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4 The Schrodinger equation

1 Introduction

Quantum mechanics is a fundamental theory in physics which describes the behavior of nature
at and below the scale of atoms. In nonrelativistic quantum mechanics, a particle has wave-like
properties and can be described by a wave function ). The central object of quantum mechanics,
independent of its interpretation, is the so-called Schrodinger equation. It governs how the wave
function evolves in space and time. This differential equation is not only the main ingredient of
the theory but turns out to give rise to interesting mathematical structure.

A solution of the differential equation with a given initial state of the system v (x) at a starting
point in time can be written as ¢ (x,t) = U(t)y(z). From a physical standpoint, by demanding
different properties to this solution, we shall obtain a strongly continuous unitary group (U (t)):cr
which is called the time evolution group. We shall see that every such group can be uniquely
characterised by a generator. Both of these objects are potentially difficult to handle due to
their mathematical properties. In order to give mathematical meaning to them we will use tools
from functional analysis.

The outline of this thesis is as follows. In Section 2 we shall state the Schrédinger equation
and formulate mathematical requirements on a solution based on a physical motivation. These
provide the formal characterisation of a time evolution group which will lead to its generator.
Defining properties of this generator will be given in Theorem (2.8). Section 3 covers the operator
theory needed to study the found properties in a more explicit setting. Criteria for the so-called
self-adjointness of an operator are captured in Theorem (3.8) and (3.10), which can be used to
mathematically characterise the generator.

Conversely, for a given Hamilton operator H of a system, we want to obtain existence and
uniqueness of solutions for the Schrédinger equation and find the corresponding time evolution
group (U(t))ier with generator H. This will be done in Chapter 4 with the Hille-Yosida Theorem
(4.1). In Section 5, we consider a special case of the preceding work to study the Schrodinger
equation from yet another angle. The main result of this chapter will be the Stone’s Theorem
(5.9). Lastly, we apply these results in Section 6 when we discuss a number of physically relevant
examples while developing an important tool to study the self-adjointness of sums of operators,
the Kato-Rellich Theorem (6.4).

To conclude the discussion of the time evolution and self-adjointness in quantum mechanics, we
will give an outlook on possible extensions of this theory and the current research topics.

2 The Schrodinger equation

2.1 The Schrodinger equation

In order to understand the mathematical structure of quantum mechanics, we state the two
main ingredients. The fundamental object is the time-dependent Schrodinger equation which
determines how the wave function v of a nonrelativistic quantum particle behaves:

Ip(x,t)

ih— = = H(a,1) (2.1)



where H is the so-called Hamilton operator, or short, Hamiltonian. A discussion about the

domain of this operator will follow.

A physically common example of a Hamiltonian is given by H = —A + V(z) where Ay =

Yo 8%2?1,[) denotes the Laplace-operator with respect to the spatial variables and V' (z) is a

potential which is constant in time. Physically, it coincides with the total energy of a particle

in a potential. From now on we will use the unit A = 1.

Secondly, by Born’s interpretation of the wave function 4, the squared norm [ (z, t)\2 d3x gives

the probability of finding the particle at position x at time t¢.

In conclusion, for a specific initial state 1y(x) € H of a particle, more accurately, a probability

distribution at a starting time ¢ = 0, the time evolution of the wave function is characterised by
Z(‘?wéatc,t) = Hiy(x,t)
P(z,0) = tho(x).

To make sense of this, let us translate the problem into a mathematical framework.

(2.2)

2.2 Initial value problem

By Born’s rule, [¢(x,t)* is desired to be a probability measure on R" for each t € R, so we
choose L?(R"™,C) as our candidate space for ¢(z,t) as a function of z for fixed ¢. The function
space H := L?>(R", C) is a Hilbert space when equipped with the inner product

()= | Tt do. (2.3

The inner product induces a norm ||| := 4/(-,-) on H with respect to which the space is
complete, see [1, Sec. 5.1].

In general, an initial value problem (IVP) on an arbitrary Hilbert space H consists of a differential
equation and a domain of initial values dom(IVP) C H. Since the Schrodinger equation is a
differential equation of first order, we will only cover this case here.

For a given mapping F : dom(F) — H on dom(F) C ‘H x R and 99 € dom(IVP) the IVP reads

dip(t)
—a L (¥, 1) (IVP)
¥(0) = vho(x)

where 1 : R — H. The initial value problem is considered well-defined if for any initial condition
1Yo € dom(IVP), there is a unique solution v (¢) with ¢(¢) € dom(IVP) at all times t € R.

The Schrodinger equation (2.4) is an initial value problem where F(i,t) := —iHy(t) for a
possibly unbounded operator H : dom(H) — H on dom(H) C H.

For a solution ¢ : R — H of (2.4) with the initial state 1y € H, we want to write 1(t) = U(t)vy.
For each time ¢ € R, we may view U(t) as a map from H onto H. When we think of i(z,-) as
a vector-valued function ¢ : R — H,¢ — 1(t), we can understand (2.2) as an ordinary linear
differential equation

idw(t) = H1)(t) with the initial condition 1 (0) = 1)y. (2.4)
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A solution of this equation is a differentiable function 1 : I — H on a nontrivial open interval
I € R with 0 € I that satisfies

(1) Yt € I :1(t) € dom(H),

.d (4 h) —(t)
(2) Vtel: zazp(t) = }1113})2 Y

(3) limy—o ¥ (t) = ty.

= Hy(1),

Here, we are interested in global solutions where I = R. Heuristically, this motivates a “solution”
of the form 1(t) = e~y and U(t) = e~*!. However, to define and deal with such an object
mathematically in strict generality will turn out to require great care.

The well-definedness of the exponential of a finite-dimensional matrix already requires various
preconditions. Here, the operator H might even be unbounded. A key part of this thesis will
be to find ways to make sense of a similar expression for certain operators H.

We convert the physical motivation from Section 2.1 into mathematical expressions: By nature
of equation (2.2), we imply that the time evolution should not only be unique but also linear,
that is U(t + s)y = U(t)U(s)y for all t,s € R and U(0) = I, where I is the identity operator
on H. It should not make a difference to consider a passed time ¢ 4+ s at once or split up into
sections. We refer to this as group property (P1).

Furthermore, Born’s interpretation demands |¢)(x, t)|? to represent a probability distribution in
space at all times ¢t € R. Hence, we want the norm ||¢(¢)|| to be constant in t € R: ||[U(¢)1o]| =
ll(t)]| = |l(0)|| = ||3bol|. This will be called group property (P2).

Since we want to take some kind of derivative with respect to the time variable ¢ of the solution,
it seems reasonable to require at least continuity which will be point (P3). Later we will have
to talk about further regularity to also be able to treat derivatives. This discussion motivates
the following definition of a so-called strongly continuous unitary group (U (t))icr.

2.3 Strongly continuous unitary groups

Although, we will have in mind % = L2, in this section we may also take (H,(-,-)) to be a
general Hilbert space with the norm ||-|| = 1/ (-, ).

Definition 2.1. A bounded operator U : H — H which is onto is called unitary if and it is
isometric, i.e. if for all v € H : |[U| = ||¢||, and onto.

With the polarization identity, [2, Thm 0.32], i.e.,

1
(o) = 5 [lle + I = llp = 01 = i(lle + il = o — i]1)] (2.5)

we see that any unitary operator U satisfies (Up, Ut)) = (p, 1) for all p,1) € H.
The above discussion motivates the following definition.

Definition 2.2. A strongly continuous unitary one-parameter group (U(t))ier is a family of
linear operators U(t) : H — H on H for each ¢t € R such that the following conditions are
satisfied:



(1) U(t+s)=U(t)U(s) for all s,t € R and U(0) =1
2) U@ = (|4l for all t € R, ¢ € H
(3) t— U(t)1 is continuous for each ¢ € H

Note that this object (U(t)):cr satisfies the basic requirements (P1), (P2) and (P3) mentioned
in Section 2.2.

From (1) we deduce that each U(t) is invertible on H with the inverse U(—t) since U (t)U(—t) =
U(—t)U(t) = U(0) = I. For further discussions about unitary groups we always consider
strongly continuous unitary one-parameter groups, even when some of these properties are not
explicitly mentioned.

Lemma 2.1. For each ¢ € R the operator U(t) in Definition (2.2) is indeed a unitary operator
according to Definition (2.1).

Proof. Let t € R. For all ¢ € H take ¢p = U(—t)p, then U(t)y = . Therefore, U is onto. By
(2) in Definition (2.2) U is isometric. Hence, it is unitary. O

Now we want to connect the unitary group from Definition (2.2) with the Schrédinger equation.

2.4 Generator of a unitary group

If (U(t))ter is a strongly continuous unitary group, the function U(t)y fulfills the desired prop-
erties (P1), (P2) and (P3) for a solution. The only missing requirement is the connection to the
Schrédinger equation, namely

i%(U(t)q/J) = HU(t)y forally € H (2.6)
with the Hamiltonian H : dom(H) — H on its domain dom(#). Remember that this operator
is possibly, and in many relevant physical settings in fact, unbounded. The crucial point is
technical, however important: The domain dom(H) may not be the whole Hilbert space. The
initial value problem is considered well-defined if for any initial condition ¢ € dom(H), there is
a unique solution 1 (t) with 1 (t) € dom(H) at all times ¢ € R. This means that dom(H) must

be invariant under every time evolution operator U(t), i.e.
U(t)dom(H) = dom(H) for all t € R. (2.7)

However, (P3) is not enough to provide this differentiability property. Rather, the requirement
leads to the definition of a new object, the so-called generator of a unitary group. Its domain is
chosen to make sense of the initial value problem as we will see later on.

Definition 2.3. A densely defined operator A : dom(A) — H, that means dom(A) C H is
dense, is called generator of a unitary group (U(t))er if the following holds:

(1) dom(A) = {¢ eH| /lll_rﬁ) U(t+ h)@i U@y

. d L Ut+hR)y -Ut)Y
Z%U(t)w = Z}lg% N

exists for all ¢ € ]R}

(2)

= AU(t)y for all t € R, ¢ € dom(A)
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where the limit is always with respect to the norm on .

We will successively work out what this generator has to offer. To make these identifications,
we assume for now that the IVP (2.4) is well-defined, i.e., that there is a unique solution for
all allowed initial states in some set we want to identify. This provides a strongly continuous
unitary group (U (t)):er-

The question arises whether every unitary group has a generator and if so, whether there are
multiple ones. We follow a similar approach as the one in [3, Sec. 7.4] but instead of contracting
semi-groups, here we are discussing unitary groups. Let (U(t))ier be a strongly continuous
unitary group defined as in Definition (2.2), then there is an obvious candidate, defined by
H :dom(H) — H,

dom(H) := {w eH| }/in(l)U(t)qfw exists} 28)
- 2.8
H = 1}5% W

This is the so-called infinitesimal generator. Note that we are demanding the differentiability
property as seen in the definition of a generator just for ¢ = 0. We will prove that this is enough
for H to satisfy the requirements in Definition (2.3).

