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Exact real numbers

can be given in different formats:
» Cauchy sequences (of rationals, with Cauchy modulus).
» Infinite sequences (“streams”) of signed digits {—1,0,1}, or
» {—1,1, 1} with at most one L ( “undefined”): Gray code.
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Exact real numbers

can be given in different formats:
» Cauchy sequences (of rationals, with Cauchy modulus).
» Infinite sequences (“streams”) of signed digits {—1,0,1}, or
» {—1,1, 1} with at most one L ( “undefined”): Gray code.
Want formally verified algorithms on reals given as streams.

» Consider formal proofs M and apply realizability to extract
their computational content.

» Switch between different formats of reals by decoration:
VA = V(x €l — A)) (abbreviated V)¢, A).

» Computational content of x € ““/ is a stream representing x.
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Representation of real numbers x € [—1, 1]
Dyadic rationals:

k
D oeir  With ky € {~1,1}.

n<m
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Representation of real numbers x € [—1, 1]
Dyadic rationals:

k
D oeir  With ky € {~1,1}.

n<m

with 1 := —1. Adjacent dyadics can differ in many digits:

LY 1111, LN 1111.
16 16
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Cure: flip after 1. Binary reflected (or Gray-) code.
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Cure: flip after 1. Binary reflected (or Gray-) code.

7

9
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Problem with productivity:
1111 +1111--- =7 (or LRLL... + RRRL---=7)

What is the first digit? Cure: delay.
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Problem with productivity:

1111+ 1111--- =7 (or LRLL... + RRRL:-- =

What is the first digit? Cure: delay.
» For binary code: add 0. Signed digit code

kn _
2:2WH with k, € {—1,0,1}.

n<m

Widely used for real number computation. There is a lot of

redundancy: 11 and 01 both denote —%.

> For Gray-code: add U (undefined), D (delay), Fin, g (finally

left / right). Pre-Gray code.
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Pre-Gray code
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Pre-Gray code

After computation in pre-Gray code, one can remove Fin, by

UoFin, — aoR, D o Fin,; — Fin, o L.
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RRRLLL. .. RLRLLL. .. RUDDDD...

all denote %
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RRRLLL. .. RLRLLL. .. RUDDDD...

all denote % Only keep the latter to denote % Then, generally,

» U occurs in a context UDDDD ... only, and
» U appears iff we have a dyadic rational.

Result: unique representation, called pure Gray code.
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Average for pre-Gray code

Pre-Gray code: “cototal objects” in the (simultaneously defined)
free algebras G and H given by the constructors

Ir:B—-G—G
U:H—G

Fin:B—G—H
D:H—H

with B = {tt, ff}
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Predicates “°G and “°H
Let

X/—]. XI

F(X,Y):={x| EIf(’EXEIEEPSd(X = —a 5 )V EIi/ey(x = E)}’

. . x'+1 . X'
A(X,Y) == {x| FvexTacpaalx = a 2 )V Teey(x = E)}

and define

(°G,“°H) := v(x,v)(T(X, Y), A(X, Y)) (greatest fixed point)
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Predicates “°G and “°H
Let

x =1 x!

F(X,Y) = {x| FvexTacpsalx = —a 3 )V Fey(x 5)}’

) Sy =50

A(X Y) - {X | EIX EXHaGPsd(X =4

and define
(°G,“°H) := v(x,v)(T(X, Y), A(X, Y)) (greatest fixed point)
Consequences:

X/ -1 X,

xewoG(FxreeogTaepsa(x = —a > )V Frceon(x = 5))
nc x' +1 r x!

v GCOH(HX ECOGHaEPSd(X =4 5 ) \ 3X’gCOH(X = E))
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Lemma (CoGMinus)

V(G (—x) — *Gx),
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Lemma (CoGMinus)
V(G (—x) = “Gx),
VIS (©OH(—x) — Hx).

Implicit algorithm. f: G — G and f': H — H defined by

f(Lra(u)) = Lr—,(u),
f(U(v)) = U(f'(v)), f'(D(v)) = D(f'(v)).
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Using CoGMinus we prove that °°G and “°H are equivalent.
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Using CoGMinus we prove that °°G and “°H are equivalent.

Lemma (CoHToCoG)

VI(x € “H — x € ©G),
V2(x € ©G — x € “H).

