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Abstract

Diese Arbeit stellt eine Losung fiir das Unit-Commitment-Problem (UCP) im Bereich
des Energienetzmanagements vor. Dabei handelt es sich um ein Optimierungsproblem,
bei dem ein Gleichungssystem geltst wird, um die Kosten fiir eine gegebene Losung zu
berechnen. Wir charakterisieren das UCP als ein Mixed-Integer Nonlinear Program-
ming (MINLP)-Problem und lésen es mit Hilfe eines Quantensimulations-basierten Opti-
mierungsansatzes (QuSO), wobei dieser eine Klasse von dquivalenten Problemen definiert,
die mit dem vorgeschlagenen Algorithmus lésbar sind. Durch die Modellierung des En-
ergienetzes in einem speziellen Graph erhalten wir hilfreiche Erkenntnisse {iber die Struk-
tur und die Eigenschaften der Suszeptanzmatrix. Wir nutzen approximative Randbedin-
gungen fiir den Gleichstrom (DC) in diesem Modell. Die vorgeschlagene Quantenroutine
beginnt mit der Invertierung der reduzierten Suszeptanzmatrix mittels Quantum Singular
Value Transformation (QSVT) unter Verwendung eines speziellen Matrixinversionspoly-
noms. Eine Quantum Phase Estimation Routine wird zusammen mit einem zusétzlichen
QSVT Verfahren verwendet, um die Kostenfunktion zu konstruieren, die dann mit dem
Quantum Approximate Optimization Algorithm (QAOA) optimiert wird. Dieser hybride
quantenklassische Ansatz nutzt das Potenzial quantenmechanischer Verfahren, um die
Effizienz bei der Losung komplexer Optimierungsprobleme erheblich zu verbessern. Im
Rahmen unserer Analyse bewerten wir die algorithmische Komplexitéit und demonstrieren
das beachtliche Potenzial dieses Ansatzes zur Losung von QuSO-Problemen. Besonders
hervorzuheben ist, dass die QSVT-basierte Matrixinversion die Zeitkomplexitdt in Féllen
exponentiell verringern kann, in denen klassische Methoden schlecht mit der Gréfle des
Problems skalieren. Diese Reduktion der Komplexitidt kénnte die Echtzeitoptimierung
grofer Energienetze ermoglichen und dadurch sowohl die betriebliche Effizienz als auch
die Zuverlassigkeit signifikant steigern.






Abstract

This work presents a solution to the unit commitment problem (UCP) in energy grid
management, an optimization problem that involves solving a system of equations to
calculate costs for a given solution. We characterize the UCP as a Mixed-Integer Non-
linear Programming (MINLP) problem and solve it using a quantum simulation-based
optimization (QuSO) approach, defining a class of equivalent problems solvable with the
proposed algorithm. By modeling the energy grid as a specific graph, we gain valuable
insights into the structure and characteristics of the susceptance matrix. We also incor-
porate approximate Direct Current (DC) power flow constraints into the model. The
proposed quantum routine begins by inverting the reduced susceptance matrix via Quan-
tum Singular Value Transformation (QSVT) using a specific matrix inversion polynomial.
A quantum phase estimation routine, along with an additional QSVT procedure, is used
to construct the cost function, which is then optimized using the Quantum Approximate
Optimization Algorithm (QAOA). This hybrid quantum-classical approach leverages the
computational power of quantum algorithms to enhance efficiency in solving such opti-
mization problems. Our results evaluate the algorithm’s complexity and demonstrate its
significant potential for QuSO problems. Specifically, the QSVT matrix inversion can
reduce time complexity exponentially in scenarios where classical methods scale poorly
with problem size. This reduction in complexity could enable real-time optimization of
large-scale energy grids, thereby improving operational efficiency and reliability.
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1 Introduction

In recent years, the global energy landscape has undergone significant transformations,
driven by the increasing demand for electricity, the integration of renewable energy
sources, and the growing complexity of energy grids [Int23]. As countries work to achieve
ambitious climate goals, upgrading and expanding energy grids has become increasingly
important. These grids are not only getting larger but are also becoming more intercon-
nected and reliant on diverse energy sources. The challenge of managing such complex
systems has led to a critical examination of existing optimization techniques, particularly
in addressing the Unit Commitment Problem (UCP), which lies at the heart of efficient
energy grid management.

The UCP is a fundamental problem in the operation of power systems, where the ob-
jective is to determine the optimal operational state of power generation units to meet
predicted energy demand while minimizing operational costs. This problem is inherently
combinatorial and NP-hard [KMT78], especially when accounting for the transmission costs
involved in energy distribution. As a result, the computational challenge increases signif-
icantly with the size and complexity of modern energy grids. Generally, this problem is
approached using Mixed-Integer Nonlinear Programming (MINLP), which, although ef-
fective in certain scenarios, struggles to scale efficiently [Urb18]. Moreover, these classical
approaches often stumble when confronted with the nonlinear, high-dimensional nature
of the UCP, especially under the constraints imposed by the integration of renewable en-
ergy sources, whose variability and unpredictability further complicate the optimization
process [MER21]. An additional challenge in solving the UCP lies in the requirement to
solve large-dimensional systems of linear equations (SLEs), which adds another layer of
complexity. Classical methods, while robust, have shown limitations in handling these
SLEs efficiently, particularly as grid sizes expand [HZZG22]. This challenge underscores
the need for novel computational techniques that can manage such high-dimensional prob-
lems more effectively [SRT22].

The growing energy crisis, characterized by the volatility of fossil fuel prices, geopolitical
tensions, and the increasing demands on energy systems, has exposed the limitations of
conventional optimization strategies based on classical computing methods. These tradi-
tional approaches are increasingly inadequate for addressing the UCP, as they struggle
to keep pace with the complexity of recent energy grids and the intricate requirements of
modern power systems [PT21].

In response, quantum computing emerges as a promising alternative, offering the po-
tential for significant speedup in solving certain classes of problems, including the UCP.
By leveraging principles such as superposition, entanglement, and quantum interference,
quantum algorithms can explore vast solution spaces more efficiently than classical al-
gorithms [NC10]. This is particularly relevant for solving high-dimensional SLEs, which
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are central to the UCP. The potential of quantum algorithms, such as the Quantum Ap-
proximate Optimization Algorithm (QAOA) [FGGI14l [FH19], to address these challenges
presents a transformative approach to energy grid optimization. Moreover, these tech-
niques could be extended to other optimization problems involving SLEs, broadening the
impact of quantum computing in energy management.

1.1 Optimizing Electricity Systems

Given the critical role of optimization in managing modern energy grids, it is essential to
understand the foundational problems that must be addressed. The following provides
an explanation of the Unit Commitment Problem (UCP), alongside Economic Dispatch
(ED) and Optimal Power Flow (OPF)—two closely related challenges that are integral
to understanding the complexities of UCP. By understanding these problems and their
complexities, we can better appreciate the significance of the proposed quantum approach
in tackling these issues. We will provide a brief introduction, the mathematical definition
of the UCP we are using is given in Section

1.1.1 Introduction to Economic Dispatch

Economic Dispatch (ED) focuses on allocating generation resources to meet electricity
demand at the lowest possible operational cost. It calculates the optimal power output
Pg, € R from each generator G;, assuming the cost of operation ¢; > 0 as the primary
objective. However, this model considers only the generation side and does not account
for physical constraints of the power transmission network, such as line capacities and
voltage levels, which are important limiting factors in reality. This simplification allows
for rapid decision-making in real-time operations. ED also does not consider the unit
start-up or shut-down processes and treats power generation capacity as a continuous
variable |[GSO17]. Assuming an energy grid with a set of n € N connected generators

G1,Go, ..., Gy, we can express an ED problem as follows:
n

r}r)l(l;? ;cZ-PGi (1.1)
subject to: (1.2)
P < Pg, <PE™ V1<i<n (1.3)

n
Y Pg,=Pp (1.4)
i=1

where ¢; > 0 is the cost per unit of power injected (usually in MWh) and Pg, € R is
the power produced by generator G;. The constraints include the equality constraint
(Eq. that ensures power and load balance, with Pp > 0 expressing the predicted
power demand. The inequality constraint (Eq. bounds the generated power by its

n > 0 and maximum P> Pg‘;n capacity for a given generator Gj.

minimum Pénl_
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We can express an ED in its linear form using:

max clx
X
st. Axr <b
x>0

where we can use the matrix A € R"t2)xn and vectors b € R2"2 1 ¢ R” as follows:

-1 0 - 0 —pgin

0 -1 -+ 0 —pgin
0 - —1 — pgin Fe,
| e 0 | Paex B FPa,
A= 1 .- 0| b= PIGnan ’ T =
: : .o : Fa,

0 0 - 1 ppax

1 1 -1 Pp

-1 -1 - -1 —Pp

We will later further characterize these sets of feasible decision variables. Since this
problem possesses all characteristics of a linear problem, it can be solved by the simplex
algorithm. Conventionally, ED has been evaluated using methods including Lagrangian
relaxation and gradient-based methods [CR90]. Newer, more enhanced methods include
evolutionary algorithms, with particle swarm optimization proposed by [Gai03]. More
sophisticated models, such as the following, incorporate some aspects of ED but take
power flow into consideration instead of only economic dispatch.

1.1.2 Overview of Optimal Power Flow

Optimal Power Flow (OPF) represents a more sophisticated and comprehensive model for
optimizing power system operations by incorporating the physical and engineering con-
straints of the power transmission network into the optimization process. OPF extends
beyond simpler models, such as Economic Dispatch, by not only focusing on the alloca-
tion of generation resources but also accounting for the complex interrelationships within
the power grid. This includes variables such as generator outputs, transmission line flows,
and voltage levels across the network. OPF aims to balance economic efficiency with the
reliable supply of electricity, ensuring that generation meets demand while adhering to
the physical limitations of the power grid. It also accounts for temporal variations in
demand, generation costs, and network transmission constraints, making it a more dy-
namic and realistic approach to power system optimization. By combining the principles
of economic dispatch with power flow calculations, OPF optimizes the generation and
distribution of electricity without exceeding the loadability limits of transmission lines.
This approach ensures that power systems operate efficiently, even under varying condi-
tions and constraints [GSO17].

The foundational work by Carpentier (1962) |[Car62] laid the groundwork for OPF, with
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additional developments by Huneault and Galiana (1991) [HG91]. The OPF problem can
be further separated into two classes differentiating between an AC-OPF, which uses the
full and untransformed AC power flow equations, and a DC-OPF, which uses a linear
approximation of the AC power flow equations. Some microgrids, particularly those uti-
lizing renewable energy sources like solar panels that generate DC power, may employ
DC for local distribution [PPC23| [AI21]. Consequently, the DC-OPF model can operate
without relying on approximations, providing precise and effective optimization for power
distribution. For our purposes, we will make use of the DC-OPF with the approximated
AC power flow.

We can transform the Economic Dispatch problem into Optimal Power Flow by adding
more constraints. Consider a n-bus system. To limit flow, the DC power flow approxi-
mations can be employed, expressed as Eq. (see Section . This flow constraint
ensures load balance at each bus through the inclusion of Eq. where B € R™"*" rep-
resents the susceptance matrix (see Section . This equality constraint establishes the
relationship between power and flow. The DC-OPF can then be formulated as follows:

n

g(l;t?g ;CiPGi (1.5)

subject to:

PE™ < Pg, <PE™ V1<i<n

’M < Pjmax V1<i,j<n (1.8)
Tij

B-0=PFP;—Pp (1.9)

where the values are given with:

e 0; € R: Phase angle at bus ¢. The vector # € R" includes 6; for all 1 <1 < n.

e z;; € R: Reactance of the transmission line between bus 4 and bus j.

e Pjjmax > 0: Maximum permissible power flow through the transmission line con-
necting bus 7 to bus j.

e Pg € R™ Vector of generated power at all buses, where Pg, € R is the generated
power at bus 1.

o PE> Pgliin > (0: Minimum and maximum power generation limits at bus i.

e Pp € R™: Vector of power demand at all buses, where Pp, € R is the power demand
at bus 1.

e ¢; > 0: Cost coeflicient for power generation at bus 4.

e B € R™™: Susceptance matrix, which represents the susceptance values between
buses in the network.

Note that this is just an overview; a rigorous definition of all the values is given in Sec-
tion The constraint Eq. ensures that the power flow on each transmission line
does not exceed its maximum capacity, P;jmax. All other constraints and the objective
function remain consistent with those defined in the Economic Dispatch (ED) problem.
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1.1.3 Introduction to the Unit Commitment Problem

The Unit Commitment Problem (UCP) builds upon the ideas of ED and introduces the
decision-making process regarding the on/off operational status of generating units over a
specific discrete timeframe to meet predicted demand. UCP addresses the binary nature
of a unit’s operational status and incorporates additional information such as the costs
associated with starting up and shutting down generating units. This added layer of
decision-making complexity tries to identify the optimal subset of generators that should
be operational to achieve minimum operating costs. UCP therefore aims to close the
gap between the binary decision-making of unit statuses and the continuous optimiza-
tion of power generation levels [WWS13]. Incorporating UCP into OPF models enables
a detailed and dynamic approach to power system optimization. It considers temporal
variations in demand and generation costs, ensuring an economically efficient and reliable
electricity supply. This integration highlights the progression from simple ED models to
complex OPF formulations, marking significant advancements in optimization techniques
to meet the evolving demands of electricity systems.

In this work, we propose a quantum simulation-based optimization (QuSO) approach to
tackle the UCP within energy grid management. Our method characterizes the UCP
as a Mixed-Integer Nonlinear Programming (MINLP) problem and employs Quantum
Singular Value Transformation (QSVT) to invert the reduced susceptance matrix, a key
component in our quantum routine. By integrating quantum algorithms into the op-
timization process, we aim to significantly reduce the time complexity associated with
solving the UCP, particularly in scenarios where classical methods scale poorly with prob-
lem size. Our approach not only addresses the specific challenges of the UCP but also
suggests broader applications for quantum computing in tackling other complex opti-
mization problems across various domains. The structure of this work is as follows:

e Background: We begin by providing a comprehensive overview of the foundational
concepts, including Mixed-Integer Nonlinear Programming, spectral graph theory,
and the mathematical modeling of energy grids. This section also introduces the
basics of quantum computing, particularly the algorithms relevant to our approach.

¢ Related Work: Here, we review existing literature on UCP and its various solu-
tions, including classical and quantum approaches.

¢ Methodology: This section details our proposed QuSO approach, including the
formulation of the UCP as an optimization problem, the detailed construction of
the quantum algorithm, and the integration of quantum and classical components.

¢ Results: We present the results of our approach, including a complexity analy-
sis. Our findings demonstrate the potential of quantum computing to enhance the
efficiency and scalability of solving the UCP.

e Discussion: We critically analyze the components of our algorithm and the im-
plications of our results, particularly discussing the potential impact of quantum
computing on energy grid management and the broader field of optimization.

¢ Conclusion: The work concludes with a summary of our contributions and a
discussion of future research directions.






2 Background

2.1 Mixed-Integer Nonlinear Programming

Traditionally, the Unit Commitment Problem (UCP) has been addressed using linear
programming techniques that approximate the operational characteristics of power plants
[WWS13]. However, the increasing complexity of modern energy systems necessitates a
more advanced approach, specifically the use of Mixed-Integer Nonlinear Programming
(MINLP). Solving MINLP problems is classified as NP-hard, meaning that there is no
algorithm that can optimize every possible MINLP problem within polynomial time con-
straints [KM78]. The complete formulation of the UCP as an MINLP problem can be
found in Section [4.1]

Definition 2.1. For A € R™*" and b € R™, a polyhedral set P is defined as:
P={zxeR": Az <b}.

Such a polyhedral set can be described as the intersection of a finite number of half-spaces
H = {z € R": a¥z < b}. Each half-space can be defined by a linear inequality of the
form:

a1z1 + agxe + - - + apxy, < b,

where x1,x9,...,7, are unknown variables with coefficients a1, a9,...,a, € R and a
bound b € R that defines the offset of the half-space from the origin.

Definition 2.2. An optimization problem is called a Mized-Integer Nonlinear Pro-
gramming (MINLP) problem if it can be expressed in the following form:

H;in f(z) (2.1a)
s.t. g(z)<0 (2.1b)
reP (2.1¢)
v, €Z Viel (2.1d)

where f: R™ - R and g : R™ — R™ are algebraic functions. P C R™ is a polyhedral set
and I is a finite set of indices.

The goal is to determine an input x € R™ that achieves the minimization of f(z), while
concurrently satisfying the specified constraints of the polyhedral set. Component
characterizes the constraints of the problem, involving various elements of the input
vector x, which must satisfy all of these constraints. Subsequently, the polyhedral set
adds bounds on the individual elements z; within the vector z. Component
clarifies that certain elements z; must be integer values, differing from rational numbers
as seen in a more general approach by [BKL™13].
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2.2 Graph-Theoretical Modeling of Energy Grids

Definition 2.3. A pair G = (V, E,w) is called a finite undirected weighted graph,
where V' is a set of vertices such that |V| =n € N,

EC{(u,v) eVxV]u#vA((u,v) e E = (v,u) € E)}

is the set of edges, and w : E — R\ {0} is a weight function.

Remark 2.1. Note that with this definition, the graph is undirected, meaning that if
(u,v) € E, then (v,u) € E. This implies that each edge (u,v) € E is bidirectional.
Therefore, E can be considered a set of unordered pairs of vertices, i.e., {{u,v} | (u,v) €
E}. The weight function w is symmetric, implying that for any (u,v) € E, w(u,v) =
w(v,u). The graph does not contain self-loops, meaning that (v,v) ¢ E for any v € V.

While our definition focuses on real weights, which is sufficient since the only purpose will
be to investigate the susceptance matrix in our context, this definition can be extended to
include complex weights as shown in [BP24]. This extension complicates the estimation
of Laplacian properties. For a detailed discussion on the estimation of complex-valued
Laplacian matrices, see [HRP24]. To describe a graph in its structure efficiently, we use
multiple matrices that describe connectivity between edges.

Definition 2.4. Let G = (V, E,w) with |V| = n be a finite undirected weighted graph.
The matriz Ag € R™™ used to represent a finite graph is called the adjacency matrix.

Aij = {w(z,]) if (i,j) e E

0 otherwise

Definition 2.5. Let G = (V, E,w) with |V| = n be a finite undirected weighted graph.
The graph G is said to be connected if for any two vertices u,v € V, there exists a
sequence of vertices (vo = u,v1,v2,...,0, = v) such that each pair (v, viy1) € E.

Definition 2.6 (Degree and Volume). Let G = (V, E,w) be a finite undirected weighted
graph with |V| = n.
o The degree d(v) of a vertex v € V is defined as the sum of the weights of the edges
incident to v:
d(v) = Z w(v,u).
ueV,(v,u)eE
o The volume vol(S) of a set S CV is the sum of the degrees of the vertices in S':

vol(S) = Z d(w).

weS

Definition 2.7. Let G = (V, E,w) be a finite undirected weighted graph with |V| = n.
The degree matriz Dg € R™ "™ represents the weighted degrees of the vertices in G.
The degree matrix Dg is given by:

d(vi) ifi=j
0 otherwise’

(Da)ij = {
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where d(v;) is the weighted degree of vertex v; € V.

Note that the definition above is the most commonly used one and often found in the
literature, as in [Diel7]. However, in many practical use cases, it can be highly dependent
on the specific scenario in which the graph and especially its weights are being used, and
therefore can be defined differently as used later on (see Remark [2.11). We can now
combine the degree and adjacency matrix and express all our information through just
one single matrix which is defined as follows:

Definition 2.8. Let G = (V, E,w) with |V| = n be a finite undirected weighted graph,
and Ag € R™ " the adjacency matriz and Dg € R™ "™ the degree matriz. The matriz
Lg € R™™ s called the Laplacian matriz:

Lg =Dg — Ag

Remark 2.2 (Symmetry of Laplacian). The Laplacian matriz Lg of a finite undirected
weighted graph G = (V, E,w) with |V| = n is symmetric. This is because Lg = Dg — Ag,
where Dq is a diagonal matrix, hence symmetric. The adjacency matriz Aq is symmetric
due to the undirected nature of the graph. Therefore, for all i,j € {1,...,n}, Ajj = Aj;.
Hence, Lij = Dz‘j — Az‘j = sz‘ = Dji — Aji foralli,j € {1, c. ,n}.

Remark 2.3 (Reality of Eigenvalues). The eigenvalues of the Laplacian matriz Lg of a
finite undirected weighted graph G = (V, E,w) are real. This follows from the fact that
Lg is a symmetric matriz, and symmetric matrices have real eigenvalues.

Lemma 2.1. Let G = (V, E,w) with |V| = n be a finite undirected weighted graph. If
w: E — R\ (—o00,0], then the Laplacian matriz Lg € R™™ of G is positive semidefinite.

Proof. Let G = (V, E,w) with |V| = n be a finite undirected weighted graph with weight
function w : E — R\ (—00,0], i.e., w(e) > 0 for all e € E and Lg, Dg, Ag € R™" the
Laplacian, degree, and adjacency matrices of G. We consider the quadratic form of each
matrix for z € R™:

2T Lor = 27 (Dg — Ag)r = 2T Doz — 2T Agx
From the definition of D¢ with the diagonal (D¢ )i = d(vi) = X(; jyep w(i, j) it is:
n n
o' Dex =Y (Dg)uw; = dv)ai = > w(i,j)(a] +a3)

i=1 i=1 (i,j)eE

Since in an undirected graph, every edge (i, 7) is bidirectional, meaning if (i,7) € E, then
(j,i) € E with the same weight w(i, j) = w(j, i), for Ag we have:

2T Aqgr = Z Z Ajjriz; = Z w(i, j)xiz; + Z w(j, 1)z

i=1j=1 (i,5)€E (4l
= > wl iz + > wli )z
(¢,5)eE (¢,J)EE
= > 2w(i,j)mx;
(i,5)eE
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Thus, we can rewrite the complete Laplacian Lg as follows:

el Lox = Z w(i, ) (x? + a:?) + Z 2w(i, j)xix; = Z w(i, §) (22 + 2x2; + :UJQ)
(i.4)eE (i.5)eE (i,j)ek

Since w(i, j) > 0 and (x; — z;)* > 0 for all (4,5) € E, we have:

'Lz = 2T (Dg — Ag)z = Z w(i, ) (z; — x;)* > 0.
(i.))EE

O]

Corollary 2.1. Let G = (V, E,w) with |V| = n be a finite undirected weighted graph.
Ifw: E — R\ (—00,0], then the Laplacian matrix L € R™™ of G has non-negative
etgenvalues.

Remark 2.4. Note that we will be formulating our results for positive weights since, in the
context of electrical networks, these weights, given as susceptances, are usually positive. In
practical power grids, capacitive elements are more common for improving power quality
and managing voltage stability, leading to positive susceptance values being typical in
these systems [CSSDST 15, [CK2J]. However, the above result can be extended to graphs
with negative weights under certain conditions, as detailed in [CKG16]. Specifically, for a
connected graph G = (V, E;W), the Laplacian matriz is positive semidefinite if and only
if the following conditions are satisfied:

o The absolute values of the negative edge weights |W (i,7)| are less than or equal to
the reciprocals of the corresponding effective resistances Wij(G+) for all (i,j) € E~.
o There must be no cycle in G containing two or more edges with negative weights.

In their paper, W denotes a diagonal matriz from R™*™  where m is the number of
edges in the graph, and each diagonal entry wgy represents the weight of the edge €.
The positive and negative edges are separated into By, F_ C E; thus, Ey UE_ = FE and
Gy =(V,E;,W,) and G_ = (V,E_,W_) are considered.

Formally, these conditions are stated in Theorem 3.2 and Lemma 3.3 of [CKG16].

The following theorem is supported by Lemma 3.1.1 and the discussions in Chapter 3
of [Spil9], where it is established that the Laplacian matrix of a connected graph has a
unique zero eigenvalue with the eigenvector being the all-ones vector.

Theorem 2.1. Let G = (V, E,w) with |V| =n be a finite undirected weighted graph. If
w: E — R\ (—00,0] and G is connected, then the Laplacian matriz Lg € R™*™ of G has
ezactly one zero eigenvalue, and the corresponding eigenvector is 1 := (1,1,...,1)T € R".

Proof. Let G = (V, E,w) with |V| = n be a finite undirected weighted connected graph
with weight function w : E — R\ (=00, 0] and L¢g, Dg, Ag € R™*™ the Laplacian, degree,
and adjacency matrices of G. Let 0 := (0,0,...,0)" ¢ R® and 1 := (1,1,...,1)T € R™.
We need to show that L1 = 0. Consider the i-th entry of the product Lg1:

10



2.2 Graph-Theoretical Modeling of Energy Grids

Since D¢ is a diagonal matrix, D;; = d(v;) if i = j and 0 otherwise:

n

(Lg]_)i = D” . 11' — ZA” . lj = d(Ul) — ZAZ]
j=1 =1

Since the sum of the weights of the edges incident to v; is given by d(v;):

(LG]-)i = d(’UZ) — Z Aij = d(vz) — Z ’U)(UZ',’Uj) = d(vz) — d(Ul) =0.
j=1 v €V, (vs,v5)EE

Hence, L1 = 0 and therefore we have that 0 is an eigenvalue of Lg and 1 is a corre-
sponding eigenvector. We now conclude that this is the only zero eigenvalue. For any
vector x € R™ with x # 0 such that x”1 = 0, we show that x” Lgx > 0.

By definition, G is connected if for any two vertices u,v € V, there exists a sequence of
vertices (vg = u,v1,v3,...,v; = v) such that each pair (v;,v;+1) € E.

Consider the quadratic form x” Lgx for any vector x € R™:

xTLgx = Z w(w, v)(xy — xy)%
(u,v)EE

Since w(u,v) > 0, (, — z,)% > 0, and equality holds if and only if 2, = x,, for all edges
(u,v) € E. Therefore,

x'Lex =0 ifand only if z, =z, Yu,veV.

This implies that if x’ Lgx = 0, then z, = x, for all vertices u and v in the same
connected component. Since G is connected, this means z, = x, for all u,v € V,
implying that x is a scalar multiple of 1. Thus, x’ Lgx > 0 for any vector x € R" with
x # 0 orthogonal to the one vector x’1 = 0. Hence, L has exactly one zero eigenvalue
with 1 as its eigenvector. O

Corollary 2.2. Let G = (V, E,w) with |V| = n be a finite undirected weighted connected
graph with w : E — R\ (—o00,0]. By excluding the row and column from L¢ corresponding
to the zero eigenvalue, the resulting matriz Ly, is positive definite. Hence, all eigenvalues
of Ly, are strictly positive, making Ly, invertible. This property is used to construct the
invertible susceptance matrix.

Proof. We assume that the zero eigenvalue corresponds to the first row and column of
L without loss of generality. The matrix Ly, is obtained by removing the first row and
column of Lg. Let 0 #y = (y1,2,---,Yn—1) € R""!1. We extend y to a vector x € R"

by setting x1 = — Z?;ll yi and x;41 = y; for i = 1,2,...,n — 1. Thus, x is constructed
such that:
n—1 n—1 n—1
s =21+ wii=—Y yi+ Y yi=0
i=1 i=1 i=1

meaning x is orthogonal to 1. Since x is orthogonal to 1, and by Theorem we have:

x'Lex > 0.

11
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The quadratic form x” Lgx can be written in terms of the submatrix Li:

x'Lex = yTL'Gy.

Therefore, since y is any non-zero vector in R*~! and x”Lgx > 0 for all non-zero x
orthogonal to 1, it follows that:

yTL/Gy >0 for all non-zero y e R"L.

This implies that Ly, is positive definite and therefore invertible. O

To solve the Unit Commitment Problem (UCP) with a DC power flow constraint, we
utilize a technique involving the reduced susceptance matrix (see Section . We
then invert this matrix using Quantum Singular Value Transformation (QSVT). For a
finite, undirected, weighted, and connected graph, the second smallest eigenvalue of its
Laplacian Lg is the smallest non-zero eigenvalue. This property also applies to the
reduced Laplacian L, as demonstrated in Corollary and consequently to the reduced
susceptance matrix, which is crucial for our quantum inversion method. The second
smallest eigenvalue of the Laplacian Lg is particularly important because it influences
the condition number of the reduced susceptance matrix, thereby affecting the complexity
of our quantum algorithm. Therefore, understanding this eigenvalue is essential for our
approach. The second smallest eigenvalue Ao of the Laplacian matrix L¢ is known as the
algebraic connectivity or Fiedler value [Fie73].

Definition 2.9 (Algebraic connectivity). Let G = (V, E,w) with |V| = n be a finite
undirected weighted connected graph with w : E — R\ (—00,0] and A\ < A2 < ... < A, be
the eigenvalues of the Laplacian L, then A9 is called the algebraic connectivity of G.

Remark 2.5. The requirement for the graph G to be connected is crucial in defining
algebraic connectivity, as the second smallest eigenvalue o of the Laplacian matriz Lg
is positive only if the graph is connected. This follows from Theorem (2.1, If G is not
connected, Ao would be zero, rendering the concept of algebraic connectivity meaningless.

12
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2.2.1 Condition Number Analysis for Laplacians

Definition 2.10. Let A € R™ ™ be an invertible matriz. The condition number x(A)
of A with respect to a given matriz norm || - || is defined as:

K(A) = [ ANA7],

where ||A|| denotes the induced norm of the matriz A, and ||A~Y|| denotes the induced
norm of the inverse of A. For a given vector norm |||, the induced norm ||A|| is defined

by:

A
) = sup 1421,
z#0 (Al

Definition 2.11 (Normal Matrix). A matriz A € C"*" is called a normal matrix if
AYA = AA™,
where A* denotes the conjugate transpose of A.

With the Spectral Theorem (Theorem 2.5.3 from [HJ13]), a matrix A € C"*" can be
characterized as normal if it is unitarily diagonalizable, so there exists a unitary matrix
U € C™™ such that

A=UAU",

where A € C"*" is a diagonal matrix with the eigenvalues of A on the diagonal, and
U*U = UU* = I, where I € R™ ™ is the identity matrix. For normal matrices, the
spectral norm, induced by the Euclidean vector norm, is commonly used, which simplifies
the computation. The spectral norm of A, denoted || Al|2, is given by the largest singular
value of A. For a normal matrix, this is the largest absolute value of its eigenvalues.
Similarly, the spectral norm of A~', [|[A71]lz, is the reciprocal of the smallest absolute
value of its eigenvalues. Therefore, the condition number of a normal matrix A can be
formulated with respect to the spectral norm.

Definition 2.12 (Condition Number of a Normal Matrix). Let A € R™*™ be an invertible
normal matriz. The condition number of A with respect to the spectral norm is defined

as:
max{|\;| | s € 0(A)}

min{|\;| | A € o(A)}’

where o(A) denotes the spectrum of A, i.e., the set of eigenvalues of A.

k(A) =

Note that the above condition number x(A) is well defined since A is invertible, which
ensures that 0 < min{|\;|}.

Lemma 2.1. Let G = (V, E,w) with |V| = n be a finite undirected weighted connected
graph with w : E — R\ (—00,0]. The Laplacian matriz Lg is normal.

Proof. Let G = (V, E,w) with |V| = n be a finite undirected weighted connected graph
with w : E — R\ (—00,0]. We already know that Lg is symmetric from Remark
Thus, it is LL = Lg. Note that Lng = LgLg = L2G and LgLG = LgLg = L2G.
Therefore, it follows that Lng = LgLG = LQG. Hence, L is normal. O

13



2 Background

Remark 2.6. Although the Laplacian Lg of a finite undirected weighted connected graph
with positive weights satisfies most prerequisites, it is not invertible. However, we use
the reduced Laplacian for our analysis (see Corollary . The condition number for the
reduced Laplacian is then given as:

1y _ M
k(Lg) = N
where we assume the eigenvalues A1 < Ay < --- < A, are ordered, with Ay being the
second smallest and A\, the largest eigenvalue. This relates directly to the eigenvalues
of the reduced susceptance matriz and thus the complexity of our quantum algorithm.
Therefore, it is crucial to find bounds for the largest eigenvalue \,, and the smallest non-
zero etgenvalue Ag.

Remark 2.7. If it is clear from the context which matriz is being referred to, we will
denote the condition number simply as k instead of k(A).

14
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2.2.1.1 Lower Bound for the Second Smallest Eigenvalue

To ensure the condition number & of the reduced susceptance matrix remains manageable,
it is crucial to investigate the second smallest eigenvalue Ao of the Laplacian matrix, as
this will be the smallest eigenvalue for the matrix we aim to invert. A higher algebraic
connectivity Ao implies a lower condition number k, since Kk = A\, /A2 (see Remark .
Therefore, we need to establish a lower bound for A\s that is greater than or equal to one.
We follow the formulation given in [Spil9, [Chu97].

Definition 2.13. Let A € R™ "™ be a symmetric matriz and let x € R™ be a non-zero
vector. The Rayleigh quotient R(A,x) is defined as:

2T Ax

Ty’

R(A,x) =

Lemma 2.2 (Rayleigh Quotient Lemma for Laplacians). Let G = (V, E,w) with |[V]| =n
be a finite undirected weighted connected graph with w : E — R\ (—00,0]. The algebraic
connectivity Ay of Lg can be characterized using the Rayleigh quotient as follows:

Ao = min R(Lg, z).

zeR™
zll

Proof. Let G = (V, E,w) with |V| = n be a finite undirected weighted connected graph
with w : E — R\ (—00,0] and L be the Laplacian of G. Since L is symmetric (Remark
, it has a complete set of orthonormal eigenvectors vy, ve,...,v, corresponding to
real eigenvalues A\; < Ao < --- < \,,. The eigenvectors form an orthonormal basis for R",
meaning a vector 0 # x € R™ can be expressed as a linear combination of the eigenvectors:

n
T = E o;v;  where o = vz-Tx.
i=1

Therefore, we can construct the Rayleigh quotient R(Lg, ) as follows:

n T n n n
T 2. T 2
z' Lax = (E aivi> La <E awi> = E a;v; Lav; = E o i,
i=1 i=1 i=1

=1

n T n n
$T$ = Z (07X} Z ;U | = Z OéZ-QUZ-TUZ‘ = Z a?.
=1 =1

=1 i=1

Thus, the Rayleigh quotient becomes:

2T Lax P ag )\
R(Lg,x) = 7 = R
o i=1%

To find Ao, we include the condition that x 1 1, which means x is orthogonal to the
eigenvector corresponding to the smallest eigenvalue A1 = 0, since the eigenvector for A;
is 1 (see Theorem . This ensures that x is in the subspace orthogonal to the eigenspace
associated with A\;. That means that oy = v?w = 0. Therefore, z € span{vy,v3,...,v,}.

15
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To minimize R(L¢, ), note that A; > A9 for ¢ > 2. Therefore:
R(LGa $> > )\27

where equality holds when x is an eigenvector corresponding to As. Thus, the minimum
value of the Rayleigh quotient for z L 1 is Ay, and it is achieved when x is the eigenvector
associated with As. Hence,

Ao = m}%}b R(Lg, ).

xe
zl1l

O]

Note that the above Lemma also follows as a special case from the more well-known
Courant-Fischer Theorem (see Theorem 2.0.1 from [Spil9)]).

Definition 2.14 (Weighted Shortest-Path Distance). Let G = (V, E,w) with |V| =n be
a finite undirected weighted connected graph. Let dist : V- x V. — R be a metric function
on V. We can explicitly define the distance function dist : V x V — R as the shortest
path distance between two vertices:

dist(i,j) = Pé%i(ni,j) (u§epw(u, v),

where:
P(i,5) = {(i = vo,v1,v2,...,0. =7) | (vi—1,v) € EV1 <1<k}
is the set of all paths from vertex i to vertex j.
Note that dist defines a metric function on V. Therefore, the pair (V,dist) forms a metric

space. In fact, any well-defined metric function defined on the set of vertices together
with the set forms a metric space as long as the graph is connected (see [Alo22, [(Chu97]).

Definition 2.15 (Diameter). The diameter of a finite undirected weighted connected
graph G = (V, E,w) is defined as:

diam(G) = max dist(u,v)

where dist(u, v) is the weighted shortest-path distance between vertices u and v.

