (C°, D®3)) are not equivalent in the following
sense:

Definition 3.1 (Equivalent Representations). Two representations (Vi,m1) and (Va, ms)
with m : G — GL(V}) and my : G — GL(V3) are called equivalent if there is an isomor-
phism T : Vi — Vy such that Vg € G:

Tmi(g)T~" = m(g) (163)
This definition is meaningful, as demonstrated by the following heuristic:

v =my(g)v = Tm(g)T 'Tu =Tm (g)u=Tu =/ (164)

Now, we show that the representations are not equivalent:
For equivalent representations 7 (g) and m5(g) = T'm(g)T !, it holds that Vg € G:

tr(ma(g)) = tr(Tmi(g)T ") = te(mi(9)T~'T) = tr(mi(g)) (165)
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3 REPRESENTATIONS

However, for m (A) = D@O(A) = A, and mo(A) = D©2)(A) = Ay, this condition is not
satisfied for

Ay = (21' 0.) € SL(2,C) (166)

because tr(A) = 2i and tr(A) = (_QZ 0) =—

2
It follows that (C2, D) and (C°, D®3)) are two non-equivalent representations of ch.
We can explore more deeply what the representation (62, D(Oé)) means: We propose that

it has something to do with the parity transformation. To realize a parity transformation,
we define in contrast to ((128)):

3
i= Z "5, = 1% — inai (167)

p=0 =1
We have ) )
A —A
cAe ! = ( 2 1) 168
_A12 All ( )
It follows
€ooe ' =0y, €0 P =—0; = ea_ﬂe_l =0, (169)
and we obtain ) B
7 =ete ! (170)

Thus, for the transformation in the reflected space one gets

i =etle !t = eAiATe ™ = eA(e L ie)ATe ! = (eAe N z(eAfe) = (AN 1AL (171)

The last equality follows from

—Al, AL\ (AL A% de(a)=1 _ _
AeAT = <_A2§ A%) <A1; AQ;) = e = eAlet = A7

The transformation law

7' = (eAe V) i(eAfe ) (173)
defines a representation, which with the isomorphism ¢ : C° — C’ is equivalent to
(C*, D)),

Thus, (62, D(O’%)) is required to realise equalities which consider parity transformations.

As mentioned, one obtains equivalent representations by choosing an isomorphic vector
space and appropriately adjusting the homomorphism of the representation. Since these
representations do not add anything new, it makes sense to group all equivalent represen-
tations together:
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3.3 Invariant Field Equations

1

5) are the equivalent rep-

(3,0) are the equivalent representations of (C?, DED)Y and (0,

resentations of (62, DO:2)),

(%,0) and (0, %) are called spinor representations and are, in a sense, the fundamental
representations of El. All other representations can be constructed from these two fun-
damental representations using spinor calculus (van der Waerden (1974)). The fact that
these two representations are so fundamental is related to the fact that SL(2,C) is the

universal covering group of L. .

3.3 Invariant Field Equations

So far, we have only considered finite-dimensional representations, where the vector space
is finite-dimensional. In quantum mechanics, however, we deal with functions defined on

Minkowski space
Y :M— C o (2f) (174)
Y e H=L*R*" (175)
This setting fits well with our introduction of representations, where we linearized M by
taking the space of functions F(M) = {f | f: M — W} C WM as the vector space of
the representation. This vector space is infinite-dimensional if M contains infinitely many

elements. This is the case for Minkowski space, and thus we obtain infinite-dimensional
representations (see also Maciejko (2020)).

So, we consider the space of functions as the vector space of the representation. The set
M mentioned above in our case is Minkowski space M, which corresponds to the vector
space R*. We want to examine the general transformation behavior in this context:

Let G be a group and V, W be vector spaces.

We have representation mappings

A:G = GLV), S:G— GL(W) (176)

and we are interested in a function
v V=W (177)
i.e. representations on the vector space WV. That means we consider the representation

e T:G— GL(WY)

178
Ar— (Ta: 9+ SyothoAyh) (178)

This mapping is chosen such that Vg, h € G:
Tg*h == Tg e} Th (179)

as shown by the following calculation:
TyoTyot) = SgoSpotol; oAt = Sy08,010(Ago,) ™" = Spmopol ) = Tyupotp (180)
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3 REPRESENTATIONS

In the third step, we used the fact that S and A are representation mappings, and thus
group homomorphisms.
Therefore, we generally obtain

W(z) o (@) = (Ta) (@) = Sa(AL' - @) = Savi(a) (181)

As Equations (174) and (175) already suggest, the wave function ¢ can have a d-dimensional
range. At this point, the Dirac theory differs from the Schrodinger theory, where the wave
function is one-dimensional. The dimension of the wave function v characterizes differ-
ent representations, which, as we will see later, correspond to a particular property of a
particle: the spin.