Implicit algorithm. g: H — G and h: G — H:

g(Fins(u)) = Lra(f~(v)),  h(Lra(u)) = Finag(F~(v)),
g(D(v)) = U(v), h(U(v)) = D(v)

where f~ := ¢CoGMinus (cL denotes the function extracted from
the proof of a lemma L). No corecursive call is involved.
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Informal proof

To prove
X+y
Viyees(—5— €76)

12 /29



Informal proof

To prove

X+y
ffyecoG(T € “G)

consider two sets of averages, the second one with a “carry”:

x+y+l

X+ CO
p={"Y |xyewc} @Q:={ZYT!

5 | x,y € °G, i € Sd» }.

12 /29



Informal proof

To prove

X+y
Q?yGCOG(T € “G)

consider two sets of averages, the second one with a “carry”:

x+y+l

+ CO
P={"Y xyew6), Q={2"YT!

5 | x,y € °G, i € Sd» }.

Suffices: Q satisfies the clause coinductively defining “°G.
» By the greatest-fixed-point axiom for “°G we have @ C “G.

» Since also P C @ we obtain P C ©°G, which is our claim.
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Lemma (CoGAvToAvc)

x+y X +y +i
ngyecoGﬂf-eSdz Elf(’,y’EcoG( 2 - 4 )
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Lemma (CoGAvToAvc)

x+y X +y +i
VﬁfyecoGHfGSdzElf(/d,/ecoc( 2 - 4 )

Proof needs CoGPsdTimes: Vip  Viceog(ax € ©G). Rest easy,

using CoGClause.

Implicit algorithm.
Write f* for cCoGPsdTimes and s for cCoHToCoG.

f(Lra(u), Lry(u)) = (a+ &, F*(—a,u), (=2, u)),
f(Lra(u), U(v)) = (a, F*(=a, u), s(v)),
F(U(v), Lra(v)) = (a,s(v), f*(=a, u)),
F(U(v), U(v)) = (0,5(v),s(v)).
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Lemma (CoGAvcSatColCl)

N
vnc vnc Hr ar ar (X + .y + ! . 4 + k)
i€Sdy Vx,yeG JjeSd, TkeSd I’y €06 4 = > .

Proof. Define J, K: Z — Z such that
Vi(i = J(i) +4K (1)) Vi([J() <2) Vili] <6 = [K(i)[ < 1)
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Lemma (CoGAvcSatColCl)

o Xy
nc vnc Hr ar Hr (X+y+l . 4 +k)
i€Sdy Vx,yeG JjeSd, TkeSd I’y €06 4 = > .

Proof. Define J, K: Z — Z such that
Vi(i = J() +4K (i) Vi([J() <2) Vi(lil <6 — |K(i)| <1)
Then we can relate 39 and XY+ by

gl pufe yj AR 4 K(d + e +2i)

4 2
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Lemma (CoGAvcSatColCl)

N
vnc vnc Hr ar Hr (X + .y + ! . 4 + k)
i€Sdy Vx,yeG JjeSd, TkeSd I’y €06 4 = > .

Proof. Define J, K: Z — Z such that
Vi(i = J() +4K (i) Vi([J() <2) Vi(lil <6 — |K(i)| <1)
Then we can relate 39 and XY+ by
xpd yoyde yj xbyRJ(ARed) 4 (g e 4 2i)

4 2

Implicit algorithm.

f(i,Lra(u), Lry (u))=(J(a+a"+2i), K(a+a' +2i), f*(—a, u), F* (=4, ")),
f(i,Lry(u), U(v))=(J(a+ 2i), K(a + 2i), f*(—a, u),s(v)),
f(i,U(v),Lry(uv))=(J(a+ 2i), K(a + 2i),s(v), f*(—a,u)),
F(i, U(v), U(v)=(J(27), K(2i), s(v), s(v)).
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Lemma (CoGAvcToCoG)

X+y+i
V2 (FryecocTiesa, (2 = f) — z € °G),
T T T X —"_ y + i
V2 (T yecosTiesq, (2 = f) — z € “H).
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Lemma (CoGAvcToCoG)

X+y+i
V24 (T yecoc Fiesa, (2 = f) — z € “G),
oy X+y+i
V2 (FeyeocTiesa, (2 = ——,——) = 2 € “H).

