GEOMETRIC MAIN CONJECTURES IN FUNCTION FIELDS

WERNER BLEY AND CRISTIAN D. POPESCU*

ABSTRACT. We prove an Equivariant Main Conjecture in Iwasawa Theory along any rank
one, sign-normalized Drinfeld modular, split at co Iwasawa tower of a general function field of
characteristic p, for the Iwasawa modules recently considered by Greither and Popescu in [5],
in their proof of the classical Equivariant Main Conjecture along the (arithmetic) cyclotomic
Iwasawa tower. As a consequence, we prove an Equivariant Main Conjecture for a projective
limit of certain Ritter—Weiss type modules, along the same Drinfeld modular Iwasawa towers.
This generalizes the results of Angleés et.al. [1], Bandini et al. [2], and Coscelli [3], for the
split at oo piece of the Iwasawa towers considered in loc.cit., and refines the results in [5].

1. INTRODUCTION AND NOTATIONS

1.1. Arithmetic Iwaswa Theory. In [5], Greither and the second author considered a set
of data (K/k,S,X) consisting of an abelian extension K/k of global fields of characteristic
p > 0 of Galois group G and two finite, nonempty, disjoint sets of places S and ¥ in k, such
that S contains the ramification locus of K /k. From this data one can construct a Deligne—
Picard 1-motive Mgy, which is naturally acted upon by the Galois group G' x I', where
I := G(F,/F,) and F, is the exact field of constants of k. As a consequence, all the (-adic
realizations Ty(Mgy) are natural finitely generated modules over the profinite group-algebra
Zy[[G x T]], for all prime numbers ¢.

On the other hand, the set of data (K /k, S, X) gives rise to a polynomial Og x(u) € Z[G][u],
which is uniquely determined by the packet of (S—incomplete, ¥—smoothed) Artin L—functions
Lsx(x,s), for all the complex valued characters x of G, via the equalities

X(055(w)) lu=g—s= Lss (X", 9),
for all s € C. The main result in [5] is the following G—equivariant Iwasawa main conjecture,
along the arithmetic (cyclotomic) Iwasawa tower (K ®g, Fq)/K, of Galois group I' ~ Z, whose
natural topologial generator is the ¢-power Frobenius automorphism of F,, denoted by ~.

Theorem 1.1 (Greither—Popescu [5]). For (K/k,S,%) as above and all primes { we have
(1) pdg,[axm(Te(Msx)) = 1.
(2) Fittz, xr)(Te(Msz)) = (Oss(v71).

In the statement above, pdz(M) and Fittz(M) denote the projective dimension, respec-
tively the O0—th Fitting ideal of a finitely presented module M over a commutative, unital ring
R. See §4 in [5] for the relevant definitions and properties of Fitting ideals.
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1.2. Geometric Iwasawa Theory. The main goal of this paper is to prove analogues of
Theorem 1.1 above along geometric Iwasawa—towers Ko, /K, which are highly ramified and
obtained from K essentially by adjoining the p™—torsion points of a sign—normalized, rank one
Drinfeld module (a Hayes module), for some place p in k and all n € Z>;.

This geometric Iwasawa theoretic approach was first considered in [1], in the particular case
where K = k = Fy(t) and Ko = Up>0K,, with K, obtained by adjoining the p" 1 torsion
Clp™™1] of the Carlitz module

C:Ft] » F[{r},  Ct)=t+T,

for a maximal ideal p in F,[t]. The fields K,, are the ray-—class fields of k of conductors
(p" v ), where vy is the valuation of k of uniformizer 1/t. While using Theorem 1.1 above
and the techniques and results developed in [5], the authors of [1] are studying the more
classical Iwasawa Z,[[G(K/k)]|-module

Xy = lim (Pic(K,) ® Z,),
where the projective limit is taken with respect to the usual norm maps at the level of the
Picard groups of the function fields K,,. One has topological group isomorphisms

G(Koo/K) = Fy x UV ~ FX % 230,

where Fy, is the residue field of p, Up(l) is the group of principal units in the completion of k at p
and ZSO denotes a product of countably many copies of Z,. The main Iwasawa theoretic result
in [1] gives the O-th Fitting ideal of X3°, away from the trivial character of Fy', in terms of

an element @gozﬁ € Zp||G(Kx/K)]|, which should be viewed as the Z,[[G(K/k)]]-analogue
of the special value ©gx(1) € Z[G(K/k)] of the element Ogx(u) described above. The work
in [1] was further developed in [2] and [3], see Remark 3.18.

As opposed to [1], the set-up of this paper is the following. We fix an arbitrary function
field k£ of exact field of constants IF; and a place v, of k, called the infinite place of £ from
now on. We let A denote the Dedekind domain consisting of those elements in k which are
integral at all places of k, except for vo,. Further, we fix an ideal f and a maximal ideal p of
A, such that p {f. The geometric extensions of k of interest to us are the fields

Ly, := Hjyn+1, for all n > 0,
which are the ray-—class fields of k of conductors fp"*! in which v, splits completely (i.e. the
real ray—class fields of conductors fp™*1.) As proved by Hayes in [7], the extension L, /Lg is
essentially generated by the p™*+!-torsion points of a certain type of rank 1, sign-normalized
Drinfeld module defined on A. (See Section 2.1 for details.) The ensuing geometric Iwasawa
tower Lo /k, with Lo, = U, Ly, has Galois group G, which sits in an exact sequence

0 — G(Leo/Lo) = Goo — G(Lo/k) — 0,

where G(Loo/Lo) ~ Zy° and G(Lo/k) finite. Since the ramification locus of Lo /k is finite,
namely S := {p} U {v|v prime in A,v|f}, one can construct the following element

Oy (u) 1= 1im O (u) € Z,[[Goo][[ul],
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out of the polynomials @g% (u) € Z[G(Ly/k)][u] associated in [5, §4.2] to the data (L, /k, S, X),
for any finite, non-empty set 3 of primes in k, disjoint from S. On the other hand, to the set
of data (L /k, S, X) one can associate the following Z,[[Gs x I']]-module

T (MY) = lim T, (M{),

n

where M énz) is the Picard 1-motive for (L, /k,S,X), and T),(M gg) is its p—adic Tate module,
as defined in [5, §2]. The projective limit is taken with respect to certain canonical norm
maps, described in detail in §3 below. It turns out that neither T, (M gg) nor Tp,(M g);))

depend on ¥, reason for which we will drop ¥ from those notations. In §3.2, we prove the
following geometric—arithmetic analogue of Theorem 1.1 above.

Theorem 1.2. For any finite, non-empty set X of primes in k, disjoint from S,
the Zp||Goo x I']]-module Tp(Méoo)) is finitely generated, torsion and

(1) pdg, e xry (Tp(MED)) = 1.
(2) Fittz, e oy (Tp(ME™) = (053 (7).

In order to obtain a geometric (along the tower L., /k) Iwasawa main conjecture-type
result, one has to take I'-coninvariants. In §3.3 we establish a Z,[[G]]-module isomorphism

Tp(MS)r = 75,

where vgoo) is an arithmetically meaningful Z,[[G]|-module, a projective limit of Ritter—

(n)

Weiss type modules Vg’ which are extensions of divisor groups by class groups. (See the

Appendix. Also, see [15] for the number field analogues of Vgn).) We prove the following.

Theorem 1.3. For any finite, non-empty set 3 of primes in k, disjoint from S,
the Zy[[Gso]]-module vgoo) is finitely generated, torsion and

(1) szp[[aoo]](vgoo)) =1L
(2) Fittzp[[aoo]](vgoo)) = ( E@O,%)(l»'

To relate our results to those in [1, 2, 3] we have to introduce some further notation. We
let A denote the maximal subgroup of G(Lo/k) whose order is not divisible by p. Then we

have a canonical isomorphism G, ~ A X Gg,) where G((fc),) is the maximal pro-p subgroup of
Goo. We view the idempotent ea := ﬁ > sea 0 as an element of Z,[[G ]| and consider the

exact functor M > M* := (1 —ea)M from the category of Z,[[G ]]-modules to the category
of modules over the quotient ring Z,[[Gs]]* := (1 — ea)Zp[[Goo]]-

Further, if § is the unit ideal ¢ and the prime p stays inert in the real Hilbert class field H,
over k, then for S = {p} one has an isomorphism of Z,[[G]]*-modules (see §3.3 below)

Vg?o)’ﬁ ~ %I(OOOW.

Since these additional hypotheses are obviously satisfied when k = [Fy(t) (as H, = k in that
case), Theorem 1.3 above implies the main Iwasawa theoretic result in [1] discussed above,
for the real Carlitz tower, i.e the maximal subfield of K., where vy, splits completely. (See
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Theorem 3.17.) Under slightly stronger hypotheses, we obtain an isomorphism of Z,[[G )]~

modules vgoo) ~ %Z(;OO) which leads to a full description of Fittzp[[goo]](xz(fo)). (See Theorem

3.16.) For an even more detailed comparison of our results with those in [1, 2, 3] we refer the
reader to Remark 3.18 below.

In order to establish the link between the modules Vgx’) and :{2(700) mentioned above, we
needed to provide slight generalizations of the results in [4] on Ritter-Weiss modules and Tate
sequences for function fields. This is done in the Appendix.