Since the limit of equation (2.8) exists for ¢ € dom(H ) and U (¢) is linear, H is a linear operator.
We see that the domain of a possible generator, given in Definition (2.3) (1), is contained in
dom(H) since the condition is fulfilled in particular for ¢ = 0. In the following, we check that
the inverse inclusion and the equality in (2) holds for all ¢ € R by using the group properties of
U(t). Then, if the domain is dense in H, H is a generator of (U(t))er.

Theorem 2.2 (Differential properties of unitary groups). Let H be defined as in (2.8), t € R
and ¢ € dom(H), then

(1) U(t)y € dom(H),

(2) Ut)Hy = HU(t)y,

(3) the mapping t — U (t)v is differentiable in R,
(4) i dU() _Z,}llig%)U(t—I—h)?]j;—U(t)w:HU(t)w

Proof. Let t € R and ¢ € dom(H).
(1) Ift =0, U(0)y =9 € dom(H). Otherwise, by the group property (1) in Definition (2.2)
gy DO =00, VU =00 ), U =0 _

s—0 t s—0 t s—0

U(t)Hep,

where we used the continuity of U(t) to interchange the operator with the limit. Therefore,
the limit exists and U(t)y € dom(H). This implies that dom(H) is a subset of the domain
of a generator.

(2) We compute

LUV (bl0m0 = HU (Y.

This implies ||[HU (¢t)y|| = |[U(t)Hy|| = ||[Hy|| for all t € R.

() = U(1)i U (s)blamo =



(3) Let h # 0, then with (1)

. (Ut+h)y-U)y L U(h)y — B
(U0 ) ()
where we used again the continuity of U(t). Therefore, ¢ — U(t)y is differentiable in all
te R
(4) Combining (3) and (2), we find
. Ut+h)y-Ut)y Uh)yp =y
iy PO < oy SO < v
d
Thus, i—U(t) = U(t)Hy = HU () exists for all t € R. O

dt
Hence, if H is densely defined, then it is a generator of the unitary group (U(t))icr.

2.5 Properties of generators

Since H is possibly unbounded and the already mentioned heuristic idea for a unitary group
U(t) = e~ is fairly complicated in a formal mathematical setting, we first need to develop
some tools to efficiently study these objects.

Definition 2.4. The graph of an operator A : H O dom(A) — H is the linear subspace
T(A) = {(¢, Ap) | ¢ € dom(A)} CH x H.

A linear operator A is called closed if I'(A4) is a closed subset of H x H with respect to the graph
norm [[¢[| 4 == [[¢[ + [|Av]].

The closedness in the graph norm is equivalent to the following statement: For all sequences
(Vn)nen in dom(A), if [[¢, —¢|| — 0 and ||A, — @] — 0 as n — oo for some 1, p € H, we
have ¢ € dom(A) and ¢ = Ay.

Theorem 2.3 (Closed graph theorem). Let X,Y be Banach spaces and A : X — Y a linear
operator. Then A is bounded if and only if A is closed.

Proof. See [4, Theorem II1.12]. O

Therefore, every bounded linear operator that maps the whole Hilbert space H into itself is
closed. In particular, this applies to unitary operators.

In the following section, we want to interchange a closed operator with an H-valued integral,
that is the integral of a vector- and parameter-valued function f(z,t) = fi(z) € H foreacht € R
integrated with respect to the parameter on a compact interval. Remember that H = L?(R").

Lemma 2.4. Let A : dom(A) — H be a densely defined, closed linear operator with Af(x,t)
continuous in ¢ € [a,b] for all such continuous f(z,-) € dom(A) C H. Then, we have

A(/abf(x,t) dt) - /abAf(x,t) dt (2.9)

The integral is a so-called Bochner integral. We evaluate the integral over ¢ pointwise for each
2 € R"™ and, as a result, obtain a well-defined L?-equivalence class. We give a short sketch of
the proof, however this will not be discussed further. For more details, see [5, Thm 1.2.4].
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Sketch of proof. Let f(z,-) € dom(A) be continuous and therefore integrable for fixed z € R™.
Similar to Riemann integrals we can define the integral as a the limit over partitions P = (a =
to,t1,...,tm = b) of [a,b]:

b m
/ flat)ydt = lim > f(z,t])At;
a m—r0o0 =1

where t} € [t;—1,t;] and At; = t;—1 — t;. The limit m — oo is to be understood as taking the
limit of the width At; — 0. Its well-definedness can be shown analogously to real Riemann

integrals using the continuity of f. Since A is linear, we can pull it into a finite sum:

Aif(x,tf)Ati = iAf(x t
i=1 i=1

Interchanging A with a limit is however not trivial since it is only closed but not necessarily
continuous. For this, one has to define the function g : [a,b] = H x H,g(t) := (f(-,t), Af(-,1))
and use the closedness of the operator A. We omit further details here. Taking the limit m — oo
on both sides, we obtain (2.9). O

All the following integrals are in the setting such that this lemma can be applied to the closed
operators U(t) and, as we will see later, H. Furthermore, the fundamental theorem of calculus

can be applied to these integrals in the same way as in the Riemann theory.
Theorem 2.5. Let H be defined as in Definition (2.8).
(1) The domain dom(H) is dense in H.

(2) H is a closed operator.
Proof. For any v € H define ¢! := fo s)ids for t > 0. By property (1) in Definition (2.2)
s+ U(s) is continuous on R, so we can d1fferent1ate the integral with respect to t. Hence
t t

1 1 (! !
lim Y = 1im > [ U(s)ypds = lim t(/o U(s) dslp—, — /0 U(s)y dS\z:o)

t—0 ¢ t—=01 Jy

d

== (/Ot U(s) ds> o =U(0)Y =4 inH.

t
We claim ¢! € dom(H), then we have w? € dom(H), since dom(H) is a linear subspace. Let

h # 0, by the group property we have

W:HU(@(/;U(S)MS) —/OtU(s)z/)ds] ::L/OtU(h+s)¢ds—;/otU(5)¢d5

1 t+h 1 t 1 t+h 1 h
—/ U(s)wds—/ U(s)wds—/ U(s)wds—/ U(s)yds
h Jh h Jo h Ji h Jo
Therefore, we find

limwz lim(l/Hh @Dds/ ¢st _%ir%<U(t)%7%)
t —

h—0 h h—0\h

=Ut)y -1
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Hence, s — U(s)y! is differentiable, so ' € dom(H), with

Hyt = i LU0 = iU (0 — ) (2.10)

This completes the proof of (1).

To prove that H is closed, let (1 )ren be a sequence in dom(H) with ¢ — ¢ and Hip — n as
k — oo for some 1, n € H. For fixed h # 0 with the continuity of U(t) on H for all t € R and
the fundamental theorem of calculus:

iw i lim Uh)br, —U0)pr . 1 /hi(dU(3)¢k> ds
0 ds

h fi—r00 h - kh—>rf>lo h

. 1 h 1 h h—0
= lim — U(s)Hy ds = 7 U(s)nds ——n
0 0

where we used continuity of s — U(s)H, on compact subsets of R to interchange the limit and
the integral. Thus, ¢ € dom(H) and Hy = . O

Point (1) implies that H is a generator of the unitary group (U(t))tcr by Definition (2.3).
Thus, we have derived that every unitary group (U(t));cr has at least one generator H which
is given by (2.8) and every generator is a closed operator. The following property will play a
fundamental role in the study of operators.

Definition 2.5. An operator A : dom(A) — H is called symmetric if (¢, AY) = (Ap, 1) holds
for all ¢, € dom(A).

Theorem 2.6. Let H be a generator of a unitary group (U(t))er, then H is symmetric.

Proof. Let H be a generator and ¢, € dom(H). Then, we compute

0= % (o) = % (U)o, Ut)p) = (—iHU (), U(t)) + (U (t)g, —iHU ())

= i(U)He,Ut)y) —i(U(t)e, U(t)Hy) = i((Hep, ) — (o, Hp)).
Therefore, H is symmetric. O

Up to this point, we were able to obtain closedness and symmetry of H. However, as already
mentioned above, the generator could possibly be unbounded and therefore hard to handle.
Instead, we will continue to work with its resolvent operators which are bounded by definition.
To define these, we need the following multiplication operator.

Definition 2.6. Let V : R™ — C be a continuous function and D := {f c L2 RM|V - f e
L?(R™)}. We define the multiplication operator Ty : D — L*(R™), (T f)(z) := V() f (z).

We will denote the multiplication operator Ty, by V itself and give an explicit remark when we
are talking about the function instead of the operator.

For example, we will use the multiplication operator zI = z for the constant function z € C.
The sum with another operator A : dom(A) — H is defined as A+ 2z : dom(A4) = H, (A+2)p =
Ap + zp. Trivially, the multiplication with a constant is commutating with A as long as the
domains are sufficient.
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Definition 2.7 (Resolvent). Let A : dom(A) — H be a linear operator. The resolvent set of A
is defined by

p(A):={z €C|(z — A) : dom(A) — H is a bijection and (2 — A)~" is bounded }

and its compliment in C is the spectrum of A, o(A) := spec(A) :=C\ p(A4).
We refer to R, : H — dom(A), R, := (z — A)~! as the resolvent operator for z € p(A).

Since the resolvent operator contains information about H itself, we will take a closer look at
them now. In the following theorem we find an explicit expression of the resolvent operator R;)
of H for all A € R\ {0}.

Theorem 2.7 (Resolvent identities).

(1) For A\, pu € p(H), we have
R)\ - R,u = (,u — )\)R)\R# (2.11)

and
R\R, = R, R). (2.12)

(2) a) If A >0, then i\ € p(H) and for 1) € dom(H) we have
Riyth = —i / MU (1)) d. (2.13)
0
b) If A > 0, then —i\ € p(H) and for ¢ € dom(H) we have

0
Rzt =i / MU () dt. (2.14)

Proof.
(1) By definition we have I = Ry(A — H) on dom(H ) and I = (A — H)R) on H. Hence

Rx—R,=R\(n—H)R, — R\(A— H)R, = Ra((p — H) — (A — H))R,,

= Ba(p = MRy = (u = A RAR,

since the multiplication with a constant p — A commutes with R).