Proof (by coinduction) uses CoGAvcSatColCl. We need a lemma:
SleSJ vdeSd(d =0 \/ ElaEPSd(d = a))

Here V" is an (inductively defined) variant of \V where only the
content of the right hand side is kept.
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Implicit algorithm.

g(i,u,u") =let (ir, k, uy, uy) = cCoGAveSatColICl(/, u, u') in
case cSdDisj(k) of
0 — U(h(i, u1, uy))
a— Lra(g(—air, f*(—a,u1), f*(—a, uy))),
h(i,u,u") =let (i1, k, u1, uj) = cCoGAveSatColCl(i, u, u') in
case cSdDisj(k) of
0 — D(h(i1, u1, uy))
a — Fin,(g(—ait, f*(—a, u1), F*(—a, u}))).
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Theorem (CoGAverage)

n Xty
X?yGCOG(T € COG).
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Theorem (CoGAverage)
n Xty
Viyewoe(—— € 76).

Implicit algorithm. Compose cCoGAvToAvc with cCoGAvcToCoG.
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Multiplication for pre-Gray code

To prove
Vs (x,x" € G — x - x' € ©G),

consider the two sets
P:={x-y|x,y€“G},

X-y+z+i
Q= Xr="1

2 | x,y,z € °G,i € Sdy }.
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To prove
Vs (x,x" € G — x - x' € ©G),
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P:={x-y|x,y€“G},
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Q= Xr="1
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Lemma (CoGMultToMultc)

!,/ H
Xy +z+1
nc T T _
vX,yECOGEliGSdzElx’,y’,zGCOG(X.y - 4 )
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Lemma (CoGMultToMultc)

n T r X/y/ +Z + I'
VX?YECOGHIGSdZElqugzeooc(Xy = T)
Proof. Case
r_q P
X:—aX 5 y:—by with x', y' € G and a, b € Psd.

By CoGAverage M =:z € ©G. Subcase Lrz. Then

zZ -1 .
z=—c with z’ € ©°G and ¢ € Psd.
Hence
(ax’ — a)(by’ — b)  ax'by’ —ab(x' +y') + ab
Xy = =
4 4
_ax'by’ —cz' + (c + ab)
— Z ,

which is of the required form.
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Lemma (CoGMultToMultc)

!0 H
Xy +z+1
nc r r o
VX,yGCOGHI'ESdzElx’,y’,ZECOG(Xy = 74 )

Implicit algorithm. We use s for cCoHToCoG, and au for f*(a, u).

g(Lra(u), Lrp(u')) = case cCoGAverage(—abu, —abu’) of
Lrc(v") — (c + ab, au, bu', —cu")
U(v) — (ab, au, b, s(v))

g(Lra(u), U(v))) = (0, —au,s(v),as(v))

g(U(v),Lry(u)) =(0,s(v),—au,as(v))

g(U(v),U(v)) =(0,s(v),s(v'),cCoGZero).
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Lemma (CoGMultcSatColCl)

; x'y+z'+j
\yne ne - \ne =) = I (Xy +z+1 4 + d)
y€G VieSdy ¥ x,ze€0G —'deSd—jeSdy —x’ 2/ €°°G 4 - 2 :
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Lemma (CoGMultcSatColCl)

. Xytz4)
xy+z+i T +d

Vyeeog Viesd, Vx.zecoG 3desdTjesd, I 7 ecoq ( 2 = > )-
Proof. Case
X1 — 1 zZ1 — 1 . co.
X=—-a 5 z=—a with x1, z1 € ©°G, a1, ag € Psd.
Then
xy+z+i (—aix1+a1)y —aoz1 +ao + 2i
4 N 8
—aix1y + (a1y — apzs + 1) +ap + i
= 5 )
By CoGAvcToCoG %‘)Zﬁ" =: v € ©°G. Hence we can continue
—apay bAvtag i W 4y b caadsl g
B 8 N 2 N 2

with z € ©°G, j € Sdp and d € Sd, by Lemma JKLr (below).
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Lemma (CoGMultcSatColCl)

! / H
v o xytz+i 4 d
Vecog Viesd, Vx,zeco6 IdesdTjesd, I,z eeoq ( 4 - 2 )

Implicit algorithm. We use h for cCoGAvcToCoG, wy for cCoGZero

g(uo, i, Lra(u),Lrp(d')) =

let (j,d,w) = cJKLr(i, b, h(i, aug, —bu')) in (d,j, —au, w)
g(uo, i, Lra(u), U(v)) =

let (j,d,w) = cJKU(i, h(i, aup, s(v))) in (d, j, —au, w)
g(uo, i, U(v), Lrs(u)) =

let (j,d,w) = cJKLx(i, a, h(i, wo, —au)) in (d,j,s(v), w)
g(uo, i, U(v),U(V")) =

let (j,d,w) = cJKU(i, h(i, wo, s(v'))) in (d,J, s(v), w)
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Lemma (JKLr)

at+i  z+j
Vi€sd, Vacpsd VveeoG Fjesd, Jdesd Tzecoa (V + 1 = 2 + d).
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Lemma (JKLr)

at+i  z+j
leSdgvnéPsdvncecoGHJESd2 JaesaTzecos (v + 2 - 1 7 d).