Remark 1.4. Unlike in classical Iwasawa theory, all Iwasawa algebras Zy[[G o x I']], Zp[[I']] and
Zp||Go]] relevant in this context are not Noetherian. In particular, one has an isomorphism

Zp[[Gooll = Zp[t(Goo)|[[ X1, X2, - . ]]

of topological rings, where the power series ring has countably many variables and ¢(G) is
the (finite) torsion subgroup of G. Throughout, if R is a commutative ring, the ring of
power series in countably many variables with coefficients in R is defined by

R[[Xl,XQ, .. H = I.&HRHXI,XQ, ‘e ,XnH,

where the transition maps R[[X1, Xa,..., Xn11]] — R[[X1,X2,...,X,]] are the R-algebra
morphisms sending X; — X;, for all ¢ < n, and X,11 — 0.

2. CLASS—FIELD THEORY AND GEOMETRIC [WASAWA TOWERS

2.1. Sign normalized Drinfeld modules and class field theory. This subsection follows
the exposition of Hayes [7]. In particular, we recall without proof the results of §4 of loc.cit.

Let k be a global function field and let F, be its field of constants. For a place (discrete,
rank 1 valuation) v of k, we let k, denote the completion of k in the v—adic topology. We
let Of,, my,, Uk, be the ring of integers in k,, its maximal ideal, and its group of units,

respectively. As usual, we let Uy ). +mp , for all n > 1. We denote by d, the degree of v
relative to Fy, and by F, its r651due field. By definition, we have F,, = F a,. Further, we fix a
uniformiser 7, € k, for all v as above. For every v, we have group 1somorphlsms

kSl x Uy, Uy ~FXx U

Now, we fix once and for all a place vy, of k (called the place at infinity) and let A be the
Dedekind ring of elements of k that are integral outside vs. (In [7] our A is denoted by A.)
Note that the places v of k, which are different from vy, are in one-to—one correspondence
with the maximal ideals of A. For such a maximal ideal p, we denote by v, the corresponding
place of k, viewed as a rank one, discrete valuation of k, normalized so that v,(k*) = Z.

In order to simplify notations, we let koo = Ky, Too 1= Ty, Foo :=F doo = dy,,, €tc.
The same notation principle applies to the finite places vy, namely ky, := k,,, etc. Finally, for
any place v, we let ord, : kS — Z be its associated valuation, normalized so that ord,(m,) = 1.

Voo

Let I4 denote the group of fractional ideals of A and let P4 be the subgroup of principal
ideals. Then Pic(A) = I4/P4 and we write hy := |Pic(A)| for the class number of A. We
write Dy, for the group of divisors of k and D,(g for the subgroup of divisors of degree zero. Let
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div: kX — DY be the divisor map and set Pic’(k) := D?/div(k*). We write hy, := |Pic’(k)|.
Recall that we have an exact sequence

0 — Pic’(k) — Pic(A) 28 7/d. — 0,
where d/e\g is the degree modulo ds, map. Consequently, we have an equality hg = hido.

Definition 2.1. As in [7], we define the following.

(1) A finite, Galois extension K/k is called real (relative to v) if voo splits completely
in K/k, or, equivalently, if there exists a k—embedding K < kuo.

(2) For an integral ideal m C A, Hy, denotes the real ray—class field of & of conductor m.

(3) If m = ¢ := A is the unit ideal, then we call H, the real Hilbert class field of k.

Next, we give the idele theoretic description of the class fields Hy, as in [7]. For that, let
Ji. denote the group of ideles of k and consider the following subgroups of Jg.

Um) = k% > [JO™ 5 T] Uy T = k% - U(m).
plm pfmoo
The following is proved in [7].
Proposition 2.2. For all m as above, the Artin reciprocity map gives group isomorphisms
Ji/JIm =~ G(Hp/k), Ji/Je ~ G(H./H), Je/Jm ~ G(Hwm/H,).
Further, if m # ¢, we have canonical group isomorphisms
Ji/Je ~ Pic(A), Je/Jm = (A/m)™ [F 7.

The real ray—class fields Hy, are contained in slightly larger abelian extensions H}/k, of
conductor m - v, tamely ramified at ve. The advantage of passing from Hy, to H}, is
that the latter can be explicitly constructed by adjoining torsion points of certain rank 1
A-Drinfeld modules to the field of definition H; of these Drinfeld modules. Next, we give
the idele theoretic description and explicit construction of the fields Hy;, both due to Hayes [7].

As in [7], let us fix a sign function
sgn: kX — FX.
By definition, this is a group morphism, such that sgn(UC%)) =1 and sgn|]F§o = idIFéo . Note

that sgn is uniquely determined by the value sgn(mo,) at the fixed uniformiser mo.

For every integral ideal m C A, we define the following subgroups of J.
U*(m) :={(aw), € U(m) | sgn(ae) =1}, Jy:=k*-U*(m).

Definition 2.3. For all integral ideals m C A, we define H}; to be the unique abelian exten-
sion of k£ which corresponds to the subgroup Jj, of Ji via the standard class—field theoretic
correspondence.

For all m as above, with m # e, we have a canonical commutative diagram of group
morphisms with exact rows and columns.
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0 FX FX, FX/FX ——0
0—>(A/m)>< J/C/Jg; Jk/J:HO
0 —— (A/m)* JEX Ji/ I Je)Je —— 0

As a consequence, we have the following diagram of abelian extensions of k, whose relative
Galois groups are canonically isomorphic to the labels on the connecting line segments.

[4
Fo /Fy Hm
A‘) x
H, Fq
Pic(A)
k

The extensions HY/H, and H},/Hy, are totally and tamely ramified at the primes above v.

Next, we describe the explicit Drinfeld modular construction of the fields H; and Hy,, for
all m # ¢. Let Cy be the voo—completion of the algebraic closure of ko,. Let Coo{7} be the
non-commutative ring of twisted polynomials with the rule 7w = wir, for w € Co,. We write

D: Coo{r} — Cw, aot? + a7t + ..+ agt® = ag,
for the constant term map.
Definition 2.4 (Hayes). A map p: A — Coo{7}, © — pg, is called a sgn-normalized Drinfeld

module of rank one if the following are satisfied.

(a) pis an F,-algebra homomorphism.

(b) deg,(p.) = deg(x) := dimp, (A/2A) = —ord,, (2)dwo, for all z € A.

(¢) The map A — Cw, © — D(pz), is the inclusion A C Cq.

(d) If s,(x) denotes the leading coefficient of p, € Coo{7}, then s,(x) € FX, for all z € A.
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(e) If one extends s, to kX by sending

oo
— ) ) i0
x = E a;Tog — Qg Sp(Too)™,
=10

if a;, # 0, then s,: kX — FX is a twist of sgn, i.e there exists 0 € G(Fo /Fy), such
that s, = o o sgn.

Any Drinfeld module as above endows (C, +) with an A-module structure given by

x* 2= py(2), forallz € A, z € C,

where (3°, a;m)(2) =Y, ;27 .
Definition 2.5. Let p: A — Coo{7} be a rank 1, sgn-normalized Drinfeld module as above.

(a) The minimal field of definition &, of p is the extension of k inside C, generated by
the coefficients of the twisted polynomials p., for all z € A.
(b) For all integral ideals m C A with m # e, we let

plm] :={a € Cx | pz(a) =0 for all z € m}
denote the A-module of m—torsion points of p.
The following gives an explicit construction of the class—fields H}. (See [7, §4] for proofs.)

Proposition 2.6 (Hayes [7]). Let p be a rank 1, sgn—normalized Drinfeld module as above.
Then, the following hold, for all ideals m C A, with m # e.

(1) The minimal field of definition k, of p equals H{.
(2) We have an equality H}, = H (p[m]).
(3) The A/m-module p|m] is free of rank 1 and, via the canonical isomorphism

(A/m)* ~ G(Hy/H), T — o3,

-1

we have oz(a) = s,(x) ™" - pz(a), for all x € A coprime to m and all o € p[m].

Remark 2.7. The proposition above should be viewed as the function field analogue of the
theory of complex multiplication for quadratic imaginary fields, where the role of p is played
by an elliptic curve with CM by the ring of integers of a quadratic imaginary field k.

2.2. Zgo—extensions (Geometric Iwasawa towers). We continue to use the notation of
Subsection 2.1. We fix a prime ideal p of A and an integral ideal f C A which is coprime to p.
For all n > 0, we consider the following abelian extensions of k, viewed as subfields of Cy:

Ln = prn-‘—l, L:L = ;;Jn_t,_l

Loo:=J Ln, L =L

n>0 n>0

For all n > 0, we let Gy, := G(L,/k), I'y, := G(L,/Lo). Also, we let Goo = G(Loo/k),
' := G(Loo/Lo). The results in the previous section show that we have the following com-
mutative diagrams of abelian groups with exact rows and canonical vertical isomorphisms.

and set
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0 —— UDJUITY s (A1) JFS —— (Affp)* /By ——0

| | |

0 Iy G(L,/H,) — G(Lo/H,) —— 0

Consequently, for all n > 0, we obtain the following diagram of field extensions whose relative
Galois groups are canonically isomorphic to the labels of the connecting line segments.

(2) H
fprtl
Hf’; F%
Fg
/ /Ig?/Uli;Jrl)
H; Hiy
F% /FX
(A/fp)xf B
He ]Fé<
Pic(A) o Go
k "»'-'.:.','.'-' st

Further, we obtain topological group isomorphisms

(1)
kp (1)
oy =

T'o = G(Loo/Lo) = G(LZ/L§) = lim

Now, we recall the following structure theorem, due to Iwasawa. (See also [12, Satz I1.5.7]).

Theorem 2.8 (Iwasawa [8]). Let K be a local field of characteristic p > 0 and let U[((l) denote
its group of principal units. Then, there is an isomorphism of topological groups

l}}é) ~ Zzgo’

where the right side denotes a direct product of countably many copies of (Zy,+), endowed
with the product of the p—adic topologies.

