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Abstract. We prove an Equivariant Main Conjecture in Iwasawa Theory along any rank
one, sign-normalized Drinfeld modular, split at ∞ Iwasawa tower of a general function field of
characteristic p, for the Iwasawa modules recently considered by Greither and Popescu in [5],
in their proof of the classical Equivariant Main Conjecture along the (arithmetic) cyclotomic
Iwasawa tower. As a consequence, we prove an Equivariant Main Conjecture for a projective
limit of certain Ritter–Weiss type modules, along the same Drinfeld modular Iwasawa towers.
This generalizes the results of Anglès et.al. [1], Bandini et al. [2], and Coscelli [3], for the
split at ∞ piece of the Iwasawa towers considered in loc.cit., and refines the results in [5].

1. Introduction and Notations

1.1. Arithmetic Iwaswa Theory. In [5], Greither and the second author considered a set
of data (K/k, S,Σ) consisting of an abelian extension K/k of global fields of characteristic
p > 0 of Galois group G and two finite, nonempty, disjoint sets of places S and Σ in k, such
that S contains the ramification locus of K/k. From this data one can construct a Deligne–
Picard 1–motive MS,Σ, which is naturally acted upon by the Galois group G × Γ, where

Γ := G(Fq/Fq) and Fq is the exact field of constants of k. As a consequence, all the `–adic
realizations T`(MS,Σ) are natural finitely generated modules over the profinite group–algebra
Z`[[G× Γ]], for all prime numbers `.

On the other hand, the set of data (K/k, S,Σ) gives rise to a polynomial ΘS,Σ(u) ∈ Z[G][u],
which is uniquely determined by the packet of (S–incomplete, Σ–smoothed) Artin L–functions
LS,Σ(χ, s), for all the complex valued characters χ of G, via the equalities

χ(ΘS,Σ(u)) |u=q−s= LS,Σ(χ−1, s),

for all s ∈ C. The main result in [5] is the following G–equivariant Iwasawa main conjecture,

along the arithmetic (cyclotomic) Iwasawa tower (K⊗Fq Fq)/K, of Galois group Γ ' Ẑ, whose

natural topologial generator is the q–power Frobenius automorphism of Fq, denoted by γ.

Theorem 1.1 (Greither–Popescu [5]). For (K/k, S,Σ) as above and all primes ` we have

(1) pdZ`[[G×Γ]](T`(MS,Σ)) = 1.

(2) FittZ`[[G×Γ]](T`(MS,Σ)) = 〈ΘS,Σ(γ−1)〉.

In the statement above, pdR(M) and FittR(M) denote the projective dimension, respec-
tively the 0–th Fitting ideal of a finitely presented module M over a commutative, unital ring
R. See §4 in [5] for the relevant definitions and properties of Fitting ideals.
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1.2. Geometric Iwasawa Theory. The main goal of this paper is to prove analogues of
Theorem 1.1 above along geometric Iwasawa–towers K∞/K, which are highly ramified and
obtained from K essentially by adjoining the pn–torsion points of a sign–normalized, rank one
Drinfeld module (a Hayes module), for some place p in k and all n ∈ Z≥1.

This geometric Iwasawa theoretic approach was first considered in [1], in the particular case
where K = k = Fq(t) and K∞ = ∪n≥0Kn with Kn obtained by adjoining the pn+1–torsion
C[pn+1] of the Carlitz module

C : Fq[t]→ Fq[t]{τ}, C(t) = t+ τ,

for a maximal ideal p in Fq[t]. The fields Kn are the ray–class fields of k of conductors
(pn+1v∞), where v∞ is the valuation of k of uniformizer 1/t. While using Theorem 1.1 above
and the techniques and results developed in [5], the authors of [1] are studying the more
classical Iwasawa Zp[[G(K∞/k)]]–module

X(∞)
p := lim←−

n

(Pic0(Kn)⊗ Zp),

where the projective limit is taken with respect to the usual norm maps at the level of the
Picard groups of the function fields Kn. One has topological group isomorphisms

G(K∞/K) ' F×p × U
(1)
p ' F×p × Zℵ0p ,

where Fp is the residue field of p, U
(1)
p is the group of principal units in the completion of k at p

and Zℵ0p denotes a product of countably many copies of Zp. The main Iwasawa theoretic result

in [1] gives the 0–th Fitting ideal of X∞p , away from the trivial character of F×p , in terms of

an element Θ∞,]S,Σ ∈ Zp[[G(K∞/K)]], which should be viewed as the Zp[[G(K∞/k)]]–analogue

of the special value ΘS,Σ(1) ∈ Z[G(K/k)] of the element ΘS,Σ(u) described above. The work
in [1] was further developed in [2] and [3], see Remark 3.18.

As opposed to [1], the set-up of this paper is the following. We fix an arbitrary function
field k of exact field of constants Fq and a place v∞ of k, called the infinite place of k from
now on. We let A denote the Dedekind domain consisting of those elements in k which are
integral at all places of k, except for v∞. Further, we fix an ideal f and a maximal ideal p of
A, such that p - f. The geometric extensions of k of interest to us are the fields

Ln := Hfpn+1 , for all n ≥ 0,

which are the ray–class fields of k of conductors fpn+1 in which v∞ splits completely (i.e. the
real ray–class fields of conductors fpn+1.) As proved by Hayes in [7], the extension Ln/L0 is
essentially generated by the pn+1–torsion points of a certain type of rank 1, sign-normalized
Drinfeld module defined on A. (See Section 2.1 for details.) The ensuing geometric Iwasawa
tower L∞/k, with L∞ = ∪nLn, has Galois group G∞ which sits in an exact sequence

0→ G(L∞/L0)→ G∞ → G(L0/k)→ 0,

where G(L∞/L0) ' Zℵ0p and G(L0/k) finite. Since the ramification locus of L∞/k is finite,
namely S := {p} ∪ {v | v prime in A, v|f}, one can construct the following element

Θ
(∞)
S,Σ (u) := lim←−

n

Θ
(n)
S,Σ(u) ∈ Zp[[G∞]][[u]],
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out of the polynomials Θ
(n)
S,Σ(u) ∈ Z[G(Ln/k)][u] associated in [5, §4.2] to the data (Ln/k, S,Σ),

for any finite, non-empty set Σ of primes in k, disjoint from S. On the other hand, to the set
of data (L∞/k, S,Σ) one can associate the following Zp[[G∞ × Γ]]–module

Tp(M
(∞)
S,Σ ) := lim←−

n

Tp(M
(n)
S,Σ),

where M
(n)
S,Σ is the Picard 1–motive for (Ln/k, S,Σ), and Tp(M

(n)
S,Σ) is its p–adic Tate module,

as defined in [5, §2]. The projective limit is taken with respect to certain canonical norm

maps, described in detail in §3 below. It turns out that neither Tp(M
(n)
S,Σ) nor Tp(M

(∞)
S,Σ )

depend on Σ, reason for which we will drop Σ from those notations. In §3.2, we prove the
following geometric–arithmetic analogue of Theorem 1.1 above.

Theorem 1.2. For any finite, non-empty set Σ of primes in k, disjoint from S,

the Zp[[G∞ × Γ]]–module Tp(M
(∞)
S ) is finitely generated, torsion and

(1) pdZp[[G∞×Γ]](Tp(M
(∞)
S )) = 1.

(2) FittZp[[G∞×Γ]](Tp(M
(∞)
S )) = 〈Θ(∞)

S,Σ (γ−1)〉.

In order to obtain a geometric (along the tower L∞/k) Iwasawa main conjecture–type
result, one has to take Γ–coninvariants. In §3.3 we establish a Zp[[G∞]]–module isomorphism

Tp(M
(∞)
S )Γ ' 5(∞)

S ,

where 5(∞)
S is an arithmetically meaningful Zp[[G∞]]–module, a projective limit of Ritter–

Weiss type modules ∇(n)
S which are extensions of divisor groups by class groups. (See the

Appendix. Also, see [15] for the number field analogues of 5(n)
S .) We prove the following.

Theorem 1.3. For any finite, non-empty set Σ of primes in k, disjoint from S,

the Zp[[G∞]]–module 5(∞)
S is finitely generated, torsion and

(1) pdZp[[G∞]](5
(∞)
S ) = 1.

(2) FittZp[[G∞]](5
(∞)
S ) = 〈Θ(∞)

S,Σ (1)〉.