Representations with the lowest dimension of the wave function’s range:
(0,0): For a scalar field ¢ : M — C,z ~— (z[), D®Y(A) is a one-valued map, and the
requirement that D9 is a group homomorphism gives us

A= DOO(AAY) = DOYA)DOY(A) =X —= A=1 = DOYA)=1 (182)
From Equation (181), it follows

W) " DOV (@) = p(AT ) (183)
(2, 0): This spinor representation transforms the two-valued field 1, : M — C? z +— (z|t),)
in the following way:

V(@) B ALs() = ALus(AT ) (184)

(0, 1): This spinor representation transforms the two-valued field ¢z : M — 62, x> (x])g)
as follows:

() AL p(a) = AL gAY (185)

Now, the goal is to find invariant differential equations for various fields. Here, we closely
follow Scharf (2014). We need a representation of the differential operator 9, = %.
Therefore, we must have a 4-dimensional irreducible representation.

Definition 3.2 (Irreducible Representation). A representation (V,m) of a group G with
representation map
7m:G— GL(V), g~ 7(9) (186)

is called irreducible if there are no non-trivial G-invariant subspaces, i.e., Wi = {0} and
Wy =V are the only G-invariant subspaces.
A subspace W C 'V is called G-invariant if for allw € W and all g € G: 7(g)w € W.

The irreducibility of the representation is crucial because such representations cannot be
decomposed further, and as a consequence they describe fundamental properties of the
one-particle quantum system of interest.
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3.3 Invariant Field Equations

All finite-dimensional irreducible representations of £1 can be obtained in the following
way (Scharf, 2014, Chapter 1.1):
We consider the vector space

sym(C%)" x sym(C)*" 3 u,, 5 5 (187)

where sym(C?)®" is the symmetric part of the n-fold tensor product of C?. For a detailed
definition see (Lee, 2012, Chapter 12). Then we get the following irreducible representa-
tion:

D(%’%) : SL(Q,C) . SL(Sym(C2)®n X Sym(62)®m)’A — D(%’%)(A) (188)
with
D(%’%)(A) : sym(C2)®n X Sym(62)®m — Sym(C2)®" X sym(62)®m,
-3 — Om
Upyobrin P U a5 5 = AL A At A w5 (189)

To determine the dimension of sym(C?)®", we start by considering the basis of C?, denoted
as e, es. The basis of sym(C?)®" is then given by:

e ci®e;®...Qe  (ntimes e;)

e R V...0e+teIREHR...Qe1+...+eRe;®...Qey  ((n—1) times e1)
o

e CIRE®.. Reat+ea®Re®...Qe+...+teaRe®...Qe;  ((n—1) times ey)
e crRe®...Qey  (n times ey)

Thus, the number of basis elements is n + 1 and we have dim(sym(C?)®") =n + 1.
It follows that dim(sym(C2)®" x sym(C)®™) = (n + 1)(m + 1).

The desired 4-dimensional representation is therefore obtained for n =1 and m =1, i.e.,
(3:3):
D) SL(2,C) = SL(sym(C2) x sym(C?)), A — D@2)(A) (190)

with

[SII=

D2(A) : sym(C?) x sym(C’) — sym(C?) x sym(C), u 5 Uy = Ad Zﬁg tys (191)

The matrices o, 01, 09,03 form a basis not only for the real vector space of Hermitian

2 x 2 matrices but also for the complex vector space of 2 X 2 matrices.
Define the isomorphism

3
Yoz = D V" (04)uz (192)
n=0
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3 REPRESENTATIONS

which links the spinor 1[1&5 and the four-vector 1*, analogous to Equation (128). We
obtain the correct transformation behavior, as shown by Equation (149):

(149)

Vg = AJD5AS = (AhAN 5 "2 (Ky) 5 (193)

Equation (149) was demonstrated for x € R, but the calculation is entirely analogous for
ct.

For 9, and 0" = ¢g""0,, we have

0= (0,5) = 0,0" =090y — -V (194)
and
9°F = e 55875 = (edeT)*P (195)
From Equation (168) and ¢! = €', we obtain
cope’ = 0q, ol = —ol (196)
Thus, it follows B B
0% = (500 + &7 - V)P (197)

Now, we can write down differential equations for various fields.