As a consequence, we have an isomorphism of topological groups

(3) I'oo = G(Loo/Lo) ~ Z,°.

The following gives a description of the Iwasawa algebras relevant in our considerations below.
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Proposition 2.9. Let (O, mp) be a local, compact Z,~algebra, which is mp —adically complete.
If G is an abelian pro—p group, topologically isomorphic to Zgo, then the following hold.

(1) There is an isomorphism of topological O—algebras
O[[g]] = O[[X17 X2> s ]]7

where the left side is endowed with the profinite limit topology and the right side with
the projective limit of the (mp, X1, ..., X,)—adic topologies on each O[[X1,...,X,]],
as n — oo.

(2) If O is an integral domain, then O[[G]] is a local, integral domain.

(3) If O is a PID, then O[[G]] is a UFD and, therefore, normal.

Proof. (Sketch.) (1) Use induction on n and the Weierstrass Preparation Theorem (see Thm.
2.1 in [11, Ch.5, §2]) to show that one has an isomorphism of topological O—algebras

O[[Z2]] ~ O[[X1, ..., X,]].

Then, pass to a projective limit with respect to n to get the desired isomorphism.

(2) This is Lemma 1 in [13]. Note that with the notations and definitions of loc.cit. we
have O[[X1, X2, ...]] = O{X}y,, where X is a set of cardinality Ry.

(3) This is Theorem 1 in [13]. See the note above regarding the notations in loc.cit. g

Remark 2.10. Typical examples of Z,-algebras O as in the Proposition above are rings of
integers O in finite extensions F'/Q, of Q,. Also, group rings Op[P], where P is a finite,
abelian p—group satisfy the hypotheses of part (1), but not parts (2)—(3) of the proposition
above. Note that in the latter case the maximal ideal of Op[P] is given by mo . (p| = (mo,., Ip),
where Ip is the augmentation ideal of Op[P]. Note that if P is a product of r cyclic groups
of orders p™, ..., p", respectively, then we have isomorpisms of topological Op—algebras

OF[P] = OF[Xl,...,XT]/ ((X1+1)pn1 _ 17---<X7‘+1)pnT _1)
~ OplXy, .. X/ (X1 + 17" =1, (X + 1P = 1),

where the first isomorphism sends the generators of P to )ﬁ—i—\ 1,... ,)C—i-\ 1, respectively,
and the second is a consequence of the Weierstrass preparation theorem cited above, applied
inductively. Since the right-most algebra is clearly complete in its (mp,, X1,...,X;)-adic
topology, the left-most algebra is also complete in its mp,.pj—adic topology.

We end this section with a result on the decomposition groups Gy (Leo/ Ly, ) in the extension
Loo/ Ly, for all primes v|f and a fixed n > 0. This will be used in the proof of Proposition
3.22 below. To that end, fix n > 0 and for every prime vlf, let Ug, be the group of S,—units
in k£*, where S, := {v,00}. We remind the reader that these are the elements of k* whose
divisor is supported at S,. Consequently, we have a group isomorphism

Usv ~ F; X 7.
Further we let Ugfrl) ={zeUs, | =1 mod (=4 - p"t1)}. This is a subgroup of finite

Uordv(f)
index in Ug, which is torsion free. Therefore, it is infinite cyclic

v v

UénJrl) o fL‘Z

generated by some z, € k*, which obviously satisfies the following
(4) div(zy) = ordy(zy) - v + ordeo (zy) - 00, ordy(zy) = —(deo/dy) - 0rdec(zy) # 0.
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In what follows, we let U(fp>) := (), U(fp") and let i, : kS — Ji/k*U(fp>°) be the stan-
dard morphism (sending z € k; into the class of the idele having x in the v—component and
1 everywhere else), for all primes v of k. Now, we consider the topological group isomorphism

n n+1
p)(3 ) U,gp+ )~ G(Lso/Ly)
obtained by composing the Artin reciprocity isomorphism p: Ji/k*U (fp>°) ~ G(L/k) with
the standard embedding Ulgzﬂ) Cky — b Ji/k*U(fp>°). Note that i, restricted to Ué:H) is
indeed injective, for all n > 0.

Proposition 2.11. With notations as above, the following hold.
1)

(1) For all primes vlf, if we let x%p denote the cyclic Z,—submodule of U,g:Jr generated

(n)

by xy, then py~ gives an isomorphism of topological groups

oY @y = Gy(Loo/Ln)-
(2) Let Gj(Loo/Ly) be the subgroup of G(Loo/Ly) generated by Gy(Loo/Ly), for all vlf.

Then, if we let f := card{v | v|f}, we have topological group isomorphisms
Loo/Ln) 2 [ [ Go(Loo/Ln)
olf

Proof. (1) A well-known class—field theoretical fact gives an equality of groups

Go(Loo/ L) = plin(k)) 0 plip (U H)),

where X denotes the pro-p completion (topological closure) of the subgroup X inside the
pro-p group G(Lu/Ly). However, it is easily seen that we have

plin () N plip (U TV)) = i (27),

which, after taking the pro—p completion of both sides, concludes the proof of part (1).

(2) According to part (1), it suffices to show that the elements {z, | v|[f} are Z, linearly

(n+1)

independent in U P However, since their divisors are clearly Z-linearly independent (see

(4) above), these elements are Z-linearly independent in k*. Now, the function field (strong)
analogue of Leopoldt’s Conjecture, proved in [10], implies that the elements in question are

Zyp-linearly independent in U, ,SZH), as desired. O

2.3. The basic example: The Carlitz module. We briefly describe the special situation
which arises in the case of the Carlitz cyclotomic extension of a rational function field (see
e.g. [1, Sec. 2]).

Let k = IF;(0) be the rational function field over F, and let v correspond to the valuation
on k of uniformizer 1/0. Then A = F,[f]. Furthermore, hy =1, dew = 1, and H} = H, = k.
We consider the Carlitz module

C: A—Kk{r}, 0—cC0) =06r"+7",
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which is sgn—normalized with respect to the unique sign function satisfying sgn(1/6) = 1. All
data in the following refers to p = C.

For each m # ¢ we have
G(Hp/k) ~ (A/m)*,  G(Hn/k) ~ (A/m)" /F}, G(Hy/Hn) ~F; =FZ,

and the subgroup F* < (A/m)” identifies with the decomposition subgroup at co which also
equals the ramification subgroup at v for the extension H}/k.

We fix a prime p of A of degree d = d}, and consider the fields L} := H;‘nH for n > 0. Then

7@
(5) Gri= G(LL k) = A x Ty = (A/p™) 7 = (A/p)" x ——2s

where A* ~ G(L§/k) ~ (A/p)* is cyclic of order ¢ — 1 and T',, ~ G(L}, /L) ~ U,gi)/U,g:H)
is the p-Sylow subgroup of GJ,.

The extension L} /k is unramified outside {vs,p}, totally ramified at p and tamely ram-
ified of ramification degree (¢ — 1) at vs. More precisely, the decomposition field at vy is
Ly := Hynt1 and Ly, /Ly, is totally ramified of degree (¢ — 1).

Hence, the extension L} /k is also unramified outside {vso,p}, totally ramified at p and
tamely ramified of degree (¢ — 1) at vo. More precisely, the decomposition field at vy is
Lo := UpHpn and LY /L is totally ramified at v of degree (¢ — 1). We have

Gio 1= G(Li/k) = A" X Too, Too = UL,

Here the isomorphism 'y, ~ U ,g:) is induced by the p-cyclotomic character
KR GOO — Ukp’

which is defined as follows. We write A, for the completion of A at p, so that A, identifies

with the valuation ring of kp, in particular, Ay = Uk, Then, ¢ can be uniquely extended to
a formal Drinfeld module (see [16])

C: Ay — A{{r}}.
Then, for any 0 € G4 the value k(o) is determined by the equality
o(e) = é\n(a)(e) for all € € C[p™].

Finally, we note that
Goo = G(Loo/k) = A x T,
where A 1= A*/Fr ~ (A/p)* /F;.
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3. EQUIVARIANT MAIN CONJECTURES IN POSITIVE CHARACTERISTIC

3.1. Review of the work of Greither and Popescu. In what follows, if G is a finite,
abelian group and F is a field of characteristic 0, we denote by @(F ) the set of equivalence
classes of the F—valued characters y of G, with respect to the equivalence relation y ~ x’ if
there exists o € G(F/F), such that ' = oo x.

If R is a commutative ring and M is a finitely presented R—module, we let Fittg(M) denote
the 0—th Fitting ideal of M. For the definitions and relevant properties of Fitting ideals needed
in this context, the reader may consult [5].

We let K/k denote an abelian extension of characteristic p global fields, of Galois group
G. We assume that F, is the exact field of constants of k (but not necessarily of K). Let
X — Y be the corresponding G-Galois cover of smooth projective curves defined over F,.
Let S and X be two finite, non-empty, disjoint sets of closed points of Y, such that S contains
the set Syam of points which ramify in X. We let F, denote the algebraic closure of F; and
set X =X XF, qu Y=Y XF, E. Also, S and ¥ denote the set of points on X sitting above
points of S and X, respectively.

For every unramified closed point v on Y we denote by G, and o, the decomposition group
and the Frobenius automorphism associated to v. As before, we write d, for the residual
degree over F, and we let Nv := P |F,a.| denote the cardinality of the residue field
associated to v.