To relate our results to those in [1, 2, 3] we have to introduce some further notation. We
let ∆ denote the maximal subgroup of G(L0/k) whose order is not divisible by p. Then we

have a canonical isomorphism G∞ ' ∆ × G(p)
∞ where G

(p)
∞ is the maximal pro-p subgroup of

G∞. We view the idempotent e∆ := 1
|∆|
∑

δ∈∆ δ as an element of Zp[[G∞]] and consider the

exact functor M 7→M ] := (1− e∆)M from the category of Zp[[G∞]]-modules to the category

of modules over the quotient ring Zp[[G∞]]] := (1− e∆)Zp[[G∞]].
Further, if f is the unit ideal e and the prime p stays inert in the real Hilbert class field He

over k, then for S = {p} one has an isomorphism of Zp[[G∞]]]–modules (see §3.3 below)

5(∞),]
S ' X(∞),]

p .

Since these additional hypotheses are obviously satisfied when k = Fq(t) (as He = k in that
case), Theorem 1.3 above implies the main Iwasawa theoretic result in [1] discussed above,
for the real Carlitz tower, i.e the maximal subfield of K∞ where v∞ splits completely. (See



4 WERNER BLEY AND CRISTIAN D. POPESCU∗

Theorem 3.17.) Under slightly stronger hypotheses, we obtain an isomorphism of Zp[[G∞]]–

modules 5(∞)
S ' X

(∞)
p which leads to a full description of FittZp[[G∞]](X

(∞)
p ). (See Theorem

3.16.) For an even more detailed comparison of our results with those in [1, 2, 3] we refer the
reader to Remark 3.18 below.

In order to establish the link between the modules 5(∞)
S and X

(∞)
p mentioned above, we

needed to provide slight generalizations of the results in [4] on Ritter-Weiss modules and Tate
sequences for function fields. This is done in the Appendix.

Remark 1.4. Unlike in classical Iwasawa theory, all Iwasawa algebras Zp[[G∞×Γ]], Zp[[Γ]] and
Zp[[G∞]] relevant in this context are not Noetherian. In particular, one has an isomorphism

Zp[[G∞]] ' Zp[t(G∞)][[X1, X2, . . . ]]

of topological rings, where the power series ring has countably many variables and t(G∞) is
the (finite) torsion subgroup of G∞. Throughout, if R is a commutative ring, the ring of
power series in countably many variables with coefficients in R is defined by

R[[X1, X2, . . . ]] := lim←−
n

R[[X1, X2, . . . , Xn]],

where the transition maps R[[X1, X2, . . . , Xn+1]] → R[[X1, X2, . . . , Xn]] are the R–algebra
morphisms sending Xi 7→ Xi, for all i ≤ n, and Xn+1 7→ 0.

2. Class–field theory and geometric Iwasawa towers

2.1. Sign normalized Drinfeld modules and class field theory. This subsection follows
the exposition of Hayes [7]. In particular, we recall without proof the results of §4 of loc.cit.

Let k be a global function field and let Fq be its field of constants. For a place (discrete,
rank 1 valuation) v of k, we let kv denote the completion of k in the v–adic topology. We
let Okv , mkv , Ukv be the ring of integers in kv, its maximal ideal, and its group of units,

respectively. As usual, we let U
(n)
kv

:= 1 + mn
kv

, for all n ≥ 1. We denote by dv the degree of v
relative to Fq and by Fv its residue field. By definition, we have Fv = Fqdv . Further, we fix a
uniformiser πv ∈ k, for all v as above. For every v, we have group isomorphisms

k×v ' πZv × Ukv , Ukv ' F×v × U
(1)
kv
.

Now, we fix once and for all a place v∞ of k (called the place at infinity) and let A be the
Dedekind ring of elements of k that are integral outside v∞. (In [7] our A is denoted by A∞.)
Note that the places v of k, which are different from v∞, are in one–to–one correspondence
with the maximal ideals of A. For such a maximal ideal p, we denote by vp the corresponding
place of k, viewed as a rank one, discrete valuation of k, normalized so that vp(k

×) = Z.
In order to simplify notations, we let k∞ = kv∞ , π∞ := πv∞ , F∞ := Fv∞ , d∞ := dv∞ , etc.

The same notation principle applies to the finite places vp, namely kp := kvp , etc. Finally, for
any place v, we let ordv : k×v → Z be its associated valuation, normalized so that ordv(πv) = 1.

Let IA denote the group of fractional ideals of A and let PA be the subgroup of principal
ideals. Then Pic(A) = IA/PA and we write hA := |Pic(A)| for the class number of A. We
write Dk for the group of divisors of k and D0

k for the subgroup of divisors of degree zero. Let
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div : k× −→ D0
k be the divisor map and set Pic0(k) := D0

k/div(k×). We write hk := |Pic0(k)|.
Recall that we have an exact sequence

0→ Pic0(k)→ Pic(A)
d̂eg−→ Z/d∞ → 0,

where d̂eg is the degree modulo d∞ map. Consequently, we have an equality hA = hkd∞.

Definition 2.1. As in [7], we define the following.

(1) A finite, Galois extension K/k is called real (relative to v∞) if v∞ splits completely
in K/k, or, equivalently, if there exists a k–embedding K ↪→ k∞.

(2) For an integral ideal m ⊆ A, Hm denotes the real ray–class field of k of conductor m.
(3) If m = e := A is the unit ideal, then we call He the real Hilbert class field of k.

Next, we give the idèle theoretic description of the class fields Hm, as in [7]. For that, let
Jk denote the group of idèles of k and consider the following subgroups of Jk.

U(m) := k×∞ ×
∏
p|m

U
(vp(m))
p ×

∏
p-m∞

Up, Jm := k× · U(m).

The following is proved in [7].

Proposition 2.2. For all m as above, the Artin reciprocity map gives group isomorphisms

Jk/Jm ' G(Hm/k), Jk/Je ' G(He/H), Je/Jm ' G(Hm/He).

Further, if m 6= e, we have canonical group isomorphisms

Jk/Je ' Pic(A), Je/Jm ' (A/m)×/F×q .

The real ray–class fields Hm are contained in slightly larger abelian extensions H∗m/k, of
conductor m · v∞, tamely ramified at v∞. The advantage of passing from Hm to H∗m is
that the latter can be explicitly constructed by adjoining torsion points of certain rank 1
A–Drinfeld modules to the field of definition H∗e of these Drinfeld modules. Next, we give
the idèle theoretic description and explicit construction of the fields H∗m, both due to Hayes [7].

As in [7], let us fix a sign function

sgn : k×∞ → F×∞.

By definition, this is a group morphism, such that sgn(U
(1)
∞ ) = 1 and sgn|F×∞ = idF×∞ . Note

that sgn is uniquely determined by the value sgn(π∞) at the fixed uniformiser π∞.

For every integral ideal m ⊆ A, we define the following subgroups of Jk.

U∗(m) := {(αv)v ∈ U(m) | sgn(α∞) = 1}, J∗m := k× · U∗(m).

Definition 2.3. For all integral ideals m ⊆ A, we define H∗m to be the unique abelian exten-
sion of k which corresponds to the subgroup J∗m of Jk via the standard class–field theoretic
correspondence.

For all m as above, with m 6= e, we have a canonical commutative diagram of group
morphisms with exact rows and columns.
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0 // F×q //
� _

��

F×∞ //
� _

��

F×∞/F×q //
� _

��

0

0 // (A/m)× //

����

Jk/J
∗
m

//

����

Jk/J
∗
e

//

����

0

0 // (A/m)×/F×q // Jk/Jm // Jk/Je // 0

As a consequence, we have the following diagram of abelian extensions of k, whose relative
Galois groups are canonically isomorphic to the labels on the connecting line segments.

(1) H∗m

H∗eHm

F×q

H∗e

(A/m)×

F×∞/F×q Hm

F×∞

He

(A/m)×

F×q

k

Pic(A)

The extensions H∗e /He and H∗m/Hm are totally and tamely ramified at the primes above v∞.

Next, we describe the explicit Drinfeld modular construction of the fields H∗e and H∗m, for
all m 6= e. Let C∞ be the v∞–completion of the algebraic closure of k∞. Let C∞{τ} be the
non-commutative ring of twisted polynomials with the rule τω = ωqτ , for ω ∈ C∞. We write

D : C∞{τ} −→ C∞, a0τ
0 + a1τ

1 + . . .+ adτ
d 7→ a0,

for the constant term map.