The following relationship, well known in spectral graph theory, connects the algebraic
connectivity Ag with the diameter diam(G) of the graph. We can extend Theorem 4.2
from [Moh91] to our graph definition as follows:

Theorem 2.2. Let G = (V, E,w) be a finite undirected weighted connected graph with
V| = n, edge weights w : E — R\ (—00,0], and Lg the Laplacian matriz of G. Let
diam(G) be the diameter of G. Then the following holds:

4

> —.
Az 2 n diam(G)

Proof. Let G = (V, E,w) be a finite undirected weighted connected graph with |V| = n,
edge weights w : E — R\ (—00,0], and L the Laplacian matrix of G. Let diam(G) be

16



2.2 Graph-Theoretical Modeling of Energy Grids

the diameter of G. Consider a vector x € R™ such that x; = ﬁ for one subset of vertices

and x; = —in for another subset of vertices, ensuring L 1 and ||z|| = 1.
The Rayleigh quotient for this vector is given through the quadratic form:

1 1\\? 4

T 2

x° Lgx = E wij(z; —x5)” = E Wij < — (—)) = E Wij—.
(i.d)EE (i.4)EE v v Gpes

Since the sum of the weights w;; for any path between the two farthest vertices (which
defines the diameter) cannot exceed diam(G), we can bound the sum of the weights with
the diameter:

e Loz = Z wij— < -~ ndiam(G) = 4diam(G).
(i,))eE
Hence,
' Lax 4
Aoy > -
2Tz n diam(G)

Corollary 2.3. The algebraic connectivity Ao can be bound by:
X >1 & ndiam(G) <4.

Remark 2.8. In the context of a large power grid, the characterization of the bound for
the value of Ao provided by the inequality above is not that strong. As the number of
vertices n corresponding to the buses in the power grid increases, the product n diam(G)
tends to grow.

The following inequality links the algebraic connectivity A2 to a combinatorial measure
of connectivity. A higher s implies a higher Cheeger constant, suggesting better con-
nectivity and a more robust network structure. Note that for a subset S C F of edges,
we denote w(S) as the sum of the weights of these edges:

w(S) = Z w(u,v).

(u,v)€S

With that, the following definition generalizes the concept of the Cheeger constant (see
[Chu97]) to weighted graphs by incorporating the edge weights into the boundary size.

Definition 2.16. For a finite undirected weighted graph G = (V,E,w), the Cheeger
constant h(G) is defined as:

B . w(0S)
MG = min gy
o<lsi<¥l

where S # & and 05 is the edge boundary of S, defined as the set of edges in E that have
exactly one endpoint in S and the other endpoint in V' \ S:

IS={(u,v) eE|(ue SAveV\S)Vve SAueV\9)}

17
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Theorem 2.3 (Cheeger’s Inequality). Let G = (V, E,w) with |V| = n be a finite undi-
rected weighted connected graph with w : E — R\ (—00,0] and L¢ be the Laplacian of G.
The Cheeger constant h(G) estimates A2 as follows:

Proof. We use the proof idea proposed by [Chu(7] using eigenvectors.

Therefore, let G = (V, E,w) with |V| = n be a finite undirected weighted connected
graph with w : E — R\ (=00, 0] and Lg be the Laplacian of G.

We first prove the upper bound. Let S C V be the set achieving the minimum of the
Cheeger constant, satisfying 0 < |S| < ‘—‘24 Thus h(G) = w(9S)/vol(S), where w(9S) is
the total weight of edges leaving S, and vol(.S) is the sum of the degrees of the vertices
in S as given in Definition of the Cheeger constant. We define g € R" as:

L vol(5)
9= X8 vol(G) L

where yg is the characteristic function of S and 1 := (1,1,...,1)” € R" is the vector of
all ones. The Rayleigh quotient R(Lg, g) is given by:

9"Leg _ Luw)ce W (g(u) — g(v))?
gy > vev 9(v)%dy ‘

For u,v € Soru,v ¢ S, g(u) —g(v) =0. When u € S and v ¢ S, we get:

R(Lg,g9) =

B vol(S)\ . vol(9)
g(u) —g(v) =1- <_vol(G)> =1 vol(G)’

Hence, we can explicitly calculate the numerator of the quotient as follows:

2 2
> walo - o) = Y wa (14 3 = (14 2900) us)

(u,v)€08 (u,v)€08

For a vertex v € S, we have g(v) = 1 — vol(5)/vol(G) and for a vertex v ¢ S, we have
that g(v) = —vol(S)/vol(G). Thus, we can explicitly calculate the denominator of the
quotient:

Soera- (- ) a5 ()

- (1- 3;’%3)2 vol(S) + Q;IEQ)Q - (vol(G) - vol(S)).

Therefore, from the above calculations, we can conclude that:

By definition of Ay, it is A2 < R(Lg, g9) < 2h(G).
We now prove the lower bound. Let g denote an eigenvector associated with Az, the

18
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second smallest eigenvalue of the Laplacian Lg. We use the notation where g(v) refers
to the component of the eigenvector g at the vertex v. Therefore, Lgg = A2g and
> vey 9(v)d(v) = 0, where d(v) is the degree of vertex v. We order the vertices such that:

g(v1) = g(v2) = ... = g(vn).

Let S; = {v1,v2,...,v;} C V and define h; = %3237 where vol(S;) = 3,cg, d(v) for
1 <i<mn. Define r € {1,2,...,n} such that vol(S,) < vol(G)/2. With the orthogonality

of g, we have:
Z g(v)d(v) = 0.
veV
Thus,
Y g(w)*d(v) =min Y (g(v) = ¢)*d(v) < Y (9(v) = g(v,))*d(v).

veV ceR v veV

We define the positive and negative parts of g — g(v,) as follows:

~Jg(w) —g(v) if g(v) = g(vr)
g+(v) = {O otherwise '

_ Jlg) = g(vr)| i g(v) < g(vy)
g-(v) = . '
0 otherwise
Without loss of generality, assume R(g+) < R(g-). Then, A2 > R(g+), where
> (uwyer WU, v) (g4 (u) — g4 (v))?

Yuev 9+ (u)?d(u)

Using the Cheeger constant h(G) and the Cheeger ratio for subsets S;, we have:

R(g+) =

|0(S;i)| > h(G)min(vol(S;), vol(V) — vol(S;)).

For the positive part g, this can be bounded as follows:

1 (0 (00)? — g (0142)2)(G) min(vol(S7), vol(V) — vol(S7)))

A2 > R(gy) > (

2(Cuey 9+ (u)2d(u))”
Since vol(S;) < %(V) for the optimal subset S;,
2
s M

Corollary 2.4. The algebraic connectivity Ao can be bound by:
R(G)>V2 = A >1.

We can extend the above corollary to formulate an even stronger bound:
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Corollary 2.5. The algebraic connectivity Ao can be bound by:
MG)>V2A A A>1 = X >1,
where A = max; d(v;) is the maximum degree of the graph G.

Proof. By substituting h(G) > v2A into the lower bound of Cheeger’s inequality, we get:

MOP 5 VISP

)\22 <~ /\QZAzl.

O]

Remark 2.9. Note that we need to assume A > 1. In large power systems, this can be
assumed implicitly, as described below. Recall that A represents the following sum over
the weighted edges:

A =maxd(v;) =max > w(v;,u).
! ! ueV,(v;,u)eE

The susceptance (inverse of reactance) values in power systems are typically designed to
ensure efficient power flow and stability. Even though individual susceptance values might
be less than one, their cumulative sum for each node usually leads to a weighted degree
greater than one, contributing to the overall robustness of the power grid [WKKVMI5].
Additionally, large power systems are designed with multiple connections to ensure redumn-
dancy and reliability. This means that each node (or bus) is usually connected to several
other nodes, resulting in higher weighted degrees. This can be observed in the IEEE 118-
bus system (see Figure , which is a standard test case for power grid analysis. Note
that the IEEE 118-bus test case is a specific power system model used for research and
educational purposes, representing a simplified version of the American FElectric Power
system. This test case includes detailed information about buses, gemerators, loads, and
other components necessary for power flow analysis [Uni, [(Chil].
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2.2.1.2 Upper Bound for the Greatest Eigenvalue

To find a bound for the largest eigenvalue \,, (see Remark of the Laplacian matrix
L¢, we can utilize several properties and known results about Laplacian eigenvalues. The
Gershgorin Circle Theorem provides a way to bound eigenvalues based on the entries of
the matrix. By adapting Theorem 6.1.1 from [HJ13|], we can apply it specifically to
Laplacian matrices associated with our graphs.

Definition 2.17. Let G = (V, E,w) be a finite undirected weighted graph with |V| =n
and w : E — Rsq is a weight function. For eachi € {1,2,...,n}, the Gershgorin disc
D; is defined for i € {1,2,...,n} as:

Di={z € C ||z —d(vj)| < d(vi)},
where d(v;) is the degree of v; € V' from Definition [2.7,

Note that this definition is consistent with the usual definition of Gershgorin circles,
where the i-th Gershgorin disc is centered at (Lg)i; = d(v;) with radius R;, where:

Ri = Zw(vi,vj) = d(vl)
J#i
Theorem 2.4 (Gershgorin Circle Theorem for Laplacian Matrices). Let G = (V, E,w)
be a finite undirected weighted graph with |V| =n and w : E — Rsq is a weight function.
For the Laplacian matriz Lg of the graph G, every eigenvalue A of Lg lies within at least
one of the Gershgorin discs:

rxe D,
i=1

where each Gershgorin disc D; fori € {1,2,...,n}.

Proof. Let A be an eigenvalue of Lg and x = (21, 22, ...,2,)7 € C" with x # 0 be the
corresponding eigenvector. Therefore, Lgx = Ax. Given that, we can write the i-th entry

as:
n

Z(LG)ijxj = d(’UZ)ZCZ — Z w(vi,vj)mj = )\a:i. (2.2)

j:1 ('l)l','l)j)GE

The abov Eq. can be rearranged as follows:

& (d(vi) = Nz = Z w(vi,vj)z; < |d(vi) — M| = w(vi,vj)x;|  (2.3)
(’Ui,Uj)EE (vi’vj)GE
& ldw) =Mzl < > wosvy)lag| & |dvi) = Mlai] < d(vs) max |a] - (24)
(Ui,’Uj)EE (U“’UJ)
Since z; # 0, we can divide the result from Eq. by |z;|, which leaves us with:
maxX(y )k |Tj
00) — A < doy) "B 1S 29

||

Since A must satisfy Eq. for some i € {1,2,...,n} and considering max; |z;|/|z;|, it
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follows that:
]d(vl) — )\‘ < d(’UZ)

Therefore, every eigenvalue A\ of the Laplacian matrix L lies within at least one of the
Gershgorin discs D; = {z € C | |z — d(v;)| < d(v;)}. O

Corollary 2.6. From the above theorem, it follows that all eigenvalues \; for 1 <i<n
of the Laplacian matrix Lg lie within the interval:

Ai € [O, QA],
where A = max; d(v;) is the maximum degree of the graph G.

Proof. According to the Gershgorin Circle Theorem, each eigenvalue of Lg lies within
at least one of the Gershgorin discs centered at d(v;) with radius d(v;), meaning the
eigenvalues are within the interval:

0 <A <2 max d(v;).
1<i<n

O

For a connected graph, the Perron-Frobenius theorem provides insights into the largest
eigenvalue of the adjacency matrix Ag. Although this is not directly for the Laplacian,
it can be related as follows:

Lemma 2.1. Let G = (V, E,w) with |V| = n be a finite undirected weighted connected
graph with w : E — R\ (—00,0] and Ag be the adjacency matriz, Dg the degree matriz,
and Lg be the Laplacian matriz of G. Then, the eigenvalues \; of Lo are related to the
eigenvalues p; of Ag by:

>\i = d(Uz) — Uj-

Proof. Let G = (V, E,w) with |V| = n be a finite undirected weighted connected graph
with w : E — R\ (—00,0] and Ag, Dg, L the matrices as defined. Let v € R™ be an
eigenvector of Ag with eigenvalue p € R, therefore Agv = pv. Note that the Laplacian
is given by definition as Lg = Dg — Ag, thus:

Lov = (Dg — Ag)v = Dgv — Agv = Dgv — pv.

For each vertex v; € V, the i-th component of the vector Dgv is d(v;)v;, where d(v;) is
the degree of vertex v;. Thus:

(Lav)i = d(vi)vi — pvi = (d(vi) — p)vi.

Hence, v is also an eigenvector of Lo with the eigenvalue A = d(v;) — p. Therefore, the
eigenvalues \; of L are related to the eigenvalues u; of Ag by:

)\i = d(Uz) — Us-
O

We can formulate Theorem 4.5.1 from [Spil9] for the adjacency matrix in our case as:
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2.2 Graph-Theoretical Modeling of Energy Grids

Theorem 2.5 (Perron-Frobenius). Let G = (V, E,w) with |V| = n be a finite undirected
weighted connected graph with w : E — R\ (—00,0] and Ag be the adjacency matriz of
G. Let p1 < po < ... < g, be the eigenvalues of Ag. Then:

1. The eigenvalue u, has a strictly positive eigenvector.
2. pp > —j1.
3. Hn > fn—1-

Proof. Let G = (V, E,w) be a finite undirected weighted connected graph with |V| = n,
w: E — R\ (—00,0], and Ag be the adjacency matrix of G. Let p1 < po < ... <
be the eigenvalues and x1, 2o, ..., z, the corresponding orthonormal eigenvectors of Aq.
We again use the notation where z;(k) refers to the component of the eigenvector x; at
the index k.

1. Since p, is the largest eigenvalue of Ag, we need to show that there exists an eigenvec-
tor x,, with x, (i) > 0 for all 7. Note that since Ag is symmetric, we can use the Rayleigh
coefficient for the largest eigenvalue u, of Ag to express:

n n
pin = max R(Ag, ) = 2 Agtn = 3 > aijn(i)wn(j).
i=1j=1

Consider a vector y € R™ with y(i) := |z, (i)| for all 1 < ¢ < n. Then the vector y has unit
norm, ||y|| = y'y = 2z, = 1. We need to show y is also an eigenvector corresponding
to pn. To see this, we have:

n n
Pn = ngG«Tn = Z Z iTn (1) 20 (F)-
i=1j=1

Since a;; > 0 (given w : E — R\ (—o00,0]), replacing (i) with |2, (¢)| does not decrease
the value of the sum and might increase it. Thus, we can formulate the inequality:

n n n n n n
Yo aian(@an (i) <D0 aijlen(@)|za () =Y agy(@y(i) = y" Acy.
i=1j=1 i=1j=1 i=1j=1
Since p,, is the maximum value of 27 Agz over all unit vectors z:
y" Acy < pin.
Therefore, we can assemble the inequalities and formulate:
_ T T _ —
Hn = anGl‘n Sy Agy=ln & pn = ln,

which implies that y is an eigenvector corresponding to pu,. Because y consists of the
absolute values of the components of z,, and y(i) are all positive, this proves that p,
has a positive eigenvector. We discuss why none of the entries of y can be zero. Suppose
for contradiction that y(i) = 0 for some 1 < i < n. Since G is connected, if y(i) = 0 for
some 1 < i < n, there must be at least one neighboring vertex k£ connected by an edge
(i,k) € E. Given that y has entries derived from the absolute values of x,, and since
Ty, has no zero entries for a connected graph, y must have all strictly positive entries.
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Therefore, the neighboring vertex k& must have y(k) > 0. This implies:

(Acy)i Z ) > 0.
(e

However, since y is an eigenvector corresponding to piy,

(Acy)i = pny(i) = pn - 0 =0,

which leads to a contradiction. Therefore, y(i) > 0 for all 7, showing that p,, has a strictly
positive eigenvector.

2. We again define a vector y € R"™ with y(i) := |z1(d)| for all 1 < i < n. We again use
the Rayleigh coefficient for the smallest eigenvalue p; of Ag to express:

2] Agas | <ZZ%’3«"1 Mz1(5)| =y Agy.
i=17=1

= 1 A
1] L{gﬁg R(Ag,z)| =

We know yT Agy < un because i, is the largest eigenvalue of Ag. Therefore:

|,u1| <ln & pp > —U1.

3. We follow the procedure from the previous steps and define y € R™ such that y(i) =
|xn—1(7)| for all 1 < ¢ < n. Then again, we receive the inequality:

Hn—1 = $£_1Ag$n,1 < yTAGy < M-

By the first part of the theorem, we can take z,, to be strictly positive. Since eigenvec-
tors associated with distinct eigenvalues are orthogonal, we have (z,,z,—1) = 0. This
orthogonality implies that both z,, and x,_1 are non-zero vectors, and z,,_1 must have
both positive and negative components. We consider two scenarios:

Scenario 1: Suppose all components of x,,_1 are non-zero. Given that G is connected,
there exists an edge (i,j) € E where z,_1(i) < 0 and z,-1(j) > 0. Consequently, we
have x,_1(1)xn-1(7) < |2n—1(7)||zn-1(4)], leading to the desired strict inequality, thereby
showing that p,—1 < .

Scenario 2: Assume z,_1(i) = 0 for some 1 <7 < n. If all the inequalities we considered
earlier are equalities, then y would be an eigenvector for u, with y > 0. From our earlier
argument, if y > 0 and is an eigenvector corresponding to pu, in a connected graph G,
then none of the entries of y can be zero. Since this leads to y(i) = x,,—1(¢) = 0 for some
i, we reach a contradiction. ]

Corollary 2.7. Let G = (V, E,w) be defined as in the theorem. Let A be the mazimum
degree of the graph G. The largest eigenvalue \, of the Laplacian matriz Lg for a graph
G with mazimum degree A is bounded by:

An < 2A.

Proof. Let A be the maximum degree of the graph . This means that for some vertex
Umaxs d(Vmax) = A. The Perron-Frobenius theorem tells us that the largest eigenvalue
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2.2 Graph-Theoretical Modeling of Energy Grids

u1 of Ag is positive and the smallest eigenvalue pu,, satisfies u, > —pi. The largest
eigenvalue \,, of L¢ corresponds to the smallest eigenvalue p,, of Ag since A\; = d(v;) — p;
and subtracting a smaller p; gives a larger \;. Thus, it is A\;, = d(vmax) — fn. From the
Perron-Frobenius theorem, we have that u,, > —u, therefore:

A KA = (1) = A+ .
Since p; (the largest eigenvalue of Ag) is at most the maximum degree A, we have:

A <A+ A=2A.

2.2.2 Summary of Graph Theory Model to Energy Grids

Before moving on to integrating power flow into the model, it is important to revisit the
components of an energy grid, which can be represented as a graph. This graph-based
representation enables the application of graph theory concepts to effectively analyze and
optimize the power grid. The primary components are buses and transmission lines.

Remark 2.10 (Energy Grid as a Graph). As we saw, an energy grid can be modeled as
a finite undirected weighted graph G = (V, E,w) (see Definition|2.5), where:

o V s the set of buses (nodes) representing various components in the grid (see

[NSZ4/):

— Generation buses: Buses where electricity is generated and injected into the
grid. Therefore, a generator is connected to this bus.

— Load buses: Buses where electricity is consumed.

— Reference bus: A special bus that serves as the reference point for voltage
magnitude and phase angle in the network.

— Transmission buses: Buses that primarily function as connection points
between transmission lines and other buses.

e EC {(u,v) e VXV |u#vA(uv) € E = (v,u) € E} is the set of
transmission lines (edges) connecting the buses, ensuring the graph is undirected.

o Each edge (u,v) € E is associated with a weight w(u,v) € Rsq, representing a value
related to the transmission line between these buses. Typically, this weight is the
susceptance of the transmission line between buses u and v.

An energy grid modeled as a graph G must satisfy the following conditions:

1. Connectedness: The graph G is connected, ensuring that there is a path between
any pair of buses. This implies the potential for power flow throughout the grid. If
any bus s isolated, it is considered part of a separate sub-grid, which can then be
modeled as an independent graph.

2. Non-negative Weights: The weights w(u,v) are positive, as susceptance and
admittance are typically positive in practical power systems (see Remark .
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VN

FN

Figure 2.1: IEEE 118-bus system diagram as a reference for a weighted graph model.
This test case represents a simplified version of the American Electric Power
system in the Midwestern US as of December 1962. [Chr]
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2.3 Integrating Power Flow into the Model

2.3 Integrating Power Flow into the Model

The power flowing between any transmission line is an important and limiting factor in
describing the Optimal Power Flow (OPF). To include this element of power flow into our
optimization problem, we first need to examine some concepts that describe such power
in an energy grid. A fundamental part involves distinguishing between Direct Current
(DC) and Alternating Current (AC) systems.

In contrast to DC, where the flow of electric charge is in a single direction, alternating
current circuits use voltages and currents that are time-varying signals, which can be
imagined as sine waves. These waves oscillate with a certain frequency (typically 50 Hz).
The sine wave nature of AC allows for efficient transmission of energy over long distances,
a crucial property that has shaped the modern electricity grid [GSO17].

To integrate these dynamics into OPF, we use the power flow equations, which are derived
from Kirchhoff’s laws but expressed in terms of phasors for AC systems (see Theorem [2.8)).
These equations take into account the complex relationship between voltages, currents,
impedances of components, and loads. By solving the power flow equations, we can
determine the distribution of voltages across the network and the flow of power between
nodes, which is essential for optimizing the operation of the power system under various
constraints, such as minimizing losses, maintaining voltage levels within acceptable limits,
and ensuring the system operates within its thermal and stability bounds.

Definition 2.18. The Impedance Z € C is a measure of the total opposition that a
circuit presents to the flow of alternating current:

Z:=R+iX = |Z|e"2

where R > 0 is called the resistance, X € R is called the reactance, and 07 € (—m, 7]
is the phase angle of the impedance.

Impedance is a central value in any circuit. Every device found in an electric power
system has an impedance [vMO06]. Unlike in DC circuits, where resistance is the only
factor affecting the flow of electric current, AC circuits contain additional characteristics
due to the presence of capacitance and inductance. These elements introduce phase
shifts between voltage and current, making the concept of resistance inadequate for fully
describing the opposition to current flow in AC circuits. Therefore, impedance can be
viewed as an expanded version of resistance, encompassing its effects in alternating current
scenarios [Gril2b].

Definition 2.19. The Admittance Y € C is a measure of how easily a circuit will allow

current to flow.

1 .
YVi=—=G+iB= |V |ty

where G € R is called the conductance, B € R is called the susceptance, and 0y €
(—m, 7] is the phase angle of the admittance.

Admittance, as the inverse of impedance, represents the ease with which current flows
through a component. It includes the conductance, which denotes the direct path for
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current, and the susceptance, indicating the effect of capacitance and inductance. There-
fore, admittance quantifies how readily an electrical circuit conducts current, where higher
admittance suggests less opposition to current flow.

Since admittances or impedances, and thus conductance, susceptance, resistance, and
reactance, are all defined through their relation between two given buses, an AC system
consisting of multiple connected buses can be described as a matrix or vector. This allows
for a representation of these values in the context of the entire power system, which makes
it easier to analyze the flow of current and the distribution of voltages throughout the
system. For example, the current [I] € C**! and voltage [V] € C**! can be expressed
as vectors, and admittance as a matrix Y € C"*". The elements of this matrix, Yj;,
represent the admittance between nodes 7 and j for 1 < 4,5 < n in an n-bus system.

Definition 2.20. Consider an AC system consisting of n buses. Let N (i) represent the
set of buses connected to bus i and y;; the admittance of the line between buses i and j.
The matriz [Y] € C"*" is called the Admittance matriz, where:

Vi, — {Zke/\/(z‘) Yik fi=]
) .
—Yij otherwise

Let b;j be the susceptance of the line between buses i and j. The matriz [B] € R" ™ is
called the Susceptance Matrix, where:

B — | 2ken@ b Fi=]
" —bij otherwise

Note that in our case, the shunt admittance can usually be ignored because, for a high-
voltage transmission line spanning less than 50 miles, the shunt capacitance of the line
can be ignored. However, it should be modeled for lightly loaded distribution lines, such
as underground lines [Gril2b]. For purposes of better readability, the susceptance matrix
[B] € R™ ™ is sometimes denoted by B.

Remark 2.11 (Susceptance matrix as a graph Laplacian). With this definition, the sus-
ceptance matrix B (as well as the admittance matriz) can be viewed as the Laplacian
matriz La of a finite undirected weighted connected graph (see Definition from Sec-
tion , where the weights correspond to the susceptances of the transmission lines.
Hence, all the results from Section for a finite undirected weighted connected graph
can be applied if we identify the weights with the susceptance. This works as follows for
a connected n-bus AC system.:

We assume that the line susceptance B;; between any two given buses ¢ and j is positive
(Bij > 0). This assumption is reasonable, as described in Remark;from Section
since susceptance is usually positive under normal conditions. Let G = (V,E,b) be a
finite undirected weighted connected graph with n = |V|. Define the weight function by

b:E—>R>0, (Z,j) *—)Bij,

which maps each edge (i,7) € E to the positive susceptance B;j between buses i and j.

Theorem 2.6 (Ohm’s Law). V =1 -Z where V € C is the voltage across the resistor,
I € C is the current through the resistor, and Z € C is the impedance.
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2.3 Integrating Power Flow into the Model

Proof. A complete derivation of this law can be found in [LSM17]. O

Note that Ohm’s Law formulated above is a generalized form for AC circuits. It im-
plies the common formulation of V/R = I for DC circuits when the imaginary part of
impedance vanishes.

The power in AC systems can be more complex to analyze than DC power because of
these time-varying and thus complex characteristics. The concept of phasors becomes
relevant in this context. In power system analysis, a phasor is the polar form of any
complex value associated with a component. Through Euler’s formula, we visualize a
sine wave. In AC circuits, both voltage and current can be represented as phasors. The
magnitude of a phasor reflects the amplitude of this wave, while the phase angle represents
the time shift between the wave and a reference point in time, typically another wave.
As already described with impedance and admittance, voltage V' and current I can also
be represented as phasors:

Remark 2.12 (Phasor Representation of Voltage and Current).
V =|V]ev T =|1|e

where V€ C is the voltage and Oy € (—m, | is the voltage angle and I € C is the current
and 01 € (—m, 7] is the current angle.

The following Kirchhoff’s Laws will serve as a base for deriving the AC power flow equa-
tions. These laws provide a framework for analyzing the flow of electric current and the
distribution of voltages in electrical circuits. Kirchhoff’s Current Law ensures that all
currents flowing into and out of any node are balanced, and Kirchhoff’s Voltage Law
focuses on the conservation of energy around circuit loops, asserting that the sum of all
voltage changes around a loop equals zero.

Theorem 2.7 (Kirchhoff’s Laws). For any closed n-bus AC system, let the voltages at
the buses be Vi,...,V, € C and the currents through the elements connected to a bus
i€{1,2,...,n} be I,..., I, € C. Then the system satisfies:

o Kirchhoff’s Current Law (KCL): At any bus 1,

NE

I, =0,

b
Il

1

where the summation is over all currents flowing into and out of bus i.
o Kirchhoff’s Voltage Law (KVL):

NE

Vi =0,

B
Il
—_

where the summation is over all voltages around the system.
Proof. A complete derivation of these laws can be found in [Wad06]. O]

Note that KVL applies to any closed loop in the system as well. These laws apply both
to AC and DC systems. In DC systems, the voltages and currents are real numbers. The
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total power in AC circuits is described by a complex value S, which is composed of real
power P and reactive power () as follows:

Definition 2.21. The Complex Power S € C is defined as the product of the voltage
V € C and the complex conjugate of the current I € C:

S:=V -I=P+iQ

where P € R is called the real power and Q € R is the reactive power.

Real Power is the average power actually consumed or produced by a circuit. It is the
component of power that does work. Reactive Power @ is the power that oscillates back
and forth between the reactive components and the power source. It does not do any net
work but is necessary for the use of AC power systems [vMO6].

Remark 2.13. The notation VipZ¢i is commonly used in the context of AC circuit anal-
ysis. This notation denotes a voltage (or current) at a given bus k, that has a magnitude
of Vi, and a phase of ¢i.. Note that in this notation the magnitude is expressed as Vi and
not |Vi| like in the mentioned phasor notation. The angle ¢y represents the phase of the
voltage relative to some reference, often taken as the current or another voltage in the
circuit. In terms of the given definitions, this means:

o When describing Complex Power S € C, if there is a voltage source at bus 1 defined
as ViZ¢1, this means that the voltage source has a phase angle of ¢p1 € (—m, 7]
radians with respect to the reference. If the current flowing through a circuit from
bus 1 to bus 2 has a phasor representation I1/61, with 6, € (—n, x|, the complex
power delivered to the circuit can be calculated as:

S=V,-I = |V1|ei¢1 ) |Il|€—z'6'1 _ |V1H11’€z'(¢1—91)

o From V1 /Z¢1, the Real Power P € R and Reactive Power Q) € R in the circuit can
then be computed as:
P = [Vi[[I1| cos(¢1 — 01)

Q = [VAl[I1|sin(¢1 — 61)

This means that the real power is the component of the complex power that aligns
with the voltage phasor, and the reactive power is the component that is perpendic-
ular to it. This aligns with the common perception of AC, where voltages rise and
fall periodically over time.

Now we can formulate the power flowing at a given bus by the AC Power Flow Equations.
We use the most commonly used Voltage-Based Formulations from [MH19]. The following
equations then express the power balance at each bus in a given system:

Theorem 2.8 (AC Power Flow Equations). For an n-bus AC system, the power balance
at any given bus k € {1,...,n} is described by:

n
P = BF =" |VillVi| (Gri cos(0r, — 61) + By sin(6 — 6;)) (2.6)
Pt

QF — Qk = _ [VilVi| (Grusin(0x — 6;) + By cos(6y, — 6;)) (2.7)
=1
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2.3 Integrating Power Flow into the Model

where PkG € R and Qg € R denote the generated active and reactive power, and P,CL eR
and Qé € R the active and reactive load at a given bus k. The voltage at bus s is given
by Vi/05s with angle 65 € (—m,w|]. The conductance between the line between k and 1 is
described as Gy € R and susceptance as By € R. Note that if there is no line between k
and 1, then Gy = By = 0 does not interfere with the given definition.

Proof. Note that this is more of a derivation than a formal proof, as a mathematical proof
in the traditional sense does not apply here. We first consider a simple two-bus system
and then generalize it to arbitrary buses and lines. Assume a system with two buses,
bus 1 and bus 2, and a transmission line between them. To model this line, we need to
consider some kind of impedance Z1o = Rq9 +1X12 with a resistive R12 and reactive X9
component in it (see Figure .

Thus the admittance Yo = Z%Q is given as the inverse of the impedance. We assume
there is some kind of voltage V1 Z¢1 and VoZ¢o with corresponding phase angles ¢ and
@2 being injected at the buses. To model the current I15 flowing from bus 1 to bus 2, we

can use I3 = 7‘/1@1?/24@ = % =Vi2-Y

To further abstract these current formulas to an arbitrary bus k, we can state that

n
L= Yu-Vi
=1

Now we can introduce a form of power to our model using Ohm’s law from Theorem
Sy = Vi - I}, describes the complex power at any bus k:

< [

This is because Ohm’s Law states that % Vo= % = I. Since the admittance Yy =
G + @By is described through its conductance component G and susceptance B:

n

= Vi) (G —iBu)V; Z Vi(Gri — iBr)
=1

We can further express S as its real and reactive power component using Sy = P + 1Qx
and extend the voltages Vi = |Vi|e and V; = |Vj]e® in their exponential representa-
tions:

P, = Re(Sy) = Zn: Re (Vsz (G — lBkl))
=1
= zn:Re (|Vk|eza’“|V|e (e ZBkl))
=1
= zn:Re IVl [Vile' =Gy — iBya) )
=1
Qi = Im(5) = 3 Im (IVil [Vile =0 (G — iBa) )

N
Il
—
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With the identity i = €'2, linearity of Re(z 4+ y) = Re(z) + Re(y) for x,y € C, and the
fact that cos(z 4+ §) = —sin(x) for any given x € R, we get the following result:

Py

I
NE

Re (|Vil [Vi[e" %~ (G — iBy)

N
Il
—

Il
NE

[VlIVilRe (Grae' ) — iBygel =)
1

~

Il
M=

[Vil[Vi[Re (leei(ek_el) — Bkleigei(ek—91)>
1

o~

Il
NE

Vil [Vi[Re (Gie' =00 — ByyelOe=00+5)

N
Il
—

Il
NE

Vil Vi <le cos(0 — 6;) — By cos (9k -0, + 72T>)
1

~

Il
NE

Vil |Vil(Gri cos(0r — 6;) + Bjasin(6y, — 6;))

N
Il
—_

Formulation of the reactive power Q) follows respectively with the same concept:

Il
NE

Qk Im (|Vk!|W\6i(9k_el)(le - inl))

N
Il
—

Il
NE

‘VkHVle (leei(ek_el) - Bkleigei(ek—01)>

N
Il
—

Il
M=

‘VkHV” (le Sin(ek — 91) — Bkl sin <9k — 91 =+ g))
1

~

Il
M=

Vil |Vi| (G sin(0y, — 6;) + By cos(6y, — 6;))

N
I
—

If we consider PkG as the power that is generated and P,f the load at bus k, the total
power is given by P = PkG — PkL. For the reactive power, Qi = QkG — Q£ respectively.
Thus, we now receive the full equations:

PY — PE =" |Vi|IVil(Gri cos(6) — 6;) + By sin(0y, — 6;))
=

QY — Qk = [VillVil(Grusin(6y, — 6;) + By cos(6x — 6;))
=

O

The AC Power Flow Equations can thus be characterized as a set of complex non-linear
simultaneous equations designed to model the distribution of electrical power through
a network as in [MKT™19]. However, for quick and intuitive analysis, a simpler linear
relationship is often needed. This is where DC power flow analysis comes into play. DC
power flow provides a simplified linear approximation of the AC power flow equations,
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making it easier to analyze and solve. This simplification comes with a number of ap-
proximations, such as neglecting the reactive power component and assuming a uniform
voltage magnitude across the network. Additionally, according to Kirchhoft’s Current
Law, for any bus in an electrical circuit, the sum of currents flowing into the node must
be equal to the sum of currents flowing out of the node. In the context of power flow
analysis, this principle translates to ensuring that the power injected into the system at
any given bus must balance with the total power flowing in and out of all lines connected
to that bus. This balance is crucial for the stability and efficient operation of the power
system and will become an equality constraint in our overall optimization problem.

ViZon , Vol o
Ris +1X12
A
Bus 1 T2 Bus 2

Figure 2.2: A simple two-bus model, showing an impedance Ri2 + iX12 acting on the
transmission line between bus 1 and bus 2 with current I12 flowing through
it. Voltages V1 Z¢1 and VoZ¢9 are injected at the given bus.

2.3.1 The DC Power Flow Approximation

In the following approximation, we need to make some assumptions and further inves-
tigate their behavior on the Power flow equations. The DC power flow approximation
simplifies this by relating it to a DC circuit. Reactance X}; in the AC system corresponds
to resistance Ry in a DC circuit. The difference in voltage angles (6 — ;) corresponds to
the voltage difference (V3 —V;) in a DC circuit, and the real power Pj; in the AC system
corresponds to the current Iy in the DC circuit. [WWS13]

In a DC circuit, the flow of current between two buses k£ and [ can be expressed as:

Vi = W)

I =
kl Rul

Note that in this special DC case, Ii; should not be confused with the current in an AC
circuit, which is complex. In the following, we show that under special circumstances
(following Assumptions and , one can simplify and express the AC power flow:

(0 — 6)
Tii

Pkl ~

This equation is then linear and much easier to solve than the full AC power flow equa-
tions. It provides a good approximation for the real power flow in systems, as we see
in the following paragraph. This approximation also significantly reduces the computa-
tional complexity compared to solving the full set of AC power flow equations, making it
particularly useful for planning and real-time operations in power systems where detailed
accuracy is not the primary concern and thus used in many operation models [DKS22].

We now can introduce the assumptions that let us linearize the AC power flow equations.
Therefore consider an n-bus AC system and the set of AC power flow equations with its
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parameters given as in Theorem

Assumption 1: The total load in the AC system is low.

In an AC system operating under light load conditions, the total power consumed or
transferred within the system is relatively low. This scenario directly impacts the reactive
power Q) at any given bus k € {1,...,n}, making it negligible in the overall power balance
of the system.

Lemma 2.1. For any e > 0, if |Sk| < ¢, then |Qk| < €.

Proof. Assume there is an € > 0 such that |S;| < . Since with Definition Sy can be
expressed as S = Py, + iQy, it follows that

|Sk| = |Pi +iQk| = \/P? + Q3 < e.

Because P2 > 0 and /z is monotonic for all z € R, we get

Qi = /@2 < /P2 + Q<.

Assumption 2: Resistances in transmission lines are negligible.

In AC transmission circuits, the reactance typically exceeds the resistance R << X, which
means that the X/R ratio may surpass 10, as pointed out by [AC22]. This situation results
in a very low line resistance, and consequently, the conductance Gy; between some buses
k,l € {1,...,n} is almost negligible. Under these circumstances, conductance is considered
to be very small, often approximated as zero. Therefore, the admittance becomes mostly
imaginary, characterized by a susceptance B = —1/X.