To the set of data (K/k,F,,S,3), one can associate a polynomial equivariant L-function

(6) Osx(u) = H (1 — av_l . (qu)dv> . H (1 — av_l .ud”)_l.

vED vgS

The infinite product on the right is taken over all closed points in Y which are not in S.
This product converges in Z[G][[u]] and in fact it converges to an element in the polynomial
ring Z[G][u]. We recall the link between ©g x(u) and classical Artin L-functions. For every
complex valued irreducible character x of G we let Lgy denote the (S,3X)-modified Artin
L-function associated to y. This is the unique holomorphic function of the complex variable
s satisfying the equality

(7) Lss(x.s) = [ (1 = x(oo)No=*) - TT (1 = x(o) (Vo) =) "

vEX vgS
for all s € C with Re(s) > 1. Then, for all s € C,
(8) Osx(q%) = Y Lsn(x s)ex1,
x€G(C)

where ey == 1/|G|>_ ¢ x(9)g~! € C[G] denotes the idempotent corresponding to .

We denote by Mg s, the Picard 1-motive associated to the set of data (X,F,, S, %), see [5,
Def. 2.3] for the definition. For a prime number ¢ we consider the f-adic Tate module (or
{-adic realization ) Ty(Mgs), see [5, Def. 2.6], endowed with the usual Z,[[G' x T'|]-module

structure, where I' := G(IF;/FF,). Recall that I' is isomorphic to the profinite completion Z
of Z and has a natural topological generator ~ given by the g-power arithmetic Frobenius
automorphism.

The main result of Section 4 of [5] is the following.
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Theorem 3.1 (Greither—Popescu). The following hold for all prime numbers £.

(1) The Z¢[G]-module Ty(Mg 5) is projective.
(2) We have an equality of Z[|G x T'|]-ideals

(©sx(v1) = Fittz, oxry (Te(Ms 5))-

Remark 3.2. By [5, Rem. 2.7] we have T,,(Mgs) = T)(Mg ). This is in accordance with the
fact that the product of Euler factors

11 (1 —o, ' (q’fl)d”>

vEY

is a unit in Z,[[G x I']]. Indeed, from

n=0 L= (o0 (qu)™)

and lim (1 — (o 1(qu)d”)N> =1 in Z,|G][[u]], we see that

N—o0

o0

o qudv =3 (e )" € Zy[G) [u]]

3.2. The main results (Geometric Equivariant Main Conjectures). We fix a prime
ideal p and an integral ideal f of A, such that p ¥ f. We will consider the tower of fields
Hiyni1 [k, for n > 0. (See §2.2 and field diagram (2).) The definition of the real ray-class
fields Hjyyn implies that we have

Hijpn NFy =Faee,  FygHjN Hypn = Hj,

for all n > 0. Consequently, we have the following perfect field diagram.
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Ln = prn+1 £0 = Fqup

As in Subsection 3.1 we let .S and ¥ be two finite, non-empty, disjoint sets of closed points
of the smooth, projective curve Y corresponding to k, such that S contains the set Siam, of
points which ramify in Hyn+1. Note that this condition does not depend on n.

We write G)(Sn)z(u) € Z|Gy][u] for the equivariant L-function attached to (L, /k,Fg, S, X) in

(6). We let Ly := UpLy, and G 1= Gal(Lso/k). The next lemma shows that the following
is well defined.

Oy (u) = 1im O (u) € Z,[[Goo]][[ul.

Lemma 3.3. Let L/k be a finite abelian extension with Galois group G := G(L/k). Let K/k
be a subextension with H := G(L/K). We write

Ogx,r/k(u) € Zy|Glu], Ogx k/k(u) € Zy|G/H][u]

for the equivariant L-functions attached to the data (L/k,Fy, S, X) and (K /k,F,, S,%), respec-
tively. Then the canonical map Zy|Glu] — Zy|G/H][u] sends Ogx 1 /1(u) to Og s k/i(u).

Proof. We write 7 for the canonical map G — G/H and also for any map which is naturally
induced by 7. It is straightforward to verify that for any character x € G one has

r(ey) = ey, iflezlandxzinfg/H(w),
oolo it xle # 1
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Hence, by the inflation invariance of (S, ¥)-modified Artin L-functions, we obtain

T ZLS,g(x,s)eX—l = Z Lsx(,5)ep-1.

xeG veG/H

It follows that (m(©gx 1/k))(¢"°) = Ogx r/k(q™®) for all s € C, and hence we also have
T(Osx,r/k(v) = Ogx k/k(u) by (8). O

We let X,, — Y denote the G,,-Galois cover of smooth, projective curves defined over F,
corresponding to L,,/k. We write X,, := X, xp, [y, Y :=Y x, Fy, and also S, for the set of
points of X,, above points of S. We let Mfgn) be the Picard 1-motive associated with the set
of data (X, F,, Sp, 0) and write ngn) = Tp(Mén)) for the p-adic Tate module of Mén). Then,
T,En) is endowed with a natural structure of Z,[Gy][[I']|-module. (See [5, Sec. 3].)

Now, since Fa., is the exact field of constants of L, X, is going to have d connected

components, all isomorphic to X, := X, XF oo F,. Welet ngfé) = Tpp(MéO)) = Tp(Mé")’c) de-
note the p-adic Tate module of the 1-motive Mén)’c associated to the data (X¢,Fy, S,NX., 0).

For m > n > 0 we write N,,,: L,, — L, for the field theoretic norm map and also view
Nujn = 2 2geG(Lm/Ln) 9 3 an element of Zy[Gypy]. Galois restriction gives isomorphisms

G(Lm/Ly) ~ G(Ly/Ly).

By the results of [5, Sec. 3] we have a natural Z,[G1]-equivariant, injective morphism

ngn) — TIS"“). We may also consider the norm map

G(Lnt1/Ln)
Npj1/n : T]S”H) — (TIE"“)) .

By [5, Th. 3.10] this norm map is surjective and, moreover, it is an almost formal consequence

of [5, Th. 3.1] to show that, under the canonical injective morphism T;") — Té”*l), we can

identify the following Z,[G,]-modules

=T,

1)) GEns1/Ln)
(10) an) i

Indeed, we recall the diagram of fields above and set for n > 0
H, :=G(L,/E).
Then we have natural isomorphisms of Zy,[G,]-modules (see [5, proof of Th. 3.10])

Tlgn) ~ TZSTZ) ®Zp[Hn] Zp[Gn].
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Therefore, we have the following

e GLatt/Ln) . G(Lnt1/Ln)
() ~ (T 2, 4,01) ZplCria])
* G(Ln+1/Ln)
2 (m) Oz, t1,] Zp|Gl

~ T]g"),

where (x) is easy to verify using the fact that T;SZH) is Zyp[Hy+41]-projective by Theorem 3.1
and (*x) is the result of [5, Th. 3.1].
Definition 3.4. We define the Iwasawa—type algebras

Ap = Zp[[Gn xT]l, A :=limA, = Z,[[Go x T,

and consider the A—module defined by
Ty(MS) = Im T,(M{"),

where the projective limit is taken with respect to norm maps.

The rest of this section is devoted to the proof of Theorem 1.2 which we recall for the
reader’s convenience.

Theorem 3.5 (EMC-I). Let S and X be as above. Then the A-module Tp(Méoo)) is finitely
generated and torsion and the following hold.

(1) pdy (L,(ME)) = 1.
(2) Fitta (T,(ME™)) = 05 (v - A

The strategy of proof is as follows. First, we obtain a finitely generated, A—projective
resolution of length 1 for 7, (M éoo)), as a projective limit of certain A,—projective resolutions

of length 1 for T),(M én)), for n > 0, essentially constructed in [5]. This implies that T, (M éoo))
is finitely generated and pd, < 1. Then, we use this construction further to show that

(11) Fitt, (Tp(Méoo))) = lim Fitts, (Tp(Mé”))) .

Next, we show that @gj)z(fy_l) is a non-zero divisor in A,, for all n > 0 and @Ego%) (v7h) is
a non-—zero divisor in A. (See Corollary 3.12 below.) When combined with Theorem 3.1(2),
equality (11) and Lemma 3.10 below, this leads to the equalities

Fitta (T,(M)) = lim (05107 - M) = 05 (7 - A

Now, the fact that T,(M éoo)) is A—torsion and of projective dimension exactly equal to 1
follows from the following elementary result.
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Lemma 3.6. Let R be a commutative ring and X a finitely generated R—module. Assume that
Fittg(X) contains a non—zero divisor f € R. Then X is a torsion R—module. Consequently,
if X is non—zero, then X cannot be a submodule of a free R—module and therefore it cannot
be R—projective.

Proof. From the well-known inclusion Fittg(X) C Anng(X), we conclude that f- X = 0,
which concludes the proof of the Lemma. O

From now on, we let P, denote the Sylow p—subgroup of G,, and A,, its complement, so
that G, = P, x A, for all n > 0. Note that since I';, = G(L,/Lo) is a p-group, A := A,
does not depend on n. Consequently, for all n > 0, we have
(12) G~ P, x A, P,/T,, ~ P.

Therefore, for all n > 0, we have an isomorphism of Z,-algebras

Zp|Gyp] = @ Zp(X) [P,

X€EA(Qy)

given by the usual direct sum of y—evaluation maps for y € A. Consequently, any Z,[G,]-
module X splits naturally into a direct sum
X= P XX, where XX~ X &7 (¢, Zp(X)[Pn]-
X€A(Qp)

Since P, is an abelian p-group, the rings Z,(x)[P,] are local rings, for all n and x as above.
Further, since projective modules over local rings are free, Theorem 3.1 and [5, Rem. 2.7]
imply that we have isomorphisms of Zj,(x)[F,]-module

(13) 7, (M§7)" = @ 0R)™

with integers m&n) > 0, for all x and n as above.