Definition 2.4 (Hayes). A map ρ : A −→ C∞{τ}, x 7→ ρx, is called a sgn–normalized Drinfeld
module of rank one if the following are satisfied.

(a) ρ is an Fq-algebra homomorphism.
(b) degτ (ρx) = deg(x) := dimFq(A/xA) = −ordv∞(x)d∞, for all x ∈ A.
(c) The map A −→ C∞, x 7→ D(ρx), is the inclusion A ⊆ C∞.
(d) If sρ(x) denotes the leading coefficient of ρx ∈ C∞{τ}, then sρ(x) ∈ F×∞, for all x ∈ A.
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(e) If one extends sρ to k×∞ by sending

x =

∞∑
i=i0

aiπ
i
∞ 7→ ai0sρ(π∞)i0 ,

if ai0 6= 0, then sρ : k×∞ −→ F×∞ is a twist of sgn, i.e there exists σ ∈ G(F∞/Fq), such
that sρ = σ ◦ sgn.

Any Drinfeld module as above endows (C∞,+) with an A–module structure given by

x ∗ z := ρx(z), for all x ∈ A, z ∈ C∞,

where (
∑

i aiτ
i)(z) =

∑
i aiz

qi .

Definition 2.5. Let ρ : A→ C∞{τ} be a rank 1, sgn–normalized Drinfeld module as above.

(a) The minimal field of definition kρ of ρ is the extension of k inside C∞ generated by
the coefficients of the twisted polynomials ρx, for all x ∈ A.

(b) For all integral ideals m ⊆ A with m 6= e, we let

ρ[m] := {α ∈ C∞ | ρx(α) = 0 for all x ∈ m}

denote the A–module of m–torsion points of ρ.

The following gives an explicit construction of the class–fields H∗m. (See [7, §4] for proofs.)

Proposition 2.6 (Hayes [7]). Let ρ be a rank 1, sgn–normalized Drinfeld module as above.
Then, the following hold, for all ideals m ⊆ A, with m 6= e.

(1) The minimal field of definition kρ of ρ equals H∗e .
(2) We have an equality H∗m = H∗e (ρ[m]).
(3) The A/m–module ρ[m] is free of rank 1 and, via the canonical isomorphism

(A/m)× ' G(H∗m/H
∗
e ), x̂→ σx̂,

we have σx̂(α) = sρ(x)−1 · ρx(α), for all x ∈ A coprime to m and all α ∈ ρ[m].

Remark 2.7. The proposition above should be viewed as the function field analogue of the
theory of complex multiplication for quadratic imaginary fields, where the role of ρ is played
by an elliptic curve with CM by the ring of integers of a quadratic imaginary field k.

2.2. Zℵ0p –extensions (Geometric Iwasawa towers). We continue to use the notation of
Subsection 2.1. We fix a prime ideal p of A and an integral ideal f ⊆ A which is coprime to p.
For all n ≥ 0, we consider the following abelian extensions of k, viewed as subfields of C∞:

Ln := Hfpn+1 , L∗n := H∗fpn+1

and set

L∞ :=
⋃
n≥0

Ln, L∗∞ :=
⋃
n≥0

L∗n.

For all n ≥ 0, we let Gn := G(Ln/k), Γn := G(Ln/L0). Also, we let G∞ := G(L∞/k),
Γ∞ := G(L∞/L0). The results in the previous section show that we have the following com-
mutative diagrams of abelian groups with exact rows and canonical vertical isomorphisms.
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0 // U
(1)
kp
/U

(n+1)
kp

//

o
��

(A/fpn+1)×/F×q //

o
��

(A/fp)×/F×q //

o
��

0

0 // Γn // G(Ln/He) // G(L0/He) // 0

Consequently, for all n ≥ 0, we obtain the following diagram of field extensions whose relative
Galois groups are canonically isomorphic to the labels of the connecting line segments.

(2) H∗fpn+1

H∗fp

U
(1)
kp
/U

(n+1)
kp

H∗eHfp

F×q

Hfpn+1

F×∞

H∗e Hfp

U
(1)
kp
/U

(n+1)
kp

He

(A/fp)×

F×q

F×∞/F×q

k

Pic(A)

Gn
G0

Further, we obtain topological group isomorphisms

Γ∞ := G(L∞/L0) ' G(L∗∞/L
∗
0) ' lim←−

n

U
(1)
kp

U
(n+1)
kp

' U (1)
kp
.

Now, we recall the following structure theorem, due to Iwasawa. (See also [12, Satz II.5.7]).

Theorem 2.8 (Iwasawa [8]). Let K be a local field of characteristic p > 0 and let U
(1)
K denote

its group of principal units. Then, there is an isomorphism of topological groups

U
(1)
K ' Zℵ0p ,

where the right side denotes a direct product of countably many copies of (Zp,+), endowed
with the product of the p–adic topologies.

As a consequence, we have an isomorphism of topological groups

(3) Γ∞ := G(L∞/L0) ' Zℵ0p .

The following gives a description of the Iwasawa algebras relevant in our considerations below.
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Proposition 2.9. Let (O,mO) be a local, compact Zp–algebra, which is mO–adically complete.

If G is an abelian pro–p group, topologically isomorphic to Zℵ0p , then the following hold.

(1) There is an isomorphism of topological O–algebras

O[[G]] ' O[[X1, X2, . . . ]],

where the left side is endowed with the profinite limit topology and the right side with
the projective limit of the (mO, X1, . . . , Xn)–adic topologies on each O[[X1, . . . , Xn]],
as n→∞.

(2) If O is an integral domain, then O[[G]] is a local, integral domain.
(3) If O is a PID, then O[[G]] is a UFD and, therefore, normal.

Proof. (Sketch.) (1) Use induction on n and the Weierstrass Preparation Theorem (see Thm.
2.1 in [11, Ch.5, §2]) to show that one has an isomorphism of topological O–algebras

O[[Znp ]] ' O[[X1, . . . , Xn]].

Then, pass to a projective limit with respect to n to get the desired isomorphism.
(2) This is Lemma 1 in [13]. Note that with the notations and definitions of loc.cit. we

have O[[X1, X2, . . . ]] = O{X}ℵ0 , where X is a set of cardinality ℵ0.
(3) This is Theorem 1 in [13]. See the note above regarding the notations in loc.cit. �

Remark 2.10. Typical examples of Zp–algebras O as in the Proposition above are rings of
integers OF in finite extensions F/Qp of Qp. Also, group rings OF [P ], where P is a finite,
abelian p–group satisfy the hypotheses of part (1), but not parts (2)–(3) of the proposition
above. Note that in the latter case the maximal ideal ofOF [P ] is given by mOF [P ] = (mOF , IP ),
where IP is the augmentation ideal of OF [P ]. Note that if P is a product of r cyclic groups
of orders pn1 , . . . , pnr , respectively, then we have isomorpisms of topological OF –algebras

OF [P ] ' OF [X1, . . . , Xr]/
(
(X1 + 1)p

n1 − 1, . . . (Xr + 1)p
nr − 1

)
' OF [[X1, . . . , Xr]]/

(
(X1 + 1)p

n1 − 1, . . . (Xr + 1)p
nr − 1

)
,

where the first isomorphism sends the generators of P to X̂1 + 1, . . . , X̂r + 1, respectively,
and the second is a consequence of the Weierstrass preparation theorem cited above, applied
inductively. Since the right-most algebra is clearly complete in its (mOF , X1, . . . , Xr)–adic
topology, the left-most algebra is also complete in its mOF [P ]–adic topology.

We end this section with a result on the decomposition groups Gv(L∞/Ln) in the extension
L∞/Ln, for all primes v|f and a fixed n ≥ 0. This will be used in the proof of Proposition
3.22 below. To that end, fix n ≥ 0 and for every prime v|f, let USv be the group of Sv–units
in k×, where Sv := {v,∞}. We remind the reader that these are the elements of k× whose
divisor is supported at Sv. Consequently, we have a group isomorphism

USv ' F×q × Z.