Lemma 2.2. For any e > 0, if Ry < e and Ry << Xy, then |G| < €.

Proof. Let Zy; = Ry — i Xy denote the impedance. Assume there is an € > 0 such that
Ry; < e. Since the admittance Yy; is defined as Y, = Z%z (see Def. , it follows that:

1 1 Ry +1iXp Ry +1iXp Ry o X
Yi=—-—= — ~ = T3 5 = 52 5 Tl P
2y Ry —iXy Ry + 11Xy Rkl + Xkl Rkl + Xkl Rkl + Xk:l
G
=Gkl

We can extract Gy; because Yy, = Gy + iBj; with Definition [2.20. This can be further
simplified, noting that Rl%:l + X,fl > X ,?l since Rzl is non-negative:

Ry
Ry + X3

| Ry
X

|G| = |

Given that Ry; < e and assuming Xy, is significantly larger than Ry;, we can approximate:
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2.3 Integrating Power Flow into the Model

Since Xy, is significantly larger than Ry, X% becomes very small. Thus, we have:
kl

|Gril <e

Assumption 3: All voltage magnitudes are close to nominal

In high-voltage transmission networks, the voltage magnitudes are generally regulated
and maintained close to their nominal values, typically around one per unit, despite the
effects of demand evolution and any unpredictable event [ZSMRZP21].

Assumption 4: The difference in voltage angles is small

Under typical operating scenarios, the voltage phasors’ angular discrepancy at two inter-
connected buses k and j, denoted as 05 — 6}, is low. It usually stays below 10-15 degrees
and rarely surpasses a 30-degree difference [Aly21]. Therefore, in this case, the angular
gap across transmission circuits can be considered negligible.

Lemma 2.3 (Small-angle approximation). For small angles 6 € [0,27], the following
approximations hold: sin(0) ~ 6 and cos(f) ~ 1 — 62 /2.

Proof. Since the functions sin, cos € C°°(R) are continuous and differentiable, we can
consider the Taylor series expansion of sin() and cos(#) around 6 = 0:
92
sin(8) =6+ O(#%), cos(d) =1— o+ 064
For very small 6, the terms 6% and beyond become negligible, thus the approximation
sin(f) ~ 0 holds. For cosine, the terms 6% and beyond become negligible, leading to the
approximation cos(f) ~ 1 — 62/2. O

Under the condition that we are considering purely reactive components, where the re-
sistive part R of the impedance Z = R + ¢ X is negligible or zero, the relation between
susceptance and reactance further simplifies. In this case, the admittance Y = G +iB of
a purely reactive component can be expressed in terms of its susceptance B by:

Lemma 2.4. For any e > 0, if Ry < g, then By = Xk_ll.

Proof. Let ¢ > 0 and assume Ry, < e. For an admittance Yy = 1/Zj;, the following

equation holds: L .
1 1 Zy Zy Ry + i Xy
Yi=7r—=5—=-= 5 = 2 2
Zyw Za Zwm 12wl Ry + Xi

Because Yy, = Gy + iBy, the susceptance By for Ry; < € small can be described as:

X X
By=—o5—=3~

N — = X&l
Ry +X2  Xp

O

We can now formulate the DC Power Flow Approximation Theorem, incorporating all
the mentioned assumptions to approximate the real power of an AC circuit as follows:
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Theorem 2.9 (DC Power Flow Approximation). Consider an AC system with n € N
buses, where Assumptions|1} (2, [3, and[{] are all fulfilled:

0, — 0,

Pkl ~
Xkl

(2.8)

Proof. Consider all parameters given according to Theorem Assume that |Sy| =~ 0,
(0 — 6;) = 0, and |Ry| ~ 0 are all small, and |V5| = 1. We start the approximation with
the definition of the AC Power Flow Equations mentioned in Theorem Therefore,
the power balance at any bus k is given by:

n
P — PE =" |VillVi| (Gri cos(0r, — 61) + Brysin(6 — 6;)) (2.9)
Pt

QF — Qk = [VilVi| (Grusin(0x — 6;) + By cos(6y, — 0;)) (2.10)
=1

where |V;| is the magnitude of a voltage with angle 65 at bus 1 < s < n, and Yy =
G + 1By is the admittance between k and [. Since |Sy;| ~ 0 with Assumption (1| and
Lemma Q1. and therefore Eq. become negligible, and we end up with:

PkG — PkL ~ Z ’Vk||Vl| (le COS(Gk - 91) + Bkl sin(@k — 91)) (2.11)
=1

Applying Assumption we conclude that Gy ~ 0. Since |Ry| ~ 0 and all voltage
magnitudes | V| are around one with Assumption 3, Eq. for the real power transforms
to:

n n
PY — PE =Y |[VillVi|Busin(0 — 6) ~ > Busin(0), — 6)) (2.12)
=1 =1
Because (0 — 6;) ~ 0, phasor angles 0 and 6; can be approximated with the small-angle

approximation sin(6 — 6;) ~ (6 — 6;) from Lemma and Eq. can be further
reduced to:

}n: B0, — 6) (2.13)
=1

Using Assumption |4 with Lemma we can express By = 1/ X}, as the inverse of Xy,
the reactance of the line between bus k and bus [. We can simplify Eq. as follows:

Pe_pLay O 2.14
P X, (2.14)
=1

Since we have the sum over all the power at a given bus k flowing, we can introduce a
value Py € R that describes this power flow between bus k£ and bus [ and end up with a

reduced form of Eq.
n
P =P~y Py (2.15)
=1
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2.3 Integrating Power Flow into the Model

where Py is expressed as in Eq. from the Theorem:

0 — 6

Pk;l ~
Xk

(2.16)

O]

Note that after all assumptions are met, the character of the power flow problem can be
simplified to a System of Linear Equations (SLE). We receive a matrix B € R"*" from
Theorem and P := PkG — PkL e R™

PY—PF =Y Bu(y—0) < BO=P
=1

to be solved for @ by calculating B~! if B is invertible.

2.3.2 Invertibility of the Susceptance Matrix

We now construct the invertible reduced susceptance matrix, which can be related to the
graph Laplacian as described in Remark [2.11 from Section The DC power flow equa-
tions in matrix form, P = B6, can lead to a singular matrix B under certain conditions.
To ensure the invertibility of the matrix B, the following invertibility conditions must be
met:

1. Positive Susceptance: The susceptance values in the matrix B must be non-zero
for all transmission lines connecting buses.

2. Connected Network: The power system network graph must be connected.

3. Reference Bus Definition: A reference bus must be properly defined and ex-
cluded from the reduced matrix B.

Since we are considering a real AC power network, the susceptance is non-zero by Defini-
tion [2.19 from Section [2.3]and can be assumed positive as described in Remark [2.4] from
Section The connectedness is ensured by the construction of the power grid from
Section Therefore, the primary concern regarding the invertibility of B lies in the
proper definition of the reference bus, as illustrated in the following remark.

Remark 2.14. Assume B € R™ " is the susceptance matriz. By construction, B is the
Laplacian matriz of the graph representing the power network. Let N'(i) represent the set
of buses connected to bus i and b;; the susceptance of the line between buses ¢ and j, then
B is given by:

o Fori#j: Bij = —bj;
L] FO’I”i = ] Bn’ = ZjeN(i) bij

The construction implies that the row sums of B are all zero by Thm. [2.7 from Section
(Kirchhoff’s Law):

ZBij = B; + ZBij = Z bi; + Z (—bz‘j) = 0.
j=1

JFi JEN (i) JEN ()
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As a result, the rows of B are linearly dependent, making rank(B) =n — 1. Therefore, B
is singular and not invertible.

To avoid that singularity, one bus is chosen as the reference bus (see Remark , and its
voltage angle is fixed (typically to zero). This removal of one degree of freedom makes the
reduced bus susceptance matrix B’ non-singular, allowing for the solution of the power
flow equations.

Lemma 2.1. The bus susceptance matrix B € R™*™ of an n-bus DC system is invertible
if there exists a reference bus k € {1,2,...,n} with a fized voltage angle 0y, := 0.

Proof. Let B € R™™ be the susceptance matrix of an n-bus DC power flow system. Let
bus k € {1,2,...,n} be the reference bus with a fixed voltage angle 0 := 0. We reduce
the system by one equation and one variable, resulting in a reduced bus susceptance
matrix B’ € R(»—Dx(n=1),

Define B’ by removing the k-th row and k-th column from B:

B =B({1,...,n}\ {k}, {1,....n} \ {k})

where B(S,T') denotes the submatrix of B formed by taking the rows indexed by the set
S={1,...,n}\ {k} and columns indexed by the set T'={1,...,n} \ {k}.

To show B’ is invertible, consider the properties of the Laplacian matrix. The original
matrix B is a Laplacian matrix representing a connected graph with n nodes (see Sec-
tion . The Laplacian matrix of a connected graph has exactly one zero eigenvalue,
corresponding to the eigenvector 1 according to Thm. from Section When one
node is removed (by fixing the reference bus), the remaining submatrix B’ has full rank,
n — 1, ensuring invertibility. More concretely, the determinant of the Laplacian matrix
of a connected graph with one node removed is non-zero, which guarantees that B’ is
non-singular:

rank(B') =n — 1

Thus, the reduced matrix B’ is invertible. Therefore, the bus susceptance matrix B of
the n-bus DC power flow system is invertible if a reference bus is defined. This completes
the proof. O

Remark 2.15. The remowval of the columns and rows corresponding to the reference bus
is essential to ensure the non-singularity of the reduced susceptance matrix. Attempting
to use the original matriz with just zero entries for the reference bus will still result in a
singular matriz:

Let B € R™ ™ be the original susceptance matrix of an n-bus system. Setting the entries
corresponding to the reference bus (bus 1) to zero, the modified matriz B would have the
form:

- 0 By --- By,
B=1. . . .

While this adjustment seems to eliminate the dependency on the reference bus, it does not
resolve the singularity issue. Since the first row and first column are all zeros, it is clear
that rank(B) = n — 1 < n, indicating that B is still singular.
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2.3 Integrating Power Flow into the Model

The only correct approach is to form the reduced susceptance matriz B’ by removing the
row and column corresponding to the reference bus. For example, if bus 1 is the reference
bus, the reduced matriz B' € R"=D*(=1) 45 obtained by removing the first row and first
column of B:

By -+ Bop
B = : . :
Bn2 to Bnn

By removing the reference bus, the matriz B’ corresponds to the Laplacian matriz of

the remaining connected graph. Since the original graph is connected, the reduced graph
remains connected, ensuring that B' has full rank:

rank(B') =n —1

Thus, B is non-singular and invertible. Consequently, the system of power flow equations
can be solved without encountering singularities:

P =B

where P' € R ! is the vector of net power injections excluding the reference bus, and
0’ € R"1 is the vector of voltage angles excluding the reference bus.

From the proof of Lemma we also receive a way of making the susceptance matrix
invertible by leaving out the rows and columns connected to the reference bus.

Definition 2.22. Let B € R™*"™ be the susceptance matriz of an n-bus DC power flow
system, and let bus k € {1,2,...,n} be chosen as the reference bus with 0 := 0. Define
the reduced susceptance matric B' ¢ R"—Dx(=1) 4 follows:

B =B({1,...,n}\ {k}, {1,....n} \ {k})

where B(S,T) with S =T = {1,...,n}\{k} denotes the submatriz of B formed by taking
the rows indexed by the set S and columns indexed by the set T. In other words, B’ is
obtained by removing the k-th row and k-th column from B.

Remark 2.16. By Lemma B’ is invertible. The reduced system of equations can be
written as:

P/ — B/el

where P! € R"™1 s the vector of net power injections excluding the reference bus, and
0’ € R"! is the vector of voltage angles excluding the reference bus.

39



2 Background

2.4 Introducing Quantum Algorithms

2.4.1 Basic Notation for Quantum-Gate-Algorithms

To use quantum algorithms, we need a system that can handle quantum information.
Unlike traditional computers, which use bits that are either “on” or “off” (binary), quan-
tum computers use qubits. Qubits can represent both |0) and |1) simultaneously through
a concept called superposition. This allows quantum computers to explore many possi-
bilities at once. Therefore, we will introduce formalism from quantum mechanics tailored
to our purposes. We will loosely follow the notation of [NC10, [ST94].

2.4.1.1 Operators on Finite-Dimensional Hilbert Spaces

Definition 2.23 (Hilbert Space). A Hilbert Space H C C" is a finite-dimensional
vector space over C with an inner product (-,-) : H x H — C, which is complete with
respect to the induced norm ||v|| = /(v,v) for every v € H.

Note that for our purposes it is sufficient to consider finite-dimensional Hilbert spaces
as arbitrary subsets of C". A more general definition that includes infinite dimensions
and different fields can be found in [SS05]. If we do not specify the product for a given
Hilbert space explicitly, we assume the standard scalar product as given.

Example 2.1 (State Space). The set C™ equipped with the standard scalar product:
n
(u,v) = Z UV
k=1

where u,v € C™, is a Hilbert space. Because a quantum state will be an element of a
space of this form.

Definition 2.24. Let Hy,Hs be Hilbert spaces with inner products. The map A : Hi —
Ho is called a (Linear) Operator if for all u,v € Hi and a,b € C the following holds:

Aa-u+b-v)=a-Au)+0b-Av).

The notation 4+ and - denotes vector addition and scalar multiplication in the respective
Hilbert spaces. These operations are well-defined because Hilbert spaces are, by defini-
tion, vector spaces over the field of complex numbers C. Consequently, linear combina-
tions of elements within these spaces follow the usual rules of vector addition and scalar
multiplication. Additionally, since the Hilbert spaces H; and Ho are finite-dimensional,
any linear operator defined on them is necessarily bounded. This follows from the fact that
in finite-dimensional spaces, all linear operators are continuous and therefore bounded.

Lemma 2.2. Let Hi and Ho be Hilbert spaces. Then every linear operator A : Hi1 — Ha
is bounded. This means there exists a constant C > 0 such that for all u € Hq,

A ()[4, < Cllull,-

Proof. Let H1 € C™ and Ho C C™ be Hilbert spaces. Thus, we can identify A with a
matrix A € C™*" that acts on vectors in C". For any vector u € H1, we have A(u) = Au.
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2.4 Introducing Quantum Algorithms

The norm of A(u) in Ha corresponds to the Euclidean norm of Aw in C™, and the norm
of w in H; corresponds to the Euclidean norm of u in C". Thus, we need to show that
there exists a constant C' > 0 such that:

|Aullcm < C|lul|lcn  for all u € C".

In finite dimensions, all norms are equivalent, so there exists a constant C’ such that
|All < C’, where ||A| denotes the operator norm of the matrix A, which is given by:

[All = sup [[Aullcm.

llullcn=1
Thus, using the properties of the operator norm, for any v € H; = C", we have:
1AW 13, = [ Auller < [Alllullen < CMlulla,-
Therefore, A is bounded, with C = C". O

Definition 2.25 (Set of Linear Operators). Let H be a Hilbert space. The set L(H)
denotes the set of all linear operators on H.:

L(H)={A:H — H | Ais a linear operator}.
Lemma 2.3. Let ‘H be a Hilbert space. The set L(H) forms a vector space over C.

Proof. Let ‘H be an n-dimensional Hilbert space. The set of all n x n matrices over C
forms a vector space. Every bounded linear operator on the finite-dimensional Hilbert
space H can be represented as an n X n matrix. Therefore, with Lemma the vector
space structure of £(#) is inherited from the space of n x n matrices. O

Corollary 2.8. Let H be an n-dimensional Hilbert space. The space of n X n matrices
with complex entries, M(n,C), is isomorphic to the space of linear operators on H.:

L(H) = M(n,C).

Therefore, in the context of finite-dimensional Hilbert spaces, we can interpret any linear
operator as a matrix with respect to a chosen basis. Moving forward, we will implicitly
represent operators as matrices with respect to the standard basis. This approach facil-
itates the application of matrix operations, such as the conjugate transpose, simplifying
our computations and discussions.

Definition 2.26. Let H be a Hilbert Space and I1 : H — H be an Operator. The operator
IT is called a Projection if for all u € H following holds:

(o I (u) = TI(w),

Definition 2.27. Let H be a Hilbert Space with a scalar product (-,-) and its induced
norm. A surjective operator U : H — H is called unitary if:

U @)]] = |l
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This property characterizes a unitary operator as an isometry. For simplicity and to
ensure we deal with square matrices, we will consider unitary operators U : H — H. A
more general definition can be found in [ST94].

Remark 2.17 (Tensor Product of Hilbert Spaces). Let Hi and Ho be Hilbert spaces.
The tensor product Hi ® Ho is given as the Hilbert space constructed from the vector
space tensor product of Hi and Ha with an inner product defined as follows: for any

Y1, ¢1 € Hi and 2, ¢2 € Ha,

(1 ® Yo, 01 @ d2) = (Y1, 1) 3y - (Y2, P2) 3,

and extended linearly to the entire space H1®@Ha. The resulting space H1®@Ha is complete
with respect to the norm induced by this inner product, making it a Hilbert space.

Remark 2.18 (Dirac Notation). Dirac notation, also known as bra-ket notation, is a
standard mathematical notation used in quantum mechanics to represent quantum states
and their inner products. In this notation:

o A state vector |u) € H is a vector that represents the state of a quantum system
within a Hilbert space H. These vectors encapsulate all the information about the
quantum state (see [Gril2a]). It is denoted by |u) and called a “ket”

o The dual vector (or conjugate transpose) of |u) is denoted by (u|, called a “bra’.

e The inner product of two state vectors |u) and |v) is written as (u|v), which is
equivalent to the standard inner product (u,v) in the Hilbert space H.

Also, Dirac notation is particularly useful when dealing with tensor products of Hilbert
spaces. If |x) € Hi and |y) € Ha, the tensor product of these states is denoted by |z) @ |y),
which can also be written as |zy) or |x) |y).

A detailed explanation of this notation can be found in [Gril2a, INC10).

Example 2.2. Let H := (C%)®" be a Hilbert space, which is the tensor product of n
copies of C2. This space is equipped with the standard scalar product (see Example .
Explicitly, the tensor product space (C?)®" is constructed as follows:

(C)F=C*RC®- - ®C*:=(K)C
n times i=1

The set of all binary strings of length n, denoted by {0,1}"™, can be associated with the or-
thonormal basis vectors in this space. These binary strings are in the classical set {0,1}",
which can be mapped to the quantum states in the Hilbert space (C?)®™.

Specifically, each binary string b = biba...b, € {0,1}" corresponds to a basis vector
|b1) @ 1|b2) ®- - - ®1|by) € H, which we can write more compactly as |biby .. .by,). Here, each
|b;) is an element of the standard basis for C?, typically denoted as |0) and |1).

Ezxplicitly, this mapping f : {0,1}" — (C?)®" can be defined by:

f(b) = [b1) ®|b2) @ - ® |by)

where b = b1by ... b, € {0,1}" and each |b;) € C? is either |0) or |1) depending on whether
bi=0orb, =1 forie{l,...,n}. This mapping is bijective, meaning each binary string
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uniquely corresponds to a distinct quantum state, and vice versa.

For example, the binary string 00 . ..0 corresponds to the basis vector |0)®|0)®---®|0) =
|00...0). Similarly, the binary string 00...1 corresponds to |0)®|0)®---®|1) =1]00...1),
and so on, up to |1) ® [1) ® --- @ |1) = |11...1). These vectors form an orthonormal
basis known as the computational basis (see [NC10]). The computational basis is
fundamental in quantum computing as it allows us to represent and manipulate quantum
states using classical binary strings, making the connection between quantum algorithms
and classical computation.

Theorem 2.10 (Properties of Unitary Operators). Let H C C™ be a Hilbert space with the
standard scalar product. Let U : H — H be an operator. Then the following statements
are equivalent:

i) U is a unitary operator.

(

(i) U'U=UU"=I.

(i) For allz,y € H: (Uz,Uy) = (z,y).
(

iv) U maps an orthonormal basis for H onto an orthonormal basis.

Proof. (i) = (ii) Assume U is a unitary operator. By the Definition of a unitarity
operator, U is surjective and preserves the norm. We know that ||Uz||?> = (Uz,Ux) for
any x, and by unitarity, this equals ||z||> = (x,z). Therefore, (Uz,Uzx) = (z,z). From
the property of the adjoint, we have (Ux,y) = (x,U*y) for all z,y. By setting y = Uz, we
get (Uzx,Ux) = (x,U*Ux). Given (Uz,Ux) = (x,x), it follows that (x,U*Ux) = (z,x),
implying U*U = I. A similar argument shows UU* = I.

(ii) = (iii) Given U*U = UU* = I, for any x,y € H, we have:
(Ux,Uy) = (x,U"Uy) = (z,y).
This uses the property of the adjoint and the given condition U*U = I.
(iii) = (i) Assume for all z,y € H, (Uz,Uy) = (x,y). Taking y = x, we get ||Uz||*> =

||||?, which means ||[Uz|| = ||z||. This directly implies U is a unitary operator by the
given definition.

(iii) = (iv) Given (Uz,Uy) = (z,y) for all z,y € H, let {e1,...,e,} be an orthonormal
basis for 7. Then for any e;, e; in the basis, (Ue;, Ue;j) = (e;, ;) = J;j, where 0;; is the
Kronecker delta. This shows U maps orthonormal bases to orthonormal bases.

(iv) = (iii) Assume U maps an orthonormal basis {e1,...,e,} for H onto another or-
thonormal basis {Uey,...,Ue,}. For any z,y € H, they can be written as x = Y, ae;
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and y = 3, fBjej, where a;, 3; € C. Then:

w0 () (550

= <Z aiUeZ-, Z ﬂjU€j>
i J
= Z aﬁ?(Uei, U€j>.

.3

Given (Ue;,Ue;) = ;;, this simplifies to 3°; a;3;, which is exactly (z,y).

The following features will be important to characterize quantum gates later on.

Definition 2.28. Let U(n) denote the set of all unitary matrices in C"*™, defined by:
Un):={UeC""|U'U=U0U" =1},

where U* is the conjugate transpose of U, and I is the identity matriz.

Lemma 2.1 (Unitary Group). U(n) forms a group under matriz multiplication.

Proof. Let U and V be unitary operators, then their product UV is a unitary operator:

UV (UV)=VUruov =V U U)V =V IV =V*V =1,

where [ is the identity matrix. Hence, the operation of multiplication is closed for unitary
operators and associative by definition. The identity matrix I is a unitary operator and
therefore denotes the identity element. Since it is U*U = UU* = I, the inverse of a
unitary operator U is its conjugate transpose U*, which is also unitary. 0

Note that even U(n) forms a group under matrix multiplication, it does not form a
subvector space for the vector space of matrices: Multiplying a unitary matrix by a
scalar typically results in a matrix that is not unitary. The sum of two unitary matrices
is not necessarily unitary.

Definition 2.29 (Special Unitary Group). The special unitary group SU(n) is defined
as:

SU(n):={U € U(n) | det(U) = 1}.
Lemma 2.2. SU(n) is a subgroup of the unitary group U(n).

Proof. To show that SU(n) is a subgroup of U(n), we need to verify that it satisfies the
subgroup criteria: Let U,V € SU(n). Then U and V are unitary, so UV is unitary with
Lemma and we have

det(UV) =det(U)det(V)=1-1=1.
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Hence, UV € SU(n). The identity matrix [ is unitary and det(I) =1, so I € SU(n). If
U € SU(n), then U is unitary, so U* is its inverse in U(n). Also,

det(U*) =det(U) =1=1.

Therefore, U* € SU(n). Since SU(n) satisfies closure, contains the identity element, and
is closed under inverses, it is a subgroup of U(n). O

Remark 2.19. The special unitary group SU(n) is particularly relevant in quantum me-
chanics and quantum computing because it describes unitary transformations that preserve
not only the norm (as with U(n)) but also the global phase. Since global phase factors
do not affect physical measurements, quantum gates are often modeled within SU(n) to
exclude these irrelevant phases. Moreover, SU(n) plays a central role in the description
of symmetries in quantum field theory and the Standard Model of particle physics. [NC10]
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2.4.1.2 Qubits and Quantum Information

In quantum computing, the fundamental unit of information is the qubit. The mathe-
matical representation of a qubit’s state space (see Example [2.1) is the Hilbert space Hs.
We use notation and formalism from [NC10, FGG14].

Definition 2.30 (Single-Qubit Hilbert Space). The Hilbert space Ha of a single qubit is
a two-dimensional complex vector space, equipped with the standard scalar product:

Ha = C* = span{|0), |1)},

where |0) and |1) are the standard basis vectors given as:

The state of a single qubit |¢)) € Ha can be expressed as a linear combination of these
basis vectors:

Definition 2.31 (Qubit). Let Ha be the Hilbert space of a qubit. The state 1)) € Ha is
called a qubit:
) = aol0) + ax[1),

where ag, a1 € C are called amplitudes. The state vector |1) satisfies the normalization
condition (Y |y = 1, where (-|-) denotes the standard scalar product in Ha. This ensures
that the total probability of measuring the state equals one, implying |ag|? + |az]? = 1.

Remark 2.20. Note that the normalization condition (Y|v) = 1 follows from the State
Postulate (see [NC10]).

In a quantum system consisting of multiple qubits, the overall state space is constructed
by taking the tensor product of the individual qubit spaces, which naturally inherits the
standard scalar product.

Definition 2.32 (Multi-Qubit Hilbert Space). For an n-qubit system, the Hilbert space
HS™ is given by the tensor product:

MY = (€,

where each Hay is the two-dimensional Hilbert space associated with a single qubit. The
tensor product space ’ngm is a 2"-dimensional complex vector space, equipped with the
standard scalar product inherited from Ho (see Definition|2.50).

Note that in some contexts, the Hilbert space Hs™ is equivalently denoted as (C2)®".
Both notations represent the same 2"-dimensional complex vector space, which is the
tensor product of n individual qubit Hilbert spaces.

Remark 2.21 (Relation Between Hy and HS™). The multi-qubit Hilbert space H3™ is
constructed by taking the tensor product of n individual qubit spaces Hs, each with its
standard scalar product. This results in a combined space where the scalar product of two
states |®),|¥) € HS™ is naturally defined as the product of the scalar products on each
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factor of the tensor product. An arbitrary n-qubit state |®) € HS™ can be expressed in
the computational basis (see Definition |2.33) as:

@)= Y aula),

ze{0,1}m

where oy € C represents the amplitude associated with the basis state |x), and |x) is a
computational basis vector formed by the tensor product of individual qubit states |0) and
|1) as described in Definition |2.30.

The computational basis for an n-qubit system is defined as follows:

Definition 2.33 (Computational Basis). Let HS™ be the Hilbert space of an n-qubit
quantum system. The computational basis Bl of 7—[?" is the set of basis vectors:

Bl .= {@\biﬂbie{o,l} fori-l,?,...,n},

i=1

where each |b;) € Ho fori € {1,2,...,n} is one of the standard basis vectors:

The scalar product between any two states in HS" is the standard scalar product inherited
from the individual qubit spaces Ho as described in Remark|2.17.

Lemma 2.3. The computational basis B? defined for the n-qubit Hilbert space HS™ forms
a basis for HY™.

Proof. Let B? be the computational basis defined for the n-qubit Hilbert space H$".
Consider the following linear combination of the basis vectors in B

Z ag |z) =0,

z€{0,1}"

where |z) = @i, |b;) € Bl with z = (b1,ba,...,b,), and a, € C are coefficients. Since
the vectors |x) are distinct and represent different binary combinations of the states |0)
and |1), the only solution to this equation (by the property of linear independence of
vectors in C?) is a, = 0 for all x. Therefore, the vectors in B? are linearly independent.
The dimension of the Hilbert space 7—[5@” is 2™ because ’H?" is the tensor product of
n 2-dimensional spaces (each corresponding to a qubit). The computational basis By
contains exactly 2" vectors, as there are 2™ distinct binary strings of length n. Since
B contains 2" linearly independent vectors in a 2"-dimensional space, it must span the
entire space. O

Since a qubit state |¢)) belongs to the Hilbert space Ho, it can be expressed as a linear
combination of the computational basis states |0) and |1), with two complex coefficients.
This representation allows the qubit to be mapped onto the surface of a sphere known
as the Bloch Sphere. On the Bloch Sphere, the poles correspond to the basis states
|0) and |1), while any superposition of these states can be visualized as a point on the
sphere, uniquely determined by the angles 6 and ¢.
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Remark 2.22 (The Bloch Sphere). Consider the Hilbert space Ha for a single qubit.
Given the computational basis (see Definition[2.33), a single qubit state 1) € Ha can be
expressed as a linear combination of the basis states |0) and |1) with complex coefficients
o, a1 € C, as described in Definition[2.31. Introducing 6 and ¢ as the polar and azimuthal
angles in spherical coordinates, these angles determine the qubit’s state on the surface of
the Bloch sphere, where 6 € [0,7] and ¢ € [0,2mw). Under the normalization condition
(Y|) =1, the coefficients are given by:

_ 9 _ b (Y
ag =cos |5 ), ar=esin(3).

Here, 0 controls the relative contribution of |0) and |1) in the superposition, effectively
determining the latitude on the Bloch sphere (see Figure . The angle ¢ introduces a
relative phase between the basis states, corresponding to a rotation around the z-axis of
the sphere.
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Figure 2.3: Visualization of an arbitrary single qubit state [i) as described in Remark
on the surface of the Bloch sphere, with corresponding angles 6 and ¢.
The |+) and [i) states (see [NC10]) are on the z-axis and y-axis and the
projection Iljg |¢)) of [¢)) onto |0) on the z-axis. The poles of |1) and [0) on
the z-axis represent the standard basis states. [RB20]

49



2 Background

2.4.1.3 From Unitary Operators to Quantum Gates

In the domain of quantum computing, the fundamental operations on quantum data are
represented by quantum gates, which form the structure of a quantum circuit. Qubits are
manipulated and transformed by these gates to perform quantum computations, which
are then measured at the end. Gates are expressed as linear operators acting on qubit
states.

Definition 2.34 (Pauli Operators). The set of unitary operators {I,X,Y,Z}, where I
is the identity and X,Y, Z are the three Pauli matrices, are called Pauli Operators or
Pauli Basis:

) () ) )

Remark 2.23. Among the Pauli operators {I,X,Y,Z}, only the identity matriz I and
the Pauli-Y matriz Y are elements of the special unitary group SU(2) (see Definition
[@), as they are unitary with a determinant of 1. The Pauli-X and Pauli-Z matrices,
while unitary, have a determinant of —1 and therefore belong to the larger group U(2)

(see Definition|2.28).

Note that the Pauli operators are sometimes denoted as o for the Pauli Z-operator,
X for the Pauli X-operator, and ¢¥ for the Pauli Y-operator. With Lemma we
have already shown that the set of linear operators form a vector space, therefore we can
further investigate some basis properties:

Lemma 2.4. Let ‘H be a 2-dimensional Hilbert space. The Pauli operators {I,X,Y,Z}
form a basis for the 4-dimensional space of linear operators L(H) on H.

Proof. Let H be a 2-dimensional Hilbert space, and let A € £L(H) be a linear operator
on H. We identify A as a 2 x 2 matrix. Therefore it can be written as:

a b
A= (C d) ) (2.17)

where a, b, c,d € C. We want to express A as a linear combination of the Pauli operators:
A=al +pBX +Y +47Z,

where «, 3,7,8 € C are complex coefficients, which gives us:

10 01 0 —i 1 0\ [(a+6 B—iy
a(o 1>+ﬁ<1 0>+7<z‘ 0>+5<0 —1>_<B+m a—é)'

Since this expression needs to be equal to we can solve for the coefficients and get:

a—+d a—d b+c c—b

= (5: = =
« 2 J 2 Y 6 2 Y ’Y 2Z

Hence A can be written as a linear combination of I, X,Y, and Z. To prove the linear
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a+d0 B—iy) (0 0
B+iy a—=46) \0 0)°

Therefore, we have the following equations:

independence we suppose:

a+déd=0, f—iy=0, B+iy=0, a—-4§=0.

Solving the first and last results in @« = § = 0. With the second and third, it is 5 = 0 and
~v = 0. Thus, linear independence is satisfied. Since the Pauli operators {I, X,Y, Z} span

the space of 2 x 2 matrices and are linearly independent, they form a basis for M(2, C)
and with Corollary [2.8| also a basis for L(H). O

Lemma 2.5. Let H1 and Ho be Hilbert spaces. The space of linear operators L(H1® Ha)
on the tensor product of Hilbert spaces Hi @ Ha is isomorphic to the tensor product of
the spaces of linear operators on each Hilbert space:

L(H1®Ha) = L(H1) @ L(Ha).

Proof. Consider two Hilbert spaces H; and Hy with orthonormal bases {|i)} for #; and
{|j)} for Ha. The tensor product space H; ® Hz has a basis {|i) ® |j)}.
An arbitrary linear operator A on H1®Ho can be written in terms of these basis elements:

A=) Aiiwm(li) ® 1) (Kl @ (),

/[:7j7k7l

where A;j 11 € C are complex coefficients. For Ay € L(H1) and Ay € L(H2), consider the
following map:

¢ L(H1) @ L(H2) = L(H1 ©Ha), (A1 © Az)(|Ju) @ [0) = (A1 [u)) @ (A2 [v)).

This map is linear. Therefore, any basis of £(H;) and £(#H2) gets mapped onto a basis
for £L(H1 ® Hz). For any A € L(H1 ® Ha), we can express A in the form:

A= (A li) (bl @Y (A2)jld) (1.
ik il
Thus, any operator A on H; ® Hs can be viewed as an element of £(H1) ® L(H2), making
¢ bijective. O

Multi-qubit gates or operators can be constructed from tensor products of the Pauli
Basis. The set of matrices obtained from all possible tensor products of Pauli matrices
(including the identity) for n qubits forms a basis for the 2" x 2" matrices, which describe
operations on n-qubit systems. For n qubits, the Pauli basis consists of all possible n-fold
tensor products of the single-qubit Pauli matrices:

{I,X,Y,7Z}®"

This set contains 4™ elements because there are 4 choices of the Pauli matrices for each
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of the n qubits.

Theorem 2.11. Let H be a 2"-dimensional Hilbert space, then {I,X,Y,Z}*™ forms a
basis for the 4™-dimensional space of linear operators L(H) on H.

Proof. We prove the statement by induction on the number of qubits n € N.
Base Case: For n = 1, H is a 2-dimensional Hilbert space. The Pauli operators
{I,X,Y, Z} form a basis for the 4-dimensional space of linear operators L(#) on H.

Induction Hypothesis: Assume that for (n — 1) qubits, the Pauli operators of the tensor
product {I, X,Y, Z }®("_1) form a basis for the 47~ !-dimensional space of linear operators

L(H).

Induction Step: Consider an n-qubit Hilbert space H. We want to show that the Pauli
operators {I, X,Y, Z}®" form a basis for the 4"-dimensional space of linear operators
L(H). Given that H is a tensor product of n 2-dimensional Hilbert spaces, H = Hi ®
Ho®- - -@Hy. By the induction hypothesis, {I, X, Y, Z}®(™=1) forms a basis for the space
of linear operators on the (n — 1)-qubit Hilbert space, which is 2"~ !-dimensional.

The Pauli operators for n qubits {I, X,Y, Z}®" can be expressed as tensor products:

{I,X,Y, 2} = {I,X,Y, 2}V o {I,X,Y, 7}

Since {I,X,Y,Z}®"=1 forms a basis for the 4" !-dimensional space of linear oper-
ators on the (n — 1)-qubit Hilbert space, and {I,X,Y,Z} forms a basis for the 4-
dimensional space of linear operators on a 2-dimensional Hilbert space, their tensor
product {I,X,Y,Z}®" forms a basis for the 4"-dimensional space of linear operators
on an n-qubit Hilbert space.
Thus, by induction, the Pauli operators {I, X,Y, Z}®™ form a basis for the 4"-dimensional
space of linear operators £(#) on the 2"-dimensional Hilbert space H.

O

Remark 2.24 (Quantum Gate/Quantum Operator). A quantum gate or quantum op-
erator can be understood as a unitary operator U : H — H that acts on a vector in a
Hilbert space H of dimension 2™ for a system of n qubits. This means it is a unitary
element of L(H), the space of linear operators on the Hilbert space H. Quantum gates
are unitary transformations, which preserve the norm of probability amplitudes, ensuring
that the probabilities of measurement outcomes sum to 1 (see Theorem @) Therefore,
a quantum gate can be represented as a unitary matriz. The action of quantum gates is
described using matriz multiplication, and the effect of sequences of gates is computed by
the product of their matrices. This framework forms the basis for constructing quantum
circuits and performing quantum computations.