We use (2.11) by switching the constants to obtain the second identity:

1 1
BAR, = ——(R\ — Ry) =

R,—R))=R,R
,U—)\ ,u('u )\) AU

A —

(2) a) The Bochner integral is defined since A > 0, ||U(t)|| = 1, so [|[U(t)¢| = ||| and the
integrand is continuous.
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Let R;y denote the right hand side. For h # 0 and ¢ € H we have

U(h)Rizxty — Rzt _ —il /OO e MUt + h)p — Ut)Y) dt

h h Jo
. 1 h —\(t—h) 1 o —A(t—h) —At
=—i (—f e U(t)ydt + — (e —e U ()Y dt)
h Jo h Jo
1 h e)\h -1 00
=ieM= / e MU ()Y dt + (—i) / e MU ()1 dt.
h Jo h 0
Hence, we may safely take the limit A — 0 and obtain
U(h RZ — RZ Ah _ 1. ~ .
tim TR = Bt _ 7y 4 (lim = YRzt = it + AR;\1p.
h—0 h h—0

Thus, Rizt € dom(H) and HR;\t = i(it) + ARiz)) = —tb + iAR;»t and for ¢ € H:

(i —H)RpY =9

H is closed, so we can interchange it with the integral. For ¢) € dom(H):

HRij\p = —iH /0 h e MU (t)h dt = —i /0 b e MHU (t) dt = —i / h e MU (t)Hap dt

0
= Rj\H

H and R;) commutate, so

Rix(iA — H)yp = 1.
Hence i\ — H : dom(H) — H is bijective and R;y = (iA — H)~" = R;5. We have

* * * n 1
|[" e vvar < [T e o=l [~ eva =L
0 0 0
This results in an upper bound for the norm of the resolvent operator:

| foZ e MUt)wat]| 1
R\ = < -
Il = sup == A

Thus, iA — H is bijective with a bounded inverse, so i\ € p(H).

b) This case follows analogously with switched signs, we will rewrite the most important
parts. The integral is defined since A > 0.

Let R_;, denote the right hand side. For h # 0 and ¢ € H we have

UWR-pt = R _ 1 / " U+ Y — U de

h h

h 0
—i1 /0 eMt—h)U(t)@z}dH% /_ (e — MU
—A\h

.l h At € L. [0 At
=ie o [ e U(t)y dt + — ¢ eU(t)y dt.
0 —00
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Hence,

. UMPR_p—Rpyp e 1 -
lim . = 0O+ (Jim ") R = i~ AR

Thus, R_;x) € dom(H) and HR_;\p = i(it) — AR_j\1h) = —tp — iAR_;\1 and for ¢ € H:
(—iA = H)R_j\p = 1)

For ¢ € dom(H):
0

~ 0 O ~
HR_j\ =iH / MU (b)) dt =i / MHU () dt =i / MU (t)Hy dt = R_j\H1

—0o0

H and R_M commutate, so

R (=iA = H)ip = ¢,

Hence —i\ — H : dom(H) — H is bijective and R_;y = (—iX — H)~' = R_;y. We have

|| ewwpal < [ erwoa=io [ = o.

This results in an upper bound for the norm of the resolvent operator:

Hfooo MU (L) dtH 1

[R—ixll = sup <<
T ven ¥l A
Thus, —i\ — H is bijective with a bounded inverse, so —i\ € p(H). O

Theorem 2.8. Let (U(t))icr be a unitary group on H, then it has a densely defined, closed
generator H that satisfies

+i(0,00) € p(H) and |[[Ry|| < < for A € R\ {0}. (2.15)

W
Proof. By Theorem (2.5), there is a densely defined, closed generator H of (U(t));er, for which
we have obtained +i(0,00) C p(H) and the resolvent identities (2.13) and (2.14) in Theorem

1
(2.7). In the above proof, we found that for A # 0: ||R;»|| < Bk O

With this Theorem, we expanded our knowledge about the generator H even further: We found
that the potentially unbounded operator H is closed, symmetric and its resolvent satisfies the
properties (2.15).

Now, we want to use the topological structure of a Hilbert space to filter out the information
about H that the resolvent operator holds. For this, we will focus on abstract operator theory
in the next chapter.

3 Operator Theory

We give a short overview of what will be covered in this section. In the first part, we will develop
tools which we will use in the second part to understand the properties of operators on a Hilbert
space H. Then, we apply the found results to the generator H.
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3.1 Closed operators, resolvent and spectrum

We start on a more abstract setting in order to extend the above discussion. Let (H, (-, -)) be a
general Hilbert space. We denote the space of bounded and linear operators mapping from
into itself as BL(H). First, let us state a well known lemma which we will use along the way to
find the bounded inverse of operators.

Lemma 3.1 (Neumann). Let A € BL(#) with ||A]| < 1, then the operator I — A is invertible
and

o0
1
(I-A)"'=>"A" with [|[(I-A4)7 < TTAT (3.1)
2 1]
where the convergence is to be understood with respect to the operator norm.
Proof. [2, Sec. 2.4, Eq. (2.90)] O

Remember the definition (2.7) of the resolvent set of an operator. The complex numbers con-
tained in this set each give a corresponding resolvent operator of H. Using the Neumann lemma,
we can show that the resolvent set is open with respect to the standard topology on C.

Theorem 3.2. p(A) is open and o(A) is closed.

Proof. Let zp € p(A) and z € C such that |z — 2| < ||Rl(z)|| Then
A\<0
z2—A=2— A+ (z—2) = (14 (2 — 20)Ra(20))(20 — A) (3.2)

By Lemma (3.1) the operator 1+ (z — z9) Ra(20) is invertible with bounded inverse since

1(z = 20) Ra(z0)|| = |z — 20| [ Ra(20)]] <1
Hence, z — A is invertible and
(=A™ = ((1+ (2 — 20)Ra(20)) (20 — A)) " = (20 — A) 7' (1 + (2 — 20)Ra(20))
1

[RA(20) |
ment o(A) is closed. O

is bounded. Therefore, {z € C| |z — 2| < } € p(A), so p(A) is open and its compli-

Another tool we will need is the following connection between two operators.

Definition 3.1. Let A, B be linear operators on H. If I'(A) C I'(B) and By = Ay for all
¢ € dom(A), then B is called an extension of A and we write A C B.

A linear operator A is called closable if it has a closed extension. Then we refer to the smallest
closed extension, i.e., the one with the smallest domain, as the closure of A and denote it by A.

This helps us to understand more about a closed operator.

Theorem 3.3. Let A: dom(A) — H be a linear operator. Then, the following statements are
equivalent:
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(1) A is closable.
(2) T'(A) is the graph of a linear operator.

(3) If (¢n)nen is a sequence in dom(A) with 1, — 0 and Ay, — ¢ as n — oo for some ¢ € H,
then ¢ = 0.

Proof.

e (1) = (3): Let A C B for some closed operator B. Consider a sequence (i, )nen in
dom(A) with ¢, — 0 and Ay, — ¢ € H as n — co. As B is a closed extension of A, we
have B, — ¢ and since B is closed, it follows that ¢ = B - ( lim ,) = 0.

n— o0

e (3) = (2): We define the map B : dom(B) — H by By = y for (¢,¢) € I'(A),
consequently dom(B) := {¢) € H|3p € H : (¢,¢) € T'(A)}. It remains to prove that B

is well-defined and linear. Consider (i, p1), (1, ¢2) € I'(A). The closed graph is a linear

subspace, so (¢, p1 —p2) € T'(A). Thus, there exists a sequence (¢, Ay )nen in T'(A) with
Yy — 0 and A, — @1 —p2 € Hasn — 00,80 by (3) o1 —p2 =0 = 1 = p2. Now let
(¥1,1), (Y2, ¢2) € T(A) for some 11,19 € dom(B) and «, 8 € R. Again, since the closed

graph is a linear subspace, (o)1 + 12, o1 + B2) € T'(A), so B(ap1 — Bi2) = apr + B2,
therefore B is linear.

We get dom(B) D dom(A) and I'(B) = I'(A). Notice, that B is in particular the closure
of A. Hence, every closable operator has indeed a closure.

e (2) = (1): By assumption, there exists a linear operator B with I'(B) = I'(A). Hence,
B is closed and A C B. O

3.2 Symmetric and self-adjoint operators

Now we go back to the more specific setting of Section 2. Let A : dom(A) C H — H be a
densely defined linear operator. Note that such an operator could satisfy the basic requirements

to be a generator as in Definition (2.3).
Definition 3.2. The adjoint of A is the unique operator A* : dom(A*) — H, defined by

(1) dom(A*) := {¢ € H|3n € H : (¥, Ap) = (1, ) Vg € dom(A)}
(2) A*y =n from above

In order to check that the adjoint operator is well-defined for such a densely defined operator,
we consider 1,7 € H such that (n, @) = (7, ¢) for all ¢ € dom(A), then (n—17,1) = 0. Since
dom(A) is dense in H, we get Vi) € H : (n — 7,v) = 0, son = 7 is unique. Similarly, A** = (A*)*
is well-defined if and only if A* is densely defined. By definition (3.1), a symmetric operator A
satisfies A C A*.

Notice that we have already seen the symmetry requirement on H in Theorem (2.6). However,
it turns out that symmetry alone is not the strongest property of a generator and not enough
for just any densely defined operator to be a generator of a unitary group. We rather need the

following.
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Definition 3.3. A is called self-adjoint if A = A*, i.e. A is symmetric and dom(A) = dom(A*).
Lemma 3.4. If A C B, then B* C A*.

Proof. For all ¢ € dom(A) C dom(B) : Ap = By. Let ¢ € dom(B*) with B*)) = n for some
n € H, then especially for all ¢ € dom(A), (¢, Ap) = (¢, B) = (n,¢), so ¢ € dom(A*) with
A*Yp =n = B*, so A* is an extension of B*. O

Theorem 3.5.

(1) A* is closed.

(2) If A is closable, then (A)* = A*.

(3) If dom(A*) is dense in H, then A is closable.
Proof.

(1) Let (¢n)nen be a sequence in dom(A*) with ¢, — ¢ and A*t, — n as n — oo for some
¥,n € H. Then for all ¢ € dom(A): (Y, Ap) = {¥n, Ap) = lim (A™n, 0) = (1, ).
Therefore, 1) € dom(A*) and A*¢Y = 1.

(2) If A is closable, we have A C A and using Lemma (3.4) we get A° C A*. It remains
to prove dom(A*) C dom(A"). Let ¢ € dom(A*) and ¢ € dom(A). Then there is
a sequence (¢n)nen in dom(A) with ¢, — ¢ and Ap, — Ap as n — oco. We have
(1, Ap) = limp o0 (10, App) = limp_so0 (A%, pn) = (A%, ), since 1 € dom(A*). Thus,
for all ¢ € dom(A) : (1, Ap) = (A%, @) = ¥ € dom(A").

lim
n—oo

(3) Let (¢n)nen be a sequence in dom(A) with ¢, — 0 and Ay, — n € H as n — oo. Then
for all ¢ € dom(A*) :

{p,m) = Tim (o, Athp) = Tim (A%p, ) = (A9, 0) = 0
If dom(A*) is dense, we get n = 0. By Theorem (3.3) (3), A is closable. O

In particular, every densely defined symmetric operator A is closable, since dom(A) C dom(A*)
is dense in H. Furthermore, this implies that every self-adjoint operator is closed.