Scalar field: B

A scalar differential operator has no free indices, implying 8a58a5 . This leads to the
equation

0,50°%¢(x) + av(z) = 0 (198)

where a € Cis a constant. The second-order differential operator 8,15(90‘3 can be expressed
as follows:

0,50"° = (0000 — G - V) y5(0000 + &7 - V)P = (000 — & - V), 5(0000 + 7 - V)7

2 =92 2 o2 (199)
(105 — 1,V*) J = (05 — V7)6,)

(114)

= (000002 — G - V2)
0 o

This implies that B
0,507 =2 -V =0 (200)

[e7

where [ is the wave operator. Consequently, we obtain for the invariant scalar field
equation

(O+a)y(z) =0 (201)
Here, the constant a has the dimension ﬁ To determine the physical meaning of a,

we construct it using the mass of the partlcle and fundamental constants from relativity

and quantum mechanics. This leads to the Compton wavelength: A = % Thus, we

arrive at the Klein-Gordon equation

() + (7)) = 0 (202)
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3.3 Invariant Field Equations

For the massless case m = 0, the equation reduces to the wave equation
Oy(z) =0 (203)

Spinor field:
For a spinor field with one free index, we have the following building blocks available:

0P oo = (000 + 3T - V)T = (000p + 7 - V) (204)
0,5¢" <= (0000 — 7 V) g = (000y — &7 - V) (205)
9%xg <= (0000 + % - V)x (206)
0,5%" == (000y — - V)x (207)

Here, ¢ € C?is called a right-handed Weyl spinor, and x € C’ is called a left-handed Weyl
spinor. The first two and the last two terms can be transformed into one another using
the spinor metric. While ¢ and x do not represent the rotation angle or rapidity, this
notation is commonly used. These expressions lead to first-order differential equations,
with the simplest ones being;:

the right-handed Weyl equation

0Ppa(r) =0 < (000p+ - V)p(z) =0 (208)
and the left-handed Weyl equation
9,5X°(2) =0 <= (000 — & - V)x(x) =0 (209)

It is not possible to add mass terms like ay, or bx? to these equations because the indices
do not match. Therefore, these equations describe massless particles. Another important
point is that the equations are not invariant under parity transformations P : ¥ — —Z.
For the right-handed Weyl equation, the transformed equation is

plz) = p(a’, =7) (00D — 7 V)@(x) =0 (210)
For the left-handed Weyl equation, the transformed equation is
,~7) (0000 + G- V)X(z) =0 (211)

Equations (208) and (210) and Equations (209) and (211) would only be equivalent if
there existed a linear transformation 7" such that

T(008y — & - V)T ' 3(x) = (000 + & - V)@(x) (212)

and similarly . .
T(0o0y + 7 - V)T x(z) = (0000 — & - V)X() (213)

which implies T'o; = —o;T. Explicit calculation shows that this is only valid for 7" = 0.
Therefore, the Weyl equations are not invariant under spatial reflection.
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We now seek a parity-invariant equation that allows for a mass term. Observing that
the right-handed Weyl equation is equivalent to the transformed left-handed Weyl equa-
tion and vice versa, we can construct coupled equations

07pu(z) = ax’(z) <= (0000 + 7 - V)p(z) = ax(z) (214)
0,5X" () = bpa () <= (000 — & - V)x(x) = bp(x) (215)
The transformed equations
0" Ga(7) = ax’(z) = (000 +7 - V)p(z) = ax(z) (216)
0,5%" () = bpa(x) <= (000 — 7 - V)X(x) = b(x) (217)
are identical to the original equations if one sets
a=>b, @x)=kx(r), X()=ke(r) (218)
where k € C is a constant. Additionally, we have
p(x) = ¢(z) = kx(2) = k*p(z) = |k|=1 (219)
By choosing k = 1 and a = —%¢, we obtain the Dirac equation for a particle with mass
m:
ih(ogdy + 7 - V() = mex(x) (220)
ih(o0dy — G - V)x(z) = mep(x) (221)

The factor of ¢ is introduced to ensure unitary time evolution.
The two coupled two-component equations can be written as a single four-component

equation by introducing a Dirac spinor
®
= 222
(& (x) (222)

and the gamma matrices

0 ot 0 g ; 0 —0;
o - 0 0 ) %
7 (CNN 0 ) K (GO 0 ) 7 (: i 0 > (223)

Equation (223) represents the Weyl representation of the gamma matrices. Using these,
we arrive at the Dirac equation in its standard covariant form:

ih"0,0(x) = mey(a) (224)

From our previous construction, we already know how ¢ (x) transforms under a Lorentz
transformation:

o) = (550)) = (@) = S0 (225)
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3.3 Invariant Field Equations

where

. Ap 0 similar to (172) Ap 0
n = ( 0 6_1ZA5> - ( 0 (Aj\)l) , Ay € SL(2,C) (226)

The two € factors in S, arise because the index 3 in XB is an upper index. It must first be
lowered so that the known transformation behavior holds and then raised again afterward.