Lemma 3.7. The non-negative integers m§<”) do not depend on n.

Proof. Note that since T},(M én)) is Z,|Gr)-projective, taking G(Ly,/Lo) fixed points commutes

with taking x-parts. Hence (13) combined with (10) implies m;") = m&o), for all characters x

and all n > 0. ]

Definition 3.8. We let m,, := m&n) = rankzp(x)[pn]Tp(Mén))X, for all x and n as above.

In order to simplify notations, for every x € A and all n > 0, we write
X
Ry = 7Z,[Gn], RX:=7Z,()Pa), To=T, (Mé”)> . TX=T, (Mé”))
We let Py = mn P, observe that G, = Py X A, and set

Roo:= y[[Gocll,  BY = Zy(0)[IPell, Too = T(MEY), T 1= Tp(MG).

o0
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Further, we let A} := RX[[[']] = Z,(x)[[Pn x T']] and AX := RX[[T]] = Zy(x)[[Ps % I]]. Since
A~ @ A A~ P AX
XGA(QZ)) XGB(Q;D)
via the usual character—evaluation maps, the A,,—modules AX and the A-modules AX are pro-
jective and cyclic, for all characters x as above.

Now, we fix a character y as above and, for a given n > 0, we fix an RX-basis of T}

NON)

We let A(Wn),x € GL,, (R%) be the matrix associated to the action of v on T} with respect to
the fixed basis. Let <I>£,n)’x be the RX[[[']]-linear endomorphism of RX[[T]]™x of matrix
1=~ AN € My, (RX[IT])

with respect to the canonical Rpj|[[[']]-basis egn), . .,egfi of RN[[T]]™«. By the proof of [5,
Prop. 4.1], in particular (6) of loc.cit., combined with Corollary 3.12(2) below, we have an
exact sequence of RX[[T]]-modules

(n),x

)] X
(14) 0 — RX[[T]]™ == RX[[T]]™ = T,X — 0,
where 7 is defined by W%(egn)) = xl(n).
Next, we show that, given an RYX-basis xgn), . ,ngi for T7X, we can choose an R, ,-basis
x§n+1), el xfffjl) of Téﬂrl, such that we have a commutative diagram
gn),x X
(15) 0 —— R[[T]]™ ——— RX[[T]]"™x — T 0
%HMT %H/TLT Noti/n
(n+1),x X
0—— Rﬁﬂ[[FHmX - Rﬁﬂ[[Fme Tr)z(ﬂ 0.

(n+1)

i

Here the vertical maps on the left and in middle are defined by e > egn) and the canonical

(componentwise) projections RY,; — Rx.

To that end, we start with an arbitrary RY  ,-basis
+1
Sy

of T)X,; and show how to modify it so that diagram (15) commutes. Since the module T}, 41
is Gy 4+1—cohomologically trivial (see [5, Th. 3.10]), by (10) above we have

Nt (TX) = (T§+1)G(Ln+l/Ln) =Ty

and therefore
(M (7)o N (277) }
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is an Ry-basis of T)X. Let U,, € GLmX(R%) denote the matrix such that

o Noerfm (7))
: =U, :
) Ny ()

Let Upy1 € My, (R, ) be such that nt1/n(Unt1) = Up. Actually, by the next lemma, Uy, 41
is an invertible matrix.

Lemma 3.9. Let ¢: S — R be a morphism of commutative local rings, i.e. p(mg) C
where mg and mp are the corresponding maximal ideals. Let U € My, (R), V € My, (S
matrices such that (V) =U. Then:

meg,
) be

U e GL,(R) <= V € GL,(5).

Proof. If VW = 1 with W € M,,(5), then 1 = (VW) = (V) - (W) = U - (W), ie.,
U~! = o(W). Conversely suppose that V & GL,,(S). Then detg(V) € mg, and hence

detr(U) = detr(p(V)) = p(detr(V)) € mp,

contradicting U € GL,,(R). O
Now, since U, 41 is invertible, {xgwrl), cee x%;rl)} defined by
n+1 n+1
" y
: = Uni1l :
n+1 n+1
g Ao

is an RY_  ~basis of T)Y, ;. Then the right hand square of (15) commutes because
(16)

1 1 1
]VnJrl/n:Egn+ ) Nn+1/ny§n+ ) ]VTLJrl/nygnJr ) l,g”)
: = Yn+tl : =Un : = :
1 1 1
Nn-l—l/nxggj ) Nn+1/ny£f?; ) Nn—f—l/ny'gr?: ) $£:Ll))<

Let ., denote multiplication by v in 77Y. By the definition of Agn),x , one has
My

(17) ey (a:ﬁ”)) = ZA(J’LZ.)JTX:I:?), foralln >0 and 1 <i < m,.
j=1

To prove commutativity of the left hand square of (15) one has to show

(18) enpin (A DY) = Al

v,4J Ty
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Since pi is an RY-linear map, it follows from (16) and (17) that

Nw( (n)> = Hy <Nn+1/n o )>

= Nopijm Z Avn;]rl n+1)
= Z; Pn+1/n (A'(y zJ]rl) X) Nn+1/n ($§n+1))
j=

= 3 b (AT
=1

and this, in turn, immediately implies (18).
Now, we start with an R%‘*basis azgo), .. xé?l for TSC and use the procedure above in-

ductively to construct RYX-bases xgn),. 1:7(n>)< for T)X so that (15) commutes, for all n > 0.
Therefore, we can take a projective limit as n — oo in (15). The Mittag-Leffler property (see
[6, Prop. 9.1]) implies that we obtain an exact sequence of AX-modules

(00),x X
(19) 0 —— (AX)™ — L (AX)™x = T 0,

where @ i=lim <I> X and 7% = Hm mx. By (18), we may define the following matrix
AP = {AGDXY,,50 € lim GLy,, (RY) = GLin, (RX,).

Consequently, the map <I>,(Y°°)’

for all characters x as above.

X has matrix (1 — 7_1A,(yoo)’x) in the standard basis of (AX)™x

If we take the direct sum of (19) over all x we obtain the exact sequence of A—modules

(o0)

@ oo
(20) 0—— @, (M) ———— @, (A)™ Too —— 0,
where CID(WOO) = (@(WOO)’X)X and oo := (mX)y. The exact sequence above shows that the A—

module T, = T),(M éoo)) is finitely generated, of projective dimension at most 1.

Moreover, for all x we have the following equalities

Fittax (TX) 2 detax (1—771Af)
(21) = lim (det AX (1 - 7‘1A(7")’X) : Ag)

(k)

=) Jim Fitty (T7).
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Above, equality (*) follows from (19), equality (**) follows from Lemma 3.10 and Corollary
3.12(1) below, and (***) follows from (14).
Now, we take the direct sum over all x of equality (21) to obtain

Fitts (Too) = lim Fitta, (7)

2 (04207 - An)

() _

where (%) is one of the main results of Greither and Popescu (see Theorem 3.1(2) above) and
(xx) is Corollary 3.12(4) below.

Now, the fact that T, is torsion and has projective dimension exactly equal to 1 over A
follows from equality (21) above, Corollary 3.12(5), and Lemma 3.6.

This concludes the proof of Theorem 3.5, save for the technical results which imply the
injectivity of the maps @gn)’x and therefore the exactness of (14), as well as both equalities

(**) above. We state and prove these technical results below.

Lemma 3.10. Let (R, ™mn) be a projective system of commutative rings and set Ro :=
@m R,,. Let oo := {am}m € Roo be a coherent sequence of non-zero divisors. Then

%1 (amPRm) = Qoo Ro.

Proof. Let {amrm}m € 1£1m amBRpy. Then, for m > n,

anpTp = 7"'m,n(Olmrm) = O‘nﬂ'm,n(rm)-

Since o, is a non-zero divisor by assumption, this implies r,, = 7y, (1), and hence {7 }m =
QooToo € QooRoo With 7o := {rm }m. The opposite containment is obvious (and true without
the assumption that the a,, are non-zero divisors). g

Lemma 3.11. Let R be Ry or Ry,,. Let f € R[y] C R[[[']] be a polynomial in v such that the
leading coefficient is a unit in R. Then f is a non-zero divisor in R[[T]].

Proof. We write

F=2 217 4 My + o
with A; € R and Ay € R*. We argue by contradiction and suppose that f is a zero divisor
in R[[T']]. Then there exists g € R[[I']] such that fg =0 and g # 0. Let f = {fim}men and
9 = {9m}men with fi,, gm € R[T'/T™]. Then there exists N € N such that for all m € N

INmINm =0,  fnm # 0 # gnm
in R[['/TN™]. In particular, for all k > 0, we have

(22) prngpk =0, prk 7& 0 7é INpk-

Write N = Mp® with p t+ M. Since I' ~ 7 (the profinite completion of Z), we have the
following group isomorphisms

r/TN?" = p/TMp

P TM T/ 2 Z/MZ % Z)p T
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Further, we have a surjective topological group morphism

D= T/TM x I D/TP"" ~ Z/MZ % Z,,, v — (a1, %)

k
It follows that lim, R[T/TNP*| ~ R[T/TM[[t]], where vp maps to 1+ t. Thus, we obtain a
Zy,—algebra homomorphism ¢ defined by the following composition of maps

T™Mp .. k
o R[[L]) =% Lim R[T/TYP] o RIL/TM[[H] < €D Z,[][[1]

k (4
where 9 runs through the Q,-valued characters of (G, xI'/T'™) modulo the action of G(Q,/Q,)
(and such that ¢|a = y if R = RY). Clearly, ¢ maps f to (¥(Aagvd,)(1+t)4+...)y. As Ay € R*

by assumption, we have ¥(A\gv%,) € Z,[1]*, so the ¥-component of ¢( f) is non-zero, for all 1.
Since Z,[1][[t]] is an integral domain, for all ¢, this implies that mp/,(f) is not a zero—divisor

in 1£1k R[T/TN pk]. However, this contradicts equalities (22), which concludes the proof of the
Lemma.