Theorem 3.6. ker(A*) = ran(A)*. Thus, ran(A)+ C dom(A4*) and ker(A*) = {0} if and only
if ran(A) = H.

Proof. We have
Y € ker(A%) = A*p =0 < VYo € dom(A): (A", @) = (¢, Ap) =0 <= 1 € ran(A)*.

This proves ker(A*) = ran(A)* and with ker(4*) C dom(A*) we get ran(A4)+ C dom(A*).
Since H = ran(A) @ 1"an(A)L = ran(A) @ ran(A)* = ran(A) @ ker(A*), the second statement
follows. O

Example 3.1. The adjoint operator of A + z is A* + z : dom(A*) — H where Z denotes the
complex conjugate of z. Indeed, for all ¢ € dom(A*), p € dom(A):

(W, (A+2)p) = (b, Ap) + 2 (b, ) = (A", ) + (ZY, ) = (A" + 2)9, )
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Before we can formulate the main result of this chapter, there is one more identity we will use

multiple times.

Lemma 3.7. Let A be symmetric. For all A\, u € R and ¢ € dom(A):

I(A =X —im)pl® = (A = Nel® + 2 ||l
Proof. We have

1A= X—ip)el® = (A= X —in)p, (A= X—in)p)

= 1(A = Nel? + 2 lel” + 2Re(i (A — N, o)) = (A = Negl* + 1 [|eo|?

where the last term vanishes since A and therefore A — A is symmetric, so

(A= XN, pp) = (up, (A= A)p) € R.
In particular, [|(A = X —ig)el® > [ [lo]*. O
Now we are in a position to connect the properties of densely definedness and closedness, which
also apply to operators on Banach spaces, with the property of self-adjointness in Hilbert spaces.
The following Theorem can be found in [4, Sec. VIII, Thm VIIL3]. It is essential to view the

characterisation of generators (2.15) in the explicit setting of a Hilbert space. We will also use
the criteria later to study common examples of Hamiltonian operators in quantum physics.

Theorem 3.8 (Criteria for self-adjointness).
Let A : dom(A) — H be a densely defined symmetric operator. Then the following assertions

are equivalent:
(1) A is self-adjoint
(2) A is closed and ker(A* +iu) = {0} holds for both signs and some p € R\ {0}
(3) ran(A +iu) = H holds for both signs and some p € R\ {0}
Proof.
e (1) = (2): A= A*is closed by Theorem (3.5). Let ¢ € ker(A* —iu) and pu # 0
arbitrary, then Ap = A*p = iup and
i (e, ) = (p,ipp) = (p, Ap) = (A%p,0) = —ip(p, ) = [loll=0 = ¢=0.
Hence, ker(A* —iu) = {0}.
e (2) = (3): By Theorem (3.6) and Example (3.1) we have ker(A* + iu) = {0} —
ran(A Fip)* is dense in H, so it remains to prove that ran(A £ ip) is closed.

Let n € H. Since ran(A — iu) is dense, there is a sequence (¢p,)nen in dom(A) such that
(A —ip)pn =% 5. Then (A —ip)g, is Cauchy and by Lemma (3.7) with A = 0, ¢, is

n—oo

Cauchy. By the completeness of H, there exists some ¢ € H such that ¢, ——— 1.

We get (A —ip)pn = App — ippn, — n, so Ap, — 0+ iup as n — oco. A is closed,
therefore ¢ € dom(A) and Ay = n+iwp = (A —iu)yp = n € ran(A — iu). Hence,
ran(A —ip) = H.

Analogously for ran(A + ip) with ker(A* — ip).
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e (3) = (1): Let vp € dom(A*). There exists a ¢ € dom(A) such that (A* —iu)yp =
(A —ip)p. Since A is symmetric, we have A C A* so (A" —iu)(yp — ¢) = 0. For all
n € dom(A) :
¥ =, (A+ip)n) = (A" —ip)(¥ — ¢),m) =0
We have {(A+iu)n|n € dom(A)} =H,s0¢ = ¢ € dom(4) = A*C A so A=A* O

We define the two halfspaces C; := {z € C|Im(z) > 0} and C_ := {z € C|Im(z) < 0}.
Theorem 3.9. Let A be symmetric.

(1) If ran(A — z4) = H for one z; € C,, then C; C p(A).
(2) If ran(A+ z_) = H for one z_ € C_, then C_ C p(A).

Proof. We prove (1), part (2) works analogously. By Lemma (3.7), [[(A — z4)¢|| > [Im(z4)] [|¢]|-

If (A— 2. )p =0, then ||¢||* =0 = ¢ =0. Hence , A — z, is injective. By assumption it is

onto, 5o (A — zy)~ !t : H — dom(A) exists.

Inserting ¢ = (A — 2, )~ 14 into the inequality above gives H(A — z+)_1¢H < ’I“(M)’
miz4

Hence, (A — z4) is bounded. In particular, z € p(A) and ||(A — z4)|| < —F—.
1 e
By Theorem (3.2) B(zy, [|[(A — 2z4)7!|77) € B(z4, [Im(24)]) C p(A).

Iterating this argument for some 2/, in this neighbourhood gives C; € p(A). O

With this Theorem we get one more criterion for self-adjointness, [4, Thm VI.§8].
Lemma 3.10. Let A be symmetric. A is self-adjoint if and only if o(A) C R.

Proof. Let A be self-adjoint, then by (3.8) (3) we have ran(A — z1.) = H for some z; € C4 and
z_ € C_. By Theorem (3.9) we have C4 C p(A) and C_ C p(A). Thus o(A) =C\ p(A) CR.

Let 0(A) € R. This is shown in the proof of Theorem (3.8) (3) = (1) with an arbitrary
ip € p(A),pn # 0. O

Up to this point, we found multiple properties of a generator H of a unitary group (U(t))er
in section 2. Namely, H is densely defined, closed and by Theorem (2.8) we have +i € p(H).
Theorem (3.9) implies C; UC_ C p(H). Equivalently o(H) C R, therefore the generator H is
self-adjoint. Conversely, we want to see that every such H is the generator of a unitary group

in the next section.

4 Hille-Yosida Theorem

In the following, we can use the theory we just covered to derive the Hille-Yosida Theorem in
its full form for Hilbert spaces.

Theorem 4.1 (Hille-Yosida Theorem). A densely defined, closed linear operator H on H is the
generator of a unitary group (U(t)).er if and only if

+i(0,00) C p(H) and  |[Rur < &' for A € R\ {0}. (4.1)
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In the more general setting, when we consider the differential equation on just a Banach space X
instead of a Hilbert space H, this result takes on a similar form. For strongly continuous groups
U(t) on X satisfying |U(t)| < e“l*l for some w € Ry, the generator satisfies +i(w, 00) € p(H)
and [|R;| < I/\\%w In order to get the desired unitarity of the group, we need w = 0, then
+i(0,00) € p(H), so H must be self-adjoint. For further explanation, see [3, Sec. 7.4.2].

The key result of this theorem are the necessary and sufficient requirements on an operator in
order to be the generator of a unitary group.

Before we prove this Theorem, we want to translate this into the physical setting. Given the
self-adjoint Hamiltonian operator of a quantum system and an initial condition ¢ € H, we obtain
a solution ¥ (t) = U(t)y for all t by constructing a unitary group (U(t));er with generator H.
This is done by evolving 1 forwards in time by using i(0,00) C p(H) and backwards in time
with —i(0,00) C p(H). For a detailed discussion also compare [3, Sec. 7.4, Thm.4].

Before we begin with the proof, we observe that H and the resolvent operator Ry are inter-
changeable for A € p(H).

Lemma 4.2. Let H : dom(H) — H be linear. For X\ € p(H) the operator HRy = ARy — I is
an extension of RyH.

Proof. By definition, dom(Ry\H) = dom(H) C H = dom(HR)) and (A — H)R ¢ = ¢ for all
Y € H. On dom(H) we have R\H = R\(A— X+ H) = AR\ — R\(A—H) = ARy — I =
ARy — (A— H)R) = HR). O

Now let us prove the Hille-Yosida Theorem.

Proof. For only if: We have constructed a generator H for an arbitrary unitary group (U(t))er
that satisfies (4.1) in Theorem (2.8).

For if: Assume that (4.1) holds. The goal is to build a unitary group with H as its generator.
Since this will be a fairly long proof, we give a structural outline to follow:

1) First we “approximate” the possibly unbounded operator H with bounded operators
P y
Hy, A € R. Bounded and therefore continuous operators are always easier to handle.

(2) For the bounded operator H) there is an obvious candidate for a well-defined U (t) that
might satisfy similar requirements for a unitary group with generator H).

(3) Taking the limit A\ — +oo, determined by the sign of ¢, we find a well-defined group
(U(t))ser-
(4) Lastly, we can prove that (U(t));er is a unitary group with generator H.
(1) First, fix A # 0 and define Hy := —i\ — A2R;) = iA(—(iA — H) +i\)(i\ — H)™! = iAHR;)
on H. We first claim for ¢ € dom(H):

Hyy — Hv as A — o0 (4.2)

Indeed, in the proof of the resolvent identities (5.7) we found iAR;\¢) —¢ = HR;j\v) = R;xH1, so
we have [[iARxY — || < |Rix|| |1 HY| < ﬁ |Hy|| — 0 as A — oo and therefore iAR;\1) — 9
for ¢» € dom(H). But since [[iAR;»]| < 1 and dom(H) is dense, we deduce

IAR\Y — 1) as A — Foo for all ¥ € H. (4.3)
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Now if ¢ € dom(H ), then
Hyp = iNHRiptp = iR H. (4.4)

Combining this with (4.3), the claim (4.2) follows.
(2) For t € R define

U,\(t) oAt _ ef)\tei/\QtRiA —

Ux(t) is linear for all A,t € R since R;y is linear. Using ||R;z|| < ‘—}4, we see that the sum is a
Cauchy sequence. In fact, for N,M € N, N > M:

M . N . N
iX2t)k iX2t)k A|%E (¢
A = > @) < s PE ey
k=0 ’ k=0 ’ k=M+1 ’ k=M+1 ’
N k k
A" |t N M=o
< > D
k=M-+1

Therefore, Uy (t) is well-defined on all of H. Now, we study properties of the group (Ux(t))ier
in the hope of them being similar to the ones of a unitary group.

k
At |/\\2 \ * —y W ’t| oM Al
U@ < e Z [ Rixl Z e,

k=0

so Uy(t) is bounded for all A € R\ {0} and ¢ € R. In particular, if sign(\) = sign(t) we get
|UA(t)|| < 1. Furthermore, for all s,t € R:

—A(t+s) A2(t+s)R; —At —As = (i)\Q)k kpk
Ur(t+s)=¢e e N =e""Ve Zi(t—i—s) R\

k!
k=0

:B_MB_)\Si Z A2)16 k tnSmRk _ =Xt —)\SZZ Z/\ t n Z)‘2s)m m
n I T m) i\

k=0 n+m=~k n=0m=0

% t > ym
“Z ¢ (3 12 = UA(t)U(s)
m=0

where we interchanged the order of summation because Uy (t 4 s) converges in operator norm.
The group is strongly continuous since

e @R
= e Z TRD\Q#
k=0
is well-defined and continuous in ¢ € R for arbitrary ¢ € ‘H. Lastly, for ¢ € H:

d Ux(t)y — 1 Ntk
Ol =ty O 2 (18— ) — i (3 X 01— )

kik kik—1
= lim > (Z Akf (HR;) ¢> ~ lim (AHRZW + Z A t HRM%) — NHRip = —iHyt)
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By the group property and since R;xH = HR;) on dom(H ), we can deduce analogously as in
the proof of Theorem (2.2) for all ¢ € H:

LUty = —iHAUA (1)) = —iU () Hat) (4.5)

dt
(3) For fixed A € R, the group (Ux(t)):er has properties close to the ones we desire for a unitary
group. However, the norm is not equal to one for all £ € R and the differential property is similar
to Hy being the generator instead of H. Thus, we want to take the limit in A — 4oc0. In order
do this, we need to check that (Ux(t)¥)rer, is a Cauchy sequence for all ¢ € H.
Let A, pu # 0, then by the resolvent equality in Theorem (2.7) we have HyH, = H,H) and for
all t € R: H,Ux(t) = Ux(t)H,. We claim that for ¢,s € R:

d

%(Uu(t = 8)Un(s)¥) = Up(t — s)Ux(s)(=0) (Hxtp — Hy)) (4.6)

This can be proven with a straight forward calculation:

% (Un(t = $)Ux(5)1)) = Up(t) Jim, Up(=s+ P)UNs + f;LW — Up(=5)Ux(s)9)

_ . Uu(=s+h)(Ux(s+h) = Ux(s))0 + (Uu(—s + h) — Up(—5))Ur(s)v)

= Uu(t) }ng%) ;

= 0(0)(tim U (s + 1) DEHEZOON -y st 2O ()

= U () (U (=) (=AU = (=iH,) U (=5)Ur(3)%) = Un(t = 5)Un()(=) (Hn — H0)

The first term convergences by a similar calculation as in (2.2) (3).

By the fundamental lemma of calculus:
td
Ux() = Up(t)y = / ds (Uu(t - S)UA(5)¢) ds
0 S

— —z’/o Up(t — s)Ux(s)(HxY — Hyap) ds

By (4.2), it ¢ € dom(H) then [Ur(t)d — Up(t)ll < [t] |1 v — Hybll — [t] || H — Hpl| = 0 as
A, i — +oo. Hence, Uy(t)y is Cauchy for A — 400, € dom(H ).
We define the forwards time evolution as U (t)1) := limy_,o Ux(t)% for t > 0 and backwards as
U(t)y := limy__o Ux(t)1) for t < 0 as well as U(0) = I, in short

U(t)¢ = )\hm Usign(t)/\(t)d]' (47)
—00
(4) We verify the properties of a unitary group. Since ||Usign(A)(t)|| < 1, the limit (4.7) exists

for all ¢ € H and is uniform for ¢ on compact subsets of R, ¢ — U(t)% is continuous on R.
Let t,s € R and ¢ € H.
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e If sign(t) = sign(s), then without loss of generality t,s > 0. Using the linearity of Uy (t)
for A > 0, we get

0 < [or U - U0 i Ue0)| < AN o)~ im T 51
<[lonere - jim v =0

where we used ||[Ux(t)|| <1 for all A,¢ > 0 and the continuity of the norm. We obtain:

Ut+s)y = )\li_}n;o Ur(t+ s)y = Ali_)n;() Ur(t)Ux(s)y = /\lim Ux(t) (HILHC}O Uu(s)v)

—00

=U@U(s)¢

o If t + s =0, then without loss of generality ¢ = —s > 0 and analogously

0 < |[TaOU-s=00 - a0 Jim U--000) | < IO |U-s(-000 ~ tm 001
< Hm(—tw—;ggo -t 225
This implies
UV () = lim Un() Jim Uy~ = lim OO0 (-0 (1)

A special case of Equation (4.6) for ¢t = 0 gives

d
ds
for all s € R. Then

(Ux(8)U-x(=8)1) = Ux(s)U_\(=s)(=3)(Hxtp — H_\v)

)\%oo

| GOOU-A00)| < 10O V-0 10~ 0] 2,

since [|[Ux(t)]], |[U=-x(=t)|| < 1 and Hyv) — Hv as A\ — £o00. As the convergence in 4.8 is
uniform on compact subsets of R, the derivative converges as well. We obtain

- (Jim U\(OU_x(~)¢)) = lim (%Ux(t)wx(—t)w) =0,

80 limy 00 Ur(£)U—_x(—1)9 is constant in t. With Uy(0) = I for all A € R,
lim U)()U-x(=t)¢ = lim Ux(0)U-x(0)Y = ¢.
A—00 A—00

Therefore,

UWU(s) = lim UA(0) Tim U-u(—t)6 = lim U\(OU-A(=)0 = ¥ = Ult + )0

o0
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o If sign(t) # sign(s), then without loss of generality ¢ 4+ s, —t,s > 0. From the two cases
above:

U(=t)U(t+ s)ib = Ut — t + s)p = U(s)h,
so Ut + s)v = U)U(—t)U (t + s)¢ = U(H)U(s).
Hence, U(t+ s) = U(£)U(s). The operator norm is continuous, so we obtain [|U(£)[| < 1. Then
1= U = [UOUHI < [UDHU (=)l < [U@I <1,

so ||U(t)|]| =1 for all ¢ € R. Therefore (U(t)):cr is a strongly continuous group.
It remains to prove that its generator is H. Denote by B the generator of the group, which
exists by the first part of the theorem, then

Uty — b = —i /D Un(s) Hytods.
For ¢ € dom(H):
|UA(s) Exep — U(s)H|| < 1)1 — H]| + [[(Ur(s) — U(s)) Hipl| = 0

as A — oo. Taking the limit, we get

Uty — o = —i /O U (s)Hip ds

where we can interchange the limit and integral using the Dominated Convergence Theorem
since s — U(s)H1) is continuous and therefore bounded on the compact set [0,¢]. Therefore,
the limit
Ut)y —
szz‘limi( oy =

Hq.
t—0 t ¥

exists, so dom(H) C dom(B).

If A > 0, then i\ € p(H) according to (4.1) and B is a generator of a unitary group, thus by
the first part of the Theorem, i\ € p(B). Then ran(iA — H) = H, so for any ¢ € dom(B) there
exists ¢ € dom(H ) such that (iA — B)p = (i\— H)vy. As B is an extension of H and (i\ — B) is
bijective, we get (i\ — B)p = (iA — B)y and ¢ = ¢ € dom(H). Therefore, dom(H) = dom(B)
and H = B is indeed the generator of the group (U(t))icr. O

In the setting of the Schrodinger equation this means: If there is a solution with constant norm
for all initial values ¥ € dom(H), then the generator H is self-adjoint on dom(H). Conversely,
if a self-adjoint Hamiltonian operator H is given, then there is a unique solution for all initial
states in its domain. Typically, the Hamiltonian coincides with the total energy of a quantum
system and can be derived from the physical setting.
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5 Stone’s Theorem

With the help of the operator theory covered in Chapter 3, we use another method to prove a
special case of the Hille-Yosida Theorem for Hilbert spaces. This chapter is inspired by Section
4 in [6]. We focus on the initial value problem from Section 2:

dy(t) o y -

i = Hy(t) for all t € R with the initial condition ¥(0) = ¢y € dom(H) (5.1)
where the Hamilton operator H : dom(H) C H — H is densely defined. If solutions exist, they
can be described with the help of a unitary group with generator H. Remember that a solution
of the differential equation (5.1) is a differentiable function ¢ : I — H on a nontrivial open
interval I € R with 0 € I that satisfies

(1) Vt € I:(t) € dom(H),

@) i 0(0) =ty 2R =00

(3) limt — 0(t) = .

= Hy(1),

First, we study some basic connections between the existence of a solution and the operator H
before we move on to the special case of Hille-Yosida. Remember that for a wave function (),
the squared absolute value |1j}(t)|2 is interpreted as a probability measure, so it makes sense to

ask for constant norm.
Theorem 5.1.

(1) If equation (5.1) has a solution v (t) with constant norm for all initial values ¥(0) = 1 €
dom(H), then H is symmetric.

(2) If H is symmetric, then equation (5.1) has a at most one solution (locally). This solution

has constant norm.

Proof.

(1) Let 9(t) be a solution with constant norm for an arbitrary (0) = € dom(H). Then
d d d
0 =5 w0000} = { G000 ) + (0, 500

= (=iHP(t), (1)) + (Y1), —iHY(t)) = i (H(t), (1)) — i ((t), H(t))

This implies ((t), HY(t)) = (H(t),v(t)) for all ¢ € R, in particular for ¢ = 0. Hence, for
all Y € dom(H) : (¢, HY) = (H,v). With the polarization identity we get (v, Hp) =
(H, @) for all ¢, ¢ € dom(H), so H is symmetric.

(2) Let 9(t),9(t) be two solutions for the initial value ¢ € dom(H), then

z‘%w) —9(1) = H@(t) = () and  ($(0) = (0) =0
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By the same calculation as above we get % <¢(t) —(t),¥(t) — 1/;(t)> = 0. Hence, the
inner product is constant in ¢. Setting ¢ = 0, this implies

[e) —d0)| = v -0 =0 = wt) = i@

Thus, there is at most one solution for each ¢ € R. Furthermore, we see that the norm of

every solution is constant if H is symmetric. O

Combining the two statements, we know that if there is a solution with constant norm, that is
the norm of the initial value, for all initial values ¢ € H, then every solution is unique. Next, we
introduce a weaker version of the self-adjointness property which uses the closure of an operator.

Definition 5.1. A densely defined, symmetric and therefore closable operator A is called es-
sentially self-adjoint if its closure A is self-adjoint.

There are criteria for essential self-adjointness of an operator similar to the ones we found for
self-adjointness:

Theorem 5.2. Let A : dom(A) — H be a densely defined, symmetric operator. Then the
following assertions are equivalent:

(1) A is essentially self-adjoint.