Further we let U
(n+1)
Sv

:= {x ∈ USv | x ≡ 1 mod ( f
vordv(f)

· pn+1)}. This is a subgroup of finite
index in USv which is torsion free. Therefore, it is infinite cyclic

U
(n+1)
Sv

= xZv ,

generated by some xv ∈ k×, which obviously satisfies the following

(4) div(xv) = ordv(xv) · v + ord∞(xv) · ∞, ordv(xv) = −(d∞/dv) · ord∞(xv) 6= 0.
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In what follows, we let U(fp∞) :=
⋂
n U(fpn) and let iv : k×v → Jk/k

×U(fp∞) be the stan-
dard morphism (sending x ∈ k×v into the class of the idèle having x in the v–component and
1 everywhere else), for all primes v of k. Now, we consider the topological group isomorphism

ρ
(n)
p : U

(n+1)
kp

' G(L∞/Ln)

obtained by composing the Artin reciprocity isomorphism ρ : Jk/k
×U(fp∞) ' G(L∞/k) with

the standard embedding U
(n+1)
kp

⊆ k×p
ip−→ Jk/k

×U(fp∞). Note that ip restricted to U
(n+1)
kp

is

indeed injective, for all n ≥ 0.

Proposition 2.11. With notations as above, the following hold.

(1) For all primes v|f, if we let x
Zp
v denote the cyclic Zp–submodule of U

(n+1)
kp

generated

by xv, then ρ
(n)
p gives an isomorphism of topological groups

ρ
(n)
p : x

Zp
v ' Gv(L∞/Ln).

(2) Let Gf(L∞/Ln) be the subgroup of G(L∞/Ln) generated by Gv(L∞/Ln), for all v|f.
Then, if we let f := card{v | v|f}, we have topological group isomorphisms

Gf(L∞/Ln) '
∏
v|f

Gv(L∞/Ln) ' Zfp

Proof. (1) A well–known class–field theoretical fact gives an equality of groups

Gv(L∞/Ln) = ρ(iv(k
×
v )) ∩ ρ(ip(U

(n+1)
kp

)),

where X denotes the pro-p completion (topological closure) of the subgroup X inside the
pro-p group G(L∞/Ln). However, it is easily seen that we have

ρ(iv(k
×
v )) ∩ ρ(ip(U

(n+1)
kp

)) = ρ
(n)
p (xZv ),

which, after taking the pro–p completion of both sides, concludes the proof of part (1).

(2) According to part (1), it suffices to show that the elements {xv | v|f} are Zp–linearly

independent in U
(n+1)
kp

. However, since their divisors are clearly Z–linearly independent (see

(4) above), these elements are Z–linearly independent in k×. Now, the function field (strong)
analogue of Leopoldt’s Conjecture, proved in [10], implies that the elements in question are

Zp–linearly independent in U
(n+1)
kp

, as desired. �

2.3. The basic example: The Carlitz module. We briefly describe the special situation
which arises in the case of the Carlitz cyclotomic extension of a rational function field (see
e.g. [1, Sec. 2]).

Let k = Fq(θ) be the rational function field over Fq and let v∞ correspond to the valuation
on k of uniformizer 1/θ. Then A = Fq[θ]. Furthermore, hk = 1, d∞ = 1, and H∗e = He = k.
We consider the Carlitz module

C : A −→ k{τ}, θ 7→ C(θ) = θτ0 + τ1,
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which is sgn–normalized with respect to the unique sign function satisfying sgn(1/θ) = 1. All
data in the following refers to ρ = C.

For each m 6= e we have

G(H∗m/k) ' (A/m)× , G(Hm/k) ' (A/m)× /F×q , G(H∗m/Hm) ' F×q = F×∞,

and the subgroup F×q ↪→ (A/m)× identifies with the decomposition subgroup at∞ which also
equals the ramification subgroup at v∞ for the extension H∗m/k.

We fix a prime p of A of degree d = dp and consider the fields L∗n := H∗pn+1 for n ≥ 0. Then

(5) G∗n := G(L∗n/k) = ∆∗ × Γn '
(
A/pn+1

)× ' (A/p)× ×
U

(1)
kp

U
(n+1)
kp

,

where ∆∗ ' G(L∗0/k) ' (A/p)× is cyclic of order qd − 1 and Γn ' G(L∗n/L
∗
0) ' U

(1)
kp
/U

(n+1)
kp

is the p-Sylow subgroup of G∗n.

The extension L∗n/k is unramified outside {v∞, p}, totally ramified at p and tamely ram-
ified of ramification degree (q − 1) at v∞. More precisely, the decomposition field at v∞ is
Ln := Hpn+1 and L∗n/Ln is totally ramified of degree (q − 1).

Hence, the extension L∗∞/k is also unramified outside {v∞, p}, totally ramified at p and
tamely ramified of degree (q − 1) at v∞. More precisely, the decomposition field at v∞ is
L∞ := ∪nHpn and L∗∞/L∞ is totally ramified at v∞ of degree (q − 1). We have

G∗∞ := G(L∗∞/k) = ∆∗ × Γ∞, Γ∞ ' U (1)
kp
.

Here the isomorphism Γ∞ ' U (1)
kp

is induced by the p-cyclotomic character

κ : G∞ −→ Ukp ,

which is defined as follows. We write Ap for the completion of A at p, so that Ap identifies
with the valuation ring of kp, in particular, A×p = Ukp . Then, φ can be uniquely extended to
a formal Drinfeld module (see [16])

Ĉ : Ap −→ Ap{{τ}}.

Then, for any σ ∈ G∞ the value κ(σ) is determined by the equality

σ(ε) = Ĉκ(σ)(ε) for all ε ∈ C[p∞].

Finally, we note that

G∞ := G(L∞/k) = ∆× Γ∞,

where ∆ := ∆∗/F×q ' (A/p)×/F×q .
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3. Equivariant main conjectures in positive characteristic

3.1. Review of the work of Greither and Popescu. In what follows, if G is a finite,

abelian group and F is a field of characteristic 0, we denote by Ĝ(F ) the set of equivalence
classes of the F–valued characters χ of G, with respect to the equivalence relation χ ∼ χ′ if
there exists σ ∈ G(F/F ), such that χ′ = σ ◦ χ.

If R is a commutative ring and M is a finitely presented R–module, we let FittR(M) denote
the 0–th Fitting ideal of M . For the definitions and relevant properties of Fitting ideals needed
in this context, the reader may consult [5].

We let K/k denote an abelian extension of characteristic p global fields, of Galois group
G. We assume that Fq is the exact field of constants of k (but not necessarily of K). Let
X −→ Y be the corresponding G-Galois cover of smooth projective curves defined over Fq.
Let S and Σ be two finite, non-empty, disjoint sets of closed points of Y , such that S contains
the set Sram of points which ramify in X. We let Fq denote the algebraic closure of Fq and

set X̄ := X ×Fq Fq, Ȳ := Y ×Fq Fq. Also, S̄ and Σ̄ denote the set of points on X̄ sitting above
points of S and Σ, respectively.

For every unramified closed point v on Y we denote by Gv and σv the decomposition group
and the Frobenius automorphism associated to v. As before, we write dv for the residual
degree over Fq and we let Nv := qdv = |Fqdv | denote the cardinality of the residue field
associated to v.

To the set of data (K/k,Fq, S,Σ), one can associate a polynomial equivariant L-function

(6) ΘS,Σ(u) :=
∏
v∈Σ

(
1− σ−1

v · (qu)dv
)
·
∏
v 6∈S

(
1− σ−1

v · udv
)−1

.

The infinite product on the right is taken over all closed points in Y which are not in S.
This product converges in Z[G][[u]] and in fact it converges to an element in the polynomial
ring Z[G][u]. We recall the link between ΘS,Σ(u) and classical Artin L-functions. For every
complex valued irreducible character χ of G we let LS,Σ denote the (S,Σ)-modified Artin
L-function associated to χ. This is the unique holomorphic function of the complex variable
s satisfying the equality

(7) LS,Σ(χ, s) =
∏
v∈Σ

(
1− χ(σv)Nv

1−s) ·∏
v 6∈S

(
1− χ(σv)(Nv)−s

)−1

for all s ∈ C with Re(s) > 1. Then, for all s ∈ C,

(8) ΘS,Σ(q−s) =
∑

χ∈Ĝ(C)

LS,Σ(χ, s)eχ−1 ,

where eχ := 1/|G|
∑

g∈G χ(g)g−1 ∈ C[G] denotes the idempotent corresponding to χ.