For explicit computations, it is beneficial to have a convenient representation of the matrix
exponential of the Pauli-Z operator. Therefore, consider the following lemma:

Lemma 2.1. Let ¢ € (—o0,00) and Z be the Pauli-Z operator, then the matriz exponen-
tial can be expressed as:
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Proof. Let ¢ € R and Z be the Pauli-Z operator. Because the Pauli Z-Operator is
Hermitian and unitary, it is Z - Z = Z7Z = I, the identity. Therefore, if k = 2n for
some n € N, then Z?" = (Z?)" = I" = I, and if k = 2n + 1 for some n € N, then
z2+l = (7). Z = I" - Z = Z. Because ¢9Z is converging, we can split the series into
its even and odd terms and receive:

=02 | (192)*

=3
e =
2k &2k + 1)

= cos(p)] + isin(¢)Z

This can be further simplified using Fuler’s formula:
it _ cos(¢) + isin(¢) 0 B e’ 0
N 0 cos(¢) —isin(¢) ) '
O

Note that a similar form of this lemma can be shown for all other Pauli operators, as
they are all Hermitian and implicitly unitary. However, we will not require these results
for our current calculations, so we omit the details.
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2.4.2 Quantum Signal Processing

Quantum Signal Processing (QSP) was introduced by [Low17] as a generalization of com-
posite pulse sequences. The core concept behind QSP involves the strategic alternation
between two distinct types of single-qubit rotation operations.

Definition 2.35 (Signal Rotation Operator). The unitary operator W, referred to as the
signal rotation operator, is represented as follows for a € [—1,1]:

W(a) _ (fb\/la_;a2 Ay, 1a— a2> ’

The signal rotation operator performs a rotation around the x-axis in the Bloch sphere,
with an angle of § = —2arccos(a).

(2.18)

Definition 2.36 (Signal Processing Rotation). The operator S, defined as the matriz
exponential of the Pauli Z-operator, is called the signal processing rotation. For ¢ €
(—00,00) (the rotation angle), it is given as follows:

S(¢) = €7, (2.19)

The signal processing rotation executes a rotation around the z-axis of the Bloch sphere,
with the effective rotation angle being —2¢. Note that the signal rotation operator W
has a consistent rotation angle 6, whereas the signal processing rotation S has a rotation
angle ¢ adjusted based on a specifically chosen input sequence as follows:

Definition 2.37 (QSP Operation Sequence). A sequence of rotations, represented by a
tuple of phase angles ¢ = (¢o, ¢1,. .., ¢q) € R referred to as signals, defines the QSP
operation Sequence Ud7 as follows:

d
Ug:= eltoZ H W (a)e' . (2.20)
k=1
This sequence combines a set of given signals and converts them into processing rotations
that can be used to approximate a polynomial. Utilizing the above characterization,
Quantum Signal Processing (QSP) can be formulated as described in Theorem 1 from
[MRTC21] and Theorem 3 from |[GSLW18]. The QSP operation sequence U S through its

structured composition of signal and processing rotations, generates a matrix that can
be expressed as a polynomial function of a, in the form:

Theorem 2.12 (Quantum Signal Processing). There exist signals gz; = (¢0, ¢1,...,04) €
R such that for a € [—1,1]:

. P(a) iQ(a)V1 — a?
¢ iQ*(a)V1 — a? P*(a) ’

where P,Q € C[X] are polynomials satisfying the following conditions:

1. The polynomials are of degree deg(P) < d and deg(Q) < d — 1.
2. The polynomial P has parity d mod 2, and Q has parity (d —1) mod 2.
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3. Foralla € [~1,1]: |P(a)]? + (1 — a®)|Q(a)|? =

Proof. We use the idea presented in [GSLW18] to prove the theorem in both directions.
7 = 7. We prove the statement by induction over d € Nj. Let gi_; € R¥! be some
arbitrary signals.

Base Case: Let d = 0. Obeying the convention that the empty product is equal to one
and applying Lemma the QSP Sequence is given by:

U- — ¢i90Z : inZ _ vz | _ (€7 0

g=e€ H Wi(a)e =e 1= 0 e—ido
k=1

with P = €% and @Q = 0 satisfying conditions 1-3.

Induction Hypothesis: Assume the proposition holds for some d € Ny, i.e., the QSP

sequence U § generates the defined matrix with P, @ € C[X] satisfying conditions 1-3.

Induction Step: d — d + 1 Thus we consider a signal ¢ = (¢o, d1, . . ., ¢gy1) € RETDFL
We obtain the following QSP operation sequence using Lemma

d+1
Uq§ — P02 H W(a)ewkz elPoZ H ( l¢kZ) W(a)€i¢d+1Z

_(IH) ( P(a) iQ(a)W) < a iﬂ) (ez‘qsdﬂ 0 )
— Qr@vi—a  Pa) Wi—@  a 0 eiban
P

(a) iQ(a)m) < ae'fd+1 ime_iqml)

- (iQ*(a)m P*(a) ivV1 — a2eiba+1 e~ 1Pd+1

_ ( (aP( )+ ( 1)Q(a )) w)fl“ im(aQ(a) + P(a)) e_i‘(ﬁd+1>
’i\/ﬁ(aQ*( )+ P*(a)) e iPd+1 (aP*(a)+(a2—1)Q*(a)) e—ibai1

Therefore, we can denote the polynomials P’, Q' € C[X] of the d+ 1 iteration of the QSP
Operation Sequence as:

P'(a) = (aP(a) + (a® = 1)Q(a) ) '+
Q'(a) = (aQ(a) + P(a)) e™¥u!

These polynomials satisfy all the stated conditions 1-3 of the theorem:

1. Since the degree of deg(P) < d and deg(Q) < d — 1 we can conclude that:

deg(P') = max(deg(P) + 1,deg(Q) +2) <d+1
deg(Q') = max(deg(P),deg(Q) + 1) < d

2. The parity of P'(a) and Q’'(a) follows from the parity of the original polynomials
P(a) and Q(a). Which is defined by assumption with P having parity d mod 2,
and @ having parity (d —1) mod 2.

3. Since for Uy the factors W (a) and €'?+Z for every 0 < k < d+1 and a € [~1,1] are
unitary, U= describes a product of unitaries which is unitary according to Lemma
Therefore, the normalization condition is preserved according to Theorem [2.10]

55



2 Background

7 <= 7: We again prove the statement by induction over deg(P) € Ny. Let therefore
P, Q" € C[X] be given such that they follow conditions 1-3.

Base Case: Let deg(P) = 0. Using 3. for a =1 it is
PP+ (1 -1%)QM)I* =[PP =1

therefore |P(1)| = 1. That means P is a constant polynomial of magnitude one therefore
P = €' for some ¢ € R. And with 3. we get

[P@)] + (1= a®)Q(@) =1+ (1 -a*)|Q(@)f =1+ (1 -a*)|Q(a)* =1

for any a € [—1,1] and thus @ = 0. Because P is even. we get d mod 2 = 0, hence d is
even and the signal ¢ = (¢o, 5, —5,...,5,—5) € R is a solution, which is also valid if
d=0:

/2 id0

i i —i i e 0
U(g = ¢l%0Z H (W(a)e ¢kZW(a)e ¢kz) = %% .1 = ( 0 e_i¢0>
k=1

Induction Hypothesis: Assume the proposition holds for some the polynomials P, Q' €
C[X] where deg(P) € N, i.e., the polynomials satisfy 1-3 and are defined through a QSP
Operation Sequence Uq; with some ¢ € R4,

Induction Step: deg(P) — d + 1 Assume that P,Q € C[X] are given with the leading
coefficients py and gy_1, respectively. Assume without loss of generality that 1 < deg(P) =
¢ <d+ 1. Then, we must have deg(Q) = ¢ — 1.

Note that property 3 from the theorem can be expressed for a € [—1, 1] as

[P(@)]? +(1-a®)Q)P =1 & Pla)P*(a)+(1-a*)Q(a)Q"(a) = 1,
because |P(a)|? = P(a)- P*(a) and |Q(a)|?> = Q(a) - Q*(a) for all a € [-1, 1], where P*(a)
is the complex conjugate of P(a) and Q*(a) is the complex conjugate of Q(a), respectively.

Since this property holds for infinitely many points, the polynomial on the left-hand side
must be constant. Thus, we can write, with R(a) := (1 — a?), for all a € [~1,1]:

PP* + RQQ* = 1.

Note that in this term the highest order terms of the polynomials must cancel each other
out. The highest degree term of P(a)P*(a) is p/pra®, where py is the leading coefficient
of P(a). The leading term of Q(a)Q*(a) is qr—1Gr—1a>“~Y. When multiplied by (1 — a?),
the highest degree term in (1 — a?)Q(a)Q*(a) becomes:

_QZ—IQZ—1a2Z~

Since the polynomial equation must hold identically for all a € [—1, 1], the highest degree
terms on both sides of the equation must cancel each other out. Therefore, we must have:

ppia® — G =0 & ppi=qaGT S |pd = gl

Let ¢/, € R be such that e?%a+1 = P with Lemma [2.1| we can write:
d+1 qe—1
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iQ™*(a)V1 — a? P™*(a) iQ*(a)V1 — a? P*(a)
B P(a) iQ(a)V1 —a? e Wat1g —je" a1 /T — ¢2
- \iQ*(a)V1—a? P*(a) i /T — a2 i
_ ( e iriaP(a) + €Y1 (1-a?)Qa) i (e 41aQ(a) - a1 P(a)) ﬁ)
BRY ( a

i (e %at1aQ* (a) — ei¢:i+1P*(a)> 1—a2 e Par1aP*(a) + e%et1(1 — a2)Q*(a)

< Pla)  iQa)Vi- a2> _ ( Pla)  iQa)VI= a2) T @)

where

P'(a) = e “ar1aP(a) + ePi+1(1 — a®)Q(a) = e Pin (aP(a) + (1= aZ)Q(a))

Q'(a) = ¢¥+1aQ(a) — ¢~ %411 P(a) = e Y (40Q(a) - Pla))
Note that the highest order terms P’ and Q' cancel out again. Consider the leading terms
in P'(a): The leading term of e "Pa+1aP(a) is e "Ya+1a-prat = e "Pa+1pyal*?. The leading
term of e’a+1(1 — a2)Q(a) is given by:

ei%*l(l —a?)- qr-1a"" = el . QK—l(aZ_l - aHl)
Combining these, the highest order terms in P’(a) are:
6_i¢2l+1peae+1 + eid)/d-‘rl (_q€_1a6+1)

Given that we already know that |ps| = |g/—1| and assuming p; = gy e'%a11, we have:

Y Y _id! i 104
e ’¢d+1p£a£+1 — ezd)d“qum“l =e wd“qeﬂewdﬂ att — 61¢d+1€1£71aé+1

= (M—laé—i_l(e_i(qbélﬂ_qbélﬂ) _ ei¢fi+1)
For these terms to cancel out it needs to be e “®a+1~%u+1) = 1 = ¢"at1 which is satisfied.

The leading term of ' Pai1 aQ(a) is e Paiig - Qa1 = ' Pai1 qr—1a’. The leading term of
—e a1 P(a) is —e "Ya+1ppal. Combining these, the highest order terms in Q’(a) are:

-, o,
e'Pa1gp_qat — e Paripgat

Y
Given |p¢| = |gr—1| and assuming p, = qo—1€"%4+1 ) we have:

l

V] v V] V]
eParig_ia’ — e Parig_jearial = gp_ya’ (i — 1)

For these terms to cancel out: e'a+1 = 1, which is satisfied. Since the highest degree
terms cancel out, the degrees of P'(a) and @'(a) must be reduced by one:

deg(P)</(—-1<d
deg(Q) </l —-2<d-1

Therefore, P’ and Q' satisfy condition 1 of the theorem regarding d. The polynomial P
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has parity ¢ mod 2. Since deg(P’') = ¢ — 1, P’ has parity (¢ —1) mod 2, which matches
the parity condition for d. Similarly, @ has parity (/ —1) mod 2. Since deg(Q’) = ¢ — 2,
@’ has parity (/—2) mod 2, which matches the parity condition for d—1. Thus, condition
2 of the theorem is satisfied.

Note that e_i%HZWT(a) is unitary as a product of unitary matrices according to Lemma
Therefore, Condition 3 is preserved due to the unitarity of the transformation, as
established in Theorem [2.10. Applying the induction hypothesis, we get that the matrix
equation equals

. d+1
P'(a) iQ'(a)V1 — a? _ pit0Z H W(a)ei%’Z
iQ™*(a)V1 — a? P™*(a) i
for some ¢ € R4, Therefore, the signal sequence ¢ = (¢o, d1, b2, - - ., da, ¢l q) € R
is valid for the polynomials. O

To summarize, the QSP-Theorem states that angles can be identified to realize complex
polynomial transformations, which we can extract with projection P(a) = (0|U $\O>,
where the maximal degree and parity of these transformations are directly governed by
the number of these angles used. The approximation can be made arbitrarily close to the
desired polynomial by increasing the number of unitary operations, subject to the limits
of practical implementation and the effects of quantum noise. The phase factors can be
calculated using the method described in Section The Remez algorithm [Rem34]
can be used for finding optimal polynomial approximations (see [Che66]).
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2.4.2.1 Chebychev Polynomials and QSP

Chebychev polynomials are closely related to Quantum Signal Processing, especially as
we will see in their connection to the powers W of the signal rotation operator (see
Deﬁnition. Therefore, we introduce Chebychev polynomials following the formalism
from [Trel9, [Saul3].

Definition 2.38. The Chebyshev polynomial of degree n € Ny, denoted by T, is
defined for 6 € [0, 7| and satisfies the equation:

T,(cos ) = cos(nb).

Remark 2.25. Note that the cosine function cos(0) is continuous and monotonically
decreasing on the interval [0, 7], with cos(0) = 1 and cos(w) = —1. By the intermediate
value theorem, for each x € [—1,1], there exists a unique 6 € [0, 7| such that x = cos(f).
Therefore, since 0 € [0, ] implies —1 < cos(0) < 1, we can make the change of variables
x := cos(f). Consequently, the Chebyshev polynomial T, (x) can be expressed for x €
[—1,1] equivalently as:

T, (x) = cos (narccos(x)) .

An easy way of imagining T, (x) as a function of z is to expand cos(n#) in powers of
cosf, and to write z in place of cosf. Hence T, € R[X] of degree at most n with real
coefficients. Then we get the following recursive formula:

Lemma 2.1. For x € [—1,1], the Chebyshev polynomials satisfy the recurrence relation:
Tht1(z) = 22T, (z) — Tho1 ()
where Ty(x) = 1 and Ty (x) = =.

Proof. Let x € [—1,1] and 0 € [0,7]. We identify z := cos(f). It is Th(z) = cos(0) = 1
and T1(z) = cos(f). For a given n > 2 consider the identity :

cos((n +1)8) + cos((n — 1)8) = 2 cos O cos(nb).
With the definition of Chebyshev polynomials, we have:
Thyi1(cos @) + Th_1(cosf) = 2cos 0T, (cos0) <  Thii(x) = 22T, (x) — Th-1(2)
O

Chebyshev polynomials have many applications in approximation theory (see [Trel9]).
They are particularly useful because the heights of the peaks of the function T, (z) =
cos(nf) for x = cos @ are all equal to one.

Lemma 2.2. For z € [-1,1] and 0 € [0, 7] with x := cos(#), the Chebyshev polynomials
are bounded |T,,(x)| < 1.

Proof. This follows by definition of T,,(z), since cos(y) is bounded for every y € R,
therefore |T,,(z)| = | cos(nf)| < 1. O

Lemma 2.3. For Chebyshev polynomials of the first kind, Tj(—z) = (—1)7T;(z).
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Proof. We prove the statement by induction.
Base Case: For j =0 and j = 1 we have:

Ty(-2) = —2 = (~1)'z = (~1)'Ty (x)
Induction hypothesis: Assume that for some j > 1, the following holds for j and j — 1:
Ty(~2) = (-1 Ty ).
Induction step: We need to show that Tj1(—x) = (—1)7T1Tj41(z). We have:

~a)Ty(~2) ~ Tj1(~a)
) (~1)'L (@) = (~1) Ty (a)

O]

Definition 2.39. The Chebyshev polynomial of the second kind of degree n € Ny,
denoted by Uy, is defined for 6 € [0, 7] and satisfies the equation:

sin((n + 1))
sin 6 '

Up(cos ) =

Remark 2.26. Again we can make the change of variables x := cos(0), then the Cheby-
shev polynomial Uy (z) can be expressed for x € [—1,1] as:

sin ((n + 1) arccos(z))
V1— a2 '
We can imagine U, (z) as a function of x by expanding it in powers of cosf, and to write

x in place of cosf. Hence U,, € R[X] of degree n with real coefficients. Then we get the
following recursive formula:

Un(x) =

Lemma 2.4. For x € [—1,1], the Chebyshev polynomials of the second kind satisfy the
recurrence relation:

Unii1(x) = 22U, () — Up—1(x)
where Up(x) =1 and Uy (z) = 2.
Proof. Let € [-1,1] and 6 € [0, 7]. We identify z := cos(). It is:

sin(1 - 0)
sin(0)

sin(26)

sin 6

Up(x) = =1 and Ui(z) = = 2cos(f) = 2z

For a given n > 2 consider the identity:

sin((n 4 2)0) = 2cosfsin((n + 1)0) — sin(nb).
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With the definition of Chebyshev polynomials of the second kind, we have:

sin((n +2)0)  2cosfsin((n + 1)0) — sin(nb)
sin 6 B sin 6
sin((n+1)0)  sin(nd)
sin 6 Y

= 22Uy (z) — Up—1(2)

Up+1(cosf) =

= 2cosf

We can demonstrate, as follows, that the Chebyshev polynomials are inherently con-
structed by the QSP sequence, as established in Theorem [2.12.

Lemma 2.5. For any integer d > 1, the d-th power of the signal rotation operator W(a)
from Def. |12.85 is given by

W(a) = Ta(a) iUz-1(a)VI — o
iUd—l(a)m Ty(a) )

where Ty(a) is the Chebyshev polynomial of the first kind with degree d and Ug_1(a) is
the Chebyshev polynomial of the second kind with degree d — 1.

Proof. Let a € [—1,1]. Recall that the signal rotation operator according by Definition

2.35, is then given as:
W (a) a W1 — a?
iVl —a? a ’

We prove the statement by Induction over d € Ny.

(2.21)

Base Case: For d = 1, we have:

W (a) = W(a) = (Z a iv1— a2> |

V1 —a? a

which matches with the matrix since 7' (a) = a and Up(a) = 1 according to definition.

Induction Hypothesis: Assume that for some dinN folowing holds,

Wi(a) = Ta(a) iUa_1(a)VI—a?
Z'Ud71<a)m Td(a) .

Induction Step: d — d + 1 We calculate W1 (a) = W% (a)W(a) explicitly using the
induction hypothesis.

W (q) =) Ty(a) iUg_1(a)V1—a? a iv1—a?
iUg_1(a)V1— a? Ta(a) iv1—a? a

61



2 Background

Calculating each matrix element one its own, we get the following terms:

(WdH(a)) =Ty(a) - a+iUs_1(a)V1—a? - iv/1—a? = aTy(a) — (1 — a®)Uy_1(a)

(Wd+1(a)) =Ty(a) - ivV1—a®>+iUg_1(a)V1—a?-a=1i(Ty(a) + aUg—1(a)) V1 — a?,

( +1(a))21 =iUg1(a)V1—a?-a+Ty(a)-iv1—a?=i(aUs_1(a) + Ty(a)) V1 — a?,
(a)) )

(WdHa 22—2Ud 1(@)V1 —a?-ivV1— a2+ Tyla) - a = aTy(a) — (1 — a®)Uy_1(a).

Note that (Wt1(a));1 = (W9¥l(a))ae and (W (a))12 = (W (a))a1. We use the
change of variables where a := cos(6) for some 6 € [0, 7], therefore the polynomials can
be expressed according to Remark and Remark as:

sin (d arccos(a))

Ta(a) = cos (darccos(a)) , Ug—1(a) = Niver

With this identification we can further simplify and get:

(Wd'H(a))l1 = acos (darccos(a)) — (1 — a?) sin (darccos(a)) (V1 —a2)~*
= acos (darccos(a)) — V1 — a? sin (darccos(a))
= cos (arccos(a)) cos (d arccos(a)) — sin (arccos(a)) sin (d arccos(a))
= cos (arccos(a) + darccos(a))
= cos ((d + 1) arccos(a))
= Tyy1(a)

Where we used that a = cos(arccos(a)) thus /1 — a? = sin(arccos(a)) and then applied
the cosine addition formula.

(W‘“l(a))12 i (cos (darccos(a)) + asin (darccos(a)) (V1 —a?) ') V1 = @
= i (cos (darccos(a)) V1 — a? + asin (darccos(a)))
= i (cos (darccos(a)) V1 — a? + sin (darccos(a)) (a(v/1 = a?) V1 = a?))
=i (sin ((d + 1) arccos(a)) (V1 = a?)7') V1 = a?

n
= gsin (

d + 1) arccos(a))

(
= iUy(a)V1 — a?

Where we used the same identification a = cos(arccos(a)) thus v/1 — a? = sin(arccos(a))
and then applied the sine addition formula. Therefore we are left with:

Wt (q) = ( Tat1(a) iUg(a)Vv1 - a2>
iUg(a)V1 — a? Tys1(a) ’
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Theorem 2.13. The signal sequence ¢ = (0,0, ...,0) € R creates P(a) := Ty(a) the
Chebyshev polynomial of the first kind and degree d.

Proof. We prove the statement by Induction over d € N. Let the signals U 3 for qg =
(0,0,...,0) € R4 be given. Since for these signals e'?+Z = e0Z = 1 (see Lemma [2.1) for
every 0 <k <d

d d

Uz = eit0Z H W (a)e'?+Z = H W(a) = W% (a)
k=1 k=1

Base Case: For d = 0 and the signal ¢ = (0) it is W%(a) = I the identity matrix, thus

P =1, which matches Ty(a) = 1.

Induction Hypothesis: Assume the proposition holds for some d € N, i.e., the signals
¢ = (0,0,...,0) € R™! generate with the QSP Operation sequence the polynomial
P(a) = T;j(a) the Chebyshev polynomial of first kind and degree d.

Induction Step: d — d+ 1 We consider the signal ¢ = (0,0, ...,0) € RE@TD+L We apply
Lemma then the QSP operation sequence is given by:

Wit (q) = < Tat1(a) iUg(a)V1— ‘12>
iUg(a)V1 — a? Tys1(a)

Thus with the QSP Operation sequence the signals 5 generate the polynomial P(a) =
Ty+1(a) the Chebyshev polynomial of first kind and degree d + 1. O

Remark 2.27. The use of Chebyshev polynomials in Quantum Signal Processing (see
Theorem @) offers significant benefits due to their special characteristics. When all
phase signals in the QSP sequence are set to zero, the resulting sequence naturally forms
Chebyshev polynomials (see Theorem @, making them a fundamental part of the QSP
method. Additionally, Chebyshev polynomials are known for providing the best uni-
form approzimation to a continuous function according to the minimax criterion (see
[Tre19, [Saul3]), meaning they minimize the mazximum possible error in approximation.
Moreover, Chebyshev polynomials are highly numerically stable (see [Saul3]), which en-
sures that their use in polynomial approxrimations does not introduce large errors during
computation.
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2.4.2.2 Determining the QSP Phase Factors

In this section, we detail the procedure to obtain the phase factors necessary for Quan-
tum Signal Processing (QSP) using the procedure described in [DMWIL21], given a target
polynomial f(x).

The notation U q;(:c) in the QSP Theorem refers to the QSP unitary matrix parame-

terized by the phase vector q;: (60, D1, ..., pq) € R where d € N is the degree of the
target polynomial f(z) to be approximated. This matrix is explicitly given by:

U () = ( P(z) iQ(z)V1— 1‘2>
¢ iQ*(z)V1 — a2 P*(x) ’

where P,Q € C[X] are polynomials in z € [—1,1] that satisfy the conditions specified
in the theorem. The vector gZ_; corresponds to a sequence of phases used to construct
this matrix via a series of quantum operations, as described in the definition. The phase
factors QZ_; from Theorem are to be determined such that the polynomial encoded in
the upper-left element of U 3 approximates the target polynomial f(z). Note that this
upper-left element can be extracted using projectors:

(0lUs(2)[0) = P(x).

Remark 2.28. In the context of Quantum Signal Processing, the target polynomial f(x)
is the polynomial that we aim to approzimate using the QSP Theorem [2.12. The degree
d € N mentioned throughout the text refers to the degree of this target polynomial f(x).

The polynomials P(x) and Q(z), which appear in the QSP unitary matriz Uq;(:c), are
constructed such that the matrix U‘g(x) approzimates f(x) through its upper-left element.

o P(z) is a polynomial of at most degree d.
e Q(x) is a polynomial typically of at most degree d — 1.

These polynomials are intrinsically related to the phase factors gz; and are designed to
ensure that the desired approzimation of f(x) is achieved when applying the QSP pro-
cedure. Thus, f(z), P(x), and Q(x) are interconnected, with P(x) and Q(x) being the

components of the QSP unitary matriz used to approximate the target polynomial f(x).

Lemma 2.1 (Representation of Polynomials). Given a real polynomial f € R[X] of
degree d € N, there exist unique phase factors ¢ = (¢, ..., dq) € R such that:

Re [(0]U3(@)|0)] = (),
Proof. For a proof see [DMWL21]. O

Definition 2.40 (Loss Function). The discrepancy between the desired polynomial f(x)
from Remark |2.28 and the real part of the QSP polynomial P(x) is quantified by a loss
function L : R 5 R, defined as:

-,

1 X 2
L($) = 5 2 |Re{0U(e)|0) — f(ay)]
j=1
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where {mj}é-v:l C [-1,1] are sample points.

Theorem 2.14 (Optimization Problem). The optimal phase factors 5* € RH1 gre ob-
tained by minimizing the loss function:

— -,

¢" = argmin L(¢).
@

Remark 2.29. This is a non-linear optimization problem where gg is iteratively updated
to reduce L(¢) (see Algorithm .

Lemma 2.1 (Inversion Symmetry). If the polynomial f(x) from Remark|2.28 has definite
parity, the optimal phase factors ¢* exhibit inversion symmetry:

¢ = (G0, b1, -, Pa-1,0a) With ¢ =g, Vi.
Proof. For a proof see [DMWL21]. O

Note that this symmetry from the above Lemma reduces the number of independent
parameters, enhancing the numerical stability of the optimization.

Theorem 2.15 (Complexity). The computational complezity of the optimization process
is O(Nd?3), where d is the degree of the polynomial f(x) from Remark|2.28 and N is the
number of sample points.

Proof. For a proof see [DMWL21]. O

Remark 2.30. [t is important to note that the computational complexity of determining
the phase factors using Algorithm|2.1] does not affect the overall complexity of the quantum
algorithm proposed for solving the UCP. This is because the phase factors are precomputed
and remain constant throughout the algorithm’s execution. As a result, the complexity of
the quantum algorithm is governed entirely by its operational structure and not by the
preliminary phase factor computation.
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Algorithm 2.1: Optimization-Based Method for Finding QSP Phase Factors

Input : Polynomial f € R[ | of degree d € N from Remark [2.28, initial
phase vector ¢(®) = (%,0,...,0,%) € R™! tolerance € > 0
Output : Optimized phase factors 5: (60, D1, ..., pg) € RIH

Complexity: The computational complexity of this procedure is O(Nd?), where
d is the degree of the polynomial and N is the number of sample
points.

Procedure :

Initialization: Choose an initial guess for the phase factors 5(0) to ensure

symmetry, such as ¢(© =(%,0,...,0,%).

Define the loss function:

—»

1 Y 2
L(9) = Nz\Reow 2))|0) = f(;)]

where {z; }é\le are sample points on the interval [—1,1].
Compute the gradient V q;L(gg) of the loss function with respect to the phase

factors q_g
Update the phase factors iteratively using a quasi-Newton method such as

L-BFGS ([LNR9],[DMWIL21]). ¢*) denotes the phase vector at the k-th iteration
of the algorithm:
P+ = glk) _ akvq;L(qﬁ(k)),

where ay, is the step size determined by the optimization algorithm.
Repeat the gradient calculation and phase factor update until convergence:

L(g®) < e.
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2.4.3 Quantum Singular Value Transformation

The Quantum Singular Value Transformation (QSVT) is a central component of our
proposed algorithm, offering a crucial mechanism for efficient matrix inversion and poly-
nomial approximations. QSVT builds on the foundational concepts of Quantum Signal
Processing (QSP), extending its framework to enable more advanced transformations.
In this section, we use the notation and formalism from [MRTC21] and [GSLW18]. We
begin by establishing the fundamental concepts necessary for introducing QSVT.

Definition 2.41. Let A € C™*". The singular values o; of A, for all 1 < i <
min(m,n), are defined as the square roots of the eigenvalues of the matriz A*A, where
A* denotes the conjugate transpose of A.

Note that for a given matrix A € C™*™, the number of non-zero eigenvalues of A*A is
equal to rank(A). Consequently, the number of non-zero singular values is also equal to
rank(A). These non-zero singular values, denoted as o; > 0 for i € {1,2,...,rank(A)},
can be ordered such that o1 > o9 > --+ > 0p45(4) > 0. Note that the above definition
includes min(m, n) singular values in total, with any remaining singular values being zero
if rank(A) < min(m,n).

Theorem 2.16 (Singular Value Decomposition). Let A € C™*™ and r := rank(A). Let
01,02, ...,0r > 0 be the non-zero singular values of A. Then there exist unitary matrices
W e C™*™ gnd V € C™", and a diagonal matriz > € R™*™ with:

o0 0 0 -+ 0 - 0
0 oo 0 -+ 0 --- 0
0 0 o3 -+ 0 - 0
Le=|: o Tl :
0 0 0 -+ o, -+ 0
0 0 O 0 0
such that A= WXVT.
Proof. For a complete proof, see Theorem 5.2 and Lemma 5.13 from [Bis21]. O

2.4.3.1 Block Encoding and Linear Combination of Unitaries

A matrix A € C™™ can be block encoded into a unitary matrix Uy € CVN*N with
N > max(n,m) and respect to a normalization factor A > 0:

o= (")
where A/ is the upper-left block of the matrix Us. We use Definition 43 from [GSLW18]

to define block encoding;:

Definition 2.42 (Block Encoding). Let A € C"*™. A unitary matriz Uy € CV*N with
N > max(n,m) and XA > 0 is called a (\, a,e)-Block Encoding for A if for ¢ > 0 the
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following holds:
HA A (<0|®“ ® In) Ua (|0>®“ ® Im) H <e,

where I, € R™™ and I, € R™*™ are identity matrices.

To see a detailed explanation of how the extraction of matrix A works, refer to the proof
of the QSVT Theorem [2.17, where this process is explicitly demonstrated. A common
approach to achieve a block encoding is to express an arbitrary matrix A € C"*™ as a
combination of unitary matrices. This process, called Linear Combination of Unitaries
(LCU), is described by [Boy23| [CW12a].

Corollary 2.9 (Linear Combination of Unitaries). Let H be an n-dimensional Hilbert
space. Any operator A € L(H) can be expressed as a linear combination of n? unitary
operators. Specifically, there exist complex coefficients \; € C and unitary operators

U; € L(H) fori € {1,2,...,n%} such that:

Proof. The corollary is implied by Theorem The Pauli basis for the n-fold tensor
product space H consists of all possible tensor products of the single-qubit Pauli operators
{I,X,Y,Z}. The set {I,X,Y,Z}®" forms a basis for L(H). Any operator A € L(H)
can be expressed as a linear combination of these basis elements. Each Pauli matrix is
unitary, and the tensor product of unitary operators is also unitary. O

2.4.3.2 The QSVT Theorem

Remark 2.31. Let A € L(H1,Hz2) be a bounded linear operator between two Hilbert
spaces Hi1 and Ha, with r := rank(A). The SVD of A (see Theorem @ provides a
factorization A = ULV, where U and V' are mappings from finite-dimensional subspaces
of Ha and Hi, respectively, onto C". The columns of U and V', denoted by {|ux)} and
{lvk)}, are orthonormal sets in their respective Hilbert spaces. According to the unitarity
of U and V, the vectors {|ug)}j_; C Ha and {|vg)};_y C Hi form orthonormal bases
for the image and preimage subspaces corresponding to the non-zero singular values of A.
Therefore, we can express the operator A in terms of its singular value decomposition as:

A= oplug) (vl

k=1

where o, > 0 are the singular values of A, |ur) € Ha are the left singular vectors,
and |vg) € H1 are the right singular vectors. This decomposition is analogous to the
spectral decomposition of a normal operator, with the singular values playing the role of
etgenvalues.
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We now can formulate the process of Quantum Singular Value Transformation (QSVT),
according to Theorem 17 from [GSLW18] and Theorem 4 from [MRTC21] as the following:

Theorem 2.17 (Quantum Singular Value Transformation (QSVT)). Let A € R™*™.
Given a (X, a,¢e)-block encoding Uy € CN*N according to Definition |2.42 with N > n of
the matriz A and the projector

II=1[0% (0 ®I,

locating A inside Uy, then for odd d, we have for the signals d_;: (60, P1,- .., Pg) € RIFL
(see Theorem |2.12):

(d—1)/2
Ug=14Ua | ]I Mg, Uy, Ua
k=1

i

_ (Poly<sv><A> )

where 11y, = ekl qre projector-controlled phase shift operators and Poly(sv) (A) is

defined for an odd polynomial as

Poly®Y)(4) := 3" Poly(ow) [wg) (vl , (2.22)
p

which applies a polynomial transform to the singular values of A = > ok |vk) (wg|. The
polynomial is of degree at most d and satisfies the conditions of P from Theorem |2.12.
Similarly, for d even, we have for the signals ¢ = (g, é1,...,¢q) € R (see Theorem

2.12):
/2

H Uy, ULH¢2k Ua
k=1

(SV) .
- B (Poly | (4) )

where Poly(sv) (A) is defined for an even polynomial as

Poly®SY)(A4) := " Poly(ay) |vk) (vl , (2.23)
k

which is also a polynomial transform of the singular values of A, but with the input and
output spaces both being the right singular vector space, spanned by {|vy)} (see Remark
@). Analogously, the polynomial is of degree at most d and satisfies the conditions of
P from Theorem [2.12.

Proof. Given a matrix A € R™™ with r := rank(A) and its SVD (see Theorem [2.16]):
A=VEwT,

where V' € R™ ™ ig a unitary matrix containing the right singular vectors, W € R™*" is
a unitary matrix containing the left singular vectors, and ¥ € R™*" is a diagonal matrix
with

Y = diag(o1, 09,...,0.),

the singular values o > 0 on the diagonal for k € {1,...,r}. We can identify A €
L(H) (see Corollary as a bounded linear operator between two Hilbert spaces H :=
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L(R") (see Remark [2.31). According to the unitarity of V and W, the column vectors
{lvg)}iey € H and {|wg)};_; C H form orthonormal bases for the image and preimage
subspaces corresponding to the non-zero singular values of A. Therefore, we can express
the operator A in terms of its singular value decomposition as:

A=VIWT =" oy |ve) (wy,
k=1

where o, > 0 are the singular values of A, |vx) € H are the left singular vectors, and
|lwg) € H are the right singular vectors. Therefore, V and W can then be expressed
according to Remark

o | | | |
V=1_|n) Jva) .. |op) |, W=[|w) |wa) ... |wy)

where each |vg) and |wg) is a column vector as described above.

Let a (), a,¢)-Block Encoding Uy € CV*V with N > n and A > 0 be given for A
according to Definition Therefore, for € > 0, the following holds:

HA ~A (<oy®“ ® In) U (|0>®“ ® Im) H <e,

where I, € R™" and I, € R™*™ are identity matrices.
The projector IT € RV*¥ is defined according to the theorem as:

1= [0)®"(0|®* ® I,,

where I, € R™*" is the identity matrix. We can calculate the tensor product and get the
explicit matrix representation, where N = 2% - n:

10 --- 0 10 --- 0 I, 0 - 0
oo 00 -~ 0| [01 -0 0 0 0
H:|0> <0| ® In = : M : ® : M : - : : :
O 0 ---0 0 0 1 0O 0 --- 0

20 x2a nxn NXN

Given the unitary matrix U 4, which is a block encoding of a matrix A, it can be expressed

as:
U Uiz
Uy = ,
A <U21 U22)
where Uyj; € C™ "™ corresponds to the block encoding of A. The submatrices Ui €

Cr*(N=1) Uy € CV=%7 and Uy € CV—X(N=1) are the other blocks.
Applying the projector II isolates the top-left block of Uy as follows:

(L, 0\ (Un Uw\ (L, 0y .. 1
HUAH_(O 0) <U21 U22> (0 0>_U11_/\A'
—_———— —— —— ——

IIeRNXN UpeCNXN eRNXN
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With that in mind, let ¢ € R for all k£ € {0,...,d} as defined in the theorem, we can
compute the matrix representation of the projector phase shift:

H¢ — echzka )

P

The exponential of a matrix for Ily, is given by:

00 /- t
265 11 (12¢%11)
Iy, = ¢ ol — ; Y

We calculate the first few terms explicitly and follow the same reasoning as in Lemma
Fort:Owehave(igd’o%H)O:I. Fortzlwehave%zmmﬂ. For t = 2 we
have:
(i2¢pI1)*  (i2¢%)°11%  (i2¢%)°11 (i2¢k)2H
2! 2! 2! 2! '

Since IT? = II, by the definition of a projector (see Definition [2.26), each higher power of
IT is just equal to II, meaning:

(120 I1)"  (126%)"
t! gl

II forall ¢t > 1.