(2) ran(A — z.) =H fora z, € Cy anda z_ € C_

(3) ker(A* —z1) ={0} fora z; € C; and a z_ € C_

Proof.

e (1) = (3): A is self-adjoint by assumption and (Z* = A*) by Theorem (3.5). So
ker(A* — Zi) = ker(z* — Zi) a,nd Wlth Theorem (38) ker(A* - Zi) = {0}

e (3) = (2): With Theorem (3.6) we get: ran(A4 — z4)* = ker(A* — z1) = {0}.

e (2) = (1): Since A is symmetric, A is closable with closure A. We prove ran(A — z4) C
ran(A — z1), then ran(A — 24.) = H, so by Theorem (3.8) A is self-adjoint.

Since ran(A — z4) C ran (Z — zi), it remains to prove that ran (Z — zi) is closed. This is
done analogously to the proof of Theorem (3.8) (2) = (3). O

We apply this to the generator of the unitary group which is induced by the existing solutions
as in Definition (2.2).

Theorem 5.3. If H is symmetric and equation (5.1) has a solution in I = R for all initial
conditions 9 € dom(H ), then H is essentially self-adjoint.

Proof. We prove ker(H* + i) = {0}, then H is essentially self-adjoint by Theorem (5.2). Let
¥(t) be a solution of (5.1) for the initial condition ¢ € dom(H) and ¢ € ker(H* + i), then
H*¢ = —ip. Then

d

5 (P (1) = (o, —iHY(t)) = (H ¢, P(1)) = {p, ¥(1))
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Solving this differential equation, we find (@, (t)) = e ({0, ¥ (¢)))|t=0 = €' (p,¥(0)) = €' (v, ).
By Cauchy-Schwary and Theorem (5.1) we have |(@, ¥ ()| < [|¢] |£(t)] < [|¢|l|¥]]. Therefore
et (o, )| < [lo]l [|4]| holds for all t € R = (p,1p) = 0 for all ¢ € dom(H). Since dom(H) is
dense in H we get ¢ = 0. U

We are interested in solutions ¢(t) = U(t)y such that U(¢) is a strongly continuous unitary
group with generator H. Again, we want to prove self-adjointness of H.

Theorem 5.4. Let H : dom(H) — H be the generator of a strongly continuous unitary group
(U(t))ter) defined by (2.8). Then:

(1) U(t)dom(H) C dom(H) and for all ¢ € dom(H) : i%U(t)@Z) =HU@t)y =U(t)Hy

(2) H is self-adjoint.

(3) U(t) is uniquely determined by H.

Proof. We have already seen parts of this Theorem, however for completeness we will give all
proofs here again.

(1) For ¢ € dom(H) we have:

i lim JEHRY ZU®Y U(t)i lim
h—0 h h—0

=Ly~ vy

Thus, U(t)y € dom(H) and HU (t)y = iU (t)y = HU(t)y.

(2) We proceed in the following steps:

1) H is densely defined.

3
4

H is essentially self-adjoint.

(1)

(2) H is symmetric.

3)

(4) H is self-adjoint.

(1) This is Theorem (2.5) (1).

(2) We prove that (1, Hp) = (H1), ) for all ¢, ¢ € dom(H). Using the continuity of the
inner product we get

(. 1¢) = fim (1700 =ty (T ) = i (D=L )

= 1'
h1—>0 h—0 h—0 —h
= (H1,0)

(3) H is symmetric and by (1), equation (5.1) has a solution for all times. Thus, by
Theorem (5.3) H is essentially self-adjoint.

(4) By Theorem (2.5) (2) H is closed, so H = H is self-adjoint.
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(3) Let ¢ € dom(H). Then
e - o] =25 [181? ~ Re (U, Ty)]
= -2 Re[<—z’HU(t>w, U(ty) + (Utye, —iHU(£))|

- —2Re[z’ <H ¢> < £y, HU (¢ )¢>] —0
The last term equals zero since H is symmetric by (2). This implies the uniqueness of
U (t) since
|w® - | = o - TN = iir - nel =o
by the definition of a unitary group. This implies U(t) = U(t) for all times ¢ € R. O

This is part of the result from Theorem (4.1), since the resolvent properties (2.15) are equivalent
to H being self-adjoint, as we have seen at the end of Chapter 3.

Conversely, with a given self-adjoint H we are able construct a unitary group with H as its
generator. First, assume that H is bounded.

Theorem 5.5 (Bounded case). Let H : # — H be bounded and self-adjoint. Then equation
(5.1) has the unique solution ¢ (t) = e~ for all ¢ € dom(H) = H, with

it N (—iH)F
e = Z —
=0

where the limit is taken with respect to the operator norm. This solution is well-defined and
global in time. The map U : R — BL(H), U(t) = e *H* satisfies

(1) U(t) is unitary, U(t)U(s) =U(t+ s) for all t,s € R and U(0) = I,
(2) limyo U(t)y = 3 for all ¢ € .

Proof. We used a similar approach before in the proof of the Hille-Yosida Theorem, where we
have seen that the exponential e~ with H bounded is well-defined. The solution is well-defined
since |Hepl|| < ||H|| ||| for all ¢ € H by boundedness, so

> (—iHt
Z( k!)

k=0

vl = s HH%H_Z' IEI ol = 1M

We check the group properties of U (¢ ):

(1) Let t,s € R. Since the sum converges in operator norm, we can change the order of
summation. With the Cauchy product and the binomial formula:

U(t)U@):(iW)(Z sz> Z Z th z’lI!{s)l

=0 =0 m=0 k+l=m

0o m 1 o0 "1 /m
— s m k.om—Fk __ m - k m—k
S NI S D DI zm.( Jits
m=0 k=0 m=0 k=0
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Furthermore
PHDEN xS (iHEE
v = () = Y v
k=0 k=0

So U*(t)U(t) = U(—t)U(t) = U(0) = I by definition, so U(t) is unitary.
(2) We have

w '¢ Z ZHt :—ZH Z ’LHt

o0

k=1

t—0 t—0

= [[U@)Y — | < [t] [|H]] 0 = Ut)p—¢—0

Now we prove 9(t) = U(t)y = e~} is indeed a solution of (5.1) for all + € R. The
uniqueness of the solution follows from Theorem (5.1) since H is self-adjoint, so in partic-
ular symmetric. Trivially 4(0) = e=*#%) = ¢). We calculate

L o(t) = i Jim Ut + h)z}i Uty _ i i U(h)U(t);/; ~U)y _ i im U(h})L— IU(W
U(h)—1
= (T e
and
. (U(h) i th _i(—iHR) O~ (—iHR)! hes0
fimy (S5t h§; T Sy
so indeed i 9)(t) = Hy(t) and 1(0) = 9. O

Theorem 5.6. (U(t))icr from Theorem (5.5) is a strongly continuous unitary group by defini-
tion (2.2).

Proof. The two conditions in (5.5) imply that ¢ — U(t)p is continuous for ¢t € R and all ¢ € H:

lim Ut + ) — U(t)p = lim (U (k) = U (t)p = 0

Therefore, with (5.5) (1) all conditions of a strongly continuous unitary group are satisfied. [

Hence, we found a strongly continuous group with a bounded operator H as its generator. It
remains to extend this construction to the unbounded case. Remember that in order to study
unbounded operators, it is reasonable to study the bounded resolvent operator first. For this,

we prove an approximation of its norm.

Lemma 5.7. Let H : dom(H) — H be self-adjoint. For A\, u € R, 1 # 0:

[Batinll < 7



30 Stone’s Theorem

Proof. By Theorem (3.9) for ¢ € dom(H):

I(H = A =iwel® = | Holl* + 12 ol = @2 lel* = I(H = X = imell = |ul o]

For ¢» € H we have ¢ = (H — X\ —ip) "' € dom(H), so

1 1
H—X—ip) || = < —[(H=X—1i =—|v|.
It in) " = llell < il I1( i) ] 1%l
N — )L
Hence, ||(H — X\ — i,u)_lH = sup [ = — i) 7] < i O
peH 1l |l

In order to generalize the bounded case, we will define a sequence of bounded operators Hy on H
that approximate the unbounded operator H on dom(H). For these operators, we can explicitly
write the generated unitary groups. Taking the limit A — oo provides the unitary group with

generator H we desire.

Theorem 5.8 (General case). Let H : dom(H) — H be self-adjoint. Then equation (5.1) has
a unique solution that is global in time. There exists a strongly continuous unitary group U (t)
such that for all ¢ € R and ¢ € dom(H) : ¢(t) = U(t)y.

Proof. If the solution exists, its uniqueness is already proven. Let By : H — dom(H), B) :=
iN(H +i\) "' and Hy : H — dom(H), Hy := B\HB_). If H were a real number, we would have
limy 4o By = 1. Informally, we hope for limy_,4+. By = I and lim)_,4, Hyx = H in a certain

sense. We will prove the theorem in the following steps:
(1) H) is bounded and self-adjoint for all A > 1.

(2) Hxtp — Hv as A — oo for all ¢ € dom(H)
(3) lim e "2ty exists for all ¢ € dom(H) and for fixed ¢ € dom(H) the limit is uniform on

A—00
compact sets [N, N] for all N > 0.
(4) lim e "ty exists for all 1» € H and U : R — BL(H) with U(t)y) = lim e ) is a
A—00 A—00
strongly continuous unitary group.

(5) ¥(t) := U(t)y is a solution of (5.1).

(1) B4y is bounded since +i\ € p(H) for all A > 1 : ||B1y|| = A[[R4n||- Note that By =
GA(H +i))~1)* = —iA(H —i)\)~! = B_,. By Theorem (3.9) we have ||(H —iX)o||> = |Ho|* +
N2 gl = | Hl, 50 | Hyl < [[(H — iX)g]l for all ¢ € dom(H).