We denote by MS̄,Σ̄ the Picard 1-motive associated to the set of data (X̄,Fq, S̄, Σ̄), see [5,
Def. 2.3] for the definition. For a prime number ` we consider the `-adic Tate module (or
`-adic realization ) T`(MS̄,Σ̄), see [5, Def. 2.6], endowed with the usual Z`[[G × Γ]]-module

structure, where Γ := G(Fq/Fq). Recall that Γ is isomorphic to the profinite completion Ẑ
of Z and has a natural topological generator γ given by the q-power arithmetic Frobenius
automorphism.

The main result of Section 4 of [5] is the following.
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Theorem 3.1 (Greither–Popescu). The following hold for all prime numbers `.

(1) The Z`[G]-module T`(MS̄,Σ̄) is projective.
(2) We have an equality of Z`[[G× Γ]]-ideals

(
ΘS,Σ(γ−1)

)
= FittZ`[[G×Γ]](T`(MS̄,Σ̄)).

Remark 3.2. By [5, Rem. 2.7] we have Tp(MS̄,Σ̄) = Tp(MS̄,∅). This is in accordance with the
fact that the product of Euler factors

∏
v∈Σ

(
1− σ−1

v · (qγ−1)dv
)

is a unit in Z`[[G× Γ]]. Indeed, from

N−1∑
n=0

(
σ−1
v (qu)dv

)n
=

1−
(
σ−1
v (qu)dv

)N
1−

(
σ−1
v (qu)dv

)

and lim
N→∞

(
1−

(
σ−1
v (qu)dv

)N)
= 1 in Zp[G][[u]], we see that

1

1−
(
σ−1
v (qu)dv

) =
∞∑
n=0

(
σ−1
v (qu)dv

)n
∈ Zp[G][[u]].

3.2. The main results (Geometric Equivariant Main Conjectures). We fix a prime
ideal p and an integral ideal f of A, such that p - f. We will consider the tower of fields
Hfpn+1/k, for n ≥ 0. (See §2.2 and field diagram (2).) The definition of the real ray–class
fields Hfpn implies that we have

Hfpn ∩ F̄q = Fqd∞ , F̄qHf ∩Hfpn = Hf,

for all n ≥ 0. Consequently, we have the following perfect field diagram.
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(9) Ln := F̄qHfpn+1

Ln := Hfpn+1

Gn

L0 := F̄qHfp

K := F̄qk

L0 := Hfp

G0

κ := F̄q

Γ

E := L0 ∩ K

k Fqd∞

Fq

As in Subsection 3.1 we let S and Σ be two finite, non-empty, disjoint sets of closed points
of the smooth, projective curve Y corresponding to k, such that S contains the set Sram of
points which ramify in Hfpn+1 . Note that this condition does not depend on n.

We write Θ
(n)
S,Σ(u) ∈ Z[Gn][u] for the equivariant L-function attached to (Ln/k,Fq, S,Σ) in

(6). We let L∞ := ∪nLn and G∞ := Gal(L∞/k). The next lemma shows that the following
is well defined.

Θ
(∞)
S,Σ (u) := lim←−

n

Θ
(n)
S,Σ(u) ∈ Zp[[G∞]][[u]].

Lemma 3.3. Let L/k be a finite abelian extension with Galois group G := G(L/k). Let K/k
be a subextension with H := G(L/K). We write

ΘS,Σ,L/k(u) ∈ Zp[G][u], ΘS,Σ,K/k(u) ∈ Zp[G/H][u]

for the equivariant L-functions attached to the data (L/k,Fq, S,Σ) and (K/k,Fq, S,Σ), respec-
tively. Then the canonical map Zp[G][u] −→ Zp[G/H][u] sends ΘS,Σ,L/k(u) to ΘS,Σ,K/k(u).

Proof. We write π for the canonical map G −→ G/H and also for any map which is naturally

induced by π. It is straightforward to verify that for any character χ ∈ Ĝ one has

π(eχ) =

{
eψ, if χ|H = 1 and χ = infGG/H(ψ),

0, if χ|H 6= 1.
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Hence, by the inflation invariance of (S,Σ)-modified Artin L-functions, we obtain

π

∑
χ∈Ĝ

LS,Σ(χ, s)eχ−1

 =
∑

ψ∈Ĝ/H

LS,Σ(ψ, s)eψ−1 .

It follows that (π(ΘS,Σ,L/k))(q
−s) = ΘS,Σ,K/k(q

−s) for all s ∈ C, and hence we also have
π(ΘS,Σ,L/k(u)) = ΘS,Σ,K/k(u) by (8). �

We let Xn −→ Y denote the Gn-Galois cover of smooth, projective curves defined over Fq
corresponding to Ln/k. We write Xn := Xn×Fq Fq, Ȳ := Y ×Fq Fq, and also S̄n for the set of

points of X̄n above points of S. We let M
(n)
S be the Picard 1-motive associated with the set

of data (X̄n,Fq, S̄n, ∅) and write T
(n)
p := Tp(M

(n)
S ) for the p-adic Tate module of M

(n)
S . Then,

T
(n)
p is endowed with a natural structure of Zp[Gn][[Γ]]–module. (See [5, Sec. 3].)

Now, since Fqd∞ is the exact field of constants of Ln, Xn is going to have d∞ connected

components, all isomorphic toX
c
n := Xn×F

qd∞
Fq. We let T

(n)
p,c := Tp,c(M

(0)
S ) := Tp(M

(n),c
S ) de-

note the p-adic Tate module of the 1–motive M
(n),c
S associated to the data (X̄c

n,Fq, S̄n∩X
c
n, ∅).

For m ≥ n ≥ 0 we write Nm/n : L×m −→ L×n for the field theoretic norm map and also view
Nm/n =

∑
g∈G(Lm/Ln) g as an element of Zp[Gm]. Galois restriction gives isomorphisms

G(Lm/Ln) ' G(Lm/Ln).

By the results of [5, Sec. 3] we have a natural Zp[Gn+1]–equivariant, injective morphism

T
(n)
p ↪→ T

(n+1)
p . We may also consider the norm map

Nn+1/n : T (n+1)
p −→

(
T (n+1)
p

)G(Ln+1/Ln)
.

By [5, Th. 3.10] this norm map is surjective and, moreover, it is an almost formal consequence

of [5, Th. 3.1] to show that, under the canonical injective morphism T
(n)
p ↪→ T

(n+1)
p , we can

identify the following Zp[Gn]–modules

(10)
(
T (n+1)
p

)G(Ln+1/Ln)
= T (n)

p .

Indeed, we recall the diagram of fields above and set for n ≥ 0

Hn := G(Ln/E).

Then we have natural isomorphisms of Zp[Gn]–modules (see [5, proof of Th. 3.10])

T (n)
p ' T (n)

p,c ⊗Zp[Hn] Zp[Gn].
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Therefore, we have the following(
T (n+1)
p

)G(Ln+1/Ln)
'

(
T (n+1)
p,c ⊗Zp[Hn+1] Zp[Gn+1]

)G(Ln+1/Ln)

(∗)
=

(
T (n+1)
p,c

)G(Ln+1/Ln)
⊗Zp[Hn] Zp[Gn]

(∗∗)
=

(
T (n)
p,c

)
⊗Zp[Hn] Zp[Gn]

' T (n)
p ,

where (∗) is easy to verify using the fact that T
(n+1)
p,c is Zp[Hn+1]-projective by Theorem 3.1

and (∗∗) is the result of [5, Th. 3.1].

Definition 3.4. We define the Iwasawa–type algebras

Λn := Zp[[Gn × Γ]], Λ := lim←−
n

Λn = Zp[[G∞ × Γ]],

and consider the Λ–module defined by

Tp(M
(∞)
S ) := lim←−

n

Tp(M
(n)
S ),

where the projective limit is taken with respect to norm maps.

The rest of this section is devoted to the proof of Theorem 1.2 which we recall for the
reader’s convenience.

Theorem 3.5 (EMC-I). Let S and Σ be as above. Then the Λ–module Tp(M
(∞)
S ) is finitely

generated and torsion and the following hold.

(1) pdΛ

(
Tp(M

(∞)
S )

)
= 1.

(2) FittΛ

(
Tp(M

(∞)
S )

)
= Θ

(∞)
S,Σ (γ−1) · Λ.