O
Corollary 3.12. The following hold for alln > 0 and all x € A.

(1) The element detgxm <1 - 7—1A(7n),x) is a non-zero divisor in RX[[T']].
2) The map DR RX[[T]]™ — RN[[T]]™x is injective.
(2) v
3) The element @(n) v~ is a non-zero divisor in A,, = Ry,[[T]].
S,
(4) We have an equality @gfg) (v A= im (@g)x('yfl) -An) .
(5) The element @goz) (1) is a non—zero divisor in A.

Proof. (1) Observe that 4™ det gx(iry) (1 — 771A(7n),x) is a polynomial in R[] of degree m,

and leading coefficient 1. Hence part (1) follows immediately from Lemma 3.11 above.

(2) is a consequence of (1) and the following fact: let R be a commutative ring, A € M, (R)
and suppose that detr(A) is not a zero divisor. Then A: R" — R" (defined with respect to
the standard basis) is injective. Indeed, let A* be the adjoint matrix. Then

AA* = A*A = detgr(A) - id,
and therefore A* o A is injective and, as a consequence, A is injective
(3) We apply results of [5], in particular Propositions 4.8 and 4.10. We can express the
image @g%x(u) of G)(Sng(u) in RX[u] as a product of two polynomials PX(u), QX(u) € Rx[ul,
such that QX(y~1) € RX[[T]]*. It thus suffices to show that PX(y~!) is a non-zero divisor.
By [5, Prop. 4.8 a)] we have

PX(u) = det gy (1 — | Tp(Mg%)x) ,

so the element v PX(y~1) is a polynomial with leading coefficient 1. Lemma 3.11 implies
that @(ST’L)E’X(W_I) is a non-zero divisor in A%, for all y. Therefore, @g?)z(y—l) = (@gg’x(v_l))x
is a non—zero divisor in A,, = @, AX.

(4) Apply part (3) combined with Lemmas 3.3 and 3.10.

(5) This follows immediately from (3), as @gjo) (v hH= Hm @(57?)2(7*1) in A =lim A, 0O
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3.3. Co-descent to L. /k. In what follows, for every n > 0, we denote by D°(L,) and
DY(L,) the Z[G,]-modules of divisors of degree 0 in L, and divisors of degree 0 supported
at primes above S in L, respectively. By Dg(L,,) we denote the S—supported divisors of L,

of arbitrary degree. Note that the degree is computed relative to F,. Also, U én) denotes the
Z|Gy)-module of S-units in L, (i.e. elements f € LX whose divisor div(f) is in D%(Ly)).

Finally, X én) denotes the Z[G,]-module of divisors of L,, supported at primes above S and
of formal degree 0, i.e., formal sums Zves(Ln) Ny - v, With n, € Z and ), n, = 0.

By slightly generalizing the results in [4], our Proposition 4.5 and Remark 4.6 in the Ap-
pendix applied for L = L,, for every n > 0, provide us with canonical exact sequences of
Zp|Gp]-modules

(23) 0 — UM @52, — T,(M) 23 1,y — v — 0.
Here Vfgn) = Tp(M, én))p sits in a short exact sequence of Z,[G,]-modules

(24) 0 — Picd(Ln) ®2 Z, — v — X 0,

and X én) (defined precisely in the appendix) sits itself in a short exact sequence
(25) 0 - 2,/d3Z, = XV - X{) © 2, — 0,

where dgn)Z := deg(Ds(Ly)) and Gy, acts trivially on Z,/ d(Sn) Zyp. In particular, note that if
S(Ly) (the set of places of L,, sitting above places in S) contains a prime of degree coprime

to p, then we have )N(gl) = ngn) ® Zp.
Exact sequence (23) combined with Theorem 3.1 above, gives the following.

Corollary 3.13. For all finite non-empty sets ¥ with SN'Y =0 and all n € N we have
Fittz,(q,] (qun)> = 959%(1) < ZLp| Gl
Proof. Exact sequence (23) gives an isomorphism of Z,[G,]-modules

Vfgn) ~ Tp(Mé'n)) ®z,(Gallr]) Zp[Gnl,

where Zy,[Gy] is viewed as a Zpy[G,][[I']]-algebra via the unique Z,[G,]|-algebra morphism
7 1 Zp|Gy[[T]] = Zp|Gy] which takes v — 1. Since Fitting ideals commute with extension of
scalars, this gives an equality of Z,[G]-ideals

Fittzp[Gn] (Vfgn)> =T <Fitth[Gn][[FH (Tp(Mén))> .

Now, the Corollary follows from Theorem 3.1. U

In what follows, we set

U = 1mU ©2.2,), v§Y = 1limv§,

n

where both limits are taken with respect to norm maps.
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Lemma 3.14. The sequence (23) stays exact when we pass to the limit, i.e.
(26) 0 — UL — T,(M5) 3 1,(M5?) — 5 — 0
s an exact sequence of A-modules.

Proof. We set W™ := (1 — fy)Tp(Mé")). Then the functor lim is exact on

0— U™ @5 2, — T (M) —— Wit 0

anJfl/n anJfl/n JNnﬂ»l/n

0—— UM @57, —— T, (M) ——— W™ — 0
because U én) ®z Zyp is a finitely generated Z,-module and therefore the projective system
{U én) ®gz, Lp}tr satisfies the Mittag-Lefller condition.
Since Ny, 1/n: Tp(MénH)) — Tp(Mén)) is surjective, the map Ny q/p,: Wt s )
is also surjective. Hence, as above, &inn is exact on

0—W(n+1)— Tp(Mé”H)) — vg”H) ——0

J(N’rkl»l/n JNni»l/n J{Nrﬂ»l/n

0 —— W ——— T,(M{") Vs ——0
We can now glue the two short exact sequences at the oco-level. O

The following is an equivariant Iwasawa main conjecture—type result along the Drinfeld

module (geometric) tower Lo /k, for the Z,[[Gs]]-module véoo), see Theorem 1.3 of the
introduction.

Theorem 3.15 (EMC-II). For any finite, non-empty set ¥ of primes in k, disjoint from S,
the following hold.

(1) vgoo) is a finitely generated, torsion Z,|[Gso)]-module of projective dimension 1.
(2) Fittzp[[Goo]] (vfgoo)) = @‘(go’;);)(l) : Zp[[GOOH

Proof. Part (2) is an immediate consequence of exact sequence (26) and Theorem 3.5 above.
(Repeat the arguments in the proof of Corollary 3.13.)
Part (1) is Proposition 3.24 in §3.5 below, which itself is a consequence of the fact that

@go;)(l) is a non-zero divisor in Z,[[G]], as proved in Proposition 3.22 below. O

3.4. Results on ideal class groups. We conclude this section by deriving an Iwasawa main
conjecture in the spirit of [1, Th. 1.4] for the classical Z,[[G]]-module

x> = lim (Pic(Ln) ®2.Z,) ,

where the projective limit is taken with respect to the usual norm maps.
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As in (12) we let A denote the maximal subgroup of Gy whose order is not divisible by

p. Since G(Ls/Lg) is a pro—p-group, we have G, ~ A X Ggg), where GS}Q) is the maximal

pro—p subgroup of Go,. As a consequence, we can view the element ep = ﬁ Y sca 0 as an
idempotent in Z,[[G]]. This allows us to define the functor
M M =(1—ep) - M

from the category of Z,[[G]]-modules to the category of modules over the quotient ring

Zpl[Gool)F = (1 — ea) Zp[[Go]]-
Note that since M = ea M @& M¥, for every M as above, the functor M — M?! is exact.

The study of %I(,OO) requires some additional hypotheses. We list them below.

(a) f=e.
(b) p does not split in H,/k.

(c) pf [He: k] = hydoo.

(d) p 1 deg(p).
Note that (a), (b) and (c) are satisfied in the basic example of the Carlitz module, see §2.3.
Theorem 3.16 (EMC-IIT). Under hypotheses (a)—-(d), the following hold for S = {p} and all
nonempty sets 3, disjoint from S.

(1) .'{Z(DOO) is a torsion Zy|[Gso)]-module of projective dimension 1.

(2) Fittz, o) (X577) = O53(1) - Zy[[Goc)
Proof. Since L, = Hynt1 is unramified outside p, the set S = {p} satisfies all the desired
requirements. In general, each divisor of p in H, is totally ramified in Hynt1/H,. Hence,
hypotheses (a)-(b) imply that D%(L,) =0 and X én) = 0. Further, hypotheses (c¢)—(d) imply
that if p,, is the unique prime in L,, sitting above p, then dg”) = deg(p,) = [H, : k] - deg(p) is
not divisible by p. Consequently, (24) and (25) give us

R P

and the result follows from Theorem 3.15 above. O

Under the milder hypotheses (a)—(b), both satisfied in the basic case of the Carlitz module,
a similar result holds, away from the trivial character of A.