For ¢ € H we have ¢ = (H —i\)"'¢ € dom(H) and therefore ||H(H —i\)~'y|| = |[He| <
[(H —iXNel| = |[(H —iX)(H — iX) "' = [l Thus |[|[H(H —iX)~!] < 1. We get

[HAll = [IBXHB_A[| < [|BAll [|H iA(H —i\) 7| < MIBAl[[H (H =i\~ < AlIBA]l,
so H) is bounded. Let @, € H, then
(¢, Hx{)) = (¢, B\HB_\v) = (B_xp, HB_\v) = (HB_\¢, B_\v) = (BAHB_\p, )

= <H/\90a ¢>



31

We use symmetry of H with B_y ¢, B_)t € dom(H). Hence, H) is self-adjoint.
(2) We prove limy_,o, B1yp = ¢ for all ¢ € dom(H).With Lemma (4.2), we have

Baxp — o = iNH +i\) "o — (H4 i\ (H+i)) o= —H(H+i\) o= —(H+i\)"'Hyp

Therefore,

N 1 A
IBag — ol < ||(H +iX) 7| | Hyll < B |Hel =50

with Lemma (5.7). Similarly for B_y. Let 1 € H, ¢ € dom(H), € > 0 with [[1) — ¢|| < 5. Then

|Bav — || = |Bav — Bap + B — @ + ¢ — || < (|| Ball + 1) [|[¥ — ¢l + [[Bay — ol

e N

since || By|| = |2 H(HJri)\)_lH < 1, with Lemma (5.7). Hence, B1yt) — ¢ — 0 as A — oo for
all v € H. By Lemma (4.2), for ¢» € dom(H) : Hyyp = ByHB_ 1 = B\B_\H1. Therefore,
Hyp — Hy = B\B_\Ht — B\H + ByHv¢ — Hyp = By(B_xHv — Hi) + B\H¢ — Hyp. We
have BLyHvY — Hy — 0 as A = oo. B, is uniformly bounded for A — oo, so Hyv — Hy — 0.
(3) Let A\, > 1. By Theorem (5.5):

%e—lH)\tqb _ e—ZHAt(_Z'HA)Q]Z) — _iHAe—zH)\tw

By Theorem (5.6) U,(t) := e ! is unitary, so U,(t)U,(—t) = e Huteitul = [ For ¢ €
dom(H):

He—iHAtw _ e—z’HHth _ He—z‘Hut (eiHNte—iH)\tw _ U)) H _ HeiHMte—z’HAt,gb _ ¢H

The fundamental lemma of calculus gives:

t t
eiH#tefiHAtlb —p = / di(eiHusefiH)\qu) ds = / BiH“s(’L'HM _ Z'HA)eiiHAsl/J ds
0o as 0

t
= / eHuse NS (GF, — i Hy\)ib ds
0

Therefore, ||e?Hnse=Hxsyy — || < [t]||(Hx — Hu)y|| < N ||(Hx — Hu)|| for t € [-N, N] for all
N >0. = |e ity — emtHutyp|| < N ||(Hy — Hp )| M0 since Hyp 2% Hip. Hence

e~y is uniformly Cauchy in ¢ € [~N, N] and thus uniformly convergent.
(4) Let t € R and A\, u > 1. For ¢ € H:

HefiHAtw _ efiHuth _ HeiH#tefiH/\tw _ w“

We write U, \(t) := etfute =zt with ||U, \(2)]| < 1.
Let € > 0. H is densely defined, so there is ¢ € dom(H) with [|¢) — || < §. Then

|Uun ()Y = |l = [Un (1) (b — @) + Upa(t)p — o + ¢ — 9|

= [Upa(®) = D = Q) + [Upa(t)e — |l

2
S Ux@®I+ Dl =@l + U)o — oll < ; +Uua(b)e — ¢l
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By (3) we can choose M > 1 such that for all \,p > M : [[U,\(t)¢ — || < §. Then
“e_iH*tw - e_iH”tQ/)H < g, so e "ty is Cauchy.
First we prove the group property U(t + s) = U(t)U(s) on ‘H. Let ¢ € dom(H) and write
Ux(t) = e7"xt, By Theorem (5.5) Uy (t 4 s)1 = Uy (t)Ux(s)y. We have Uy(t + s)1p — U(t +5)y
and Uy (t)Ux(s) — U(t)U(s)y as A — oo since

UxO)Ux(s)¢ = U@U ()¢ = Ux(t)(Un(s)¢ = U(s)) + (Ux(t) = U(#))U(s)y = 0

by (3) and with [|[Ux(¢)|| < 1. By an analogous approximation argument as before the same
result follows for ¢ € H.
Now we prove that U(¢) is unitary. Let ¢ € H, then by continuity of the norm for all ¢ € R:

[Tl = lim [UnE] = lim (] = 1]

For the strong continuity it suffices to prove continuity for all ) € dom(H) since dom(H) is
dense in H.
Let fa(t) :== Ux(t)y for all t € R. Then f)(¢) is continuous by Theorem (5.6). By (3) we have
fa(t) = U(t)y uniformly in [—N, N] for all N > 0. Since fy is continuous for all A the limit
function U (t)v is continuous.
(5) Let () := U(t)y). We want to prove that 1(t) is a solution of the differential equation (5.1)
for all ¢ € dom(H). We have:

Ut +h)y = U0y

.d . ) .
i) =1 lim 2 =iU(t) lim,

Uh) ~1,,

For fixed h # 0,

— _ h h
Md}: lim U’\(t)hU)‘(O)w = lim 1/0 i(U,\(S)w) ds = lim 1/0 Ux(s)(—iH\)Y ds

A—00 A—oo b ds A—oo b

We compute

h h
_ / Un(s)(—iHy + iH ) ds + / (Ux(s) — U(s))(—iH ) ds.
0 0

With unitarity of Uy (t) we get

The first term converges to 0 as A\ — oo by (2). The integrand in the second term converges

h h
/0 (U () (—iHa ) — U (s)(—iH)) ds|| < [B] | (—iH + iH)| + /0 |(U(s) — U(s)) H| ds.

pointwise to 0 as A — oo for s € [0, h]. Since

IUx(s) = U(s) Hy[| < [Ux(s)HY[| + [U(s) H[| = 2| Hy||
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holds, we can apply the dominated convergence theorem for Bochner integrals and interchange
limit and integral to obtain

[](}L;LI¢: lim ;l/o Ur(s)(—tHy )Y ds = 1/0 U(s)(—iH)v ds

A—00 h
Then
Uh)—1I I
i M= E = i - [ UG i)w s = UO) ity = ity
Therefore
z‘%w(t) = zflgrb ult+ h);/: — U@y =iU(t) —iHy = U(t)Hy = HU (t)y = Hy(t)
and by definition ¥ (0) = U(0)y = v, so ¥(t) is indeed a solution. O

The strongly continuous unitary group U (t) generated by H is denoted by e~*#*. With its help
one can make sense of a solution of equation (5.1) for all initial values ¢ € H even if ¢ ¢ dom(H).
Theorem (5.4) and (5.8) combined result in the Stone’s Theorem which physically translates
into the well-defined time evolution of an initial state in the Schrodinger dynamic.

Theorem 5.9 (Stone’s Theorem). Every unitary group (U(t)):cr on a Hilbert space H has a
unique densely defined, closed generator H, this H is self-adjoint. Conversely, every self-adjoint
operator H is the generator of a unique unitary group (U(t))ter-

This Theorem delivers the same result as the Hille-Yosida Theorem on Hilbert spaces. Al-
ternatively, it can be proven using the spectral theorem for unbounded operators, see [4, Sec.
VIIL4].

6 Hamiltonian of a particle in three dimensions

In this Chapter, we discuss explicit examples that are common and important in the physical
context. We start with the Hamiltonian of a free particle which is not contained in a potential.
Then, we will prove the famous Kato-Rellich Theorem which gives sufficient conditions for a sum
of two operators to be self-adjoint. Using this we are able to extent the first example by adding
a bounded potential to the free Hamiltonian. This example will turn out to be rather simple.
However, once the potential is unbounded, like in the last part where we cover the Coulomb
potential of a hydrogen atom, one has to work a lot harder to get the self-adjointness of the
Hamiltonian. For this, we prove the Hardy inequality on the Sobolev space H!(IR?).

The underlying Hilbert space is L? := L?(R3) with the inner product (f,g) = / f(z)g(z) dx.
R3

H? := H?(R3) denotes the Sobolev space of order 2 as defined in the Appendix. All function
spaces in this chapter are to be understood in three dimensions even if not explicitly noted.
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6.1 Free Hamiltonian

As we have seen in section 2, the Hamiltonian of a free particle in three dimensions is given by

3
82

where the derivatives are meant in a distributional way as weak derivatives. By our preceding

Hy: H*(R®) — L*(R3), Hy

work, it is clear that in order to prove that the time evolution of a quantum system exists and
is unique for all initial states ¥y € H, we just need to prove that Hy is closed, symmetric and

lastly self-adjoint.
Theorem 6.1. Hj is closed.

Proof. Let (¥n)nen be a sequence in H? with 1, — 1 and —A, — ¢ for some 9, € L2
Then the sequence is Cauchy in the graph norm given by ||t ||, = 1¥nl L2 + [|A¢n| L2, Which
is equivalent to the norm ||-|| ;2.

But H? is complete, s0 ¥, — 9 € H? converges with respect to |||| 2. Therefore, —A, — —As)
in L? as n — 00, s0 —Ay = . O

Theorem 6.2. Hj is symmetric.

Proof. For all ¥, p € CZ° we have

. Hog) = [ @A) do = [ RN @ela) do = (Hov )

by integration by parts, where the boundary terms vanish since the functions have compact
support. The same holds for ¢, p € H? since C2° is dense in H? with respect to ||-||;2. Let
P, € H2 We choose (¥ )nen, (n)neny € C° such that 1, — ¥, @, — ¢ in H2. Therefore,

we have
Hyp,, = —Atp, — —Av) = Hytp as n — oo (6.2)

and the same for . With the continuity of the inner product we get

6.2 . . . . . .
(¢, Hop) (6.2) < lim v, lim Hggpm> = lim lim (¢, Hypm) = lim lim (Hon, om)
n—00 m—00 n—r00 M—>00

n—o0 m—oo

(62)

= <H0w7 @) .
Therefore, Hy = —A is symmetric on H?2. O
We can determine the spectrum of Hy = —A to prove self-adjointness, this is done by using the

Fourier transformation. For more details, compare [7, Ex. 8.1].

Theorem 6.3. Hj is self-adjoint.
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Proof. By Theorem (6.2) Hj is symmetric, so we can use Theorem (3.8). We denote the Fourier
transformation and its inverse by F and F~! respectively, as defined in the Appendix.

Then F(—Af)(€) = [€]* f(€), so we can rewrite the Laplacian as —A = F~! |¢|* F where |¢]? is
a multiplication operator in the Fourier space. Here it is crucial, that the domain of —A is H?,
since this is exactly where this transformation is allowed.

Hence, z — (—A) = F'2F — FYePF = F iz - |¢HF = z—(—A) is of bounded
inverse if and only if z — |¢|* is invertible for all & € R3. This is the case for z ¢ [0,00),
so p(Hp) = p(—A) = C\ [0,00). Therefore o(Hp) = o(—A) = [0,00). By Theorem (3.10)
Hy = —A is self-adjoint. O

6.2 Kato-Rellich Theorem

In physics, oftentimes a particle is not free but exposed to some potential. In order to study the
time evolution of such systems, we are interested in the self-adjointness of the operator —A+V,
where V(z) is a potential dependent on the spherical coordinates acting as a multiplication
operator. Therefore, we want to find a criterion for the self-adjointness of a sum of two operators.
The following result is the famous Kato-Rellich-Theorem, [8, Sec. X.2, Thm X.12]. A more
general version can be found in [7, Thm 8.5].

Theorem 6.4 (Kato-Rellich).