The strategy of proof is as follows. First, we obtain a finitely generated, Λ–projective

resolution of length 1 for Tp(M
(∞)
S ), as a projective limit of certain Λn–projective resolutions

of length 1 for Tp(M
(n)
S ), for n ≥ 0, essentially constructed in [5]. This implies that Tp(M

(∞)
S )

is finitely generated and pdΛ ≤ 1. Then, we use this construction further to show that

(11) FittΛ

(
Tp(M

(∞)
S )

)
= lim←−

n

FittΛn

(
Tp(M

(n)
S )

)
.

Next, we show that Θ
(n)
S,Σ(γ−1) is a non-zero divisor in Λn, for all n ≥ 0 and Θ

(∞)
S,Σ (γ−1) is

a non–zero divisor in Λ. (See Corollary 3.12 below.) When combined with Theorem 3.1(2),
equality (11) and Lemma 3.10 below, this leads to the equalities

FittΛ

(
Tp(M

(∞)
S )

)
= lim←−

n

(
Θ

(n)
S,Σ(γ−1) · Λn

)
= Θ

(∞)
S,Σ (γ−1) · Λ.

Now, the fact that Tp(M
(∞)
S ) is Λ–torsion and of projective dimension exactly equal to 1

follows from the following elementary result.
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Lemma 3.6. Let R be a commutative ring and X a finitely generated R–module. Assume that
FittR(X) contains a non–zero divisor f ∈ R. Then X is a torsion R–module. Consequently,
if X is non–zero, then X cannot be a submodule of a free R–module and therefore it cannot
be R–projective.

Proof. From the well–known inclusion FittR(X) ⊆ AnnR(X), we conclude that f · X = 0,
which concludes the proof of the Lemma. �

From now on, we let Pn denote the Sylow p–subgroup of Gn and ∆n its complement, so
that Gn = Pn × ∆n, for all n ≥ 0. Note that since Γn = G(Ln/L0) is a p–group, ∆ := ∆n

does not depend on n. Consequently, for all n ≥ 0, we have

(12) Gn ' Pn ×∆, Pn/Γn ' P0.

Therefore, for all n ≥ 0, we have an isomorphism of Zp–algebras

Zp[Gn] '
⊕

χ∈∆̂(Qp)

Zp(χ)[Pn],

given by the usual direct sum of χ–evaluation maps for χ ∈ ∆̂. Consequently, any Zp[Gn]–
module X splits naturally into a direct sum

X =
⊕

χ∈∆̂(Qp)

Xχ, where Xχ ' X ⊗Zp[Gn] Zp(χ)[Pn].

Since Pn is an abelian p–group, the rings Zp(χ)[Pn] are local rings, for all n and χ as above.
Further, since projective modules over local rings are free, Theorem 3.1 and [5, Rem. 2.7]
imply that we have isomorphisms of Zp(χ)[Pn]–module

(13) Tp

(
M

(n)
S

)χ
' (Zp(χ)[Pn])m

(n)
χ ,

with integers m
(n)
χ ≥ 0, for all χ and n as above.

Lemma 3.7. The non-negative integers m
(n)
χ do not depend on n.

Proof. Note that since Tp(M
(n)
S ) is Zp[Gn]–projective, taking G(Ln/L0) fixed points commutes

with taking χ-parts. Hence (13) combined with (10) implies m
(n)
χ = m

(0)
χ , for all characters χ

and all n ≥ 0. �

Definition 3.8. We let mχ := m
(n)
χ = rankZp(χ)[Pn]Tp(M

(n)
S )χ, for all χ and n as above.

In order to simplify notations, for every χ ∈ ∆̂ and all n ≥ 0, we write

Rn := Zp[Gn], Rχn := Zp(χ)[Pn], Tn = Tp

(
M

(n)
S

)
, Tχn = Tp

(
M

(n)
S

)χ
.

We let P∞ := lim←−n Pn, observe that G∞ = P∞ ×∆, and set

R∞ := Zp[[G∞]], Rχ∞ := Zp(χ)[[P∞]], T∞ := Tp(M
(∞)
S ), Tχ∞ := Tp(M

(∞)
S )χ.
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Further, we let Λχn := Rχn[[Γ]] = Zp(χ)[[Pn × Γ]] and Λχ := Rχ∞[[Γ]] = Zp(χ)[[P∞ × Γ]]. Since

Λn '
⊕

χ∈∆̂(Qp)

Λχn, Λ '
⊕

χ∈∆̂(Qp)

Λχ,

via the usual character–evaluation maps, the Λn–modules Λχn and the Λ–modules Λχ are pro-
jective and cyclic, for all characters χ as above.

Now, we fix a character χ as above and, for a given n ≥ 0, we fix an Rχn-basis of Tχn :

x
(n)
1 , . . . , x(n)

mχ .

We let A
(n),χ
γ ∈ GLmχ(Rχn) be the matrix associated to the action of γ on Tχn with respect to

the fixed basis. Let Φ
(n),χ
γ be the Rχn[[Γ]]-linear endomorphism of Rχn[[Γ]]mχ of matrix

1− γ−1A(n),χ
γ ∈Mmχ(Rχn[[Γ]])

with respect to the canonical Rχn[[Γ]]-basis e
(n)
1 , . . . , e

(n)
mχ of Rχn[[Γ]]mχ . By the proof of [5,

Prop. 4.1], in particular (6) of loc.cit., combined with Corollary 3.12(2) below, we have an
exact sequence of Rχn[[Γ]]–modules

(14) 0 −→ Rχn[[Γ]]mχ
Φ

(n),χ
γ−→ Rχn[[Γ]]mχ

πχn−→ Tχn −→ 0,

where πχn is defined by πχn(e
(n)
i ) = x

(n)
i .

Next, we show that, given an Rχn–basis x
(n)
1 , . . . , x

(n)
mχ for Tχn , we can choose an Rχn+1-basis

x
(n+1)
1 , . . . , x

(n+1)
mχ of Tχn+1, such that we have a commutative diagram

(15) 0 // Rχn[[Γ]]mχ
Φ

(n),χ
γ

// Rχn[[Γ]]mχ
πχn // Tχn // 0

0 // Rχn+1[[Γ]]mχ
Φ

(n+1),χ
γ

//

ϕn+1/n

OOOO

Rχn+1[[Γ]]mχ
πχn+1

//

ϕn+1/n

OOOO

Tχn+1
//

Nn+1/n

OOOO

0.

Here the vertical maps on the left and in middle are defined by e
(n+1)
i 7→ e

(n)
i and the canonical

(componentwise) projections Rχn+1 → Rχn.

To that end, we start with an arbitrary Rχn+1-basis

y
(n+1)
1 , . . . , y(n+1)

mχ

of Tχn+1 and show how to modify it so that diagram (15) commutes. Since the module Tn+1

is Gn+1–cohomologically trivial (see [5, Th. 3.10]), by (10) above we have

Nn+1/n

(
Tχn+1

)
=
(
Tχn+1

)G(Ln+1/Ln)
= Tχn

and therefore {
Nn+1/n

(
y

(n+1)
1

)
, . . . , Nn+1/n

(
y(n+1)
mχ

)}
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is an Rχn-basis of Tχn . Let Un ∈ GLmχ(Rχn) denote the matrix such that

 x
(n)
1
...

x
(n)
mχ

 = Un


Nn+1/n

(
y

(n+1)
1

)
...

Nn+1/n

(
y

(n+1)
mχ

)
 .

Let Un+1 ∈Mmχ(Rχn+1) be such that ϕn+1/n(Un+1) = Un. Actually, by the next lemma, Un+1

is an invertible matrix.

Lemma 3.9. Let ϕ : S −→ R be a morphism of commutative local rings, i.e. ϕ(mS) ⊆ mR,
where mS and mR are the corresponding maximal ideals. Let U ∈ Mm(R), V ∈ Mm(S) be
matrices such that ϕ(V ) = U . Then:

U ∈ GLm(R) ⇐⇒ V ∈ GLm(S).