We can now explicitly check whether the Dirac equation is invariant under Lorentz trans-
formations:

(
ihy" A, 0, Sa9(

ihSXW“Au"&,SAw( = mcp(x)

ihSle“SAAM” L(x) = me(x)

Therefore, it must hold that

Sy SAN,Y =" (232)
Sy S, = A% (233)
(234)

(235)

Sy SANTAS, = Ay
S Sagup gAY, = A%

Using the condition from (8):

Gu NN = gpr = ¢ g A N g7 = 9" e g = NN g7 = gt (236)

T

we get

ST SA gy A g™V A% = A% 4Y (237)
——
gre
SY IV SAGuog” = A%y (238)
Syy"Sa8," = A%y (239)
Syt Sy =A%y (240)
SyitSh = Aty (241)

v

This is the invariance condition for the Dirac equation. We can observe that the matrices
SXl’y”SA transform like a 4-vector.

Following this condition, we would recover the transformation matrix S, as described
carlier in (226).

Next, let us examine what kind of particles are described by the Dirac equation. For
this, we analyze the behavior of the Dirac spinor under rotations A = R(¢). Since the
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elements of the covering group Agz = U(F) € SU(2) are unitary, the transformation
behavior is given by

u@ o0 ) (U(@ 0 ) 1
"(z") = . T) = S R x 242
U() ( 0 ug)tw 0 ug)) VEE ) (242)
This corresponds to the spinor representation D2 @ D3 of the rotation group SO(3),

where the underlying vector space is C? @ C?. Therefore, the Dirac equation describes
particles with spin %

We also observe that for rotations, a two-dimensional spinor is sufficient to obtain a
parity-invariant equation, as the transformation matrix for both the right-handed and
left-handed Weyl spinors is the same. However, the inclusion of time and the resulting
boosts make a four-dimensional Dirac spinor necessary. This is because the Hermitian
boost matrices satisfy (AT\()Z))_1 = A;&.) # Ax)-

This can be understood by noting that for rotations, a spatial reflection does not make a
difference. However, for boosts, a parity transformation leads to a boost in the opposite
direction, which corresponds to the inverse boost.
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4 Lie Algebra

4.1 Introduction to Lie Algebra

We now place our previous discussions in a broader context. As mentioned earlier, the
Lorentz group is a Lie group, which gives it a special structure. Specifically, it is a differ-
entiable manifold that is compatible with its group structure.

This manifold structure allows us to introduce local coordinates. Due to its differentiable
nature, we can differentiate a group element with respect to a coordinate and obtain an
infinitesimal generator of the group. For general Lie groups, this process provides the tan-
gent space of the Lie group at the identity element. This vector space inherits a special
structure from the group itself. Together with this structure the vector space is known as
the Lie algebra.

However, we will not explore the topic in full generality here. Instead, we take advantage
of the fact that the Lorentz group is a matrix group, i.e., G C GL(n,C). Thus, we define
the Lie algebra as follows:

Definition 4.1 (Lie Algebra). For G a Lie group of n X n invertible matrices, the Lie
algebra g of G is the space of n x n matrices X such that e € G for all t € R.

The exponential of a matrix is given by the usual series

oo
t=2
k=0

which converges, e.g., for any finite dimensional matrix A (Hall, 2015, Chapter 2.1).

| —

1 1
Ak:1+A+§A2+---+EA"+... (243)

I

This more concrete approach simplifies the discussion but comes at the cost of losing
some important properties of the Lie algebra. For example, we do not immediately see
that the Lie algebra is the tangent space at the identity element of the group. However,
we do have the following:

%efx = Xet* (244)
which implies that
X = <%etx) (245)
t=0
While the map
exp : R x Mat(n,C) — GL(n,C), (t, X) — e~ (246)

where Mat(n, C) is the space of n x n matrices over the complex numbers, is not surjective
in general, meaning not every group element can be written as eX, it is surjective near
the identity element. Therefore, the calculation above gives us the Lie algebra as the
tangent space at the identity element.