Proof. Case v = —bp*5= L with w € G and by € Psd. Subcase

~1 —bz5t 1
v:—b0W2 = —bp—2—— with w,z € “G, by, b € Psd.
Then

a-+i bobz—bob+2bg+a+i
v+ =
4 4
_bobz+j+4d
N 4
bobz +
=0T Ly
7t
with

Ji=J(=bob+2bg+ a+1i),
d = K(—bob+ 2by + a+ i).
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Lemma (JKLr)

at+i  z+j

nc T r
iesd, Vaepsd VveeoG Jjesd, Fdesd zecoc (V + 1 = 2 + d).

Implicit algorithm We use s for cCoHToCoG.

g(i,a, Lrbo(LI‘b(W))) (J( bob—|—2b0+a—|—l) K(—bob—|—2bo+a—|—i),b0bw)
g(i,a,Lrp(U(w))) = (J(2bo +a+ i), K(2bo + a+ i), —bgs(w))
g(i,a,U(Lrp(w))) =U(b+a+1i),K(b+a+i),bw)
g(i,a, U(U(w))) = (J(a+i),K(a+i),s(w))
Lemma (JKU)

iesd; Vveeog Jjesd, IdesdTzecoa (v + i : Ij +d)
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Lemma (CoGMultcToCoG)

Xyt z+i

VIzlg( ?ESdZEl;,y,ZGCOG(ZO - f) — Zp € COG)7
xy+z+i
V2, Glesd, Fey zew (20 = =——4——) = 20 € “H).
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Lemma (CoGMultcToCoG)

xy+z+i

VIzlg( ?GSdzai,y,zecoG(ZO = f) — Zp € COG)7
xy+z+i

V2, Glesd, Fey zew (20 = =——4——) = 20 € “H).

Proof (by coinduction) uses CoGMultcSatColCl. We need SdDis;j.
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Implicit algorithm.

g(i,u, v, u") =1let (d,J, u1, u}) = cCoGMultcSatColCl(¢', i, u, u”) in
case cSdDisj(d) of
0— U(h(j, u1, v, uy))
a— Lra(g(—aj, uy, f*(—a, ), f*(—a, 1)),
h(i,u, ', u") =let (d,j, u1, uy) = cCoGMultcSatCoICI(v/, i, u, u”) in
case cSdDisj(d) of
0 — D(h(j, u1, v, uf))
a — Fin,(g(aj, u1, f*(a, '), f*(a, u1))).
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[igggl (CoRec sdtwo yprod ag yprod ag yprod ag=>ag
sdtwo yprod ag yprod ag yprod ag=>ah)iggg
([igggO]l [let djgg (cCoGMultcSatCoICl
clft crht crht igggl0 clft iggg0
clft crht igggld crht crht crht iggg0)
[case (cSdDisj clft djgg)
(DummyL -> InR(InR(clft crht djgg pair
clft crht crht djgg pair
clft crht crht igggl pair
crht crht crht djgg)))
(Inr boole -> InL(boole pair
InR(cIntTimesSdtwoPsdToSdtwo
clft crht djgg(cPsdUMinus boole)pair
clft crht crht djgg pair
cCoGPsdTimes clft crht crht iggg0
(cPsdUMinus boole)pair
cCoGPsdTimes crht crht crht djgg
(cPsdUMinus boole))))]11)

([igggOl [let djgg ...1) 27 /29



Theorem (CoGMult)

vgfyecoG (X_y 6 COG).
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Theorem (CoGMult)
vgfyecoG (Xy 6 COG).

Implicit algorithm.
Compose cCoGMultToMultc with cCoGMultcToCoG.
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Conclusion

» Want formally verified algorithms on real numbers given as
streams (signed digits or pre-Gray code).

» Consider formal proofs M and apply realizability to extract
their computational content.

» Switch between different representations of reals by

> labelling V as V3¢ and
» relativise x to a coinductive predicate whose computational
content is a stream representing x.

» The desired algorithm is obtained as the extracted term et(M)
of the proof M.

» Verification by (automatically generated) formal soundness
proof of the realizability interpretation.
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