Proof. If VW = 1 with W ∈ Mm(S), then 1 = ϕ(VW ) = ϕ(V ) · ϕ(W ) = U · ϕ(W ), i.e.,
U−1 = ϕ(W ). Conversely suppose that V 6∈ GLm(S). Then detS(V ) ∈ mS , and hence

detR(U) = detR(ϕ(V )) = ϕ(detR(V )) ∈ mR,

contradicting U ∈ GLm(R). �

Now, since Un+1 is invertible, {x(n+1)
1 , . . . , x

(n+1)
mχ } defined by x

(n+1)
1

...

x
(n+1)
mχ

 = Un+1

 y
(n+1)
1

...

y
(n+1)
mχ

 .

is an Rχn+1–basis of Tχn+1. Then the right hand square of (15) commutes because
(16)

Nn+1/nx
(n+1)
1

...

Nn+1/nx
(n+1)
mχ

 = Un+1


Nn+1/ny

(n+1)
1

...

Nn+1/ny
(n+1)
mχ

 = Un


Nn+1/ny

(n+1)
1

...

Nn+1/ny
(n+1)
mχ

 =

 x
(n)
1
...

x
(n)
mχ

 .

Let µγ denote multiplication by γ in Tχn . By the definition of A
(n),χ
γ , one has

(17) µγ

(
x

(n)
i

)
=

mχ∑
j=1

A
(n),χ
γ,ij x

(n)
j , for all n ≥ 0 and 1 ≤ i ≤ mχ.

To prove commutativity of the left hand square of (15) one has to show

(18) ϕn+1/n

(
A

(n+1),χ
γ,ij

)
= A

(n),χ
γ,ij .
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Since µγ is an Rχn–linear map, it follows from (16) and (17) that

µγ

(
x

(n)
i

)
= µγ

(
Nn+1/nx

(n+1)
i

)
= Nn+1/n

mχ∑
j=1

A
(n+1),χ
γ,ij x

(n+1)
j


=

mχ∑
j=1

ϕn+1/n

(
A

(n+1),χ
γ,ij

)
Nn+1/n

(
x

(n+1)
j

)

=

mχ∑
j=1

ϕn+1/n

(
A

(n+1),χ
γ,ij

)
x

(n)
j ,

and this, in turn, immediately implies (18).

Now, we start with an Rχ0 –basis x
(0)
1 , . . . , x

(0)
mχ for Tχ0 and use the procedure above in-

ductively to construct Rχn–bases x
(n)
1 , . . . , x

(n)
mχ for Tχn so that (15) commutes, for all n ≥ 0.

Therefore, we can take a projective limit as n→∞ in (15). The Mittag-Leffler property (see
[6, Prop. 9.1]) implies that we obtain an exact sequence of Λχ–modules

(19) 0 // (Λχ)mχ
Φ

(∞),χ
γ

// (Λχ)mχ
πχ∞ // Tχ∞ // 0,

where Φ
(∞),χ
γ := lim←−n Φ

(n),χ
γ and πχ∞ := lim←−n π

χ
n . By (18), we may define the following matrix

A(∞),χ
γ := {A(n),χ

γ }n≥0 ∈ lim←−
n

GLmχ(Rχn) = GLmχ(Rχ∞).

Consequently, the map Φ
(∞),χ
γ has matrix (1 − γ−1A

(∞),χ
γ ) in the standard basis of (Λχ)mχ ,

for all characters χ as above.

If we take the direct sum of (19) over all χ we obtain the exact sequence of Λ–modules

(20) 0 //
⊕

χ(Λχ)mχ
Φ

(∞)
γ

//
⊕

χ(Λχ)mχ
π∞ // T∞ // 0,

where Φ
(∞)
γ := (Φ

(∞),χ
γ )χ and π∞ := (πχ∞)χ. The exact sequence above shows that the Λ–

module T∞ = Tp(M
(∞)
S ) is finitely generated, of projective dimension at most 1.

Moreover, for all χ we have the following equalities

FittΛχ (Tχ∞)
(∗)
= detΛχ

(
1− γ−1A(∞),χ

γ

)
· Λχ

(∗∗)
= lim←−

n

(
detΛχn

(
1− γ−1A(n),χ

γ

)
· Λχn

)
(21)

(∗∗∗)
= lim←−

n

FittΛχn
(Tχn ) .
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Above, equality (*) follows from (19), equality (**) follows from Lemma 3.10 and Corollary
3.12(1) below, and (***) follows from (14).

Now, we take the direct sum over all χ of equality (21) to obtain

FittΛ (T∞) = lim←−
n

FittΛn (Tn)

(∗)
= lim←−

n

(
Θ

(n)
S,Σ(γ−1) · Λn

)
(∗∗)
= Θ

(∞)
S,Σ (γ−1) · Λ,

where (∗) is one of the main results of Greither and Popescu (see Theorem 3.1(2) above) and
(∗∗) is Corollary 3.12(4) below.

Now, the fact that T∞ is torsion and has projective dimension exactly equal to 1 over Λ
follows from equality (21) above, Corollary 3.12(5), and Lemma 3.6.

This concludes the proof of Theorem 3.5, save for the technical results which imply the

injectivity of the maps Φ
(n),χ
γ and therefore the exactness of (14), as well as both equalities

(**) above. We state and prove these technical results below.

Lemma 3.10. Let (Rm, πm,n) be a projective system of commutative rings and set R∞ :=
lim←−mRm. Let α∞ := {αm}m ∈ R∞ be a coherent sequence of non-zero divisors. Then

lim←−
m

(αmRm) = α∞R∞.

Proof. Let {αmrm}m ∈ lim←−m αmRm. Then, for m > n,

αnrn = πm,n(αmrm) = αnπm,n(rm).

Since αn is a non-zero divisor by assumption, this implies rn = πm,n(rm), and hence {αmrm}m =
α∞r∞ ∈ α∞R∞ with r∞ := {rm}m. The opposite containment is obvious (and true without
the assumption that the am are non-zero divisors). �

Lemma 3.11. Let R be Rχn or Rn. Let f ∈ R[γ] ⊆ R[[Γ]] be a polynomial in γ such that the
leading coefficient is a unit in R. Then f is a non-zero divisor in R[[Γ]].

Proof. We write
f = λdγ

d + λd−1γ
d−1 + . . .+ λ1γ + λ0

with λj ∈ R and λd ∈ R×. We argue by contradiction and suppose that f is a zero divisor
in R[[Γ]]. Then there exists g ∈ R[[Γ]] such that fg = 0 and g 6= 0. Let f = {fm}m∈N and
g = {gm}m∈N with fm, gm ∈ R[Γ/Γm]. Then there exists N ∈ N such that for all m ∈ N

fNmgNm = 0, fNm 6= 0 6= gNm

in R[Γ/ΓNm]. In particular, for all k ≥ 0, we have

(22) fNpkgNpk = 0, fNpk 6= 0 6= gNpk .

Write N = Mpa with p - M . Since Γ ' Ẑ (the profinite completion of Z), we have the
following group isomorphisms

Γ/ΓNp
k

= Γ/ΓMpa+k ' Γ/ΓM × Γ/Γp
a+k ' Z/MZ× Z/pa+kZ.
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Further, we have a surjective topological group morphism

Γ � Γ/ΓM × lim←−
k

Γ/Γp
a+k ' Z/MZ× Zp, γ → (γM , γp).

It follows that lim←−k R[Γ/ΓNp
k
] ' R[Γ/ΓM ][[t]], where γp maps to 1 + t. Thus, we obtain a

Zp–algebra homomorphism ϕ defined by the following composition of maps

ϕ : R[[Γ]]
πM,p−→ lim←−

k

R[Γ/ΓNp
k
] ' R[Γ/ΓM ][[t]] ↪→

⊕
ψ

Zp[ψ][[t]]

where ψ runs through the Qp-valued characters of (Gn×Γ/ΓM ) modulo the action of G(Qp/Qp)

(and such that ψ|∆ = χ if R = Rχn). Clearly, ϕ maps f to (ψ(λdγ
d
M )(1+t)d+. . .)ψ. As λd ∈ R×

by assumption, we have ψ(λdγ
d
M ) ∈ Zp[ψ]×, so the ψ-component of ϕ(f) is non-zero, for all ψ.

Since Zp[ψ][[t]] is an integral domain, for all ψ, this implies that πM,p(f) is not a zero–divisor

in lim←−k R[Γ/ΓNp
k
]. However, this contradicts equalities (22), which concludes the proof of the

Lemma.
�

Corollary 3.12. The following hold for all n ≥ 0 and all χ ∈ ∆̂.

(1) The element detRχn[[Γ]]

(
1− γ−1A

(n),χ
γ

)
is a non-zero divisor in Rχn[[Γ]].