Theorem 3.17 (EMC — III*). Under hypotheses (a)-(b), the following hold for S = {p} and

all nonempty sets 3, disjoint from S.
(1) %éoo)’ﬁ is a torsion Zy[[G]]f~module of projective dimension 1.
(2) Fitty, o..e (X5%) = 063(1) - Z,[[Goc I

Proof. Once again, we have Xén) = 0. Since (Zp/dgn)Zp)ﬁ = 0 (as A acts trivially on
Zyp/ dgn)Zp), when applying the exact functor # to exact sequences (24) and (25), we obtain

v = (PI(Ly) @ Z,), v = X0,

and the result follows by projecting the equality in Theorem 3.15 onto Z,[[Gool]*. O
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Remark 3.18. In this remark we use the assumptions of [2] and [3]. More specifically, we
assume f = ¢, doo = 1 and p 1 [H, : k]. Note that, for example, these assumptions hold in the
case of the Carlitz module which is studied in [1].

We let Gp(Lo/k) and I,(Lo/k) denote the decomposition, respectively inertia group asso-
ciated to p in Lo/k. We observe that A = G(Lo/k) has order prime to p and let x € A be
a character, such that x|q,(zo/k) is non-trivial. Since Iy(Lo/k) = G(Lo/H.) C Gp(Lo/k), the
set of such characters x includes the characters of type 2 as defined in [2, Def. 3.1] or |3,
Def. 2.3.6]. Since we only consider real ray—class fields, we do not see characters x of type 1,
as defined in loc.cit. Then, for all n € NU {co} and S = {p}, we have

(P oun) - mrirenty
~ Zp|G(Ln/k)/Gy(Ln/E)])X
~ Zp[A/Gy(Lo/k)]* = 0.

As a consequence, we have Vgoo)’x = %I(,OO)’X and our Theorem 3.15(2) implies that

Fitth(X)[[Fooﬂ (%I()oo)’x> = @‘(S'(T;)(ly X) * Zp()[[l'so]ls

for all characters y as above. Thus we recover the central results of [1, Thm. 1.1], [2] and |3,
Thm. 2.4.8] restricted to the real Iwasawa towers considered in loc.cit.

)

3.5. @go% (1) is a non-zero divisor. The goal of this section is a proof of part (1) of Theorem
3.15 above. We will first establish a structure theorem for the Iwasawa algebra Z,[[G ]| whose
proof will be based on the following result on pro-p groups.

Theorem 3.19 (Theorem 3.1 of [9]). Let G be a pro-p group with countable (topological)
basis, whose torsion subroup t(G) has bounded exponent. Then t(G) is a closed subgroup of G
and we have an isomorphism of topological groups

G ~t(G) x Z;( ,
where X is a cardinal in the set N U {Rg}.
Here is the promised structure theorem for the Iwasawa algebra Z,[[Guo]].

Proposition 3.20. The following hold.
(1) There are closed subgroups Go and Ty of G, such that

Goo = Go % T,

with f‘; ~ Z;fo (topologically), [I'o : T'oe N f‘;] <00, Moo : Too NTs] < 00, and @6
is isomorphic to a subgroup of Gy.

(2) There is an injective morphism of topological Z,—algebras

Zol[Gol) = L Go)[Ta] = D Zo(0) [Tl €D Zp(0)[[X1, Xo, -]
péé\o((@p) PEé\O(Qp)

where the injective map in the middle is given by the usual p—evaluation maps.
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Proof. Part (2) is a clear consequence of part (1) and Proposition 2.9. For the proof of (1),
note that, with notations as in §3.2 above, if we let Py, := @n P,,, then we have

(27) Goo ~ Py x A, Py /T ~ Py.

Recall that A is the complement of the p—Sylow subgroup P, of G,,, for all n > 0. Since 'y, is
torsion free, the second isomorphism above implies that ¢(Ps,) is isomorphic to a subgroup of
Py, therefore it is finite and, obviously, of bounded exponent. Since I'y, has countable basis,
the second isomorphism above implies that P, has countable basis as well. Consequently,
Theorem 3.19 applied to G := P, gives a topological isomorphism

(28) Poo = #(Pa) X T,
where i; o~ Zgo. Consequently, we have
Goo = Go X T, for Go :=t(Goo) ~ t(Ps) X A.
Obvigtgly, C?o is /isvomorphic to a subgroup of Gg ~ Py x A. The fact that [['s : T'oo ﬂf;] < 00
and [I's : 'eo N '] < o0 follows immediately from (27) and (28). O

Remark 3.21. From now on, we let

0= (0p)p  ZpllGocll = Z,[Gol[Tecll & D Zp(p)[[Po]] = Zp[[Goo]]
p€Go(Qp)

denote the character evaluation map described above. Proposition 2.9(2)—(3) implies that
the direct summands of Z,[[G]] are integral, normal domains. (Notice that Z,[[G]] is the
integral closure of Zy[[G]] in its total ring of fractions, which justifies the notation.)

Proposition 3.22. @go’%) 1) is a non-zero divisor in Zy[[Go]] and therefore in Zy|[[Goo)].

(
Proof. Proposition 3.20(2) implies that the statement to be proved is equivalent to

£p(O59 (1)) # 0 in Z,(p)[[Tac]l,

for all characters p € @v(). Of - course, this is equivalent to proving that for every p as above,
there exists a character 1) of I'o, of open kernel (so, of finite order), such that

D(pp(O5 (1)) # 0 in Z,(pt).
)

However, from the definition of @gog, for all p and 9 as above, we have an equality

blep(O5Y (1) = Lsx((p) ", 0),
where pv is viewed as a complex—valued character of the finite quotient
Go X (Toa/ Ker 1) = Goo ker
of G (under a fixed field isomorphism C,, ~ C) and Lgx(pv, s) is the complex-valued Artin
L-function (S-imprimitive and ¥-completed) associated to pi. (See equalities (7) above.)

Now, the following Lemma is a well-known description of the order of vanishing at s = 0
of the Artin L—functions in question. For the number field case of this result, see [17, Ch. I,
Prop. 3.4] and for the function field case, relevant in our context, see [14, Sec. 2.2].
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Lemma 3.23. If x is a non—trivial character of Goo with open kernel, then

ords=o Lss(x, s) = card{v € § [ X(Gv(Loo/k)) = 1},
where Gy(Loo/k) denotes the decomposition group of v inside Goo = G(Loo /).

Consequently, we claim that it suffices to find a finite subextension L/K of Lo/ Lg; and
a character y of G(L/K), such that the following conditions are simultaneously satisfied.

(A1) Lo := LI> C K C L C L and L/Ly finite.
(A2) x(Gy(L/K)) # {1}, for all v € S.

Indeed, if we construct an L/K and x as above, then for any given character p of éo ~
G(Lo/k), we take any character ¢ of G(L/Lo), such that ¥ |gi/k)= x. Now, pi is a
character of G(L/k) which satisfies the property

pY(Go(L/K)) = Y(Go(L/K)) = x(Go(L/K)) # {1}, for all v € S.
Since G (L/K) C G,(L/k), for all v € S, Lemma 3.23 gives us the desired nonvanishing

V(o059 (1)) = Ls((p)1,0) £ 0.

Now, since [ﬁ; : Too N '] < 00, the existence of L/K satisfying conditions (Al)-(A2)
above is ensured if we can find two integers m > n and a character x of G(Ly,/Ly), such that

(B1) n is large enough, so that ngomf; C L,. (Note that Ly C LFooﬁFoo )

(B2) x(Gy(Lm/Ly)) # {1}, for all primes v € S.

Now, we proceed to constructing m and n as above. First, we fix an n > 0, large enough so
that (B1) is satisfied. Now, we apply Proposition 2.11 to get topological group isomorphisms

(29) (Loo/Ln) = [ [ Go(Loo/Ln) = [ [ Zo,

vlf olf
where the notations are as in loc.cit. Since the p-adic and the profinite topologies on
Gj(Loo/Ly) coincide, there exists an m > n, such that

(30) Gi(Loo/Ln) N G(Loo/Lm) € p - Gj(Loo/Ln).

We let G§(Ly,/Ly) denote the subgroup of G(L,,/Ly,) generated by the decomposition groups
Gy(Ly/Ly,), for all v|f. From the definitions, we have a group morphism

~ Gf(LOO/Ln) _ Gf(LOO/Ln) _ Gv(LOO/Ln)
Cillm/Ln) = G T TL) NG/ T) 7 C(Toof T Hf p-GoLoo/Ln)’

where the isomorphism to the left is induced by Galois restriction, the surjection is induced
by the inclusion (30) and the equality is a consequence of (29).

It is easily seen that for all v|f the above morphism maps Gy (Ly,/L,) onto the quotient
Guv(Loo/Ly)/pGy(Loo/Ly) which by Proposition 2.11 is isomorphic to Z/pZ. Consequently,
there is a character ¥ of Gj(Ly,/Ly), such that ¢(Gy (L /Ly)) = {¢ € C, | ¢P = 1} for all
v|f. Now, take any character x of G(L;,/Ly) which equals ) when restricted to Gj(Ly,/Ly).
This character obviously satisfies (B2) for all v|f. Since it is non-trivial on G(L,/L,) and
Gy(Lm/Lyn) = G(Ly/Ly) (recall that L,,/L,, is totally ramified at the p-adic primes), the
character x also satisfies (B2) for v = p. This concludes the proof of Proposition 3.22. g
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We conclude this section with a corollary to Proposition 3.22.

(o0

Proposition 3.24. The Z,[[G]]-module 37 g ) s finitely generated, torsion, and of projective
dimension 1.
Proof. We will use the notations in the proof of Theorem 3.5. In particular, note that

A/ (1 =) = Zp(x) [ Pec]],

for all @pfvalued characters x of A. Consequently, the exact sequence (20) leads to the
following commutative diagram of A—modules.