For now, we aim to establish a weaker result, namely, that the Lie algebra is at least
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a vector space for G = GL(n,C). Let X € Mat(n,C). The exponential ¢*X is an invert-
ible matrix for all ¢+ € R, with inverse e7*¥, so e € GL(n,C). Thus, we conclude that
Mat(n, C) is the Lie algebra of GL(n,C), and Mat(n, C) is a vector space.

The same can be shown for any subgroup G C GL(n,C).

The special structure inherited by the Lie algebra from the group structure is the Lie
bracket:

Definition 4.2 (Lie Bracket). The Lie bracket operation on g is a bilinear, anti-symmetric
map given by the commutator of matrices

[ ]rgxg—g (X,Y)—[X,Y]=XY -YX (247)

We must still show that this is well-defined, meaning that X,Y € g implies [X,Y] =
XY —YX € g. For a detailed proof, see (Woit, 2024, Chapter 5.1).

Since the Lie algebra, unlike the Lie group, is a vector space, we can introduce a ba-
sis X1,...,X,. The Lie bracket can then be written as

X5, X;] Z Cije Xx (248)

where ¢;j;, are the structure constants.

For the Lie algebra so(3) of the group SO(3), we obtain

d d 1 0 0 00 O
Jy = id—Rl(gol)m:O = —id— 0 cosp; —sing; | =40 0 —1 (249)
Y1 Y1 \0 sin Y1 COS Y 01 0
d d cospy 0 sinpy 0 01
Jy = id—Rl(gpg)W:O —zd— 0 1 0 =710 00 (250)
¥2 Y0 \—sings 0 cosp, -1 00
d qd [Cosws — sinps 0 0 -1 0
J3 = zd—Rl(gpg)mzo = —zd— singpg cosps Ol =41 0 O (251)
3 Yo\ 0 0 1 0 0 0
i.e., by explicit calculation

In physics, based on Noether’s theorem, the group elements are identified as symmetry
transformations, and the elements of the Lie algebra, which generate these transforma-
tions, are interpreted as observables. Therefore, it is customary to introduce a factor of i
to the generators J so that they become Hermitian.
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For su(2), we obtain

d d 1
[y —_ 7 201 = — 2

h=ig Ui(en)l,, o o 501 (253)
d d i 1

— — ] 292 — _ 2 4

JQ ngp2U2(S02)‘<p2=0 Zd¢2€ 2 20'2 ( 5 )
. d cd i, 1

Ty =i Ul g = e = 5o (255)

Thus, using the commutator for Pauli matrices, we also find
[Ji, Jk] = ieijk(]k (256)

We observe that different groups can share the same Lie algebra. While the Lie alge-
bra of a group can be uniquely determined by differentiation, the reverse is not true.
According to a theorem by Lie, commonly referred to as ”Lie’s Third Theorem”, every
finite-dimensional Lie algebra corresponds to a unique simply connected Lie group (Hall,
2015, Chapter 5.10).

In our example, the Lie algebra with the commutator [J;, J;| = i€ i Ji, generates the group
SU(2).

The central idea behind Lie algebras is to linearize the Lie group at the identity ele-
ment, allowing for easier calculations due to the vector space structure. This corresponds
to breaking down a group element into many small linear transformations that are ap-
plied consecutively. For infinitesimal transformations, this leads to the exponential map,
exp(x) = lim, 00 (1 + %)n This justifies the initial definition of the Lie algebra.

Similar to groups, one can also define a representation for Lie algebras:

Definition 4.3 (Lie Algebra Representation). A Lie algebra representation (V,¢) of a
Lie algebra g on an n-dimensional complex vector space V' is given by a linear map

g — gl(n,C) = Mat(n,C), X — ¢(X) (257)

satisfying
(X, Y]) = [o(X), (V)] (258)

Implicitly, we have already chosen a representation when defining the generators of SO(3)
and SU(2), specifically the defining representation.

Next, we want to connect this with a Lie group and its representation. As mentioned
earlier, an element of the Lie group can be described by its behavior near the identity ele-
ment. When this is applied to the group representation and the Lie algebra representation
by the homomorphism property, we find that the group representation = : G — GL(n,C)
is largely determined by its behavior at the identity element and, thus, by its derivative
7.

This result is captured in the following theorem:
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Theorem 4.1. If 7 : G — GL(n,C) is a group representation, then

7 g — gl(n,C) = Mat(n,C), X — 7'(X) = %(W(etx))hzo (259)

satisfies the following properties:
1. w(eX) = em'(X)
2. 7([X,Y]) = [7'(X), ' (Y)]
For the proof, see (Woit, 2024, Chapter 5.4).