Excluding the identity matrix I, which comes from the t = 0 term, we can factor the
series and relate it to the Taylor series for the exponential function:

o= (12¢)" = (12¢3)" 26
H¢k=I+t; T =1+ t; G | =T (2 1) 1L

We know the representation of Il thus, we obtain:

I, 0 -~ 0
. ) 0 0 0

Iy, = 2ol — 1 4 (612‘;5’“ -1)
0 0 --- 0

This expression can be explicitly written as a block matrix:

ei2¢k[n 0O --- 0
0 L. - 0

Oy, = | . T erVN,
0 0 - I,

The top-left block is e???*I,,, applying the phase shift e???* to the identity matrix. This
matrix form reflects the phase shift of the projector in combination with the phase shift
applied to the corresponding subspace given by the block encoding. We first consider the
case where d € N is even. Then the QSVT Sequence according to the theorem is given
by:

/2

H H¢2k71 Ujll_[tﬁ% Ua
k=1

U; =
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The expression Ilg,, UJ;H@,C 1 Ua of the QSVT Sequence can be explicitly calculated as
follows. We consider the k-th term in the product for even d:

Mgy, ULy, Ua = (I + (2020 = 1)) U} (14 (792 — 1)T1) U,
Expand this expression:

My, Ukl Ua = (1 + (20221 — )N UL (14 (€202 — 1)IT) Uy
= UlUa + (29201 — DU UL + (292 — 1)U TIUA
+ (P21 1) (202 — DU TIU .

We already calculated U4 and II in terms of their matrix representations:

_ (U O ty_ (Ul 0
HUA(O 0>’ UAH(O 0)’
where Uyq is related to A as Uy = %A. Given that the SVD of A is given by A = VEWT

as described above, we can substitute Uy; into the expression for Ilg,, Uilﬂqm 1 Ua. We
can calculate UIT1 U11 as follows since V' is unitary with Lemma

1 1 1
Ul = <)\WETVT> (/\VEWT> = FWZTEWT,

where XY is the square of the diagonal matrix of singular values. As described in
[MRTC21], we can assume that the block encoding Uy for A is given as:

_ A VI — AAT
AT\ JTZATA AT

where the matrix square root is defined through its singular value decomposition as
follows:

VI—AAT = Z V1= o2lvg)(vg|, VI—ATA:= Z V1 — o2 wg) (wg].
k=1 k=1

where oy, are the singular values of A, and |vg) and |wy) are the left and right singular
vectors of A, as described above. Then the term that dominates this expression is the
first one:

Ul Un U U )

Ul =
AZA (U;U11 Ul Uty + Ul Usy

Therefore, after applying the sequence for d/2 steps, we can apply the QSP Theoremm
which gives us for the signals ¢ = (0, P1, ..., Pq) € R such that for o, € [—1,1] for
all k € {1,...,7} with @ = 1 and ensures that the block in the upper-left corner of the
resulting matrix is given by:

MU = V'V,
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where ¥/ € R™ " is given as
¥ = diag(P(01), P(02), ..., P(0,)),

and P(oy) is the polynomial from QSP applied to oy, for all & € {1,...,r}. This corre-
sponds to the polynomial applied to the singular values of A through the QSVT sequence.

Poly$Y)(A4) := 3" Poly(ow) vk) (v
P

To show for odd d, follow exactly the same way. The other direction can be shown with
the same argument (see [GSLW18]). O

Remark 2.32 (Prerequisites to the Polynomial Used in QSVT and QSP). The QSP
Theorem [2.12 specifies that since for QSVT the use of only P is relevant, we can use
Q = 1 to simplify the condition |P|*> + (1 — a®)|Q|*> = 1 for a € [-1,1] with |P| < 1.
Therefore, |P(z)| <1 for all v € [—1,1]. Thus, although the QSVT Theorem[2.17 states
that P must satisfy all the conditions of P from Theorem/|2.12, it is only relevant to show
|P(z)| <1 for all x € [-1,1].
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2.4.3.3 Using QSVT for Matrix Inversion

The process of matrix inversion using Quantum Singular Value Transformation (QSVT)
was proposed and detailed in [MRTC21]. This approach allows for the inversion of a
given square matrix by constructing an approximation to its inverse. Traditionally, this
task has been addressed by the HHL algorithm, developed by Harrow, Hassidim, and
Lloyd [HHL09].

Definition 2.43 (e-approximation). Let f : D — R be a function defined on a domain
D CR, and let € > 0. A function g : D — R is said to be an e-approximation of f on D
if for all xz € D:

lg9(z) = f(z)| < e

This definition ensures that the maximum deviation between the approximating function
g(x) and the target function f(x) is bounded by € across the specified domain. The
following lemma demonstrates how the inversion of a matrix can be achieved through
the inversion of its SVD. It shows that inverting a matrix can be reduced to inverting its
singular values, which is utilized by QSVT to perform matrix inversion.

Lemma 2.1 (SVD Inversion). Let A € C"*™ be invertible with A = UXV™* as the SVD
of A. Then the inverse of A is given by:

At =vy-lur,

where U € C™™ and V€ C™ ™ are unitary matrices and =1 € C™ " 4s defined by taking
the reciprocal of each non-zero singular value in 3.

Proof. Given A = ULV* € C™", we need to prove that A~! = VX ~1U*. Since A is
invertible, all singular values are non-zero, and 3 is invertible. We verify:

AAT = (USVH(VETIUY) = US(VV)STIUF = USYTIUF = UTU = UU* =1
ATTA = (VETIUHUSVH) = VE TN UTD)SV = VETISV = VIV = VYV =T

In both cases, we used the fact that U and V are unitary. O

Remark 2.33. To summarize, for an invertible matric A = UXLV* € C™"*", the Quantum
Singular Value Transformation (QSVT) can be used to directly approximate the inverse
AL When we use QSVT to invert singular values, we employ a polynomial approzima-
tion of the function f(x) = 1/x. This approzimation can invert singular values up to a
precision €. The resulting matriz, after applying QSVT, approzimates the inverse A~1.
If we use a polynomial that exactly inverts the singular values (without any approzima-
tion error), the result is the evact inverse A~' of A, as discussed in Lemma above.
Note that for an invertible matric—in our case, the reduced susceptance matriz, which is
invertible—there is no need to consider the Moore-Penrose pseudoinverse (see [SB02Z]).
QSVT directly provides an approximation of A~' with the desired precision €. For a
non-invertible or non-square matriz, QSVT would still provide an approximate inver-
sion, resulting in a matriz close to the Moore-Penrose pseudoinverse AT. However, since
A is invertible in our context, we obtain an approximation of A~ itself. For QSVT of
non-square matrices, see [MRTC21].
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2.5 Approximation Methods for Polynomial Construction

2.4.4 Quantum Approximate Optimization Algorithm

The Quantum Approximate Optimization Algorithm (QAOA) was introduced by Farhi et
al. [FGG14] to provide approximate solutions for combinatorial optimization problems.
The algorithm is designed to solve optimization problems by finding the ground state of
a classical Hamiltonian €', which encodes the cost function of the optimization problem.
The objective is to find the bit string z € {0,1}" that minimizes a given cost function
C(z). This can be translated into finding the ground state, which corresponds to the
minimum eigenvalue of the Hamiltonian C. We follow the notation of [FGG14] and
introduce the two main components of the algorithm:

o The Cost Hamiltonian C: This encodes the problem we aim to solve.
e The Mixing Hamiltonian B: Commonly chosen as the transverse field Hamiltonian:

n
_ X
B——ZO'Z‘,
i=1

where of are the Pauli-X matrices acting on the i-th qubit. This Hamiltonian serves to
explore the solution space (see [FGG14]).

The QAOA operates by applying a series of unitary transformations parameterized by
angles v and 3, which are optimized to maximize the overlap with the ground state of C.

2.5 Approximation Methods for Polynomial Construction

To establish a polynomial that can effectively invert matrices via Quantum Singular
Value Transformation, we need to approximate continuous functions that are infinitely
differentiable. This approximation relies heavily on the properties of functions within
LP-spaces. Therefore, we require the following foundational concepts from [LLO1].

Definition 2.44. A Borel set is any set in the o-algebra generated by the open sets in
R.

Definition 2.45. The Lebesgue measure \ of an interval [a,b] C R is defined by
A[a,b]) = b —a.

Definition 2.46. Let 1 < p < oo. The LP space, denoted by LP(R), is the set of all
measurable functions f : R — R such that

I = (. rf<w>|wx)” " e

Definition 2.47. The LP-norm of a function f € LP(R), where 1 < p < oo, is defined by

i1, = ([ 15 )

Definition 2.48. The support of a function f: R — C is the closure of the set where f
1S mon-zero:

supp(f) ={z e R: f(z) # 0}.
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2 Background

Algorithm 2.2: Quantum Approximate Optimization Algorithm (QAOA)

Input : Number of qubits n, depth p, cost Hamiltonian C, mixing
Hamiltonian B

Output : Approximate solution to the optimization problem

Procedure :

1 Initialization: Start with an equal superposition of all possible states, usually
achieved by applying a Hadamard gate H®" to the n-qubit initial state |0)®".

2 Parameterized Quantum Circuit:

i'yél

—ZﬂB'

1. Apply the cost unitary Uc(y) = e~

2. Apply the mixing unitary Ug(5) = e

3. Repeat the above two steps p times, where p is the depth of the QAOA circuit,
leading to the final state:

-,

(7, 8)) = Us(Bp)Uc (1) -+ Up(B1)Uc (1) H"|0)*"

Here, ¥ = (y1,72,...,7p) and E: (B1, B2, ..., Bp) are the parameters to be
optimized.

Measurement: Measure the final state in the computational basis to obtain bit
strings.

Classical Optimization: Use a classical optimization algorithm, e.g., gradient

descent, Nelder-Mead (see [ZWCT20]), to find parameters (7*, 5*) that yield good

approximations of the optimal parameters by maximizing the expectation value:

(W3, B)|Cly (7, B)).
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3 Related work

The exploration of quantum computing for solving the Unit Commitment Problem has
attracted significant attention due to its potential to outperform classical methods. In
[AY19], the UCP was reformulated as a Quadratic Unconstrained Binary Optimization
(QUBO) problem, applying QAOA on D-Wave processors. This approach showed promise
but faced scalability issues due to hardware limitations. In [KGB'21], a hybrid method
was introduced, combining QAOA for binary variables with classical optimization for
continuous variables, which improved accuracy for small-scale problems. In [NZB22], a
distributed quantum approach to UCP was proposed, breaking it down into QUBO sub-
problems solved using QAOA. This method allows for scalability and is particularly suited
for large-scale energy systems where computational resources are limited. In [JPJL10], a
quantum variant of Binary Particle Swarm Optimization (PSO) for UCP was introduced.
This method performed well on systems with up to 100 units, though its computational
time increased quadratically with system size, highlighting scalability concerns. QSVT,
developed in [GSLW18] and expanded in [MRTC21], offers a flexible and efficient ap-
proach for solving linear systems, critical in UCP and power flow problems. Compared
to HHL, QSVT handles a broader range of problems, making it well-suited for large-scale
quantum optimization tasks. QSVT is increasingly integrated into power systems opti-
mization, showing improvements in computational efficiency and accuracy over classical
methods. Its flexibility makes it preferable over HHL in scenarios where matrix inversion
is a key step. In [HHPT23], quantum surrogate models, combining classical surrogate
models with quantum-enhanced optimization, have shown promise in improving solution
speed and quality, particularly for sub-hourly commitments in renewable energy con-
texts. The integration of QAOA within hybrid frameworks has demonstrated significant
improvements in computational efficiency and solution quality, especially given current
quantum hardware limitations [HHPT23].
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4 Methodology

4.1 Formulation of the Unit Commitment Optimization
Problem

Definition 4.1 (Quantum simulation-based optimization). For an objective function
RV xRE = R, with v : RM — R, a quantum simulation-based optimization (QuSO)
problem is defined as a special form of a MINLP problem, where f is efficiently imple-
mentable and may depend on the summary statistic result of the solution of a SLE:

min £, u(y))

subject to Ay = by,
cj(z,u(y)) <0, Vj € [K],
z; € [l u;] C R,
x; € Z, Vi€ I C[N],

where Ay € RPM gnd b, € RM represent a SLE that depends on the solution x € X,
where x — Ay and x — b, are continuous.

Remark 4.1. Definition of a QuSO problem is compliant with Definition from
Section|2.1 of a MINLP problem, since the objective function f(z,u(y)) is demanded to be
an algebraic function. The constraints Ay = b, are defined as linear equations dependent
on x. The constraints cj(x,u(y)) < 0 are algebraic. The variable bounds x; € [l;,u;] C R
define a polyhedral set and the variables x; must be integers Vi € I C [N]. Thus, the
QuSO problem can be viewed as a specific instance of a MINLP problem.

In order to make the Susceptance Matrix invertible, we use the procedure described in
Section [2.3.2 which assumes a connected power network graph, non-zero line suscep-
tances for all buses, and a defined reference bus. The reference bus is explicitly defined
in the constraints of the problem. For the formulation of the Unit Commitment Problem
(UCP), we consider an m+1-bus AC system with m € N and m > 2, under the relaxation
assumptions described in Section and thus make use of the DC power flow approx-
imations from Theorem We formulate the UCP as a generalization of the Economic
Dispatch (ED) and Optimal Power Flow (OPF) problem, introducing a time component
with discrete timesteps t € T. Note that the following formulation of the UCP defines a
MINLP according to Def. from Section
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4 Methodology

min Z Z (an;&od uiy + Cittart (1 Ui 1)uzt + Cstop U 1 1 — Uiy ) + Z trans
wPe et \ica ek
subject to:
Z Pi,t = Z Lk,t: vteT
1€eG keB
Pimin . ui,t S Pi,t S Pimax . Ui,t’ Vi < G, Vit S T
uis € {0,1}, Vie G, VteT
trans>Plt c, VielL, VteT
trans>_Plt,Cl’ VieL, VteT
B et L Vi eT
‘9m+17t — 0’ vteT
Where:
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m € N with m > 2 is a finite number of buses.
m + 1 is the index of the reference bus.

B ={1,2,...,m} is the index set of buses.

G C B is the index set of generators.

L is a finite index set of transmission lines.

T is a finite set of discrete time steps.

Prin;i € R is the minimum power output limit of generator i.
Prax,; € R is the maximum power output limit of generator i.
pmd € R is the production cost of generator i at time ¢.

Start € R is the start-up cost of generator i at time ¢.

Smp € R is the shut-down cost of generator i at time t¢.
c}rtans € R is the transmission cost through line [ at time ¢.

Cl € R is the cost per unit of power transmission per unit time for line /.

uiy € {0,1}, with u; 3 = 0 if off and w;; = 1 if on, the operational state of generator
1 at time ¢

u € {0, 1}(|GHT|) with u = (u;t)ieq e the vector of all generator state variables.
P;; € R is the power generated by generator i at time t.

Pe € RUGHTD with Pg = (Pit)icgeT the vector of all the power generated by
generator ¢ at time t.

Li; € R is the load at bus k and time ¢.

P, € R is the power flowing through line [ at time t.

0+ € R is the voltage angle at bus k at time ¢.

B’ € R™*™ (Def. from Section is the reduced susceptance matrix,
obtained by excluding the rows and columns connected to the reference bus m + 1.
0, = (014, 024, ..., Gmyt)T € R™ is the reduced vector of voltage angles 05 ; € R at
bus k£ and time ¢, excluding the reference bus m + 1.



4.1 Formulation of the Unit Commitment Optimization Problem

o Pl=(Piiury, Porusy, ..., Pny um,t)—r € R™ is the reduced vector of total power
generation, where Py ; € R is the power injected by generator k at bus k and time
t and ug; = 0 for k € B\ G, excluding the reference bus m + 1.

o Ly = (L1y, Lag, -y Ling)" € R™ is the reduced vector of total loads (power ex-
traction), where Ly € R is the power extracted at bus k and time ¢, excluding the
reference bus m + 1.

d £
Remark 4.2. Note that the Generator Parameters: Puyini, Pmaxi, cf? , cftt‘””t, Cft‘)p

as well as the Transmission Line Parameters: cl”;“m, C;, B and the Load and Network
Parameters: L;;, B' are all known values and determined by the setup of the underlying
energy grid for a given i € G, l € L andt € T. The variables yet to be determined are
the Operational State of Generators: w; ¢, P;y as well as Voltage Angles: 0y, for a given
1€ G, ke Bandte T.

A concrete representation of L, the index set of transmission lines, can be found in Section
The construction of B’ € R™*™  the reduced susceptance matrix, which excludes
the rows and columns connected to the reference bus m + 1, can be found in Def. [2.22
from Sec. The explicit derivation and concrete construction of the DC-Powerflow
B¢ = P/ — L} for t € T in its matrix form is found in Section [2.3.1|

A broader formulation including more constraints and a specific representation of cEEOd,

&t and &P as well as the transmission cost ¢ can be found in [dBDD14] and

[dBBDD14].7 These constraints are consistent with our definition and can be added mod-
ularly for extended formalism.

Remark 4.3. Note that for a given timestep t € T, when we write out the matriz-vector
product B' - 0, = P/ — L} in its summation form, it explicitly involves terms of the form
0;t — 0;: as seen in Section m These terms represent the voltage angle differences
between connected buses. For a specific bus i, the equation B'-0; = P/ — L} can be written

according to Lem. [2.1] from Section [2.5.1 as follows:
m
> Bl =Py —Liy, Vie{l,2,....m}, Vte T
j=1

The elements B;; of the matriz are determined by the network topology and the line
susceptances. B;; represent the sum of susceptances connected to bus i. B;; are negative
and represent the susceptance of the line between bus i and bus j (see Def. @) Given
that B;j = —x%j for i # j (where x;; is the reactance of the line between buses i and j),
and By; is the sum of the inverse reactances of the lines connected to bus i:

m
Oir— 0+ I
> sl pp,
j=1,5#i g

We can reformulate the UCP within the QuSO framework, making it suitable for process-
ing by the proposed quantum algorithm. Note that a precise explanation of all compo-
nents in this problem is given at the beginning of this section, we will use them implicitly
for the next definition. The following definition encapsulates this transformation:

Definition 4.2 (UCP as Quantum simulation-based optimization). For an objective
function f : RIGHTHGHT 5 RIBIT 5 R, with w : RIBITT — RIBIT with w : y — y,
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4 Methodology

the following definition is a quantum simulation-based optimization (QuSO) problem:

Z Z < pmd_ Ui g + cf;;art . (1 — ui,t—l)ui,t

teTieG
stop trans
e (=) )+ S
teTlel

where © = (u;it, Pit)iccrer for uip € {0,1} CZ, Py € [l;,u;) C R with l; < u; forie G
andt € T and where y = (0kt)kepter for Opt € R with k € B andt € T. Then the QuSO
is defined as the following:

min f(@,u(y))
subject to B'y = AP
> Py Ly <0 VteT
i€G keB
=Y Piu+ Y Ly <0 VteT
i€G keB
PPy, — Py <0 VteT
— PPy, + Py <0 VteT
PyCy— ™ 0 VteT
e/ — Py C 0 VteT
emH’t <0 VteT
— Ot <0 VteT

where B’ € RIBIHTIXIBITI gng AP € RIBITI with AP = (Prt upt — Lyt ) ke BreT represent
a SLE that depends on the solution y € RIBITI This SLE is defined with the block
matrices 0 € RIBXIBl through B’ € RIBIXIBl the reduced susceptance matriz, in the
following way:

B 0 0 - 0
0 B 0 0
B-|0 0 B 0
0 0 0 B’

Remark 4.4. We will refer to B’ € RIBIHTIXIBUTI 45 the reduced block susceptance ma-
triz.

Remark 4.5. In order to process the transmission line flows accordingly, we will use,
corresponding to the notation of P¢, the vector Py, € RULITD with P = (Pt)icrteT the
vector of all the power flowing through transmission line l at time t. This vector lists the
power flow values Py in a lexicographical order by time t and line [.

Remark 4.6. In the above definition of the optimization problem we follow the convention
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4.1 Formulation of the Unit Commitment Optimization Problem

to formulate P ;C) — cfﬁ“”s <0 and —cﬁ“”s — P 0 <0 fort€ T andl € L as inequality
constraints. To process them more easily, we will use the equivalent form cltza”s = |P,C.

Remark 4.7. The diagonal block structure of B’ is convenient because it preserves the
properties of the individual block matriz B'. Specifically, B' is invertible if and only if
B’ is invertible. Moreover, the eigenvalues of B’ are the same as the eigenvalues of B’,
repeated |T'| times. Consequently, the condition number of B' is identical to the condition
number of B’.

Remark 4.8. Note that the above inequality constraints c;j(z,u(y)) < 0 with j =
1, ..., 8 are defined for every timestep t € T. This means that every constraint of the
form c;(z,u(y)) <0 is given |T'|-times i.e., the total number of these constraints is 8-|T].

Remark 4.9. The above version of the Unit Commitment Problem (UCP) is well-defined
within the Definition of a QuSO. In the UCP formulation, the objective function
f(z,u(y)) maps x € RICHTHGCHT! gndu(y) € RIBIT to R, aligning with this requirement.
In the UCP, u : RIBIT 5 RIBITI s defined as u(y) = vy, satisfying this condition. The
QuSO definition specifies constraints Ayy = by and cj(xz,u(y)) < 0. In the UCP, the
equality constraint B'y = AP and various inequalities involving P; 4, 01+, and other
terms fit this representation. The QuSO definition includes decision variables x, which
can be real numbers or integers within specific bounds. The UCP decision variables x =
(wig, Pit) and y = (Ok+) include both binary and continuous variables, each constrained
within specific bounds, consistent with the QuSO formulation.

Remark 4.10 (Rescaling singular values of B’). In order to process B' with the QSVT,
the matriz inversion polynomial, which is defined in the following section, requires that
all singular values o; for B’ are within o; € [%, 1] for k > 1, where k is the condition
number of B'. The singular values of a matriz B' are defined as the square roots of the
eigenvalues of the matriz multiplied by its transpose. If \; are the eigenvalues of B’TB’,
then the singular values o; are given by o; = \/A; for 1 <i < m. Since the eigenvalues \;
of the matriz B’ B’ are non-negative, because it is also a positive semi-definite matrix,
the singular values o;, being the square roots of these non-negative eigenvalues, are also
non-negative. Thus o; > 0. To transform the matrix such that all its singular values o;
lie within the interval [1/k, 1] for k > 1, we can rescale it as shown in Algorithm[{.5. The
rescaling does not lose any information for our optimization problem, to avoid confusion
with indexes we assume B’ as rescaled implicitly.
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4 Methodology

Algorithm 4.3: Rescaling B’ to Ensure Singular Values Within H, 1}

Input : Matrix B’ € RIBITIx|BIIT|
Output : Rescaled matrix B/ such that all singular values o; € H, 1}

Procedure:
1. For n = |B|-|T|. Compute the SVD Thm. [2.16|from Sec. [2.4.3 of B':

B =UsV’
where U € R™*"™ and V € R™" are orthogonal matrices, and 3 € R™*" is a
diagonal matrix with singular values o1, 09, ..., 0,.
2. Determine the largest singular value opax = max(oy,09,...,0,).

3. Rescale the matrix B’ to ensure the largest singular value is at most 1:

T :U< > )VT

Omax Omax

Now, the singular values of B’ are o} = -%—, with o}, = 1.

4. Determine the smallest singular value o7 ;, of B':

/
min

=min(o},0%,...,00)

ag y Opy

5. Check if o/ . > % If true, set B/ = B’. If false, further rescale B':

min

/
K ~ K B
/ = — / = —
B, = o! B = o’ o
min min max

6. The final matrix B/, now has all singular values within the interval E, 1].
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4.1 Formulation of the Unit Commitment Optimization Problem

Algorithm 4.4: Rescaling B’ Using Condition Number Estimates

Input : Matrix B’ € RIBITI*|BI[T|
Output : Rescaled matrix B,
Procedure:

1. Estimate the condition number x(B’) using the Rayleigh Quotient or Cheeger
constant (see Section [2.2.1).

2. Rescale the matrix B’ to ensure the largest singular value is at most 1:

BI

Omax

B =

where 0.y is the largest singular value of B/, estimated from the condition
number x(B’).

3. Determine the smallest singular value o ;, of B'. If o] ; > ﬁ, set B = B’.
Ifo . < n(]l?,')’ further rescale B':

min

4. Output the final rescaled matrix B}.

Remark 4.11 (Rescaling singular values of B’ using estimated condition number). Given
the high algebraic connectivity Ny (see Section typically present in the power grids
considered in this work, the matriz B’ is expected to be well-conditioned. High algebraic
connectivity, characterized by a significant second smallest eigenvalue Ao of the Laplacian
matriz, ensures that the condition number k(B') is naturally low (as described in Remark
|2;9[ from Section |2_QV Consequently, the singular values o; of B’ are well-distributed
within the interval [1/k(B’),1].

By estimating the condition number using the Rayleigh Quotient or the Cheeger constant
(see Section M), we can effectively rescale the matrix to achieve the desired singular
value distribution (see Algorithm . Importantly, these estimation and rescaling steps
are computationally efficient, maintaining the overall efficiency of the quantum algorithm
and ensuring that the exponential speedup is preserved.
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4 Methodology

4.2 Polynomial Approximation for QSVT

4.2.1 Overview of the Polynomial Approximations

In our quantum algorithm, we employ two distinct Quantum Singular Value Transfor-
mation (QSVT) procedures. The first is used to invert the reduced block susceptance
matrix B’ € R™ITIxmIT| and the second calculates the absolute value of the expression
c}rtans |P - Cy| for I € L and t € T (see Section . These procedures require the
construction of two separate polynomials tailored to these tasks.

Matrix Inversion Polynomial To invert a matrix using the Quantum Singular Value
Transformation from Section we require a polynomial P(z) that approximates
the function f(z) = % on the singular values of the reduced block susceptance matrix
B’. QSVT demands that the polynomial P(z) be bounded by 1 in magnitude. However,

directly approximating P(z) ~ % is infeasible since typically a% > 1 for a singular value

o; of B’. To overcome this, we focus on approximating a function that behaves as i%
within the interval [—1, 1]\ [ P R}, where k is the condition number of B’. The condition
number is well defined by Lemma [2.1] from Section [2.3.2] and Theorem [2.1] from Section
2.2

Remark 4.12. This approach is also valid for any invertible matriz A € R™ "™ with
a finite condition number, and is not limited to the reduced block susceptance matric
B’ ¢ R™ITIxmIAT] o jts blocks B! € R™*™,

To construct a representation for PMI( ), we proceed as follows: In the Pe section, we be-
gin by constructing part of the matrix inversion polynomial, which involves a Chebyshev
polynomial approximation to the step function ©.. We utilize two techniques (mollifiers)
to obtain an analytic C'*° approximation, which is a variation of the error function. This
error function is then approximated by a Chebyshev representation and developed into
an approximation to the sign function Oy, producing an approximation to the rectan-
gular function. Then we construct a Chebyshev approximation to % Since % is usually
unbounded, we combine it with a polynomial that approximates a rectangular function in
[—1,1]. Ultimately, we combine the % approximation and the rectangular approximation
to derive the matrix inversion polynomial. To summarize, the construction of the matrix
inversion polynomial ng(a:) involves several polynomial approximation steps:

. Construct the polynomial approximation Pe to the step function.

. Construct the polynomial approximation Peé to the inverse function.
. Construct the polynomial approximation PrGCt using P6

=W N

. Combine PreCt and Peé to construct the matrix inversion polynomial ng(l‘).

Absolute Value Approximation Polynomial To compute the cost function, we need to
apply the absolute value to the parameters, necessitating another QSVT routine. Hence,
we construct a polynomial that approximates the absolute value function. The absolute
value approximation polynomial P***(z) is designed for = € [—1,1].
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4.2 Polynomial Approximation for QSVT

4.2.2 The Matrix Inversion Polynomial
4.2.2.1 Approximation of the Step Function

The following approximation theorem for LP spaces states that functions in LP can be
approximated by C° functions through convolution with a given mollifier j € L!(R™).

Theorem 4.1 (Approximation by C*°-functions [Thm. 2.16 [LLO1]]). Let j be in L*(R")
with [gnj = 1. Fore >0, define jo(x) := e "j(x/e), so that [gn j- = 1 and ||jel|1 = ||j]|1-
Let f € LP(R™) for some 1 < p < oo and define the convolution for x € R™:

fo@) = Gex D) = [ dule =) S ) dy
Then the following holds:

o fe e LPR™) and || fellp < |5l 01 F1lp,
o fo— f strongly in LP(R™) as e — 0.
o Ifj € CXR"), then f. € C*(R")

Proof. For a complete proof see Theorem 2.16 from [LLO1]. O

The above theorem is formulated using R™. It also applies for any measurable set 2 C R™.

Remark 4.13 (Rem. to [Thm. 2.16 [LLO1]]). Let Q@ C R" be a measurable set. Given
f e LP(Q), we can define f € LP(R™) by f(x) = f(z) for x € Q and f(x) =0 for x ¢ Q.
Then, for x € Q, define:

fe(x) = ]s*f / Je(x —y )dy
The following holds:

o fe € LP(Q) and || fellLe) < [l5112lIf1 e ()
o fe— f strongly in LP(Q2) as e — 0,
o Ifj € CX(R™) and Q is open, then f. € C*().

Remark 4.14. The interval [—1,1], is a Borel set because it can be written as an inter-
section of open sets:

—1.1= (-1—i,1+:&).

n=1
That means it is measurable in R with respect to the Lebesque measure. The Lebesgue
measure of  is given by A([—1,1]) = 1—(—1) = 2. Note that the interval (—1,1) is open
and measurable. As an open set in R, it is a Borel set and hence measurable with respect
to the Lebesgue measure.

Since for Remark the approximation by C°°-functions on a measurable set 2 C R"”

is only achieved if it is open, we will apply the approximation to the interior of the closed
interval and then generalize it to its boundary.
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Lemma 4.1. The function O, for ¢ € (—1,1) is defined as:

-1 ifx<c
O:.:[-1,1] 2 R, O.(z) =150 ifx=c
1 ifx>c

is in O, € LP([—1,1]) for 1 <p < oc.

Proof. We will use the following definition of the LP norm with 1 < p < oc:

1 l c 1 »
1©c|r = (/lfgc(@\pdx)p = (/lldaz—i—/ 1dx>p —9v < 00

Hence O, € LP([—1,1]) for 1 < p < 0. O

Remark 4.15. Since the integral of |O.(x)|P is finite and O.(x) is measurable on [—1,1]
with respect to the Lebesque measure, we conclude that O, € LP([—1,1]) for 1 < p < occ.
The theorem for approximating functions in LP by C*° functions can be applied to O.

We first consider the following well known mollifier given by [Eva22].

Definition 4.3. We call n € C*°(R"™) the standard mollifier defined by

ooy i 4 o (=) il <1
o if |z > 1,

the constant C > 0 selected so that [gnndx =1 and || - || is the Euclidean norm.

Remark 4.16. Let n € C®(R"™) be the standard mollifier as defined above. For e > 0,
we define the scaled mollifiers n.(x) according to Theorem by

Ne(x) := einn (Z) :

These functions n. have the following properties, as described in [Eva22]: It is n. €
C®(R™). Specifically, supp(ne) C B(0,e). This follows directly from the definition of
n, which has support in B(0,1). By the scaling property, n-(x) = 0 for |x| > €. The
mollifiers n. are normalized such that [pn n-(x)dx = 1. This can be verified through a
change of variables y = Z. Thus, the functions ne satisfy all requirements for a mollifier

in Theorem[{.1] to achieve a C™ approzimation.

Theorem 4.2 (C*-approximation of ©. by the Standard Mollifier). Let ¢ > 0. The
function (©L). € C*((—1,1)) is a C*-approzimation to ©. according to Theorem |{.1:

xz+1
= 1
@)= C [ e () du,

where C' > 0 is the normalization constant from the definition of the standard mollifier.

Proof. Let ¢ € (—1,1). To approximate the step function O, on the interval (—1, 1) using
the standard mollifier, we follow Theorem and Remark on C* approximation.
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4.2 Polynomial Approximation for QSVT

Let n € C*°(R™) be the standard mollifier and 7. for ¢ > 0 its scaled Version Let

©. € LP((—1,1)) be the step function from Lemma By Remark [4.14, (— is

measurable. We extend O, to R according to Remark j Define O, € Lp( ) for
€ (—1,1) such that:

B, (z) = Oc(z) ifxe(-1,1),
o if v ¢ (—1,1).

We calculate the convolution of ©, with 7. as follows:

(O1)-(a) = (1 O)(@) = [ 1@ = )uly) dy

Z/_lgn (m;y> Oc(y) dy
= [ () v [ (2

We can substitute with v = *Z¥. Then dy = —edu. The limits of integration change

z+1 z—c . _
= to =5 Fory > cy=ctol

) (1) dy.

accordingly: For y < c y = —1 to ¢ becomes u =
becomes u = £=< to £==. Thus:
u) du + /

(O)(w) = — /

We can insert the definition of n and are left with the following:

x+1

(O))e(z) = C/ * exp <u21— 1) du.

r—c
£

for a normalization constant C' > 0. Since n € C*°(R), the convolution (0.). will be
C*°((—1,1)) by Theorem [4.1] O

Corollary 4.1. Let € > 0. The function (©)). € C*([—1,1]) is a C*-approzimation to
©. on the closed interval [—1,1] when extended continuously to the boundaries.

Proof. By the properties of the mollifier 7., the convolution (7. * €} )( ) from the above
proof is C* on (—1,1) by Theorem. Since O, is supported on [—1, 1], the convolution
essentially involves integration over [—1,1]. Thus, (0.). inherits the smoothness from
ne on the open interval (—1,1). Consider the behavior as x — 1. For x near 1, the
convolution integral becomes:

CARE R T = X

—_1 €& g

Since 1 has compact support, n ( ) # 0 only when |z —y| < e. As  — 1, the integral

only considers y close to 1, where G)/C( )=1fory > cand O.(y) = —1 for y < ¢. The
smoothness of 7 ensures that this transition is smooth.
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4 Methodology

For the derivatives of (0.).(z), we differentiate under the integral sign:

| r—y
@@ = [ () ectu) do

As x — 1, the behavior of the derivatives can be analyzed by considering the smoothness
of the integrand. The integral of the product of the k-th derivative of the smooth function
n and the compactly supported function ©. over the interval [z —e, x +¢| remains smooth.
This is due to the fact that n®*) (T’%y) scales with é‘k% while O.(y) is evaluated over a
shrinking interval as x — 1, ensuring that the integrand remains smooth and the resulting
derivatives has smooth behavior.

A similar argument holds for x — —1. Near z = —1, the integral involves y close to
—1, where ©.(y) transitions smoothly due to the properties of 7. The differentiation
under the integral sign ensures smoothness for all derivatives. Since (0.). is C* on

(—=1,1) and extends smoothly to z = %1 along with its derivatives, we conclude that
(©0): € C([-1,1]). O

Definition 4.4 (Error Function). The error function erf : R — R is defined as:

2 x
erf(x) = ﬁ/o et dt.

Remark 4.17. The simplified expression for (0L)s(z) from Theorem 4.2 does not corre-
spond to elementary functions. While the error function itself arises from the Gaussian
integral, the integral of n does not match this form. The integrand is not directly re-
latable to the Gaussian or error function. This convolution is inherently complex and
must be handled as a numerical or special function integral without a simpler closed-form
representation, which is therefore not suitable for our purpose.

Therefore, we need to lower our requirements and define the following mollifier with-
out compact support. The Approximation by C°°-functions Theorem then gives us,
nevertheless, a strong convergence in LP(R").