Uy
0——— @, (A)™ il D, (W)™ "= T,(MF*) —— 0
v—1 v—1 v—1
0——— @, (A)™ il D, (W)™ "= T, (MG —— 0
B, Z,)P<™ B, Zy()[[Pc]™ v

where the right vertical exact sequence is given by Lemma 3.14. The snake lemma applied to
the diagram above gives the exact sequence of Z,[[Go]]-modules

(00)

D, Zp () [Poc™ —— B, Zp(X)[Poc]™ —— 75~ ——0,

where (ID,(YOO) = (IL(YOO) mod (v — 1). It follows that
Fittzp[[goo” (vgoo)) = deth[[Goo]] <(I)£/oo)) . Zp[[GooH-

Combined with Theorem 3.15(2), the equality above shows that the element dety (g, ]] <@(7°O)>

differs from @go%)(l) by a unit in Z,[[G]]. By Propositon 3.22, the element @g?;)(l) is a non-
zero divisor in Z,[[G]]. Therefore, dety [a..) <<I>(700)> is a non-zero divisor in Z,[[G]] as

well. By a standard argument (using the adjoint matrix y—componentwise, see proof of Cor.

3.12(2)) we see that <I>(7°°) is injective, hence the sequence of Z,[[Gs]]-modules

(o0)

0 —— @, Zp(0)[[P]l™ —— B, Zp()[Pocl)™ —— 7§ —— 0

is exact. Consequently, the Z,[[Gs]]-module vgm) is finitely generated, of projective dimen-

sion at most one. Further, the fact that V(SOO) is torsion and of projective dimension exactly
1 as a Zy[[G]]-module follows immediately from Lemma 3.6. O
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4. APPENDIX (p—ADIC RITTER-WEISS MODULES AND TATE SEQUENCES FOR SMALL S)

Let L be a finite, separable extension of F,(¢). Denote by Z a smooth, projective curve
defined over [F,, whose field of rational functions is isomorphic to L. We let 7Z =2 XF, E,

I' :== G(F;/F,) and let v be the ¢g-power arithmetic Frobenius automorphism, viewed as a
canonical topological generator of I'. Note that Z may not be connected. Consequently,
L := L ®p, F; (the F-algebra of rational functions on Z) could be a finite direct sum of
isomorphic fields (the fields of rational functions of the connected components of Z.)

Next, we consider a finite, non—empty set S of closed points on Z and let S be - the set
of closed points on Z sitting above points in S. We let Div%(L) (respectively Divg(L)) and

Div&(L) (respectively Divg(L)) denote the divisors of degree 0 (respectively arbitrary degree)
on Z and Z, supported at S and 5, respectively. Note that the degree of a divisor on Z,
denoted by deg, is computed relative to the field of definition F,. Also, the degree of a divisor
on Z is in fact a multidegree, computed on each connected component on Z separately.
Further, Xg(L) denotes the S—supported divisors on Z of arbitrary formal degree, denoted

below fdeg. Also, Ug(L) denotes the group of S—units inside L* and
_ Pic%(L) DivO(L)

Pic%(L) := —==%* = — . :
S Divd (L) Divd(L) + div(LX)

is the S—Picard group associated to L, obtained by taking the quotient of the usual Picard
group Pic?(L) by the subgroup Div%(L) of classes of all S-supported divisors of degree 0.

Finally, we let Mg denote the Picard 1-motive associated as in [5] to the data (Z, E, S, 0).
As usual, T,(Ms)! and T,(Mg)r denote the I'-invariants, respectively I'-coinvariants of the
p-adic Tate module of Mg. In what follows, if N is a Z-module, we let N, := N ®z Z,,.

Definition 4.1. The set S is called p-large if the following are satisfied.
(1) Pic%(L), = 0.
(2) S contains at least one place of degree (relative to F,) coprime to p.

Remark 4.2. Tt is easily seen that S is p-large if and only if Picg(L), = 0, where
B Div(L)
Divg(L) + div(L*)
is the quotient of the full Picard group Pic(L) of L by its subgroup of S—supported divisor

classes. This is perhaps a more natural definition, but we prefer to use the definition above
because Pic(L) (as opposed to Pic(L)) is much more naturally related to the 1-motive Mg.

Picg(L) :

The following result was obtained in [4]. (See Proposition 1.1 in loc.cit.)

Proposition 4.3 (Greither—Popescu, [4]). If S is p—large, then the following hold.
(1) There is a canonical isomorphism Ty(Mg)' ~ Ug(L),.
(2) There is a canonical isomorphism T,(Mg)r ~ Xg(L)p.

Remark 4.4. In fact, in [4], the authors describe the modules Tj,(Mg7)" and T,,(Mg r)r, where
Mg 7 is the Picard 1-motive associated to (Z,F,,S,T), where T is a finite, non—empty set of
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closed points on Z, disjoint from S. However, by [5, Rem. 2.7] and the proof of [4, Lemma
3.2], we have for any such T equalities

Tp(Ms,r) = Tp(Ms), Usr(L)p = Us(L)p,
where Ug (L) is the group of S—units in L*, congruent to 1 modulo all primes in 7.

The goal of this Appendix is to remove the hypothesis “S is p—large” in the Proposition
above. More precisely, we sketch the proof of the following.

Proposition 4.5. With notations as above, the following hold for all sets S.

(1) There is a canonical isomorphism Ty(Mg)' ~ Ug(L),.
(2) There are canonical exact sequences of Z,—modules:

0 — Pic%(L), — Tp(Ms)r — Xs(L) —

0—Zy/dsZy — Xs(L) = Xs(L )p —
where dsZ = deg(Divg(L)) and Xg(L) := (DiV (L)p)r- In particular, if S contains a
prime of degree not divisible by p, then Xg(L) = Xs(L)p.

Proof. (Sketch) We will give only a brief sketch of the proof, as the techniques and main ideas
are borrowed from [4]. First, we consider the exact sequence of Z,[[[']]-modules

. - . - d
0 — Div(L), — Divg(L), =3 Z, — 0
and take I'-invariants and I'—coinvariants to obtain a long exact sequence

. . d . + . fd.
0 — Div(L), — Divs(L), > Z, — (Div(L),)r — Divg(L), —3 Z, — 0.

The fact that the I-invariant of the complex [Divg(L), deg, Zp) is [Divs(L), deg, Zyp) and its

I'-coinvariant is [Divg(L), Keg Zp) follows immediately from the definitions and is explained
in §2 of [4]. Now, in the long exact sequence above, we have

ker(fdeg) = Xg(L)p, coker(deg) = Z,/dsZy.

Therefore, if we let Xg(L) := (Div%(f)p)p, we have a canonical exact sequence
(31) 0 — Zp/dsZy — Xs(L) — Xg(L), — 0.

If J denotes the Jacobian of Z, there is a canonical exact sequence of Zp~modules

0 — Tp(J) — Tp(Ms) — Divg(L), — 0.
(See §2 of [5] for the exact sequence above.) Since we have a canonical isomorphism
T,(J)r =~ Pic’ (L),
(see Corollary 5.7 in [5]) and T),(J) is Zyfree of finite rank, we also have
T,(N)' =o.

Therefore, when taking ['-invariants and I'-coinvariants in the above exact sequence, we
obtain a canonical long exact sequence of Z,-modules

0 — T,(Msg)T — Div2(L), -2 Pic®(L), — Tp(Ms)r — Xs(L) — 0,
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where the connecting morphism ¢ is the usual divisor—class map. (See [4, §1] for this fact.)
Since there is a canonical isomorphism Usg(L), =~ ker(J), where Ug(L), injects into Div%(L),
via the divisor map, we obtain a canonical isomorphism of Z,-modules

T (Mg)' ~ Us(L),,

which concludes the proof of part (1) of the Proposition.

To conclude the proof of part (2), observe that, by definition, we have coker(§) = Pic2(L),.
Therefore, the last four non—zero terms of the long exact sequence above lead to a canonical
short exact sequence of Z,-modules

(32) 0 — Pic(L), — T,(Ms)r — Xs(L) — 0.
In combination with (31), this concludes the proof of part (2). O

Remark 4.6. (Ritter-Weiss modules and Tate sequences.) Assume that L is the top field in
a finite, Galois extension L/K, of Galois group G and that F,(¢) C K C L. Further, assume
that the set S is G—equivariant. Then, all the Z,-modules involved in the proof of the above
Proposition carry natural Z,[G]-module structures. Most importantly, due to their canonical
constructions, all the exact sequences above are exact in the category of Z,|G]-modules.
Exact sequence (32) is the p—adic, function field analogue of the Ritter—Weiss exact sequence
(see [15]), defining a certain extension class 7/ of a module of S—divisors by an S—ideal class
group, in the number field setting. This is what prompts the notation \7g(L), := T,,(Mg)r-
Further, since T),(Mg) is Z,|G]-projective, the exact sequence of Z,[G]-modules

(33) 0 = Us(L), — Tp(Ms) =3 T,(Ms) — vs(L), — 0,

is the p-adic, function field analogue of a Tate exact sequence (see [4] and also [15] for more
details), in the case where S is not necessarily p-large.

Of course, in order to cement these analogies, one would have to compute the extension
classes of (32) an (33) in Ext%p[G] (Xs(L), Pic%(L),) and Ext%p[G](vg(L)p, Us(L)p) and show
that they coincide with the class—field theoretically meaningful Ritter—Weiss and Tate classes,
respectively. In [4], this was done ¢-adically, for ¢ # p, for the exact sequence (33), in the
case where S is (-large. (See Theorem 2.2 in loc.cit.) A proof of the p-adic analogue of that
theorem (even in the case where S is p-large) is still missing in the literature, unless |G| is
not divisible by p, in which case this was proved in [4]. (See Theorem 2.2. in loc.cit.)
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