This theorem shows that we can study Lie group representations (V,7) by analyzing
the corresponding Lie algebra representation (V,n’). This is generally much easier since
7' is a linear map.

4.2 Lorentz Algebra

Now, we wish to apply this to the Lorentz group, which, as previously mentioned, is
a Lie group. We follow the discussion in Pelster (2021). Near the identity, a Lorentz
transformation can be written as

AP =6+ Wt (260)

where w is infinitesimal. Using Equation (8), we obtain for the infinitesimal Lorentz
transformation

g#”(&up + wup)((SVT + wl/‘r) = ng + pr + wTﬂ + O<w2> ; ng (261)

From this, it follows that
Wor = —Wrp (262)

This implies that w,g is antisymmetric, reducing the 16 components to 6 independent
parameters. An element of the Lorentz algebra can be written as

Wt = g°*6 s (263)
Due to the antisymmetry of w,z, we also have

1
wuz/ - §(ga#55y - gﬂuaal/)waﬂ (264)

Thus, we have made the expression inside the brackets antisymmetric as well. We can
now define the basis elements of the Lorentz algebra as

(MP), = i(g"s", — g™5°,) (265)

and express the Lie algebra in terms of this basis:

v

Wty = =5 (MY, as (266)
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4.2 Lorentz Algebra

Here, we have used the standard representation (the 4 x 4 representation) of the Lorentz
algebra.

Next, we can calculate the Lie bracket, which will allow us to determine a representation-
independent property of the Lie algebra:

[Ma/ja M’y(s]uu = (Maﬁ)'up(M’Yé)pu - (M’Yé)'up(Maﬁ)pV
2 « « 4 1) 2 d 1) Q «
= (g u(gﬁp _ gﬂu(g p) (gw(g =g p(gvu) — 3 (gw(g =g u(g'yp) (g p(gﬁy _ gﬁp(g V)
- _ (gau(;ﬁpgvp(gtSu _ gau(gﬁpgép(gvy _ gﬁu(gapgvp(gJV + gﬁu(;apgﬁp(gvu)
+ (g'w55pga,ﬂ5ﬁy _ gw55pgﬁp5au _ g‘S“nga’)&BV + géu(g'ypgﬁpday)
——— (gaugﬁv(gﬁ _ gaugw(gv _ gﬁuga'y(gé + gﬁugaﬁ(gv )
+ (gwgaé(gﬁ _ gwgﬂ5(5a _ géugav(gﬁ + géugﬂvga)
= —g7 (g™, — g"6%,) + g7 (g™"6", — g%,
+ goz'y(gﬁu55y _ géu5b’y) _ ga5(gﬁu5vy _ gw(gb’y)
= Z.gﬁ’y<Ma6)'u1/ - ig/Bé(Ma’y)#u - iga’y(Mﬁ(S)uu + Z.gaé(Mﬁ’y>MV
(267)
This leads to the following relation:

i[MO"H, M"/a] — ga'yMﬁé + gﬂ6Ma7 _ ga5Mﬁv _ gﬁvMazS (268)

To simplify this expression, we analyze the cases for temporal and spatial indices sepa-
rately:

(M, M%), (MO M, (MY, MY (269)
We now define the rotation generators J; and the boost generators K; as follows:

1 . 3 .
J; = EeijkMJ’“ = MY =, Ki=M" (270)

The ”if and only if”-symbol is justified by the following calculation:

1 . 1 1
Ji = §€ijijk = §€ijk€jklt]l = 5 . 25¢1J1 = JZ (271)

Thus, we obtain

M antisym.
) =T

K, K] = [M% M%) = j(— M7 — (— M —iMY = —ie; iy (272)
J J

1 . 1 . M antisym. 1 .
h F5] = S MY, M) = (=D = (=MR0) M S (M0 — b

. ol .
= ZEZ'MM = ZGilel

(273)
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4 LIE ALGEBRA

1
[Jz', Jj] = Z_leiklejmn[Mkl7 an]

= }lz(éijakméln + GimOknOjt + Oin0jk0tm — Oim0ikOm — 0ijOknim — OinOkmOit)
(_5anlm _ §lm gk (_5klin> . (_5lanm))
= }li(—aijallim — 38im O M™ — 8301 M™ 4 im0t M™ 4 3801 M™ + 80 M™
— 8Ok MM — 8130k MM — 383,055 MF™ 4 830,05 MF™ 4 38,561 MF™ 4 850,055 MFT
+ 3030 M'™ 4 8305 M™ 4 8505t M™ — 63501 M'™ — 65561 M'™ — 36,65, M™
4 36330k ME™ 4§80 ME™ 4 51081 ME™ — 3850050 MP™ — 8458 o MP™ — 846 o M™™)

M antisym. 1

= Z—li(—:’)aim(sﬂMlm + Oim O M™ + 851y 65 M
— 300 M + 840056 MF™ + 8,05 MF™
+ OO M™ 4 6,0 M'™ — 36;,85 M™
+ Cim O ME™ 4 Gy 00 ME™ — 38,85, M*™)
1
T4

M antisym.