Lemma 4.1 (Gaussian Mollifier). The function defined by

ll]2

p:R*" >R, ¢x):= (277)_"/26_ 2
where || - || is the Euclidean norm, is called the Gaussian Mollifier and satisfies:

e pe(C™.
o ¢ € LYR") with [gn o(z)dz = 1.
For e >0, with ¢c(x) :== e "p(z/¢e), it holds that [g. pe(x)dr =1 and ||p:|1 = ||¢]1-
[
Proof. First note that the Gaussian function e™ 2~ € C*°(R"™) because the exponential
function e? is infinitely continuously differentiable for all z € R, and (27)~"/2 is a con-

stant. Thus, ¢ € C*°(R™). The solution of the one-dimensional integral is commonly
known:

2

/ e*% dr; = V2.

—00
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4.2 Polynomial Approximation for QSVT

Since ||z||?> = 2% + 2% + --- + 22, the integrand can be separated into a product of n
identical one-dimensional integrals:

2 z+z+ a2
/ e~ “2H a:—/ / / 5 dxldxg---da;n:(Qﬂ)”/Q

Therefore, we can calculate:

n/2 212 n/2
/ o(x)de = (21) / e du = (;) (2m)"/? = 1.
n ™ n s

Since the integral is finite, ¢ € L'(R"). Now consider ¢.(z) = e "p(x/¢). Using the
change of variables u = x /¢, so © = eu and dx = €™ du:

ve(z) dzx :/ e "p(x/e)dx
Rn Rn
1 TL/2 z/ell?
_ - () - /el e
Rn 2
1 TL/2 wll2
= e " () e I e"du
Rn 2

1\™2  ju?
= <2> e 2 du=1
R \ 27

Therefore, [pn ¢-(x)dx = 1. Finally, we show that |¢c||1 = [|¢|/1 again using the change
of variables u = z/e:

el = [ lec@ldo
= [ e pla/o)] do
o

= | e "p(u)le" du

—/ )| du = llpl:

Remark 4.18. Observe that for any radius R > 0, ¢(x) # 0 for x € Br(0) outside the
ball, indicating that it does not have compact support. This characteristic is important
for achieving a C*-approximation as stated in Theorem [4.1]

O

Nevertheless, we will demonstrate that it is still possible to obtain a C*° approximation.

Theorem 4.3 (Approximation of ©., by the Gaussian Mollifier). Let ¢ > 0 and ¢ €
(—=1,1). The function (©.)c : [-1,1] — R is defined with:

(©0)c(a) i= et ( ;ﬁ)

and an approzimation to O, according to Theorem in the sense that (©.): — (O.)
strongly in LP(R) as e — 0.
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4 Methodology

Proof. We now approximate O, on the interval [—1, 1] using the Gaussian mollifier. We
again follow Theorem and Remark on C* approximation. Let ¢ € C*°(R"™) be
the Gaussian mollifier and ¢, for € > 0 its scaled version. Let ©, € LP([—1,1]) be the
step function from Lemma which is measurable by Remark @ Define ©, € LP (R)
for ¢ € (—1,1) such that:

Oc(z) =

~ Oc(x) ifze[-1,1],
0 itz ¢ [-1,1].

We calculate the convolution of (:)c with . as follows:

(Oc)=(x) = (‘Ps*@ 9051‘— Y)Oc(y) dy

- /_Oo oc(z — y)(—1)dy+/:o pe(z —y)(1) dy

11 12

With the substitution u = z — y and dy = —du we can calculate both integrals:

c 1 N 00 1 _w?
I = _/ e 222 dy= —/ e 22 du=—1Iy
0o EV 2T z—c ENV 2T

Note that these integrals represent the area under a Gaussian curve, which can be ex-
pressed in terms of the error function:

© 1 _w? 1 —
I1=—/ e 222 du=— (1—erf(x c))
z—c EN 2T 2 8\/5

r—C 1 ,02 1
I:/ 6_262d1)2<1+erf( ))
2 —co EV2T 2 V2

Adding these two integrals together gives:

0= =3 (1=t (35 )+ 3 (e (55)) =1 (55)

Remark 4.19. Although the Gaussian mollifier used in the theorem above does not have
compact support, the C°° approzimation Theorem ensures that for a given c € (—1,1)
and e > 0, the approzimation (©.). — O, converges strongly in LP(R) ase — 0. However,
this theorem does not imply that the approximated function (©.)c is itself C*.

To clarify why (©.)c is indeed C*° when using a Gaussian mollifier, consider the approz-
imation of ©. using the Gaussian mollifier, expressed in terms of the error function:

(©0)e(w) = erf ().

The error function erf is both continuous and differentiable, with its first derivative given
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4.2 Polynomial Approximation for QSVT

by:
2 2

d —z

—erf(z) = —=e

dZ ( ) ﬁ 9y
which is C*° as a well-known combination of C*° functions. Therefore, (0.). is a C*
function due to the smoothness of the error function, providing a smooth C'*° approxima-
tion to the discontinuous function O..

Therefore, we will now find an approximation of Chebyshev polynomials to the error
function erf(k [x — §]) for k > 0 and ¢ € [—1,1]. To construct this approximation poly-
nomial, we utilize special functions. We begin with the following definition adapted from
[AWO05, Leb72]:

Definition 4.5 (Modified Bessel Functions of the First Kind). The modified Bessel func-
tions of the first kind, denoted I,,(x), are defined for x € C by:

L) = i m!F(mlwL v+1) <§)2m+y’

m=0

where v € R. Here, I'(2) represents the Gamma function, which is given by:

o0
I'(z2) :/ t*"te7tdt, for Re(z) >0,
0
and is defined for all z € C\ {0,—1,-2,...}.

Remark 4.20. Note that this series converges for all x € C and v € R, ensuring that
the series characterization of I,(x) is well-defined. For further details, see [Leb72].

We can adapt the error function approximation from [Low17], which is derived through
the Jacobi-Anger expansion of the exponential decay function:

e Bla+l) _ —B (Io(ﬂ) + 253[]-(5)1/}(—:1:)) ,
j=1

where > 0, z € [—1,1], I;(/) are the modified Bessel functions of the first kind, and
Tj(x) are the Chebyshev polynomials of the first kind. Using this expression, and through
a change of variables and integration of the whole series, we obtain the expression for the
error function, which gives us the following approximation (Corollary 6.25 and Corollary
2.26 from [Lowl17]) to erf(k [z — §]) using Chebyshev polynomials (see Figure [4.1)):

Lemma 4.1 (Polynomial approximation to the error function). Let € > 0. For k > 0
and & € [—1,1], the polynomial perfi.sn of odd degree n = O(+/(k? +log(1/e)) log(1/e))
is an e-approximation to erf(k [x —0]) for x € [=1,1]. The polynomial perfi.sn(T) is given
by

2ke /2 2 (n /2 2 o (Toji1(z—8)  Toj_q(z—0)
Perfhon (@) = — Lk /2)z+ > Lk /2) (—1)7 (gt - TG0y )
j=1

where I;(x) is the j-th modified Bessel function of the first kind, and Tj(z) is the j-th
Chebyshev polynomial of the first kind.
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4 Methodology

Proof. A proof can be found in Lemma 6.22, Corollary 6.25, and Corollary 2.26 of [Low17].
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—— Perf, k,6,n(X)
-—-- erf(k[x —6])

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

Figure 4.1: Comparison between the polynomial approximation perfykyn(ﬂj) from Lemma
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and the error function erf(k[z—4]) from Definition[4.4l The approximation
is computed using parameters derived from Corollary 6.25 in [Lowl7], with
k=1e=1x1072, 0 = 0, and n = /k? +1og(1/e) log(1/e). The z-axis
represents the x values, and the y-axis represents the function values.




4.2 Polynomial Approximation for QSVT

The idea now is to use perfi,s, and to define a k& > 0 that gets arbitrarily small with
respect to some €,k > 0. By doing so, we will obtain an approximation to the sign
function (see Figure [4.2)). Note that this sign function is given by 0y from Lemma

Definition 4.6 (Sign function). The function sgn : [—1,1] — R is defined as:

sgn(z) := Og(z)
To define such a k& > 0 we follow Corollary 6.27 from [Low17]:

Lemma 4.2 (Polynomial approximation to the sign function). Let € > 0. For k > 0 and
d € [-1,1] with
2 2
k.= ilogl/2 <2>

K e
the polynomial of odd degree n = O(1/xlog(1/€)), given by psgnx.5.n(T) = Derfi,5,n(T) is
an e-approximation to sgn(x — ¢§) for z € [—1,1].
Proof. A proof can be found in Lemma 6.19 and Corollary 6.27 of [Low17]. O

Lemma 4.3. pyn 6, s an odd polynomial.

Proof. With Lemma [2.3| from Section we know that Chebyshev polynomials have
the property T;(—z) = (—1)T;(x). Thus, for odd indices, Thj+1(—(z —0)) = —Taj11(x —
§) and Thj_1(—(z —8)) = —Thj_1(x — §). Since In(k?/2) z is linear in =, it is also an odd
function. The sum involves only terms of T5;41(z — ¢) and Ty;—1(x — J), which are odd,
preserving the overall odd parity. Thus, perfksn(z) is an odd polynomial. Therefore,
Dsgn,x,5,n(x) is also an odd polynomial. O

Let k € (0,2]. Consider the rectangular function rect(z/w), which is a rectangular
function scaled by a factor w € [0,2 — &|:

(x) 1 if |z < ¥,

rect | — ) = .

w 0 if |z| > %.

We can combine two such sign function approximations from above and obtain a scaled

rectangular function (see Figure , as described in the following Corollary 6.28 from
[Low17]:

Lemma 4.4. Let € > 0. For k € (0,2] and w € [0,2 — k| the even polynomial

1

prect,w,m,n(l‘) = 5 (psgn,n,(w—l-n)/ln—l-l(l‘) +psgn,n,(w+ﬁ)/2,n+1(_x)> (41)

of even degree n = O(1/klog(1/€)) is an e-approximation to rect(x/w) for x € [—1,1].

Proof. A proof can be found in Lemma 6.20 from [Low17]. O
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Figure 4.2: Comparison between the polynomial approximation psgn7k757n(:p) from Lemma
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and the sign function sgn(z — §) from Definition The approxima-
tion is computed for ¢ = 1 x 107952 and using parameters derived from
Corollary 6.27 in [Lowl7], with 6 = —1/2, k = (v/2/2)log"/?(2/(w€?)), and
n = [(1/k)log(1/€)] (odd). The x-axis represents the = values, and the y-axis
represents the function values.
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0.0
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--=-rect(x/6)
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Figure 4.3: Comparison between the polynomial approximation prect i s,n () from Lemma
and the rectangular function rect(z/9). The approximation is computed
for € = 1x107°%% and using parameters derived from Corollary 6.28 in [Low17],
with & = 1/2, k = (v/2/2)log?(2/(n€?)), and n = [(1/k)log(1/€)] (odd).
The z-axis represents the x values, and the y-axis represents the function
values. Note that any observed discrepancies, particularly around the discon-
tinuities, might stem from the numerical implementation and the challenges
associated with approximating functions with high precision for extremely
small e values.
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4.2.2.2 Construction of the Inversion Polynomial

Building on the methodologies proposed by [GSLW18] and [MRTC21], we aim to con-
struct a polynomial that closely approximates % Our specific goal is to achieve an
5--approximation of the function f(z) := i%, where x denotes the condition number
of the matrix B’. [GSLW18]| developed a polynomial approximation to achieve this. For
clarity in our notation, we assume s > 0, as that will be the condition number later on
and the condition number (see Definition from Section is always positive.

KK

Definition 4.7. Let b.,, € N. For z € [—1,1]\ {_—1 1} we define:

1= (1= g?)ler

Je () := -

This function approximates % effectively over the range x € [—1, 1]\ [%1, %] for sufficiently
large bc . € N as seen in the following:

Lemma 4.5. For 0 < € <
interval x € [—1,1] \ {_1 1}, where b, = O (k*log (£)).

the function gex(x) is an e-approzimation for % on the

D=

KK

Proof. Let 0 < € < % For z € [-1,1] \ [_?1, H, we analyze the behavior of g .(x) as
approaches the boundaries of the excluded interval, i.e., as * — %7 or r — —%f We
observe that

lim (1 — 2%’ =1 and lim (1 —z2)Pex =1.
xﬁii a:—>—é+

For larger values of b, ., the expression (1 — 2?)%* remains close to 1 except near the
endpoints = 1. Thus, as b, — 00, the function g, .(z) tends towards

. 1
oo P =5

We next consider the Taylor expansion of (1 — z%)%» around z near the boundaries 1~
_1t.

or p

be,n(be,n - 1)

(1 —a?)Por =1 — b ua? + 5

z* 4+ 0(z0).
Therefore, for large b, ., we have:

1—(1—=bepa?)  bepr?
ggﬁ(x)% ( - e,k L ) _ EZ;’E :beﬁm_

We need to choose b such that < ¢, and since it is (1 — 2)ber < e bent’

for x € [-1,1] \ [_71, H, we have:

Gew(x) — 1

1—(1—a?)ler 1 b’

(1 — 22)ben

xT

<€ <—

< €.

x xT xT

<e<:>|
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4.2 Polynomial Approximation for QSVT

. _ 2 . . -
2 €lx|. worst- w =
Hence, it must be e %" < ¢|z|. Consider the worst-case scenario where z — ,1{

approaches from the left. Note that by the symmetry of the problem, the other limit as
T — —{r from the right can be computed similarly.

lim (—be,,ixQ) < lim log(ex). (4.2)
x—>%_ x—>%_
Note that for the limit on the right-hand side of the above Equation we have:
. 1
lim log(ex) = log (e : ) = log(e) — log(k).
z—L7 K
Considering the left-hand side of Equation as x — %7:
12 b
. 2\ _ = _ ek
hr§17 (—bﬁﬁx ) = —be </€> PR

z—+
K

Therefore, we are left with the following inequality:

6’; < log(e) — log(k) <= b, > r* (log(k) — log(e)) <= bex > k*log <K> .
K €
Thus, choosing b, = [£?log (£)] ensures that g . (z) e-approximates < for z € [—1,1] \

KK

required. O

{;1 1]. Consequently, gc.(z) is an e-approximation to % in the specified range, as

Although g () is not a polynomial yet, we can find an e-approximation to it with the
following polynomial proposed by [MRTC21], which we call the inversion polynomial (see

4.4):
1

Definition 4.8 (Inversion Polynomial). Let 0 < € < 5. For x € [—-1,1] \ {%1, 7}, we
define

Toj1(z),

1/z ey i lo—2be . - 2be i
P = a 31y |2 37 (P
=0 €5

i=j+1

where T;(x) is the Chebyshev polynomial of the first kind of order i, and

be = O (ff? log (’:)) ,
D, := ’V\/be,,@ log <4()€E’H)-‘ = O(klog(k/e)).

Lemma 4.6. Pl/x(az) is an e-approzimation to g (x) for x € [—1,1]\ {%, f}.

2€,k
Proof. For a complete proof see [MRTC21] Lowl17]. O

(x) is a 2e-approximation to % forz e [-1,1]\ [%, 1].

K

Lemma 4.7. Pl/x

2¢,k
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€K

Proof. Since with Lemma P21 /@ (x) is a polynomial that e-approximates g, .(z) over
the interval x € [—1,1] \ { ! 1} we get with the triangle inequality:

1 1 1
P2e/i ’PQe/i — Gen(T )‘4‘ ge,n($)—x‘<€+€:2€
O
Lemma 4.8. Pel/; (z) is an e-approzimation for 5= on x € [—1,1]\ { TR 21,4
=11 1z : .
Proof. Let = € [— 1 1)\ |22, 2. From Corollary 4.7, we know that Pyli(x) is a 2¢
approximation 1:0 . Therefore:
1 1w 11 1| i 1 1 €
—P. ———| == — =< — 2= —.
2k e (%) 2K T 2K 2en() T % T &
By substituting e With in the polynomial approximation, we get that Pl/ > (x) is an § —
approximation to = Thus
T 1/z 11 1 1/z 1 1 € €
2K 572"‘(3:) 2kx| 2K 572”(x) 2% 2 4r
Since the function i% is scaled by ﬁ, this gives us an e-approximation.
O

The following lemma is essential as it establishes the requirement x > 1 for the polynomial
to be bounded, which is necessary for applying the QSVT Theorem from Section
2.4.3.

Lemma 4.9. Let 0 < € < § and > 1. Then‘ Pel/;( )‘Slforxe[—l,l]\{_?l,ﬂ.

Proof. Let 0 < e < % Since € < %, we can bound the polynomial for z € [—1,1]\ { el H
Using the triangle inequality and the bounds on the approximation error, we have:
11

1 1
’%PQe/,gzcn(x)’ < Gy

+ 1
5 <

1
2%

1
- <1
+2_

11

<
te 2%
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Figure 4.4: Comparison between the polynomial approximation Pg{ % () from Definition
and the function 1/z. The approximation is computed according to

Corollary using parameters e = 1 x 107%, k = 1, b = [k*log(%£)], and
D = [/blog(4b/e)]. As a reference, there is the function g, , from Lemma
With e=1x10"2 k=1, and b = [k?log(£)]. The z-axis represents the
x values, and the y-axis represents the function values.
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4.2.2.3 Construction of the Matrix Inversion Polynomial

Again let k > 0 for the following. However, the inversion polynomial may not be bounded
for z € [% , 2&} To enforce this bound, we multiply the polynomial by an even function

that remains close to 1 for z € [-1,1] \ { 11

is achieved using a polynomial approximation of a rectangular function as proposed by
[MRTC21]. To make the construction of the step function approximation polynomial
more comprehensible, we used the notation of [Lowl7|] in Section for defining
a polynomial approximation prect and psgn (see Lemma / Lemma . We need
to modify those slightly to make them compliant with the notation of [MRTC21]. We
need a slightly more specialized rectangular approximation than the basic one given in
Lemma We will adapt Lemma for this and use P5®1 = Dggn, L 05 @S OUI SigN

' dn YAk

} and approaches 0 for x € [%, 25} This

approximation component to construct the following.

Definition 4.9. Fore € (0,v/2/er], k> 1 and x € [-1,1] \

P! (x) = 1:_ <1+- <Piﬁ($—,;)4-Rﬁi(—x—,;)>>,

where Pee = Pagn, L 0 is the polynomial approximation from Lemma
‘4K

—

-1 1 )
s E}, we define:

Lemma 4.10. For the polynomial Pegi and z € [—1,1] \ [—1, ﬂ the following holds:
Y4k

e P°, s odd.

& an

. P® (x) is an e-approximation to Oy(x).
’4;1

P2, (@) < 1.
Proof. P@ being odd follows from Lemma |4.3] The e-approximation follows from

Lemma [ﬁ The boundedness follows from Lemma [2.2] from Section [2.4.2.1] and since
€ [—1,1], all other terms are bounded by 1 as well. O

Lemma 4.11. Let 0 < ¢ < 3. For PI!(x), the following holds:

1. Prcl(z) € [1 - :Hﬁrwe[llh[n,ﬂ
2. PIet(a) € [0.] forz € [5h, 4]
3. Pr*Y(x) has an even degree O(klog(1/e)) for x € [-1,1].

Proof. 1. Let z € [-1,1] \ [_—1 l}. Both z — 2 and —z — 2 are outside the interval

{ =, 4}{} By definition of Pe (;1: — 2)~1and P@ ( z — ) ~ 1. Therefore,
it is:

1 2
1+g ° 1+

€l—el].

2. Let x € [2n> 55 |- Both x— and —r— % are close to + 43 respectively, which is far
from +--. Hence, by Deﬁmtlon we have Pe ($— 2)~0and Pe ( r— )~
0. Therefore:
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4.2 Polynomial Approximation for QSVT

1 1 1
Prect(z) ~ 1+=(0 0): .
i~ g (14 5040) = 7

To establish that this expression lies within the interval [1 — €, 1], consider that the
function

1
2

is strictly decreasing because its derivative is

m<0 forall e > 0.
2

For any 0 < € < %, we can expand f(e€) as:

1 _q €
1+ 5 2

For small €, the higher-order terms O(€?) are negligible, so we approximate:

Sincel —e<1-— % for0<e< %, it follows that:

1—¢e<

<1,

3
confirming that P (z) indeed lies within [1 — ¢, 1].
3. The polynomials PEQ ', () used in PI5?(x) are constructed to have an even degree

4K
O(rlog(1/e€)). Since P! (x) is a combination of such polynomials shifted by con-

stants, its degree remains even and in the same order.
O
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4 Methodology

We can construct the final polynomial for matrix inversion as follows:

Definition 4.10. Let 0 < € < % For a matriz A € R™" {nvertible with the condition
number k = Zmax > 1 yhere omax and omin are the largest and smallest non-zero singular

Omin

values of A, the matriz inversion polynomial is defined for x € [—1,1]\ {_71, ﬂ as:

I 1
Pl (@) = o _Pels, (0) PIS @),

where e/:min(26 K ) =0 (9).

577 2'D§,2n K

Note that Di,gli is the degree of the polynomial from P/? (see Definition . Also,

note that the term g—; in the above definition ensures an 5--approximation to i% over

the range of singular values, while the other term ensures that the polynomial is bounded
for z € [%1 l}.

'K

Lemma 4.12. PMI(z) has degree d = O(rlog(k/€)).

Proof. The degree of P%I(x) is determined by the degrees of its parts P;l/gﬁ(:c) and

. 1 : : : .
Pe,i’g“(:c). The degree of P;xn(x) is by construction, given by D, , = O(klog(x/€)). With
Lemma the degree of P () is O(rlog(1/€')). Since ¢ = O (), we have:

log(1/€') = log(k/€e) = log(k) + log(1/€).
Thus, the combined degree of Pelf/g(:v) is calculated as the sum of its components:
d = O(rlog(r/€) + rlog(r/€)) = O(rlog(r/e)).
O]

Theorem 4.4. Let 0 < € < % The matriz inversion polynomial Pé\ﬁ[(ac) satisfies all

requirements for the application of the QSVT Theorem |2.17:
1. Pg}flf is odd.
2. |PMI(z)| <1 for all x € [—1,1].
3. PMI(z) is a -approzimation to =1 forz e [~1,1]\ [_71, %]

Proof. We prove all the points separately:

1. Consider the components of P}f(w) separately. P21 6/ ” () is constructed from Cheby-
shev polynomials of odd order (Th;41(x)), which ensures it has odd parity. P! ()
could potentially be constructed to be even. Thus, the product of an odd function
(leg/ «(z)) and an even function (P/S¢*(x)) results in an odd function. Therefore,
PY1(x) has odd parity.

2. We need to show that |[PM(z)| <1 for z € [~1,1]. From Lemma Im, Pt (z) is

bounded by 1 for z € [-1,1]. For z € {_1 L }, with Lemma |4.11, the polynomial

2K 2k

Prect(z) ensures that P (x) is bounded by €, thus

1
iP%égﬁ(x)Pgﬁt(x) < 1. For

x e [-1,1]\ [_71, ﬂ, Pélgn(x) 5--approximates %, as shown in Lemma
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4.2 Polynomial Approximation for QSVT

J-
-

O

—_

)

3. We need to show that PX(z) is a 5--approximation to =1 for z € [-1,1]\ [

L =
R‘HR
A

Y

From Corollary |4.7 ple (z) is a S-approximation to 1 for z € [-1,1]\ [

h £_
562K 2

Pt (x) is in the desired range [%, H as shown in Lemma |4.11

Remark 4.21. Note that points 1 and 3 in the above theorem are not explicit requirements
for QSVT, as stated in Remark[2.32. However, point 1 allows us to choose the correct
circuit for the QSVT operator since it distinguishes between odd and even (see Theorem
@fmm Section . Point 3 ensures that the use of the polynomial is justified.
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4 Methodology

4.2.3 The Absolute Value Approximation Polynomial

In this subsection, we construct the QSV'T absolute value approximation polynomial,
which is crucial for implementing quantum algorithms that utilize Quantum Singular
Value Transformation (QSVT). This polynomial provides an efficient and accurate ap-
proximation of the absolute value function |-|: [—1,1] — R, meeting the requirements of
the QSVT Theorem [2.17.

Definition 4.11 (Fourier series). Let f € L([0,27]) be a 2m-periodic function. The
Fourier series of f, is given by

(Ff)(z) = ?0 Z (ay, cos kx + by sin kx),

where the Fourier coefficients ay and by for k € N are defined as

1 [2m 1 /27
a = — f(x)coskxdr and by =— f(x)sin kz dx.
™ Jo

™ Jo

Proof. Consider f(x) := |cos(z)|, which is f € L!([0,27]) and a 27-periodic function.
The Fourier coefficients ay and by, for k € N can be determined according to the definition.
We first calculate the a;, coefficients:

1 27
ar = — f(z) cos(kx) dx
™ Jo
= :r/% | cos(z)| cos(kx) dx
0
— %( /Ofcos(x) cos(kx) dx — /; cos(z) cos(kz) dx>
I p

We calculate I7 using the trigonometric identity:
1
cos(z) cos(kx) = 5 (cos((k + 1)x) + cos((k — 1)x))

Therefore,
1/ (2 bl
L = 7</ cos((k+1)x) da:—i—/ cos((k —1)x) da:)
2\ Jo 0

111 112

Substitution with u := (k + 1)z leaves us with:

bl d 1 bl 1
I :/02 cos(u)k_:j1 = m/j cos(u) du = k+1sin ((k—l—l)g)
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4.2 Polynomial Approximation for QSVT
Substitution with v := (k — 1)x gives us:

2 dv I I T
I12—/0 cos(v)k:_1 _m/o cos(v) dv = p 7 5in <(k:—1)2>.

Therefore,

sin ((k+ 1)2) + k 1 T sin ((k: — 1);)) :

Now we calculate I which is the same integral as I evaluated at different values:

1 1 1
1 2(11—1— 12) 2(/<:+1

1 s s
I, = 5 (/ cos(kx + x) dx +/ cos(kx — x) d:v)
bl

=3 (g (sin((k + 1)7) = sin ((k +1)F)) + 5Ly (sin((k — D7) = sin ((k = 1)3)))

Therefore we have:

ak:%(II—IQ)
1 <2s,in((k:+1)g) | 2sin ((k — 1)g)>
T k+1 k—1
2 (Sin (k+1)%) N sin ((k — 1)72r)>
s k+1 k—1

Note that for k = 2m + 1 with m € N, it is

sin (2m+1+1)%) sin((2m+1-1)%) _ sin (2(m+1))%) sin((2m)%)
om+ 1+ 1 om+1— 1 2(m + 1) 2m

=0.

Therefore, we only need to consider k — 2k for our terms:

o 2 <sin((2k+1)72r) sin ((2k — 1)72r)>
" 2k + 1 2k — 1

_2((=DF —(=D"
_7r<2k+1+2k—1>

_2(—1)’?( 1 1 )
R 2k+1 2k—1

_2(=1)* ((Qk —1) - (2k + 1))
(2k +1)(2k — 1)
2(—1)k —2
m (2k+1)(2k—1)

4(_1)k+1 1

T 4k2—1
- 4(_1)k+1
- w(4k2 - 1)
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4 Methodology

Also, since | cos(z)] is even, the by terms vanish. Therefore, we only need to calculate ay,
which is the following:

1 27
ap = 7/ | cos(x)| da
m™Jo

= 727(/072r cos(z) dr — /: cos(z) d:ﬂ)

2
s
s

2

2

(sin(:c)

— sin(z)

0

RS NN

Corollary 4.2. The Chebyshev series of f(x) := |z| for x € [—1,1] is given by:

) 4 k+1
ole) = 2+ 23 )

Proof. This follows with a change of variables since T},(cos f) = cos(nf) for 0 € [0,7]. O

Remark 4.22. Note that the Fourier series and Chebyshev series are related in a special
way when the function f : R — R is even and 2w-periodic. This is because, in such
cases, the sine terms in the Fourier series disappear (since sin(nz) is an odd function
and integrates to zero over a symmetric interval), leaving only cosine terms. The cosine
terms in the Fourier series correspond to the terms in the Chebyshev series. A more
extensive review of this relationship can be found in [Boy00)].

Therefore, we can use this as the polynomial to approximate the absolute value as follows:

Definition 4.12. For x € [—1,1], the absolute value approximation polynomial is defined
as:

Pabs(z) =
with d = O ([%—D as the degree of the polynomial.
Note that the absolute value approximation polynomial is illustrated in Figure
Lemma 4.1. The degree of P%(x) is even.

Proof. Let d € N be the degree of P?5(z). This polynomial is represented as a finite sum
of Chebyshev polynomials T (z). The term with the highest degree is Thy(x), which has
degree 2d. Thus, the degree is even. O

Lemma 4.2. P%(z) is an e-approzimation to |x| for x € [~1,1].
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4.2 Polynomial Approximation for QSVT

Proof. Let € > 0. Consider the Chebyshev series foo(x) for x € [—1,1]. The truncated
series fy(x) after N terms is:

2 4 QL (—1)kH!
= — — 7T
fN(l') T + ];:1: 4k2 — 1 Qk(x>
Define En(x) := ||z| — fn(x)| as the error term after N iterations, then it is:

o0 _1\k+1
2y Ui

T p=N41

En(z) = |Jz] = fn(2)] = |foo(x) = ()] =

We want to achieve |En(z)| < e. Since the Chebyshev polynomials satisfy |Tox(z)| <1
for z € [-1,1], we can bound the error term:

4 i Dk 4 i 1
|EN - - 27<6
TN 7rk=N+14k —1

For large k, the terms Wl—l can be approximated by ﬁ. The series Y 72 ny1 k% is a
well-known p-series with p = 2, which converges and can be bounded by:

> 1 1 &1 1 [° 1 1 1
21 2 w@si)y 2=y
k=N-+1 k=N-+1 N
So we have: -
4 1 4 1 1 1
|Eny(z)| <= ) ——<—2 - —=——<c¢
kN1 4k —-1"m 4 N 1N
To satisfy |En(x)| < €, we need N > 1/me. Thus, for N = O ([1/7e]), the polynomial
P2bs(z) is an e-approximation to |z| for x € [~1,1]. O

Theorem 4.6. The absolute value approzimation polynomial Peabs(x) satisfies all require-
ments for the application of the QSVT Theorem [2.17:

1. P(x) is even.

2. |P%s(2)| <1 for all x € [-1,1].

3. P%3(x) is an e-approzimation to |x| for x € [—1,1].
Proof. Note that 1. is the result of Lemma [4.1] and 3. follows from Lemma
We prove 2. explicitly. Let therefore = € [—1,1]. Consider the sum:

k+1

(-1
24 T2k z).

The Chebyshev polynomials Ty (z) satisfy |Tx(x)| < 1 for any k € N by definition. There-
fore, the absolute value of each term in the sum is bounded by 1. To bound the entire
sum, we consider the series:
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4 Methodology

, ﬁ behaves similarly to ﬁ, which is a
convergent p-series with p = 2. Therefore, the sum Y 72, 41@2%1 is convergent and thus
bounded by 1/N with N = O ([1/7e]) for some € > 0 and its partial sums are bounded

as well. Therefore, taking the absolute value of P2"5(z) leaves us with:

We know from the last proof that for large k

d
2 4 1 2 4
ST <Z =3 <y
k2 —1 Qk(x)_ﬂ+7rk:14k2—1_ AN

)] <| 2]+
™

Given that % + WAN < % < 1 for an appropriate choice of e.
O

Remark 4.23. Note that points 1 and 3 in the above theorem are not explicit requirements
for QSVT, as stated in Remark|2.32. However, point 1 allows us to choose the correct
circuit for the QSVT operator since it distinguishes between odd and even (see Theorem

2.17 from Section . Point 3 ensures that the use of the polynomial is justified.

2.0 ™~ T T T T T T T 7T

0.5 1

0.0

-0.5F 1

—-1.0F -

-15¢r b
N P?bs(x)

=== Xl

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

-2.0

Figure 4.5: Comparison between the absolute value approximation polynomial P"S(z)
from Definition [4.12 and the absolute value |z|. The approximation is com-
puted with € = 1 x 107* and d = [1/7€]. The z-axis represents the 2 values,
and the y-axis represents the function values.
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4.3 Overview of the Quantum Algorithm

4.3 Overview of the Quantum Algorithm

The following is an overview of the components of the proposed quantum algorithm to
solve the UCP from Definition |4.2] as shown in Figure

State Preparation: Prepare the quantum state corresponding to the vector AP =
(Prt ugt — Lit)keBter. This step encodes the elements of AP into the amplitudes of a
quantum state, ensuring proper normalization.

Block Encoding of B’: To perform the inversion of the reduced susceptance matrix
B’, employ the Linear Combination of Unitaries (LCU) approach for block encoding.
This involves expressing B’ as a sum of unitary matrices and constructing the necessary
operators for efficient block encoding.

Applying QSVT to Calculate B/~!: Using the block encoding of B’, apply Quantum
Singular Value Transformation ( see “QSVT 1” in Figure to compute the inverse of
B’. Construct a polynomial that approximates the matrix inversion and apply it using
QSVT to calculate the voltage angles.

Block Encoding of the Pp-Vector: Construct a diagonal matrix corresponding to
the power flow vector Py as diagonal block encoding of the matrix D from Section
Prepare a quantum state with amplitudes matching the entries of Py and use this state
for efficient block encoding of the diagonal matrix.

Applying QSVT to Calculate |P,;|: Apply QSVT (see “QSVT 2” in Figure [4.6) to
compute the absolute values of the power flow vector entries, ensuring correct accounting
of the power flow through each transmission line in subsequent calculations.

Applying Quantum Amplitude Estimation (QAE): Given the absolute values of
the power flow vector in quantum state form, employ QAE to calculate the scalar product
(|Py.¢], C1) with the transmission cost coefficients, which is then incorporated into the cost
Hamiltonian as Hipans in Section [4.8.1.5]

Applying the Quantum Approximate Optimization Algorithm (QAOA): Con-
struct the cost Hamiltonian including terms representing operational costs, power bal-
ance, generator output limits, and transmission costs. Optimize the decision variables
by constructing the QAOA state through alternating applications of phase separator
and mixer operators. Calculate the expectation value of the cost Hamiltonian and use
classical optimization techniques to find the optimal parameters. Measure the optimal
quantum state, corresponding to the minimized cost Hamiltonian, to obtain the optimal
operational states of the generators.
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4 Methodology

Remark 4.24 (Verification of the Algorithm). Given the input values specified in Sec-
tion [4.1], the proposed quantum algorithm is confirmed to be well-defined and correct. It
generates an approzimated optimized set of operational states {u;+}ic e and the corre-
sponding power outputs {P;;}iccrer, ensuring that all conditions outlined in Definition
are satisfied. The correctness of each component of the algorithm has been wverified
through the following:

State Preparation: Theorem [].7 confirms the accurate preparation of the initial
quantum state based on the given input parameters.

Quantum Singular Value Transformation (QSVT): Theorem [2.17 ensures
that QSV'T correctly transforms the singular values as required.

Matriz Inversion Polynomial: Theorem [].]] verifies the correct approzimation
of matriz inversion by the polynomial used in QSV'T.

Absolute Value Polynomial: Theorem confirms the accuracy of the polyno-
mial involved.

Quantum Phase Estimation (QPE): Theorem along with Lemma and
Corollary 4.5, establishes the accuracy of QPE in phase estimation, essential for
constructing the cost function.

Quantum Approximate Optimization Algorithm (QAOA): The existence of
a solution using QAOA is affirmed in Remark[].41.

Together, these verifications ensure that the algorithm functions correctly and achieves
the desired outcomes under the specified conditions.

112



4.3 Overview of the Quantum Algorithm

Parameter list from Rem.

APenc—Operator —————— >

PGI}/E-Polynomial ——————

Pj‘bs—Polynomial ------

Y

State Preparation

Prepared State |toyt) from Thm.

Y

> QSVT 1 R LCU Block Encoding of B’

Y

> QSVT 2 R Diag. Block Encoding of D

Calculated |Pp|-Vector

Y

QPE

(|Pt], Cp) incorporated into Hirans

Y

QAOA

Y

Optimized decision variables {w;}ica e and {Pt}icg et

Figure 4.6: Flowchart illustrating the Quantum Optimization Algorithm for solving the
UCP as described in the above Overview Section Note that this figure is
for visualization purposes only and does not represent the exact input data
or computational processes of the algorithms. The diagram is simplified and
sequentially arranged for clarity; however, it should be understood that the
actual process involves nested and parallel operations that are more complex
than demonstrated here.
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4.4 The QSVT Matrix Inversion Procedure

4.4.1 Quantum State Preparation

Given AP € RIBIMT| with AP = (Prtukt — Lit)keBter- We use the amplitude encoding
method for quantum state preparation, following the methodology described in [SP18]
and introduced by [MVBS04]. This method utilizes R, (n~") rotation gates about the y-
axis to encode the elements of AP into the amplitudes of a quantum state. The required
rotation angles, niAP , are derived to ensure the resulting quantum state corresponds to a
normalized version of AP.