Let A : dom(A) — H be a self-adjoint operator and B : dom(B) — H symmetric with dom(A) C
dom(B) C H.

If there exist a,b € R with a < 1 such that for all ¢ € dom(A) : || By|| < al||A¢|| + b]/¢], then
A+ B :dom(A) — H is self-adjoint.

Proof. Clearly, A+ B is symmetric on dom(A) by the linearity of the inner product. By Theorem
(3.8), it is enough to prove ran(A+B+iu) = H for p € R\ {0} with |u| large enough. By Lemma
(3.10), —ip € p(A), so A + iu is invertible and A+ B +iu = (I + B(A +iu) 1) (A +ip). We
will show that || B(A +iu)~"|| <1 for |u| large enough. If this holds, then Lemma (3.1) implies
that I + B(A +iu)~! : H — H is of bounded inverse. A is self-adjoint, hence ran(A +iu) = H
and (A4 ipu)~! is bounded. Then

(A+B+ip) ™t = (A+ip) ' (I + B(A+ip) H~!

exists and is bounded as desired. Let ¢ € H and set ¢ := (A +iu) "ty € dom(A). Then
|B(A + i)~ || = |B|| < al|Aw|| + b Furthermore, for suitable 4 € R\ {0}:

. . ¥
[AY]| < [(A+ip)pll = llell and [[ofl = [[(A+ i)l = |ul Y] = (vl < HMH
Combining the inequalities, we get

N b b
|BA+in el <aliel+ el < (at 7o) el forall g € #

Thus, ||B(A + i,u)_lﬂ <a+ ﬁ and since a < 1 by assumption, choosing |u| large enough we
obtain ||B(A +ip)~!|| < 1. O
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6.3 Hamiltonian with bounded potential

Firstly, we consider a bounded potential V € L*°(R3), then the domain of the corresponding
multiplication operator dom(V') is the whole Hilbert space. The Hamiltonian takes on the form
H=Hy+V:H?>— L

A very common application of such a potential is the quantum well, where a particle is contained

for |z| <a

1%
in a spatially restricted, constant potential: V(x) = { 0 0 for some a > 0.

else
Theorem 6.5. H = —A + V is self-adjoint.

Proof. —A is self-adjoint by Theorem (6.3). First, we prove that V' is symmetric by using that
V(z) is real for all z € R3. For all ¢, ¢ € L? we have:

(W, Vi) = / (Vo) (&) di = / PV (2)p(x) do = / V@@ e() de = (Vi )

Since V' € L*> we have C := |V||, = sup |V (z)| < co. Therefore,
T€ER3

Vel Z/IV(fE)I2|¢(w)I2dw < C2/|zb(9b‘)l2d$=C’2||¢||2 = [Vl < Cl¥ll

By Theorem (6.4) the operator —A + V : H? — L2 is self-adjoint. O

6.4 Hamiltonian with Coulomb potential

The Coulomb potential of a hydrogen atom is given by V : R*\ {0} - R, V(x) = —ﬁ with a
—& forxz #0

singularity at the origin z = 0. We extend it to V : R = R, V(x) = 0 ] ; 0
or r =

With the following inequality we see that the domain of the linear multiplication operator V

contains HZ.

Theorem 6.6 (Hardy inequality). For all ¢» € H'(R3):

¥ (x)

Iw!

S < 4/ Vi) da (6.3)
Proof. First assume ¢ € C2°, then we have

i/ < o |> 2[/ Bk : +/ xi(_rffim o) de]

3 2

X Z’Z IU2
zz[ (g’dx_/2z|()|d} W@F W(§|dm.

2
P ] ] ]

[t Z/( o) e /Z T, (o) da

Thus,




37

applying integration by parts where the boundary terms vanish since 1 has compact support.
Taking the absolute value, we get

S /Z S@o dx<2/‘¢ | [t mowe)|

!wl ||

<2

I A o) P /GO P
=°) Tl

|z] ||

where we used Cauchy-Schwarz in the last equation. Using it again, we obtain

’ﬁggﬂdxg( W ) (/IW Idl‘>

This implies equation (6.3) for all ¢ € C(?O . Assume now that 1 € H'. Since C2° is dense is
H' w.r.t. ||-|| 1, there is a sequence (¥, )nen in C2° with ¢, — 1 in H! as n — 00, 50 1, — 1)
and 0;10, — O0;p in L?. Then there is a subsequence (¢, )ken With ¢, — 1 as k — oo almost

everywhere. The Hardy inequality applies to all wnk € C¢°, then Fatou’s Lemma gives

2
de < lim inf [ (@) d:r < 4/ \Vap(z))? da
] h=ro0 jf?
as desired. This proves the equation (6.3) for all ¢» € H'(R3). O

For more general forms of this inequality, see [9, On the Hardy—Sobolev Inequalities].
Applying the Hardy inequality to ¢ € H? we get

[ ()|*
|
so 1) € dom(V). Therefore, the Coulomb Hamiltonian He = Ho + V : H? — L? is well-defined

on H2.

Vol =

dx < 4/ (Vip(z)|? da < oo,

Theorem 6.7. Ho = —A + V is self-adjoint.

Proof. —A is self-adjoint by Theorem (6.3). For all ¢» € H?(R3) C H!(R?) the Hardy inequality

reads
IV /W’ d<4/rw

Let € > 0. The Plancherel Identity, [8, Sec. 2.2], gives
[1vv@ds = 1vol? = 17001 = [ |edo] ae = [ € fice
We have (552 — 2%) > 0,50 £2 <2t + ﬁ and
.2 .2 1 NN 1
[eliof a<e [elie) dr o [e|b@] d=21-a0i+ 10l

1 2
< (ell-avl + 5 wl) <o
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Hence, the norm ||[Vi| < e ||—Avy| + 5 |4 is finite for ¢ € H*(R3). Thus, for all ¢ € H*(R?)
we get Vip € LA(R3) and [|[Vy|| < e||—A¢|| + o [[¢]|. Choosing ¢ < 1, by Theorem (6.4) the
operator —A + V : H%(R3) — L?(R3) is self-adjoint. O

7 Outlook

In this thesis, we were able to prove that there exists a unique solution for each initial value in
the domain of the Hamiltonian if and only if it is self-adjoint on this domain.

Now that we can control the Schrédinger equation for a self-adjoint H which is constant in time,
the next step can be to consider a time-dependent Hamiltonian operator H(t).

This can be done via perturbation theory. Assume H = Hy + V(t) where Hp is a time-
independent Hamiltonian. In the absence of a perturbation we obtain the unique time evolution
Uo(t), see Stone’s Theorem (5.9). We define the time evolution for an arbitrary starting point
to 75 0 as U()(t,t()) = Uo(t — to) = Uo(t)U()(—to).

Fix t,top € R. The goal is to obtain an evolution U(t,ty) for the time-dependent Hamiltonian H.
By differentiating Uy(to,t)U(t,to) one derives that the Hamiltonian H yields a time evolution
described by the Volterra equation:

Ut to) = Up(t) — i / Do(t. )V ()T (s, to) ds

to

Now consider a bounded potential V' (t) with |V (#')|| < C for all ¢’ € [0,¢]. The equation can be
solved iteratively by plugging U(t,tg) into itself to obtain the Neumann series:

0 t S1 Sn—1
Ul(t,to) = Z(—z)"/ ds; / dsy- - / dsy, Up(t, 1)V (s1)Uo(s1,52)V (s2) ... Uo(Sn,t0)
n=0 to to to
(7.1)

We already know that Up(t) is unitary, so ||Up(t1,t2)|| < 1 for all ¢1,t2 € R. Hence, the sum
converges absolutely in operator norm:

e t s1 1
U to)] 32/ dsl/ d32--~/ ds, |Uo(t, 1)V (51)00 (51, 52)V (53) - . Un(sm t0)l|
n=0"10 to

Sn
to

e t s1 Sn—1 e 1
< Z/ dsl/ dsy- - / ds, C" = Z —‘C’"(t —to)" = eClt—t0) « g
n=0 to to to n—0 n:

One can show that the converging series in 7.1 does in fact deliver the correct time evolution
for H.

However, if V' is not bounded, the series does not necessarily converge and we must find another
way to approximate U (t,ty). Considering how much work has gone into finding Up(¢) for a fairly
nice self-adjoint time-independent Hamiltonian, this may turn out to be rather complicated and
for certain choices of H and V/(t), are still very much a topic of current research.
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8 Appendix

We introduce some basic function spaces and their properties.

Definition 8.1. Space of smooth functions with compact support:
CP(R™) :={¢p:R"* — C|¢p € C* and supp(¢) is compact} with supp(¢) = {z € R? | ¢(z) # 0}

Definition 8.2. LP(R") := {(;5 :R" = C| fgu llo(2)]F do < oo}

Fact 8.1. LP(R") is a Banach space when equipped with the norm

1

Il = ([ 1f@P dz)”

[4, Thm IIL.1 (b) (Riesz-Fisher)]
Definition 8.3. Multiindex o = (av1,...,0,) — 0% =0g} ... 0¢" and o] = a1 + ... ap

0“u denotes the weak derivative, which is defined as the unique function w that satisfies

Vo € C(R) / w0 dz = (1) [ wo da

Definition 8.4. Sobolev space of order k:
HYR") == {u € L*(R")|8%u € L*(R") for all a with |a| <k} C L*(R") (8.1)
equipped with the inner product
(o= [ FOAE+ ) ag (82
where the overline denotes the complex conjugation and f denotes the Fourier transformation
on L2 A

2
H* is a Banach space with the norm |ju|| = (HZWEk(@au)HH) *, which is equivalent to the
norm induced by the inner product.

We have C°(R") C H?(R") C HY(R") C L?(R3).
Theorem 8.1 (Embeddings).
1. C(R™) is dense in L?(R™) w.r.t. |- 2
Therefore, H*(R™) is dense in L*(R™) w.r.t. ||| 2.
2. C°(R") is dense in H'(R") w.r.t. ||| ;1
For more on this, see [1] and [10].

Definition 8.5. We denote the space of bounded and linear operators on a Banach space X as
BL(X) with the operator norm

A
1A] = sup 1420
rzeX ||LU||

Then for all z € X: ||Az| < ||A]| ||z]]. By [4, Thm III.2] BL(X) is a Banach space.
We call a linear operator A bounded if ||A| < co. This is equivalent to A being continuous, see
[4, Thm L6].

(8.3)
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Lemma 8.2 (Fourier Transformation). Let F denote the Fourier Transformation on L?(R").
It is defined as the unique continuous mapping F : L2(R") — L?(R") that extends the mapping
F: S — L?(R"), where S is the Schwartz class. Further information can be found in [8, Sec.
IX.1].

For f € L?(R™) the Plancherel identity, [8, Thm IX.1 Corollary], holds:

/n f(@)* do = /R \Ff(z) d
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