= §Z(sim6jl(Ml - M l) = §Z<6z’l6jm — (Sim(Sjl)Ml = §Z€ijk€klli

1
§(—Oim O M'™ — 830 MP™ — 8305y M™ — 850056 MP™) = —Ziaimalelm

= i€k Jk
(274)
In summary, we have
(i, J;) = i€y

[Ji, K] = i€ K (275)

(K, K] = —i€gnJp
To move towards the simply connected covering group of the Lorentz group, we use the
exponential map. From Equation (266), we obtain

A = e 2MPwap (276)

We define, analogous to Equation (270):

. 1 .
P = §eijkwjk < Wij = Eijkq)k, X' = wo; (277)
and thus find

A — o i@ T-iXK (275)
Here, ® and X should not be mixed up with the rotation vector ¢ and the boost vector
X, since in general e~*®/TIXK L o—i® g
of ¢ and Y.

—X-K However, ® and X are linear combinations

Here, J; and K; are general basis elements of the Lorentz algebra. By choosing a repre-
sentation of the Lorentz algebra and using the first statement of Theorem 4.1, we obtain a
representation of the simply connected covering group of the Lorentz group. For example,
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4.2 Lorentz Algebra

the Lie brackets (275) can be solved by #'(J;) = %0; and 7'(K;) = %0, This provides
a representation of SL(2,C), which is expected since SL(2,C) is the universal covering

group of 51.

Next, we move on to the generators of Lorentz transformations acting on spacetime-
dependent objects, specifically fields, drawing inspiration from Eichmann (2020). We
start with the simplest case: a scalar field. We have

183

V(A ) "B () = e b ME ()

= (1= Gt ) vte) )

where we consider the transformation near the identity and have linearized the exponential
map. Rearranging the terms, we get

0(@) = V(A1) = Swn ML) (250)

To find M*, we must rewrite the left-hand side in the appropriate form:

b(a) — w(A ) = da, O(a) (281)
~—

wpyx?

where 0z, is an infinitesimal Lorentz transformation, and by Equation (260), we have
0z, = wyux’. Thus, we obtain

’QZJ(ZL’) . ’QD(A_IJZ) — wuyxuau¢(m) w ant:isym. l<w/w . wyu)xuau¢(x>
2
. (282)
= §ww(a:”(9“ — 210" (x)

Therefore, one gets

ME = (20" — 2" 0") (283)

To distinguish these generators from the previous ones, we denote them with the subscript
L and refer to the earlier generators with the subscript S.

We can now decompose this generator into rotation and boost generators using Equa-
tion (270):

1 . 1 . . . — . . -
(JL)Z = §EijkMik = §ieijk(a:38k — .Z'ka]) = iﬁijk.iﬁjak P”:()“ Eijkilfjpk =Ix P (284)

(Kp)i= MY =i(2°0" — 2'9%) "= 2°P" — 2’ PP (285)

J, represents the classical orbital angular momentum of the system, while K7, is its coun-
terpart for boosts. This generator connects the time coordinate with the momentum
(position generator) and the spatial coordinate with the energy (time generator).
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4 LIE ALGEBRA

For a general field, the generator of Lorentz transformations is given by
M"Y = ME + M}” (286)

The generator consists of an intrinsic part and an orbital part, both for rotations and
boosts. The orbital part was already known, while the intrinsic part arises from the
higher-dimensional spinor representation.
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5 Outlook

Until now, we have focused exclusively on Lorentz transformations, which preserve the
scalar product. However, our initial requirement was the constancy of the speed of light.
It can be shown that this condition also holds when spacetime translations are included.
In fact, this is the most general transformation that satisfies the principles of relativity.
This broader set of transformations is known as the Poincaré transformations.