Definition 4.13. Given the vector AP € RIBIT| the amplitude encoding operator APey,,
is defined by the sequence of unitary operations that prepare the quantum state |AP). The
operator AP.,. is defined as:

1
AP, - [0)@os20BHTD

z Vk,t ‘k7t>

IV kebrer

where |k, t) is a given basis vector indexed by the pair (k,t) and

Pk,t Zf kedG
Vit == .
_Lk,t ka g G

where Py is the net power generated at the bus k and timestep t and Ly, the load. Il
is the norm of all the vectors including all Vi for all k € B.

Remark 4.25 (Index mapping). To prepare this quantum state, each rotation angle njAP
is given for j € {1,2,...,|B|-|T|}. Therefore we can use the following index mapping:

j=@—-1)-|B|+k fork€ Bandte T
If the index set T ¢ N use the position of the given indez.

The value of njAP is calculated according to the formula described in [MVBS04] where
the Vj.; are calculated for all K € B and t € T as by definition:

Vs
n]»AP = 2arcsin ( J )
\/ZkeB,teT ’Vk,t,Z

This formula also accounts for the normalization from the i-th component onwards. The
implementation uses a series of controlled Ry(niAP ) rotations. Note that R.-rotations
are not necessary in this circuit since the input values are real. The amplitude encoding

operator AP, is incorporated into the whole state preparation circuit (see Figure [4.7)).
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4.4 The QSV'T Matrix Inversion Procedure

Theorem 4.7. The state preparation operator (see Figure creates the following state
[Vout) € C2( 1) g5 output of the first register assuming that all buses are connected to a
generator where n = (|B| - |T|):

Poug
Pyuy
Pyuy
P3ug

1 Pyuy
|"7Z)out> (1 B uO)PO
V1| (1= w)P,

(1 —up)Pp
0

0
where HVH is the normalization factor of the amplitude encoding operator and the indezxes
are mapped to one dimension using the mapping from Remark [{.25.

Proof. Let n = |B| - |T|. The initial state of the system can be written as:

[bo) = 10) @ [0)*°%" © Jug) @ |ur) @ - - - @ |un)

The APeyc operator encodes the vector of Vi 4 for k € B and t € T into the second register

where |k, t) is a given basis vector indexed by the pair (k,t) and Vj; = P if k € G and
_Lk,t lf k ¢ G:

1

APy 021520 =~ S™ v k1)

IV keBrer

Assuming B = G (i.e., all buses are connected to a generator), then Vi, ; = Py for every
k € B and t € T. The state after this operation is:

B,teT

l1h1) = 10) S Puglkt) | @ |uo) ® Jut) ® - @ Jup)
HV|| ke

Next, we apply a series of controlled-X gates, with the first qubit as the target and the
second register and the |u;) qubits as controls. The effect of these controlled-X gates can
be understood as follows: Each controlled-X gate will flip the first qubit if and only if the
corresponding control qubits (from the second register and the |u;) qubits) are in the |1)
state. Using the index mapping from Remark sothat i =(t —1)-|B|+k for k€ B
and t € T, the state after applying all controlled-X gates can be expressed as:

i) = H;H " P ui & 0) i) ® [uo) @ Jur) @ -+ @ [un)
=0
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Since the initial target qubit is in the |0) state, the @ operation with u; either flips or
maintains the state based on the value of w;:

1 n
1) = Piui) i) @ [ug) @ |u1) @ -+ @ |up)
=

This means the first qubit will be in the state |u;) corresponding to the control qubits’
state. To account for the (1 — u;) terms, we recognize that the state can be decomposed
into parts where the qubit is |0) or |1) for each u;:

1=0

When we combine these results, the first register’s state after considering both u; and
(1 — u;) contributions is:

Yout) = (Pouo oo Poup (1—u)Py ... (1—up)P, 0O ... o)
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o ®
|
I
I
l

D
oD
S S N
D

( W]out>
j0) @182 3 | APon

o) — X T i
fur) — x| [ X | Ju)
) —] T
jus) —{x] (X} fua)

|un—3) @ @— [Up—3)

[tn—2) — X ] (X | Jun-2)

|un—1) @ @— |Un—1)
|tn) [x] (X | Jun)

Figure 4.7: Quantum Circuit for State Preparation, where X are Pauli X-Gates and A Pey.
is the amplitude encoding operator for n = |G| - |B|. The output state |1)oys)
is described in Theorem
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Algorithm 4.5: Quantum State Preparation

[y

W

Input : The values of Py, u;, and L for k€ B,i € G,and t €T
Output : Quantum state [tou) encoded in a quantum register, see Theorem
for an explicit form of the output state.
Complexity: See Theorem from Section
Procedure :
Prepare the initial state as |0) ®]0)2°82(") @ |ug) @ |u1) @ - - @ |uy,), where
n=|B|-|T|. . .
Calculate the Euclidean norm ||V]| of the vector V' where
] Pk,t ifkeG
T — Ly ifkEG
foreach k. € B andt € T do
Encode V},; into the amplitude of the basis state |k,t) in the second register
using the APey. operator:

1
APy |0)8152M =~ Ny k)
VIl reBrer

foreach 1 =0 to n do
Apply a controlled-X gate with the first qubit as the target and the second
register qubits and the |u;) qubits as controls:

Apply C"X gates to transform |0) to |u; @ 0)

Account for both u; and 1 — u; contributions:
1 n
|ths) = Il Py (us 1) + (1 = ;) 0)) |4) ® |uo) @ |ur) @ - -+ @ [un)
i=0

Combine the results to form the output state [tout).

1
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4.4 The QSV'T Matrix Inversion Procedure

4.4.2 LCU Block Encoding of the Reduced Block Susceptance Matrix

We use the Linear Combination of Unitaries (LCU) approach (see Section for
block encoding the matrix B’ following the methodology described in [CW12b] and
discussed in [DMWL21]. To achieve the block encoding of the matrix B’ according to
Corollary we first need to express it as an LCU, with K < (|B| - |T|)? as follows:

K
B' = yUs,
k=1

where y;, € C are complex coefficients and Uy, € RIBITIXIBITI are unitary matrices. Let
a =K | |yx| be a normalization factor and aj, = % be the normalized coefficients. For
implementing the LCU-Operators, we follow a slightly modified version of [DMWTL21].

Definition 4.14. The Prepare operator for the matriz B’ is defined to create a state:
K
PREPg € £(C*",C*), PREPg/|0) = > /aglk),
k=1

Definition 4.15. The Select operator for the matriz B’ is a controlled unitary defined
as:

K
SELp € L(CK ®C"), SELp =Y |k) (k| ® Uy,
k=1

Note that for PREPp/ the state |0) is the initial state of an ancillary register and |k) are
computational basis states, for SELp/ the |k)(k| acts on an ancillary register and Uy on
the target register as seen in the exemplary circuit

Theorem 4.8. For the matriz B' with n = |B|-|T| the unitary operator Ug/ defined as:
Ug := (PREPL, © I,,) - SELp/ - (PREPg: ® I,)
creates a block encoding for B, where I, € R™*"™ are the identity matrices.
Proof. To prove that Ug: is a block encoding of B/, we need to show that:
B —a ((0[** ® I) Up (|0)** @ I)| < e,
where o = K | |y| and the operators are defined with aj, = % as:
K K K
PREPg [0) = Y vag|k), SELp =Y |k) (k|® Uy, PREPL, =" Jay (k|
k=1 k=1 k=1

Let |[¢) € C™ be an arbitrary quantum state. We apply PREPp/ ® I, to |0) ® [¢), and
then SELp/ to this state:

K K
SELp ((PREPg: @ 1,)(|0) ©[¢))) = SELg (Z Va |k) ® lw>> =Y Vak|k) @ Uy ) .
k=1 k=1
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4 Methodology

Applying the un-preparation operator PREPTB, ® I, to the above state and using the fact
that (k[j) = d; (Kronecker delta), we get:

Mw

K K
(PREPL, @ I,)) (Z Va |k) @ Uy |¢>> ( Vg <kl> (Z Vajli) ® Uj |w>)
k=1 Jj=1

&~
Il
—

Mx

apUy 1) .

i

1

Combining the results from the previous steps leaves us with:

U (10) ® [¢)) = ((PREP}, ® L) - SEL4 - (PREPR: ® 1)) ([0) @ [14))

K
. (zakvk) )
k=1

(O & 1) Up ([0)%* @ I) = ZakUk—Zkak— Zkak:a B

We project onto (0|%% - |0)®*:

Since with the following the condition is satisfied:

IB' = o ((0]%* © 1) Up (10)° & 1)|| = B - a(a™'B)

The operator Ug: defines a block encoding for B’. O

The following circuit, PREPg/ prepares the state Zle Vai |k) and SELp/ is a controlled
unitary operation U = Y°5_, |k) (k|®@Uy. Then PREPTB, unprepares the ancilla state back
to [0)®1°8 X Thus with:

Up = (PREP}, ® I,,) - SELp, - (PREP ® I,,),

the matrix B’ is block encoded as:

B/ _ a(<0®logK‘ ®I)UB/(’0®10gK> ®I)

where a = YK | |yx, the normalization factor.
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4.4 The QSV'T Matrix Inversion Procedure

’0>®n — PREPgw/ PREPE, I

Figure 4.8: Exemplary Quantum Circuit for LCU-Block Encoding B’ using the LCU
method, with n = log,(|B] - |T) .

Algorithm 4.6: Quantum Circuit for LCU-Block Encoding of Matrix B’

Input : The matrix B’ that can be decomposed as B’ = Zszl YU where
yr are complex coefficients and Uy are unitary matrices.
Output : A quantum state proportional to B’ |AP), specifically a~'B’ |AP)

where a = Y74 [yx|-
Complexity: See Theorem [5.2] from Section
Procedure :

1 Calculate the normalization factor o = S_K | |yx| and the normalized coefficients
ap = ‘%.

2 Apply the Prepare operator PREPg to create the state
PREPg/|0) = K, Jax|k).

3 Apply the Select operator SELg: = Zle |k) (k| ® Uy to the combined ancillary
and target registers.

4 Apply the Unprepare operator PREPTB, to return the ancillary register to the |0)

state.
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4 Methodology

4.4.3 QSVT-Based Inversion of the Reduced Block Susceptance Matrix

We assume that for B’ all its singular values o; € [1,1] for £ > 1, where & is the condition
number, the matrix is already rescaled according to Remark [4.10.

Remark 4.26. For the inversion of A € R™" in [MRTC21|, the matriz At is used.
However, this is unnecessary for our case, because, if we consider a real-valued, full-
rank, square matriv A € R™™. Since A is real, A = AT. For a full-rank matriz,
all singular values are non-zero, ensuring invertibility. The distinction between A and
At is important for complex-valued matrices or ensuring unitary evolution in quantum
algorithms. For real-valued matrices, where A = AT, operations involving A maintain
the requisite properties without needing AT.

The block encoding Ugs of Theorem together with the matrix inversion polynomial
from Definition with Theorem satisfy all prerequisites for the QSVT Theorem
2.17. Therefore with these, we can define a QSV'T Operator:

Corollary 4.3. Given the Ug: block encoding of Theorem|[4.8 from Section[{.4.2 and the
matriz inversion polynomial Pé\ﬁ[ of Definition |4.10, the operator QSVT pur performing
the Quantum Singular Value Transformation (see Theorem@ can be constructed ac-
cording to Figure . The projectors Iy, = |0)*™ (0|®™ ® €'%k7% are given with phase
angles ¢ € R for 1 < k < |d/2]| locating B’ inside the block encoding Ug:. The operator
is defined for d = O(klog(k/€)) odd, the degree of the matriz inversion polynomial as

(see Theorem |4.4):
( MGV (By) )

where P.E],\,J.@I(SV) (B') is given as a block encoding for the singular value decomposition:

(d-1)/2
QSVTP%@I(UB’) = g, Un H Iy, U]E’H@k-kl Up’
k=1

B =Uxv’
where U € RIBITIXIBITI gnq v e RIBITIXIBITI gre orthogonal matrices, and a diagonal
matriz ¥ € RIBITIXIBITI tp, singular values 01,02, ...,0(B| ) on its diagonal:
MI(SV &L MI
PMIEVIB) := >~ PN (o) [ug) (v, (4.3)
j=1
Proof. Follows from Theorem O

To calculate the phase factors for the QSVT-Sequence, one can apply the method de-
scribed in Section [2.4.2.2]
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4.5 Block Encoding of the Load Power Vector

——| e~ Pd+10z e~ i¢ao: . e~ iPd+10= e~ 102

Up/ Ug, Up/

Figure 4.9: Quantum Circuit the QSVT pmi (Upy)-Operator if with the degree d of ng
odd, where 7 = log,(|B||T"|) and m-ancillas from the LCU Block encoding.

Algorithm 4.7: QSVT pmr Operator

Input: A Block encoding Ug/ for B’ with a condition number x > 1 for the
matrix B’ and an error € < 1/2.
Output: A block encoded 5--approximation of 5B’ -1
Complexity: See Theorem [5.3] from Section
Procedure :
1 Determine a unitary block encoding Ug: for B'. (see Thm.
2 Calculate the phase angles ¢, € R for 1 < k < [d/2] using the method described
in Section [2.4.2.2]
3 Apply the QSVT sequence to with this block encoding to compute (P%I)(SV) (B'),
with the matrix inversion polynomial P%I(a;) from Definition m

4.5 Block Encoding of the Load Power Vector

Remark 4.27. After applying the QSV'T procedure, we obtain the pseudoinverse of the
matriz B’ (see Section |2.4.5.3). This allows us to calculate the voltage angles for each
time step and, consequently, for each transmission line | € L between buses i,j € B. At
each time step t € T, we calculate the power flow Py, using the voltage angles and line
susceptance Bj:

Py = Bi(0is —054)

where 0; 1 and 0;4 are the voltage angles at the buses connected by line . The transmission
cost for line l at time t is:

cf™ =Py Gl

We call Py, € RIZITI the Load Power Vector, which we will construct now. We again use
block encoding for the vector Py, := (Pyt)ierLteT Where L = {l1,l2,..., 5|} is the index
set of all transmission lines and T = {t1,t2,...,t/7} the index set of all time steps. The
vector can be expressed as:

_ T
PL - (Bl,tlv Plz,t17 ceey PI|L‘,t17 F)h,tga ) Pl‘L|,t27 ey Pl1,t‘T|7 BZ:t|T\7 ceey B|L\vt|T\)

This vector explicitly lists each element F}; in a sequential manner, starting from ¢; and
iterating through all [ values, then moving to ¢z and so on, until ¢7.

Define the set of indices where all entries of Py, are zero, i.e., the value P,; = 0 where no
power flows through line [ at times ¢:
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4 Methodology

Z={(.t)eLxT|P,=0)

Given the set Z, we can construct a vector P by excluding the zero entries. Then, P/
is formed by excluding the elements P;; where (I,t) € Z:

L={Pul@t)e(LxT)\Z)

The resulting vector is P} € RIENTI=1Z] - Thus, P’ is the refined vector obtained by
removing all |Z|-zero entries from Py,.

In order to process that refined vector using a block encoding, we construct a quadratic
diagonal matrix with the entries (Pl,t)(leL,teT) without Z of the vector P’ on its diagonal.

(LT =12 )% (| L] T(=|Z])

We need to create a matrix D € R with the elements of the vector

on the diagonal and all other elements zero as follows:

D = diag(ﬂl,tl) ]DIQ,t17 ey ]Dl|L‘,t17]Dll,t2) ]Dlz,t27 ey ]:)l|L‘,t25 DRI -Pll,t‘T‘af)lg,t‘T‘a DRI -PZ‘L|,t‘T|)

Let n = |L| x |T| —|Z|. Then the matrix D can be represented as:

Py 0 0 0
0 P, 0 0

D=| 0 0 Pyy - 0
0 0 0 Plnytn

This construction ensures that D is a diagonal matrix with no zero entries on its diagonal,
thus has full rank and is invertible. Also, the singular values are given through

Lemma 4.1. Let n = |L| x |T'| — |Z|. The singular values (D) of D are given through

U(D) = {‘Pll,t1|7 |Pl2,t1‘7 SR |Pln1t'n‘}

Proof. The singular values are given as the square root of the eigenvalues of D' D. For
a diagonal matrix, the eigenvalues of:

T . 2 2 2 2
D*D = dlag(Pll,tN P127t17 Pls,h? ) Pln,tn)
are simply its diagonal elements. Applying the square root gives us the result. O

The following theorem provides a method proposed by [RR23] to block encode a diagonal
matrix using a state preparation unitary. By preparing a quantum state whose amplitudes
correspond to the diagonal entries of the matrix D, we can use the theorem to construct
an efficient block encoding of D. This block encoding can then be used in our algorithm.
Using this instead of LCU gives us more efficiency as seen later:

Theorem 4.9 ([RR23|). Given an n-qubit quantum state specified by a state-preparation
unitary U, such that |¢)®" = U|0)®" = ;-V:Bl Vil7)®™ (with ¢; € C), we can prepare a
(1,n + 3,0)-block-encoding U4 of the diagonal matrix A = diag(vo, ..., ¥n—-1) with O(n)
circuit depth and a total of O(1) queries to a controlled-U gate.
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4.5 Block Encoding of the Load Power Vector

Proof. The complete proof involves the construction of a number of truncated lemmas;
therefore, for a complete proof see [RR23]. O

To use this theorem for block encoding the diagonal matrix D, we need a quantum state
preparation unitary U such that it prepares the state [¢)), = Z;V:_Ol Y;|7)n where the 1;
are the diagonal entries of D:

n—1

W=D Pililn

J=0

where n = |L||T'| — |Z|. If we can prepare this state using a unitary U, then we receive
a (1,n + 3,0)-block-encoding Up of the diagonal matrix D = diag(to, ..., ¥n—_1) with

Vi = Py,

Theorem 4.10. For the diagonal matriz D from above with n = |L||T| — |Z| the unitary
operator Up creates a (1,n + 3,0)-block encoding for D, where I, € R™™™ is the identity
matriz.

Proof. Follows from Theorem O

Thus, with the above theorem, the matrix D is block encoded as:

D = a((0°5K| & 1)Up (07" ) & 1)

where « is the normalization factor.
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4.6 Applying QSVT for Absolute Value Computation

We again assume that for D all its singular values o; € [%, 1] for k > 1, where & is
the condition number. If D is not already rescaled, apply the procedure as described
in Algorithm The block encoding Up of Theorem together with the identity,
which satisfies all prerequisites for the QSVT Theorem [2.17:

Corollary 4.4. Given the Up diagonal block encoding of Theorem|4.10 and the absolute
value approzimation polynomial P of Definition @ from Sectz’ the operator
QSVT pass performing the Quantum Singular Value Transformation (Theorem IZN) can
be constructed according to Figure M The projectors Ty, = |0)¥™ (0|®™ @ e'?7% are
given with phase angles ¢, € R for 1 < k < |d/2] locating D inside the block encoding
Up. The operator is defined for d even, where d is the degree of the absolute value
approximation polynomial (see Theorem as:

/2

H H¢2k71 UJTDH¢2k Up
k=1

QSVTPEabs (UD) -

B (Peabs(SV)(D) )

where Peabs(sv)(D) is given as a block encoding for the singular value decomposition:
D = Iz iz) - diag(|Pry o | [Pyl 1Py gty ) - Diiimi-12)

where I,, € RULITIZIZDXALITI=IZ]) s the identity matriz:

Peabs (SV) (D) — Z Pgabs(Pl,t)eje;ra (4.4)
LOE(LXT\Z
Proof. Follows from Theorem [2.17] O
[idaiio- | [=ideo- | . [idaiio- | [idio- |
€ € € e
Up ul, ul,

Figure 4.10: Quantum Circuit for the QSVT pans (Up)-Operator with the degree d of pabs
being even (see Lemma[4.6), where r = log, (| B||T'|) and m-ancillas from the
diagonal block encoding.
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4.7 Applying the Quantum Amplitude Estimation

Algorithm 4.8: QSVT pans Operator
Input: A block encoding Up for D and an error € > 0.

Output: A block encoded e-approximation of | P |.
Complexity: See Theorem [5.4] from Section
Procedure :
1 Determine a unitary block encoding Up for D. (see Thm.
2 Calculate the phase angles ¢ € R for 1 < k < |d/2] using the method described
in Section [2.4.2.21
3 Apply the QSVT sequence to this block encoding to compute bes(sv)(D), with
the absolute value approximation polynomial P2>(z) from Definition M

4.7 Applying the Quantum Amplitude Estimation

Given that the P ; values are obtained from the QSVT and are thus already in a quantum
state form, we can proceed directly to the subsequent steps without separate state prepa-
ration for P ;. Our goal is to calculate (||, C;), which is then inserted and completes
the cost function (see Def. |4.2)).

Remark 4.28. For the detailed definition of the Hilbert space for the power flow variables
P, refer to Remark|4.37. We assume a Hilbert Space H of dimension dim(H) = 2".

Remark 4.29. To avoid potential confusion with the notation |P, ;| when used within
kets, we define abs(P,;) := |Py4| in the following section.

Definition 4.16. The quantum state representing the transmission cost Cj for linel € L
is prepared using the unitary operator Ug, :

Uc,: H—H, 00" ]|C)
Definition 4.17. Define the Hermitian operator Uy : H — H for the Hadamard test as:
UH = Ugl UabS(Pl,t)

where Uyps(p, ,) 1S the identity operator since labs(Py.)) is already in quantum state form
from the QSV'T procedure in the step before.

Remark 4.30. The Hadamard test creates the superposition state necessary for estimat-
ing the real part of the inner product of the two quantum states:

1
V2

Definition 4.18. The Grover operator Q : H — H is defined as:

(10) @ [abs(Pys)) + [1) ® Ug |abs(Fir))) € H @ C?

Q := AU AUy,
where:

o A:H — H is the unitary operator that prepares the state |1).
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4 Methodology

o« Up:H—H, Uy=1I-20)°"(0|®" is the diffusion operator, flipping the sign of
the amplitude of the [0)®™ state.

e Uy, - H—-H, Uy =21 1901 applies a phase flip conditioned on the first
qubit being |1).

Lemma 4.1 (Quantum Amplitude Estimation [Thm. 12 [BHMTO02]]). Given an n-qubit

unitary operator A : [0)%" = |¢), where |¢) := /T —a|o) + v/a 1), we can compute
a basis-encoded e-approzimation of % arcsin (y/a) with success probability 1 — § for any

0 < § <1 by applying Quantum Phase Estimation (QPE) on |¢) and Q := — AUy AUy, .
Lemma 4.2 ([LHF24]). Given |¢) € H wvia U : [0)®" — |[¢), we can find an e-

approzimation of
2m 1
— - arcsin -+ LMHW)
T 2 2

with success probability 1 — & for any 0 < § < 1 by applying QAE on Q := .AUO.ATU%,
where Uy := I —2|0)®" (0|%™, Uy, := Z @ I®"Y and A represents a Hadamard test
of [0)°™ [4) with Uy, a given (1,m,0)-block-encoding of the subnormalized Hermitian
matriz H € C?"*2".

Corollary 4.5 ([LHEF24]). Given Uy : [0)®" v |[¢0) and U, : [0)*™ v |), we can compute

an g-approzimation of
2m 1
— - arcsin -+ [ely)]
T 2 2

with success probability 1 — & for any 0 < § < 1 by applying the algorithm proposed in
Lemma tom=0,U=1%" and Uy := UJ,U,Z,.

Remark 4.31. Using Quantum Amplitude Estimation (QAE), we aim to obtain an e-
approzimation of the scalar product (|Pi4|,C). The goal is to estimate the amplitude
a€[0,1]:

A:H—=H, 00" = Jabs(PLy) == V1 —alto) + Valir)

where the value a is related to the scalar product [(Ci|P4+)|.
We use the Grover operator Q iteratively and apply quantum phase estimation (QPE) to

obtain an e-approximation of:
2m

— arcsin (va)

m
We then obtain the e-approximation of the scalar product:

2m 1 [{C|P)
7Tarcsm( 5—1-#

and solve for |(C}|P+)|.
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4.7 Applying the Quantum Amplitude Estimation

Algorithm 4.9: QAE for Cost Calculation

Input : Quantum state |abs(P,;)) with abs(P,;) := |P¢| from QSVT,
transmission cost state preparation unitary Uc,, number of qubits
n, precision parameter €, success probability parameter §

Output : e-approximation of the scalar product (| P 4|, C;)
Complexity: See Theorem [5.5| from Section
Procedure :

Prepare the quantum state for the transmission cost |C;) using the unitary

operator:
Ug, : C*" = C¥, |0)®" = |C)

Define the Hermitian operator for the Hadamard test:
_ g7t
U = Ug,Uabs(p,,)
Perform the Hadamard test to prepare the superposition state:

1
V2

Define the Grover operator Q:

(10) ® |abs(Frr)) +[1) © Un [abs(Pe)))

Q = AUGA'Uy,

e A:C? — C?" is the unitary operator that prepares the state.
o Up=1-2]0)%"(0|®" is the diffusion operator.
o Uy, = Z ® I applies a phase flip conditioned on the first qubit being |1).

Use Quantum Amplitude Estimation (QAE) to estimate the amplitude a € [0, 1]:
A:C¥ = C, |0)*" = |abs(Pry)) == V1 — alio) + vValir)

Apply the Grover operator @ iteratively and use Quantum Phase Estimation
(QPE) to obtain an e-approximation of:

2m

— arcsin (vVa)

™

where the value a € [0,1] is related to the scalar product |(C;|P,)|.
Obtain the e-approximation of the scalar product:

2m 1
— arcsin 4 w

Output the e-approximation of (| P .|, Cy).
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4.8 Applying the Quantum Approximate Optimization
Algorithm

4.8.1 Constructing the Cost Hamiltonian

To incorporate the constraints of the UCP formulation (see Definition [4.2)) into the QAOA
framework (see Section , we need to formulate the constraints as penalty terms
within a Hamiltonian. This will ensure that the constraints are respected during the
optimization process. Therefore, these penalties will be included in the cost Hamiltonian
(as described in [ZWC™20, [Lucl4l [Con24]).

4.8.1.1 QAOA Representation of the Generator States

The operational state of each generator is binary:
uir € {0,1}, VieG,vteT

This constraint is naturally handled by encoding w;; into qubits where 4;; is a quantum
operator representing the binary variable. Each 4, is mapped to a single qubit, with |0)
representing u; ; = 0 (off) and |1) representing u;; = 1 (on).

The Ising model (see [Con24, NC10]) is a mathematical model used in statistical mechan-
ics and quantum computing, where each spin (or binary variable) s; € {—1,+1}. The
Ising Hamiltonian is typically written as (see [Con24]):

Hying = — > _ hisi — Y Jijsis;
5

i<j

However, in our formulation of the UCP (see Definition |4.2)), the binary variables u;; €
{0,1} are given for ¢ € G at time ¢t € T. To translate this into an Ising form, we relate
the binary variable u;; to an Ising spin s;; as follows:

1
sit =2u;y — 1 or equivalently, w;; = 5(1 + si¢)

In the quantum context, where s;; is represented by the Pauli-Z matrix o7, with eigen-

values £1 (see Remark [2.23):
1

Uit = 5(
This form directly maps the problem into an Ising model (see [Lucl4]) where o7, acts as
the spin variable. The Hamiltonian for the UCP, formulated using ; ¢, is then in Ising
form, allowing the problem to be addressed using quantum algorithms that solve Ising

models, such as the QAOA. To define 4, , first consider the following Hilbert space:

Remark 4.32 (Hilbert Space for Binary Variables). Let Ha denote the two-dimensional
Hilbert space associated with a single qubit (see Definition|2.31), defined as:

Ha = span{|0), [1)}

Since we consider a system with |G| generators and |T| time steps, the total Hilbert space
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4.8 Applying the Quantum Approximate Optimization Algorithm

H,, for the binary variables is the tensor product of the individual qubit spaces:

o - (®®Hz)

i€GteT

This space has dimension dim(H,,) = 2/¢H7,

Definition 4.19 (Pauli-Z Operator for Generator States). Given H, as described in
Remark |4.32, the operator o7, € L(Hy,) is the Pauli-Z operator acting on the qubit cor-
responding to generator i € G at time t € T. The index j for this qubit is given by the
index mapping in Remark [4.25:

j=t=1)-|G[+1,

where i € G and t € T. The operator o7, is then expressed as:
Uf,t _ 12®(j—1) QF® I?(”—j)’

where n = |G| x |T| and j is the index calculated using the mapping from Remark |4.25.
o* is the Pauli-Z operator (see Definition|2.54) acting on the j-th qubit, and Iy € L(Hz2)
is the identity operator.

This definition ensures that the Pauli-Z operator acts specifically on the qubit corre-
sponding to the generator ¢ at time t, with identity operators acting on all other qubits.

Definition 4.20. The operator 1;; : Hy — Ho where Hy, is the Hilbert space described
in Remark|4.52, is defined for a generator i € G at time t € T as:

1

Uit = §(Iu —04)

where o7, is the Pauli-Z operator acting on the qubit corresponding to generator i € G at

time t 67Tfr0m Definition |4.19, and I,, € L(H,) is the identity operator.
Lemma 4.3. The operator 4;; € L(H,) is linear.

Proof. Let ¢, ¢ € H,. Then:

1 1
Uit (Y + @) = §(Iu —o;) (W +¢) = §(Iu¢ +1ugp — 074 — 0740) = Wigth + Ui

For any o € C and ¢ € H,:

safo) = 5 (I — of) o) = 5 (01 — a07y) = o
O

Remark 4.33. In the Hilbert space H, (see Remark |4.32), the operator G;; acts as
%(12 — %) on the qubit associated with generator i € G at time t € T and as the identity
on all other qubits:

UGipg=h® - Q@-z(Ir—0")® - ® Iy

N
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The construction of U;; ensures that it correctly represents the binary state of the gen-
erator in the Ising model form, allowing it to be used effectively in the QAOA algorithm
(see [Lucly, |Con24)).

We can define the Hamiltonian for the cost function or objective function of our opti-
mization problem as follows:

Definition 4.21 (Cost Function Hamiltonian).

o prod start ~ ~ stop "
Hobjective = Z Z (CZ'J: S Ui+ Cit - (1 - ui,t—l)ui,t + Cit - Ui,t—l(l - Uz,t))
teTicG

where U;; € L(Hy) is the quantum operator from Definition|4.20 associated with the qubit
representing the binary state of generator i € G at time t € T. All other parameters are

given in Definition [{.2 from Section[{.1]

4.8.1.2 QAOA Representation of the Power OQutputs

To define the power output operator PM fori € Gandt € T within the QAOA framework,
we proceed by constructing the operator using the Hilbert space structure and Pauli-Z
matrices, similar to how the binary state operator @;; was defined. First, we need to
discretize the power output variables P;; (see [Saul3, PTVFE07]):

Lemma 4.4 (Discretized Power Output Variables). Let gp € N. Given the continuous
power output variable P;y € [Prin,i, Pmax,i] (see Definition forie Gandt e T, the
variable can be expressed as:

qp
Pyt = Paingi+ » AP - 27" by,
j=1
where AP; = W and bj;+ € {0,1} represents the j-th binary digit of the power
output. This representation ensures that the entire range [Pmin,i, Pmax,i] 1 covered by the
binary variables.

Proof. Let N € N be an integer. Note that it can be represented using gp € N binary
digits, which has a standard binary expansion given by (see [PTVF07]):

qapP
_2 : j—1
N = 27 24,
j=1

where z; € {0,1} represents the j-th binary digit of N. To represent the continuous
variable P;; within the range [Pin,i, Pmax,i] C [0,00), we scale this binary expansion by
defining a step size AP; as:
Apz _ Pmax,i - Pmin,i )
29P — 1

Note that the step size AP; ensures that the entire range is covered in discrete increments.
We can then express P;; as:

qp

Piy = Paini+ Y AP - 277" by,

)

Jj=1
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4.8 Applying the Quantum Approximate Optimization Algorithm

where b;;; € {0,1} are the binary variables corresponding to the value of P; ;.
Consider the case when all b;;; = 0:

qp
P; i = Puin,i + Z AP; - 27710 = Puin.
j=1
Consider the case when all b;; ; = 1:
qp A
Pit = Pring + ) AP - 271 = Py + AP - (297 — 1)
j=1
Prnax,i - Pmin,i q
= Pmin,i + W : (2 P— 1) = Pmin,i + (Pmax,i - Pmin,i) = Pmax,i

Thus, the expression for P;; correctly maps the entire binary space to the continuous
range [Pmin,ia Pmax,i]- ]

Remark 4.34 (Hilbert Space for Binary-Encoded Power Output Variables). Fach binary
variable bj;; corresponds to the state of a qubit, where |0) represents bj;+ = 0 and |1)
represents bj;+ = 1. The Hilbert space for qp qubits is therefore:

Hoap = span{|0), |1),...,|297 — 1)},

where each basis state |k) € Ho with k € {0,1,...,297 —1} (see Definition|2.33) represents
a possible binary configuration of the qubits.

Remark 4.35 (Hilbert Space for Power Output Variables). Power output variables P;;
associated with generator i € G at time t € T need to be represented with a certain pre-
cision. Assume each power output variable is encoded using basis encoding (see [NC10]),
where qp € N qubits are used to represent the binary expansion of P;; (see [Saul3)):

ar
Pyt = Paing + AP Y 277 44,
=1

where bj;; € {0,1} represents the j-th binary digit of the power output. FEach bj;;
corresponds to the state of a qubit, where |0) represents bj;; = 0 and |1) represents
bjit = 1. The Hilbert space for qp qubits is therefore:

Hoap = span{|0),|1),...,]297 — 1)},

where each basis state |k) € Hoap with k € {0,1,...,29% — 1} represents a possible binary
configuration of the qubits. Since there are |G| generators and |T| time steps, the total
number of power output variables is |G| - |T|. Thus, the combined Hilbert space for all
power output variables is:

i€GteT

Hp = (®®H2qp> :

The dimension of this Hilbert space is dim(Hp) = (297)ICHTI = 2ap-|G-ITT,

133
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Definition 4.22 (Pauli-Z Operator for Power Output). Given the Hilbert space Hoap as
described in Remark @, the operator o7, € L(Haap) is the Pauli-Z operator acting on
the qubit associated with the j-th binary digit bj;: of the power output of generatori € G
at time t € T. Using the index mapping from Remark [4.25, the position k of the qubit
corresponding to the j-th binary digit is given by:

k=(t-1)-1Gl-qp+(i—1) qp+j,
where j € {1,2,...,qp}, 1 € G, and t € T. The operator 0%, is then expressed as:

=5 oo e ",
where n = |G| x |T| x qp and k is the index calculated using the mapping described
above. 0% is the Pauli-Z operator acting on the k-th qubit, and Iy € L(Hz) is the identity

operator.

This ensures that the Pauli-Z operator o7, specifically acts on the qubit representing
the j-th binary digit of the power output for generator ¢ at time ¢, with identity oper-
ators acting on all other qubits. To translate the classical representation from Lemma
into the quantum domain, we associate each binary digit b;;; with a qubit, where
bjit = 0 corresponds to the qubit state |0) € Ho and bjit = 1 corresponds to |1). The
corresponding quantum operator for b;;+ (see [Lucl4l [Con24]) is then:

N 1
bjzivt = 5(12 - O-]Z‘,Z‘,t)’

where 07, , is the Pauli-Z operator with eigenvalues +1. This operator effectively maps the
qubit states to the binary values, with o7, , corresponding to the quantum representation
of the classical binary digit b;;;. Given this mapping, the power output operator ]%,t is
constructed by substituting the quantum operator b;;; for each binary digit:

ap
Pi i = Puin,i - I2ap + AP, Z 2071 by

j=1

AP ap -
= Panin,i - Taar + =5 > 27— 05,)
j=1

We can therefore define this operator as follows:

Definition 4.23 (Quantum Operator for Power Output). The operator ]51-7,5 2 Hoap —
Hoap where Hoap is the Hilbert space described in Remark|).35, is defined for a generator
1€ Gattimete T as:

> A‘PZ & j—1 z
Py := Puin,i - Ioap + Z 2 (IZ - Jj,iﬂf) ;

=1

where Ppyin; s the minimum power output of generator i € G (see Section , AP; is
the power increment for each binary digit, o5, , is the Pauli-Z operator acting on the jth
qubit as defined in Definition @, and Isap € L(Hoap) is the identity operator on the
Hilbert space Hoap .
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4.8 Applying the Quantum Approximate Optimization Algorithm

Lemma 4.5. The operator lf’@t € L(Haap) is linear.