Definition 5.1 (Poincaré Transformation). A Poincaré transformation I1 = (A, a), where
A € £ and a € R* is a mapping from R* to R* which is defiend as

(z) =Az+a (287)

The set of all Poincaré transformations forms a group, known as the Poincaré group,

denoted by P.

e Closure:
Let (Ah al), (AQ, CLQ) - P

' = (M)l 2+ aly = (Ag)",((A1)P, 2" + af) + aly = (Ag)" (A1), 2" + (Ag)¥ af + ab

(288)
= AHD = <A2>#p(A1)pw at = (AQ)“VGII/ + ag (289)

Therefore:
(Ag, a9)(A1, a1) = (AoAy, Agar + az) (290)

Since AyA; € £ and Ayay + ay € R, it follows that (Ao, as)(Ay, a1) € P.

e Associativity:
Let (Ah (11), (AQ, &2), (Ag, (13) eP.

(A1, a1) (A2, a2)(As, a3)) = (A1, a1)(A2As, Asag + az) = (A1 AsAs, AyAsas + Aqag + aq)

(291)
((A1,a1)(Ag,a2))(As, a3) = (A1 Ao, Aras + a1)(As, a3) = (A1 AaAs, Ay Asas + Ajas + aq)
(292)
Thus:
(A1, a1)((Ag, a2) (A3, a3)) = (A1, a1)(Ag, a2))(As, as) (293)
e [dentity Element:
(1,0) e Psincele Pand 0 € £
(1,0)(A,a) = (A, a) = (A, a)(1,0) (294)
e Inverse Element:
(Aa)™t = (A", —Ata) e Psince A"t € Pand —Ala e L
() (A, @) = (AL, —A7a)(A,a) = (A'A, A" + (—A~%a)) = (1,0)  (295)
(A, a)(A™Y, =A~a) = (AAY A(=Aa) 4+ a) = (1,0) (296)
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5 OUTLOOK

It can be shown that the Poincaré group is also a Lie group.

In the previous chapter, we established the connection between rotations and boosts and
their corresponding generators, starting from the Lorentz algebra. Now, by considering
the Poincaré group, one can construct its associated Lie algebra, known as the Poincaré
algebra. This allows to find the generators also for time and space translations, which
turn out to be the Dirac Hamiltonian

H=—id@-V+ fm where 8 =1° and o = %' = (Ui 0 ) (297)

0 —0;

and the momentum operator

P=—iV (298)

In this way, one would obtain a direct connection between the space-time symmetries and
the time evolution of corresponding spinor fields, among the Dirac evolution, on the Dirac
evolution, on the basis of a mathematical represantation theoretic discussion only.
Because of the appearance of derivatives in the generators, e.g. (283), (297) or (298), a
mathematical rigorous discussion requires functional analysis and is beyond the scope of
this thesis.
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A Appendix
For the axioms and principles of quantum mechanics, we follow (Woit, 2024, Chapter 1.2):

Axiom A.1 (States). The state of a quantum mechanical system is given by a non-zero
vector in a complex vector space H with Hermitian inner product (-, -).

Axiom A.2 (Quantum Observable). The observables of a quantum mechanical system
are given by self-adjoint linear operators on H.

Axiom A.3 (Dynamics). There is a distinguished quantum observable, the Hamiltonian
H. Time evolution of states |y(t)) € H is given by the Schridinger equation

L d
th—[¥(1)) = H[y(t)) (299)
The operator H has eigenvalues that are bounded below.

Principle A.4. States for which the value of an observable can be characterized by a
well-defined number are the states that are eigenvectors for the corresponding self-adjoint
operator. The value of the observable in such a state will be a real number, the eigenvalue
of the operator.

Principle A.5. Given an observable O and two unit-norm states |11) and |1)9) that are
eigenvectors of O with distinct eigenvalues A\ and Ag

Olgr) = M), Olhe) = Aaliha) (300)

the complex linear combination state

c1|tn) + calta) (301)

will not have a well-defined value for the observable O. If one attempts to measure this
observable, one will get either Ay or Ay, with probabilities

el

DI 302
3+ 13) (302)
and | 2|
&)
TS T3 303
3+ 13) (303)
respectively.
One sees that all vectors )
1) = {A[Y) | N e C,p € H} (304)

correspond to the same state of the physical system because they lead to the same observ-
able predictions. 1 is called a ray. The set of all rays forms a projective space, denoted
by H.
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A APPENDIX

Definition A.1 (Projective Group Representation). A projective representation of a
group G is a pair (V, p) of a vector space V' and a homomorphism

p:G— PGL(V), g~ p(g) (305)

where PGL 1s the projective general linear group.

A projective representation can be understood as a set of maps 7(g) € GL(V) such that
Vg, h € G:
p(g)p(h) = c(g, h)p(g * ) (306)

with some phase factor c(g, h) € {e? | 6 € R}.

VI
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