Proof. Let 1, ¢ € Hoap. Then:

. APZ qp )
Pii(Y + ¢) = | Puin,i - Tosr + 5 > 20t (12 - ng‘,i,t) (¥ +¢)
j=1
APZ qp . B
= Puin - Taor (0 +9) + == D97 (B + ) = 0754 + )
j=1
APZ qp -
= Puin,i - (I2ap %) + I2ap @) + > > 2 ! (121/1 =050+ Lo — J;,i,t¢)
=1

=P+ Biyo.

Consider a € C and 9 € Hoap. We have:

. AP, &, .
Pry(o)) = | Pain - Tooe + =+ 327 (= 0%,,) | (o)

2 &

AP qpr .
=a (Pmin,i - Ioap + 5 DIy (Iz - ng',i,t)) (G

Jj=1
= aPZ‘,t"l/J.

4.8.1.3 Power Balance Constraint

The power balance constraint ensures that the total generated power meets the total load

at each time step:
> Piy=)> Lpy, VteT
ieG keB

This constraint can be incorporated as a penalty term in the cost Hamiltonian H¢:

Definition 4.24 (Power Balance Constraint as Penalty Term).

teT i€G keB

2
Hpglance = Z Abalance (Z Pi,t - Z Lk,t )

where Npaglance € RT s a penalty parameter and ]f’i,t € L(Haar) as defined in Definition

723,

4.8.1.4 Generator Output Limits

The following constraints ensure that the power output of each generator stays within its
minimum and maximum limits:

Pimin cuiy < -P'i,t < Pimax Uit Vie G, VteT
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This can be incorporated as two penalty terms:

Definition 4.25 (Generator Output Limits as Penalty Term).

Hiimits == Z Z (amax (pi,t - Pmax,i : ﬁi,t>2 + Bumin (Pmin,i : 'az',t - pi,t)2>

teTicG

where max, Bmin € R are penalty parameters. ]5” € L(Haap) is described in Definition
4.283 and Ui € L(H,,) is described in Definition |4.20.

4.8.1.5 Transmission Cost

The transmission cost through each line should reflect the power flow through that line:
™ =Pyl -C, VleL, VteT

To ensure the transmission cost correctly penalizes the power flow, we include it directly
in the cost Hamiltonian:

Definition 4.26 (Transmission Cost Constraints as Penalty Term).

Hirans = 33 (1B84] - )

teTlel

where C; € R s the cost per unit power flow for line | € L, and pl,t are quantum
operators acting on the Hilbert space Hp, associated with the power flow variables.

Remark 4.36. In this context, Pl’t denotes the quantum operator corresponding to the
classical power flow variable P, ;. While Py represents the actual power flow as a real
number, ]5“ is its quantum analog, used within the quantum algorithm to encode and
manipulate this value in a quantum state. Upon measurement, pl,t gives the classical
value Py ;.

Remark 4.37 (Hilbert Space for Power Flow Variables in Amplitude Encoding). The
power flow variables Py are represented using amplitude encoding (see Section .
The Hilbert space dimension Hp, is determined by the number of qubits np, € N used to
encode the entire system:

dim(le) = 2",
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4.8 Applying the Quantum Approximate Optimization Algorithm

4.8.1.6 Combined Cost Hamiltonian

Combining all the terms, the cost Hamiltonian H¢ is the sum of the components repre-
senting production, start-up, shut-down, power balance, generator limits, and transmis-
sion costs:

Definition 4.27 (Combined Cost Hamiltonian).
He = Hobjecti’ue + Hpatance + Hiimits + Hirans

where He is called the cost Hamiltonian, an operator which acts on a Hilbert space H’
defined through the Hilbert spaces of the individual operators.

Remark 4.38. The total Hilbert space for the entire system is the tensor product of all
individual Hilbert spaces:
H =H,@Hp @ Hp,

The dimension of the total Hilbert space is therefore:

dim(H') = dim(H,,) - dim(Hp) - dim(Hp,)
— 9lGIHTI | 9ap:|GITI  9np

_ olGHTI+ap-|GH TI4np,
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4.8.2 Obtaining the Optimized Decision Variables and Cost

To obtain the cost associated with the approximate optimal parameters ¥* and E* before
performing the final measurement, we can incorporate the expectation value calculation
directly into the classical optimization routine. This will provide an estimate of the cost
for the state corresponding to ¥* and ﬁ*

Remark 4.39. The initial state |1o) € (C)®" is a superposition of all possible states:
1
|¢0> - \/27 Z ’Z>

z€{0,1}m

where n = |G| - |T].

Definition 4.28 (Phase Separator). For a given parameter v € [Ymin, Ymax] C R we
define: '
U(Hg,7) = e~Me

Definition 4.29 (Mixer Hamiltonian). The mizer Hamiltonian is defined as:
Hp=-)Y X;
J

where X is the Pauli-X operator acting on the j-th qubit. Its unitary operator for a given
parameter 8 € [Bmin, Pmax] C R is:

U(Hg,B) = e "#Ho

Note that this is a well-defined matrix exponential because H¢ is a Hermitian operator.
The matrix exponential of Hp is well defined by Lemma [2.1] from Section [2.4.1]

Definition 4.30 (QAOA State). The QAOA state is constructed by alternating applica-
tions of the phase separator and mixer operators

—,

[vp(¥,8)) = U(Hg, Bp)U(Hc, ) - - U(Hp, f1)U(He, 1))

Here, p € N is the number of QAOA layers, ¥ = (71,72, -.-,7%) and B = (81,52, ...,Bp)
are the sets of parameters to be optimized.

Definition 4.31 (Expectation Value of the Cost Hamiltonian). The expectation value

of the cost Hamiltonian Hc with respect to the QAOA state |, (7, [5)) is calculated as
follows:

=, =,

(He) 5 = (o3, D) Holiy (7. )

This expectation value represents the average cost for a given set of parameters 5§ and 3

Remark 4.40. The expectation value <HC>V5 in the QAOA can be computed using a

quantum circuit as follows. After preparing the QAOA state |1,(7, B)), the cost Hamil-
tonian Heo is measured by decomposing it into a sum of Pauli operators. FEach operator’s
expectation value is estimated through repeated measurements on the quantum circuit.
The overall expectation value is then the weighted sum of these measurements, which is
used in a classical optimization loop to adjust the parameters ¥ and 5
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4.8 Applying the Quantum Approximate Optimization Algorithm

The following problem is then to be solved by classical methods:

Definition 4.32 (Classical Optimization Problem). The optimization problem can be
described as:

(7.5) = argmin(He) 5
'AY’?IB ’

Remark 4.41 (Existence of a Solution). We can conclude that the expectation value

-, -, -,

F(3.8) = (He), 5 = (7. B) Holby (3. 5))

is bounded because the Cost Hamiltonian Hc operates on a finite-dimensional Hilbert
space, and its expectation values cannot exceed certain limits. Also the expectation value
f, 5) as a function of the parameters 5y and 5’ is continuous, because it involves ma-
trix exponentials and inner products of finite-dimensional vectors, which are continuous
operations. We also demand the parameters within bounded intervals:

Vi € ['Yminyr)/max] and Bz S [ﬁminvﬁmax]

foralli € {1,2,...,p} with p € N the number of QAOA layers. Therefore:

['anim ’Ymax}p X [/Bmina Bmax]p

the parameter space is closed and bounded, thus compact. For a continuous function on a
compact set, the extreme value theorem guarantees that the function attains its minimum
values. Thus, the function f(7, 5) will attain its minimum within that set. Therefore we
can assert that there exists a solution (V*, 5*) that minimizes the expectation value of the

Cost Hamiltonian He in the QAOA framework:

This ensures that an optimal set of parameters exists, making the problem well-defined
and solvable.

Remark 4.42 (Minimal Expectation Value). The corresponding minimal expectation
value is:

COStmin = <HC>,7*7§*
Remark 4.43 (Steps for Classical Optimization). To obtain the cost at the optimal
parameters ¥ and 5%, we follow these steps:

1. Initialize the parameters 7 and E

2. Ewaluate the expectation value (H, C>% i ustng a quantum simulator or quantum hard-
ware for the current parameters ¥ and 5

3. Use a classical optimization algorithm (e.g., gradient descent, Nelder-Mead) to ad-
just the parameters 7 and f to minimize the expectation value (see [Sauld)).

4. Store the minimum expectation value encountered during the optimization process.

This is the cost associated with the optimal parameters ¥* and B*.
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Definition 4.33 (Optimal Quantum State). After finding the optimal parameters ¥* and
B*, the corresponding quantum state is:

(3", 5%))

Remark 4.44. As the number of layers p in QAOA increases, the algorithm’s perfor-
mance improves, with the expected value (Hc). 7 converging to the optimal value Chygy
as p — oo. This implies that QAOA can theo;’etically reach the optimal solution with
sufficiently large p. For details, see [FH19].

Remark 4.45 (Measurement of the Optimal State). Measure this optimal quantum state
multiple times to obtain a distribution over possible solutions. FEach measurement gives
a bitstring representing a specific configuration of the binary variables w;, which corre-
sponds to the operational state of the generators.
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5 Results

5.1 Complexity Analysis of Individual Components

5.1.1 Complexity Analysis of the State Preparation

For our optimization problem (see Section , the state preparation (see Section
involves encoding a vector AP into a quantum state and then applying a series of unitary
operations controlled by multiple qubits. The amplitude encoding operator APe,. (see
Def. requires log,(n) qubits, where n = |B| - |T'|. The circuit depth for amplitude
encoding is O(n). The amplitude encoding involves single-qubit R, rotations. Uniformly
Controlled Unitary (UCU) operations (for a definition see [YZ23]) are used to apply a
set, of unitary transformations controlled by multiple qubits. A UCU is a set of unitary
operations controlled by multiple qubits (see [YZ23]). The state preparation circuit in-
volves multiple UCUs. Consequently, we can apply the following lemma to achieve an
efficient implementation. We utilize the following lemma from [YZ23]:

Lemma 5.1 (Lem. 11 [YZ23]). For all z € {0,1}4, suppose that W* can be implemented
by a standard p-qubit quantum circuit of depth d. Then for any M > pq, the (q,p)-
UCU 3 ycqoy [2) (x| ® W can be implemented by a standard quantum circuit of depth

O (logp +dq + de/zlq) and size O(dp29) with M ancillary qubits. In particular, if we have
sufficiently many ancillary qubits, then the circuit depth for a (q,p)-UCU is O(log p+dq).

Remark 5.1. A standard p-qubit quantum circuit refers to a quantum circuit that oper-
ates on p qubits using a sequence of quantum gates from a universal gate set, including
single-qubit gates (such as Pauli-X, Pauli-Y, Pauli-Z, Hadamard, and R, rotations) and
two-qubit gates like CNOT. The circuit depth is defined by the number of sequential lay-
ers of operations, where each layer consists of gates that can be applied in parallel across
disjoint qubits. This structure ensures that the quantum circuit efficiently implements the
desired unitary operations on the p qubits. A rigorous definition can be found in [YZ25].

Remark 5.2. The operator W¥* denotes a unitary operation applied to a set of p qubits,
conditional on the control qubits being in the state corresponding to the binary string x €
{0,1}4. In the context of uniformly controlled unitary (UCU) operations, W* encapsulates
the specific transformation enacted based on the control state x, thereby enabling complex
controlled operations within the quantum circuit. A rigorous definition can be found in

[YZ23).

Theorem 5.1 (Complexity Analysis of the State Preparation). The state preparation
circuit (see Section|4.4.1) for AP has the following complexity:

o Circuit depth: O(logs(|B| - |T|) + logy (|G| + 1) + logg(m))
o Qubit count: O(logy(|B| - |T]) + logy(m) + logy (|G| + 1))
o Cumulative error: O(logy(|B| - |T|)evcu + loga(m)evcr)
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where egcy > 0 represents the error associated with the uniformly controlled unitary
(UCU) operations. The number of buses is m, and the index sets are defined as stated in

Def. .2

Proof. We prove this by combining the complexities from the amplitude encoding and
UCU operations (see Figure . The amplitude encoding operator AP, encodes the
vector AP into the amplitudes of a quantum state using R, rotations. Given the vector
AP e RIBITI (see Section , the encoding requires, according to the construction of
the circuit following [MVBS04] and [SP18], logy(|B| - |T'|) qubits. The circuit depth for
amplitude encoding is then O(|B| - |T'|). This depth is linear in the number of elements
in AP because each element requires a sequence of rotations and controlled operations to
encode its amplitude. We can improve this further. With Remark[5.1] we can identify the
Uniformly Controlled Unitary (UCU) operations inside the amplitude encoding operator
APeye and apply Lemma from [YZ23]. Note that ¢ = logy(|B|-|T|), p = 1 (for the
single-qubit rotations in amplitude encoding), and d = O(1). If sufficient ancillary qubits
are available (m > pg = logy(|B| - |T|)), the depth simplifies to O(logy(|B| - |T|)). The
amplitude encoding involves single-qubit R, rotations. Each rotation identified as UCU
can be associated with an error eyoy > 0. We implicitly allow this error to be zero
as it will be neglected in most cases. The cumulative error for n = |B| - |T| rotations
is then O(|B| - |T|evcy). We utilize Lemma from [YZ23] for the rest of the state
preparation circuit. Applying this, we consider the following parameters: ¢ = logy(m)
(where m is the number of buses), d = logy(m) (the depth of the individual unitary
operations), and p = |G| + 1 (the number of generators + 1). According to the lemma,
the UCU operations then require logy(m) + log, (|G| + 1) qubits and a circuit depth of
O(logp + dg) = O(logy(|G| + 1) + logy(m)). Each controlled unitary operation can be
associated with an error eyoy > 0. Again, we implicitly allow this error to be zero as
it will be neglected in most cases. The cumulative error is then O(logy(m)eycr). By
combining the analyses for the UCU operations, we derive the overall complexity and
error metrics for the state preparation operator. The total circuit depth is:

O(logy (| B-|T'1)) +O(logy(|G[ +1) +logy(m)) = O(logy (| B|-|T) +logs (|G| +1) +1ogz(m))

The total qubit count necessary for implementing the full state preparation circuit (see

Figure is:

O(logy(|1B-[T1)) + O(logy(1m) +1oga (|G| +1)) = O(logs(| B|-|T'|) +log,(m) +logy (|G| +1))

The cumulative error is therefore:

O(logy (1B - [T])evcv) + Ologa(m)evor) = Ologa(|B - [T])evcu + loga(m)evov)

O
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5.1 Complexity Analysis of Individual Components

AP,,.-Operator UCU Operations
Circuit Depth O(logy(|B| - |T)) O(logy (|G| + 1) + logy(m))
Qubit Count O(logy(|B| - |T)) O(logy(m) + logy (|G| + 1))
Potential Errors O(logy(|B| - |T))evcv) | O(loga(m)evcr)
Total Circuit Depth O(logy(|B] - |T) + logs (|G| + 1) + logy(m))
Total Qubit Count O(logy(|B| - |T]) + logg(m) + logy (|G| + 1))
Total Potential Errors O(logs(|B| - |T)evcv + logy(m)evcr)

Table 5.1: Complexity Analysis for Quantum State Preparation of AP

5.1.2 Complexity Analysis of the LCU Block Encoding

In the context of the LCU block encoding (see Section for the matrix B’, the
parameter K represents the number of terms in the linear combination. The worst-case
scenario is when K = (|B| - |T|)?, which represents the maximum number of terms if
every element in the matrix B’ needs to be represented by a distinct unitary matrix. The
best-case scenario for K would be when the matrix B’ is highly sparse and has a very
structured form, such that it can be decomposed into a much smaller number of unitary
matrices. In the ideal best-case scenario, the number of terms K could be minimal, such
as K = O(|B|-|T)), if each row or column of B’ can be represented with a single unitary.

Theorem 5.2 (Complexity Analysis for LCU Block Encoding of B’). The LCU block
encoding for B' has the following complexity:

o Clircuit depth: O(Kn)
o Qubit count: O(logy(K) + logy(|B] - |T))
o Cumulative error: O(K(EPREP + nespr + GUNPREP))

where O(|B| -|T|) < K < O((|B| -|T|)?) and n = |B| - |T|. eprep, €ser, cunprep > 0 are
associated with the respective operations.

Proof. The proof involves analyzing the complexity contributions from the Prepare, Se-
lect, and Unprepare operators in the LCU block encoding process (see Section .
The Circuit Depth can be determined as follows:

The state preparation step involves creating the state PREPg/ |0) = Y1, \/ax k). This
requires O(K) gates where K is the number of terms in the LCU decomposition. In the
worst case, K = (|B| - |T])%. In the best case, K = |B|-|T|. The controlled unitary
operation SELg = fo:l |k) (k| ® Uy has a circuit depth depending on the complexity of
each Uy. If each Uy can be implemented with a depth of O(n), the total depth is O(Kn).
The unprepare operation has the same complexity as the prepare operation, O(K). Thus,
the total circuit depth for the LCU block encoding is:

O(K)+ O(Kn) +O(K) = O(Kn)

The Qubit Count can be determined as follows. PREPg: and SELp: require ancillary
qubits to store the index k. This needs logy(K) qubits. For K < (|B| - |T|)?, we need
2logy(|B| - |T']) qubits. The target register requires n = logy(|B| - |T'|) qubits. Therefore,
the total qubit count is:

O(logs(K) +n) = O(logy((|B - |T)?) + loga (| B - |T])) = O(2logs(|B] - T)))
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Combining the operations for eprgp, €sgr, > 0. Assuming they can as well be neglected,
we can describe the cumulative error as:

O(KGPREP) + (’)(KneSEL) + O(KGPREP) = O(K(QGPREP + nESEL))

O
PREPg/-Operator | SELg/-Operator
Circuit Depth O(K) O(Kn)
Qubit Count O(logy(K)) -
Potential Errors O(Keprep) O(Kneggy)
Total Circuit Depth O(Kn)
Total Qubit Count O(2logy(|B| - |T)))
Total Potential Errors O(K (2eprEp + nesgL))
Table 5.2: Complexity Analysis for Block Encoding of B’ where O(|B| - |T]) < K <
O((’B‘ . ‘T’)Q) and n = ‘B’ . |T‘ The errors €EPREP, €SEL; €EUNPREP Z 0 are

associated with the respective operations.

5.1.3 Complexity Analysis of QSVT for Matrix Inversion

The following is the Complexity Analysis for the Quantum Singular Value Transformation

(QSVT) of B’ (see Section [2.4.3.3):

Theorem 5.3 (Complexity Analysis of QSVT Matrix Inversion). The QSVT matriz
inversion for B’ has the following complexity:

o Circuit depth: O(K + klog(k/enr))
o Qubit count: O(logy(K) + logy(|B] - |T))
o Cumulative error: O(ercu + €QsvTi)

where epcy > 0 with epcy = O(K (2eprep + nesgr)) for n = |B| - |T| and egsyri > 0 is
related to K, enr are errors assigned to the LCU and QSVT operations and O(|B|-|T|) <
K <O((IB]-]T])?).

Proof. We prove this by combining the complexities from the LCU block encoding and
QSVT application (see Section for explicit definition). For the LCU block encoding,
we decompose B’ as a sum of K unitary matrices, requiring O(K) for O(|B| - |T]) <
K < O((|B| - T])?) circuit depth and O(logy(K)) qubits. The error associated with this
block encoding is epcy = O(K (2eprpp + nesgr)) > 0 for n = |B| - |T|. For the QSVT
application, the degree of the polynomial for matrix inversion is d = O(klog(k/enr)),
where €p;7 > 0 is the precision of the matrix inversion polynomial approximation and s
is the condition number of B’ which is leading to a circuit depth of O(xlog(x/enrr)) and
the qubit count needed remains O(logy(|B| - |T'|)). The error associated with the QSVT
is egsvr1 > 0. Combining these, the total circuit depth is:

O(K) + O(rlog(k/epmr)) = O(K + klog(k/enr))

The total qubit count necessary is thus O(logy(K) + logs(|B| - |T)). O
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5.1 Complexity Analysis of Individual Components

LCU Block Encoding | QSVT Application
Circuit Depth O(K) O(klog(k/emr))
Qubit Count O(logy(K)) O(logy(|B| - |T))
Potential Errors Olercv) O(egsvT)
Total Circuit Depth O(K + rlog(k/enr))
Total Qubit Count O(logy(K) +logy(|B] - |T))
Total Potential Errors O(ercu + €gsvri)

Table 5.3: Complexity Analysis for QSVT Matrix Inversion where n < K < n? for n :=
’B‘ . ’T| and €Ly = O(K(2€PREP + nESEL))-

5.1.4 Complexity Analysis of QSVT for Absolute Value Calculation

The following is the Complexity Analysis for Quantum Singular Value Transformation

(QSVT) of D (see Section and Section [4.6)).

Theorem 5.4 (Complexity Analysis of QSVT Absolute Value Calculation). The QSVT
for calculating | P, 4| using the block encoding of D has the following complexity:

o Clircuit depth: O(|L| - |T| — |Z| 4+ 1/€aps)
o Qubit count: O(logy(|L| - |T| —1|Z]))
o Cumulative error: O(€egiag + €QsvT2)

where €giqg > 0 and egsyra > 0 is related to eqps are errors assigned to the block encoding
and QSVT operations respectively.

Proof. For the block encoding, we encode the diagonal matrix D using the method de-
scribed in Theorem The preparation of the state requires O(|L| - |T'| — |Z]) circuit
depth and O(logy(|L| - |T'| — |Z])) qubits according to the theorem. The error associated
with this block encoding is €4i49 > 0. Assuming it can be neglected. For the QSVT appli-
cation, the degree of the polynomial for the absolute value approximation (see Theorem
is O([1/meqps]), leading to a circuit depth of O([1/megps]). The qubit count needed
remains O(logy(|L| - |T'| —|Z])). The error associated with the QSVT is egsyr2 > 0 and
is related to €45, the precision of the absolute value approximation. Combining these,
the total circuit depth is:

O(IL| - |IT| = 12]) + O([1/meaps |) = O(IL| - |T| = | Z] + 1/€aps)

The total qubit count necessary is O(logy(|L| - |T'| — |Z])) and the cumulative error is
therefore O(Ediag) + O(EQSVT) = O(Edmg + €QSVT)- O

145



5 Results

Block Encoding of D | QSVT Application
Circuit Depth O(|L|-|T| - |Z]) O([1/meaps]))
Qubit Count Ollogy LI [T~ 1Z1)) | Ollogy (L1 - [T] = 1Z])
Potential Errors O(eBr) O(egsvr2)
Total Circuit Depth O(L| - |T| = |Z| + [1/mé€aps])
Total Qubit Count O(logy(IL| - |T| = 12]))
Total Potential Errors O(€diag + €QsvT2)

Table 5.4: Complexity Analysis for QSVT Absolute Value Calculation where €444 is the
error from the diagonal Block Encoding

5.1.5 Complexity Analysis of the Quantum Amplitude Estimation

The following is the Complexity Analysis for Quantum Amplitude Estimation (see Section

17).

Theorem 5.5 (Complexity Analysis of QAE for (|P¢|,C;)). The QAE for calculating
(|P1t], C1) has the following complexity:

o Circuit depth: O(1/eqar)
o Qubit count: O(logy(|G| - |T| - q))
o Cumulative error: O(egar)

where egap > 0 is the desired precision.

Proof. We prove this by analyzing the steps involved in the QAE algorithm. For the
circuit depth, the most significant contribution comes from the Grover operator iterations.
Each iteration involves applying the unitary A, the diffusion operator Uy, the inverse of
the unitary A, and the phase flip operator Uy, The circuit depth for each Grover
iteration is therefore dominated by the depth of A and A', which is O(1/egag). For
the qubit count, the number of qubits required to represent the states |P,;) and |C}) is
determined by the size of the problem. Specifically, we need n = |G|-|T|-q qubits where g is
the number of qubits needed per value. Thus, the total qubit count is O(logy(|G|-|T'|-q)).
The cumulative error of the QAE algorithm is O(egag), which is determined by the

precision egar > 0 required for the scalar product estimation. O

QAE Application

Circuit Depth O(1/egar)

Qubit Count O(logy (|G| - |T| - q))

Potential Errors O(eQak)

Total Circuit Depth O(1/egak)

Total Qubit Count O(logy (|G| - |T] - q))

Total Potential Errors O(eQak)

Table 5.5: Complexity Analysis for QAE Absolute Value Calculation where egag > 0 is
the desired precision.
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5.1 Complexity Analysis of Individual Components

5.1.6 Complexity Analysis of the QAOA Application

This section provides a detailed complexity analysis of QAOA for optimizing the cost
Hamiltonian H¢, focusing on the quantum circuit depth, qubit requirements, and classical
optimization overhead.

Theorem 5.6 (Complexity Analysis of the QAOA for Optimizing Cost Hamiltonian).
The QAOA for optimizing the cost Hamiltonian He has the following complexity:

o Clircuit depth: O(p-dp, +p-duy)
o Qubit count: O(|G|-|T|+qp - |G|-|T|+ np)
o Classical optimization complezity: O(ClassicalOpt(7,3))

-,

where p is the number of QAOA layers, dr, is the depth of the cost Hamiltonian, dr,

is the depth of the mizer Hamiltonian, and ClassicalOpt(7,[3) is the complezity of the
classical optimization algorithm.

Proof. We analyze the complexity in terms of circuit depth, qubit count, and considering
the classical optimization needed for optimizing the parameters. The QAOA circuit
consists of p € N layers, each comprising one application of the cost Hamiltonian H¢
and one application of the mixer Hamiltonian Hp. Therefore, the total circuit depth is
O(p-du,+p-duy,) where dg,, and dp,, represent the depths of applying the cost and mixer
Hamiltonians. The qubit count is determined by the number of generators |G|, time steps
|T'|, and the precision gp used for power output variables. The total number of qubits
required thus is O(|G|-|T|+qp-|G|-|T|+np,), where np, is from the amplitude encoding of
the power flow variables (see Remark . The classical optimization algorithm adjusts
the parameters 4 and 5 to minimize the expectation value of the cost Hamiltonian.
The complexity of this step depends on the specific algorithm used. Generally, if the
optimization involves evaluating the cost function multiple times, it has a complexity of

-,

O(ClassicalOpt (¥, 5)), dependent on the algorithm used for optimization. O

QAOA Application

Circuit Depth O(p-du, +p-dug)

Qubit Count O(|G|-|T|+qp - |G| - |T| + np)

Classical Optimization Complexity | O(ClassicalOpt(7, 5))

Total Circuit Depth Ol -du, +p-duy)

Total Qubit Count O(G|-|T|+qp - |G| - |T|+np)

Classical Optimization Complexity O(ClassicalOpt (7, E))

Table 5.6: Complexity Analysis for a QAOA Application where p is the number of QAOA
layers, dp, and dp, are the depths of the cost and mixer Hamiltonians, and

=,

ClassicalOpt(7, 8) is the complexity of the classical optimization algorithm.
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5 Results

5.2 Combined Complexity Analysis of the Quantum Algorithm

The following is the complexity analysis of the entire quantum algorithm solving the UCP
(see Def. , excluding the classical optimization, as it has no influence on the quantum
part of the algorithm.

Theorem 5.7 (Complexity Analysis of the Entire Quantum Algorithm for UCP). The
overall complexity of the quantum algorithm for solving the Unit Commitment Problem
(UCP) through state preparation, LCU block encoding, QSVT, QAE, and QAOA has the
following combined complezity. The Circuit depth for the entire algorithm is:

O(logy(|B] - [T']) + logy (|G| + 1) + logy(m) + Kn
+ rlog(k/enmr) + L] - |T| — | Z|
+ 1/€aps + l/eQAE +p-dy, +p- dHB)

The Qubit count for the entire algorithm is:

O(logy(|B| - |T']) + logg(m) + loge (|G| + 1) + logy(K)
+1logy(|B| - |T|) + logs(|L| - |T| — | Z))
+ |G| |T|+qp - |G| - |T| +np)

The Cumulative error for the entire algorithm is:

O(logy(|B| - |T))evcu + logy(m)evcu + K(2¢prpp + nespr)
+€LoU + €QSVT1 + €diag + €QSVT2 + €QAE)

where the terms eycu, €PREP; €SEL; €MI; €abss €diag, €QSVT1, €QSVT2, and egap represent
the errors associated with the respective operations.

Proof. We analyze the combined complexity by summing up the contributions from each
step in the algorithm Thm. Thm. Thm. Thm. Thm. and Thm.
By combining these complexities, we obtain the stated circuit depth, qubit count,
and cumulative error for the entire quantum algorithm. O

The thorough analysis of the susceptance matrix can be found in Section Multiple
conditions are presented under which the matrix and its condition number satisfy the
following:

Corollary 5.1 (Best-Case Scenario for Overall Complexity). In the best-case scenario,
the complexity of the quantum algorithm for UCP is significantly reduced. We make the
following assumptions:

o The matriz B’ is highly structured, allowing K = O(|B|-|T)).

o The condition number k of B’ is low, leading to k = O(1).

e The error terms are minimal or negligible.

o The power flow variables Py have minimal zero entries, leading to |Z| ~ 0.

Under these assumptions, the best-case complexity is:
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5.2 Combined Complexity Analysis of the Quantum Algorithm

o Circuit depth: O(logy(|B|-|T|) +logs (|G| + 1) +logy(m) + |B|? - |T|? + 1/epss + | L| -
T+ 1/eaps +1/egae +p-du, +p-duy)

o Qubit count: O(logy(|B] - |T]) + logy(m) + logy (|G| + 1) + logs (| B| - |T'|) + logy (| B -
T]) +logo(|L[ - [T]) + |G| - [T'| + qp - |G| - |T| + np,)

Proof. The corollary follows from Theorem under the given assumptions. In the
best-case scenario, the structured nature of B” allows for K = O(|B| - |T|), reducing the
complexity of the LCU block encoding. With a low condition number k = O(1) (see
Section [2.2)), the depth of QSVT for matrix inversion becomes O(log(1/ensr)). Minimal
zero entries in Py lead to |Z| ~ 0, simplifying the block encoding for D. O

Corollary 5.2 (Worst-Case Scenario for Overall Complexity). In the worst-case scenario,
the complexity of the quantum algorithm for UCP is maximized. We make the following
assumptions:

e The matriz B' is unstructured, leading to K = O((|B| - |T|)?).

o The condition number k of B’ is high.

e The error terms are significant.

o The power flow variables Py have many zero entries, leading to |Z| ~ |L| - |T|.

Under these assumptions, the worst-case complexity is:

o Circuit depth: O(logy(|B|-|T|)+1logs(|G|+1)+logy(m)+ (| B|-|T|)3 +r log(r/errr) +
|L| - |T| + 1/€aps + 1/€qap +p-duy +p - duy)

o Qubit count: O(logy(|B|-|T|)+1ogs(m) +1logs (|G| 4+ 1) 4+ 2logy (| B - |T']) + logy (| L] -
IT) + |G| |T| +qp - |G| - |T| + np,)

Proof. The corollary follows from Theorem [5.7]under the given assumptions. In the worst-
case scenario, the unstructured nature of B’ leads to K = O((|B| - |T|)?), significantly
increasing the complexity of the LCU block encoding. A high condition number x results
in a deeper QSV'T circuit. Significant error terms further complicate the algorithm. Many
zero entries in P lead to |Z| ~ |L| - |T|, increasing the complexity of the block encoding
for D. O

The following provides a simplified complexity analysis that abstracts away quantum-
specific details, focusing instead on the primary factors that influence the algorithm’s
performance.

Corollary 5.3 (Simplified Best-Case Complexity with Fixed Precision). Assume the
following conditions:

o The matriz B’ is well-structured, minimizing decomposition complexity.

o The condition number k of B’ is low, ensuring efficient matriz inversion.

o All precision-related parameters are set to a fixed machine precision € > 0, such as
€:=1076.

Under these assumptions, the complexity of the quantum algorithm for solving the UCP
is given by:

o Circuit depth: O (logy(|B| - |T|) + | B|? - |T|?)
o Qubit Count: O (logy(|B|-|T|) + |G| - |T|)
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5 Results

Proof. The corollary follows from Theorem under the given assumptions and from
simplifying the detailed complexity analysis by focusing on the dominant factors and

with fixed e:

o Circuit Depth: The depth primarily depends on logy(|B| - |T'|) due to the number

of buses and time steps. The quadratic term |B|? - |T|? reflects the complexity of

operations related to the system size. The precision term %, which accounts for the

machine precision required in quantum operations.
e Qubit Count: The qubit requirements scale logarithmically with the system size

logy(|B| - |T']) and linearly with the number of generators and time steps |G| - |T|.

O

Total Complexity

Circuit Depth

O(logy(|B] - |T|) + logy(|G| 4 1) + logy(m) + Kn
+rlog(k/enr) + | L] - |T| — | Z|
+ = +p-dy. +p-duy)

€abs €QAE

Qubit Count

O(logy(|B| - |T]) + logg(m) + log (|G| + 1)
+logy (K) + logy(|B| - |T)

+logy(IL] - T = |Z]) + |G| - [T

+qp - |G| [T+ np)

Cumulative Error

O(logy(|B| - |T|)evcu + loga(m)evcu
+K (2eprEP + N€sEL)

+ercu + €Qsvri + €diag

+eQsvre + €QAE)

Table 5.7: Overall Complexity Analysis for the Entire Quantum Algorithm for UCP.
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6 Discussion

The core objective of this research was to explore and develop a quantum simulation-
based optimization (QuSO) approach for solving the Unit Commitment Problem (UCP),
particularly within the context of energy grid management. By characterizing the UCP
as a Mixed-Integer Nonlinear Programming (MINLP) problem and utilizing Quantum
Singular Value Transformation (QSVT) and the Quantum Approximate Optimization
Algorithm (QAOA), the work aimed to reduce the computational complexity tradition-
ally associated with such problems. The application of graph theory in modeling the
energy grid is particularly advantageous. Utilizing the susceptance matrix, derived from
the Laplacian matrix, offers a powerful framework for analyzing the grid’s structural prop-
erties. This approach leverages algebraic connectivity and eigenvalue bounds to achieve
computational efficiency, especially in large-scale grids. However, the reliance on the DC
power flow approximation, while necessary for tractability, introduces a limitation com-
pared to more accurate AC power flow models. QSVT plays a pivotal role by enabling
efficient matrix inversion, crucial for optimizing the UCP. The polynomial approximation
of the inversion process, particularly through Chebyshev polynomials, ensures both ac-
curacy and efficiency. The exponential speedup in time complexity provided by QSVT
marks a significant advancement. However, the success of QSV'T depends on the condition
number of the matrix being inverted. While bounds are provided, real-world scenarios
might present challenges if these bounds are not tight enough. Furthermore, QSVT’s
efficiency is closely tied to the effectiveness of the block encoding within the quantum cir-
cuits. An efficient block encoding is essential, as it directly impacts matrix inversion and
other linear algebra operations central to UCP optimization. If the block encoding is not
optimized, the advantages of QSVT could be reduced, leading to increased circuit depth
and reduced accuracy, which are critical concerns on Noisy Intermediate-Scale Quantum
(NISQ) devices [Prel8]. The integration of QAOA with the quantum-constructed cost
function offers a novel hybrid quantum-classical approach to solving the UCP. Represent-
ing generator states using the Ising model and modeling constraints as penalties in the
cost Hamiltonian within the QAOA framework is an effective method that leverages the
discrete nature of the UCP. However, the effectiveness of QAOA is highly dependent on
the initial parameterization and quantum circuit depth, which may pose challenges for
near-term implementations on quantum devices.

151






7 Conclusion

This research advances the theoretical foundations of quantum computing applied to en-
ergy grid optimization. The exponential reduction in computational complexity achieved
through QSVT and the potential of QAOA to address non-linear, non-convex optimiza-
tion problems are significant contributions. These findings suggest that quantum com-
puting can theoretically provide a viable path toward solving large-scale UCPs more
efficiently than classical methods, potentially enabling real-time optimization in complex
energy grids. From a practical standpoint, optimizing unit commitment in real-time
would substantially improve operational efficiency and reliability, especially in grids with
high renewable energy penetration. However, the transition from theoretical models to
practical applications requires overcoming significant challenges, including the limitations
of current quantum hardware and the need for more robust algorithms capable of han-
dling real-world complexities. Future work should focus on addressing these challenges
by exploring more accurate AC power flow models, even if this increases complexity. Ad-
ditionally, optimizing the quantum algorithms, particularly the block encoding in QSVT
and the parameterization of QAOA, is crucial. Given the current limitations of NISQ
devices, research into error mitigation techniques and more efficient quantum circuit de-
signs is necessary. Finally, collaboration with industry partners and testing on actual
power grid data will be essential in validating these algorithms in real-world scenarios.
The future of quantum computing in energy grid management is promising, but realizing
its full potential will require continued innovation in both algorithm design and quantum
hardware development.
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