(2) The map Φ
(n),χ
γ : Rχn[[Γ]]mχ −→ Rχn[[Γ]]mχ is injective.

(3) The element Θ
(n)
S,Σ(γ−1) is a non-zero divisor in Λn = Rn[[Γ]].

(4) We have an equality Θ
(∞)
S,Σ (γ−1) · Λ = lim←−n

(
Θ

(n)
S,Σ(γ−1) · Λn

)
.

(5) The element Θ
(∞)
S,Σ (γ−1) is a non–zero divisor in Λ.

Proof. (1) Observe that γmχ detRχn[[Γ]]

(
1− γ−1A

(n),χ
γ

)
is a polynomial in Rχn[γ] of degree mχ

and leading coefficient 1. Hence part (1) follows immediately from Lemma 3.11 above.
(2) is a consequence of (1) and the following fact: let R be a commutative ring, A ∈Mn(R)

and suppose that detR(A) is not a zero divisor. Then A : Rn −→ Rn (defined with respect to
the standard basis) is injective. Indeed, let A∗ be the adjoint matrix. Then

AA∗ = A∗A = detR(A) · id,
and therefore A∗ ◦A is injective and, as a consequence, A is injective

(3) We apply results of [5], in particular Propositions 4.8 and 4.10. We can express the

image Θ
(n),χ
S,Σ (u) of Θ

(n)
S,Σ(u) in Rχn[u] as a product of two polynomials Pχ(u), Qχ(u) ∈ Rχn[u],

such that Qχ(γ−1) ∈ Rχn[[Γ]]×. It thus suffices to show that Pχ(γ−1) is a non-zero divisor.
By [5, Prop. 4.8 a)] we have

Pχ(u) = detRχn

(
1− γu | Tp(M (n)

S̄,Σ̄
)χ
)
,

so the element γmχPχ(γ−1) is a polynomial with leading coefficient 1. Lemma 3.11 implies

that Θ
(n),χ
S,Σ (γ−1) is a non-zero divisor in Λχn, for all χ. Therefore, Θ

(n)
S,Σ(γ−1) = (Θ

(n),χ
S,Σ (γ−1))χ

is a non–zero divisor in Λn = ⊕χΛχn.
(4) Apply part (3) combined with Lemmas 3.3 and 3.10.

(5) This follows immediately from (3), as Θ
(∞)
S,Σ (γ−1) = lim←−n Θ

(n)
S,Σ(γ−1) in Λ = lim←−n Λn. �
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3.3. Co-descent to L∞/k. In what follows, for every n ≥ 0, we denote by D0(Ln) and
D0
S(Ln) the Z[Gn]–modules of divisors of degree 0 in Ln and divisors of degree 0 supported

at primes above S in Ln, respectively. By DS(Ln) we denote the S–supported divisors of Ln

of arbitrary degree. Note that the degree is computed relative to Fq. Also, U
(n)
S denotes the

Z[Gn]–module of S–units in Ln (i.e. elements f ∈ L×n whose divisor div(f) is in D0
S(Ln)).

Finally, X
(n)
S denotes the Z[Gn]–module of divisors of Ln supported at primes above S and

of formal degree 0, i.e., formal sums
∑

v∈S(Ln) nv · v, with nv ∈ Z and
∑

v nv = 0.

By slightly generalizing the results in [4], our Proposition 4.5 and Remark 4.6 in the Ap-
pendix applied for L = Ln, for every n ≥ 0, provide us with canonical exact sequences of
Zp[Gn]–modules

(23) 0 −→ U
(n)
S ⊗Z Zp −→ Tp(M

(n)
S )

1−γ−→ Tp(M
(n)
S ) −→ 5(n)

S −→ 0.

Here 5(n)
S := Tp(M

(n)
S )Γ sits in a short exact sequence of Zp[Gn]–modules

(24) 0 −→ Pic0
S(Ln)⊗Z Zp −→ 5(n)

S −→ X̃
(n)
S −→ 0,

and X̃
(n)
S (defined precisely in the appendix) sits itself in a short exact sequence

(25) 0→ Zp/d
(n)
S Zp → X̃

(n)
S → X

(n)
S ⊗ Zp → 0,

where d
(n)
S Z := deg(DS(Ln)) and Gn acts trivially on Zp/d

(n)
S Zp. In particular, note that if

S(Ln) (the set of places of Ln sitting above places in S) contains a prime of degree coprime

to p, then we have X̃
(n)
S = X

(n)
S ⊗ Zp.

Exact sequence (23) combined with Theorem 3.1 above, gives the following.

Corollary 3.13. For all finite non-empty sets Σ with S ∩ Σ = ∅ and all n ∈ N we have

FittZp[Gn]

(
5(n)
S

)
= Θ

(n)
S,Σ(1) · Zp[Gn].

Proof. Exact sequence (23) gives an isomorphism of Zp[Gn]–modules

5(n)
S ' Tp(M (n)

S )⊗Zp[Gn][[Γ]] Zp[Gn],

where Zp[Gn] is viewed as a Zp[Gn][[Γ]]–algebra via the unique Zp[Gn]–algebra morphism
π : Zp[Gn][[Γ]] � Zp[Gn] which takes γ → 1. Since Fitting ideals commute with extension of
scalars, this gives an equality of Zp[G]–ideals

FittZp[Gn]

(
5(n)
S

)
= π

(
FittZp[Gn][[Γ]](Tp(M

(n)
S )

)
.

Now, the Corollary follows from Theorem 3.1. �

In what follows, we set

U
(∞)
S := lim←−

n

(U
(n)
S ⊗Z Zp), 5(∞)

S := lim←−
n

5(n)
S ,

where both limits are taken with respect to norm maps.
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Lemma 3.14. The sequence (23) stays exact when we pass to the limit, i.e.

(26) 0 −→ U
(∞)
S −→ Tp(M

(∞)
S )

1−γ−→ Tp(M
(∞)
S ) −→ 5(∞)

S −→ 0

is an exact sequence of Λ-modules.

Proof. We set W (n) := (1− γ)Tp(M
(n)
S ). Then the functor lim←−n is exact on

0 // U
(n+1)
S ⊗Z Zp //

Nn+1/n

��

Tp(M
(n+1)
S ) //

Nn+1/n

��

W (n+1) //

Nn+1/n

��

0

0 // U
(n)
S ⊗Z Zp // Tp(M

(n)
S ) // W (n) // 0

because U
(n)
S ⊗Z Zp is a finitely generated Zp-module and therefore the projective system

{U (n)
S ⊗Z Zp}n satisfies the Mittag-Leffler condition.

Since Nn+1/n : Tp(M
(n+1)
S ) −→ Tp(M

(n)
S ) is surjective, the map Nn+1/n : W (n+1) −→ W (n)

is also surjective. Hence, as above, lim←−n is exact on

0 // W (n+ 1) //

Nn+1/n

��

Tp(M
(n+1)
S ) //

Nn+1/n

��

5(n+1)
S

//

Nn+1/n

��

0

0 // W (n) // Tp(M
(n)
S ) // 5(n)

S
// 0

We can now glue the two short exact sequences at the ∞-level. �

The following is an equivariant Iwasawa main conjecture–type result along the Drinfeld

module (geometric) tower L∞/k, for the Zp[[G∞]]–module 5(∞)
S , see Theorem 1.3 of the

introduction.

Theorem 3.15 (EMC-II). For any finite, non-empty set Σ of primes in k, disjoint from S,
the following hold.

(1) 5(∞)
S is a finitely generated, torsion Zp[[G∞]]–module of projective dimension 1.

(2) FittZp[[G∞]]

(
5(∞)
S

)
= Θ

(∞)
S,Σ (1) · Zp[[G∞]].

Proof. Part (2) is an immediate consequence of exact sequence (26) and Theorem 3.5 above.
(Repeat the arguments in the proof of Corollary 3.13.)

Part (1) is Proposition 3.24 in §3.5 below, which itself is a consequence of the fact that

Θ
(∞)
S,Σ (1) is a non–zero divisor in Zp[[G∞]], as proved in Proposition 3.22 below. �

3.4. Results on ideal class groups. We conclude this section by deriving an Iwasawa main
conjecture in the spirit of [1, Th. 1.4] for the classical Zp[[G∞]]–module

X(∞)
p := lim←−

n

(
Pic0(Ln)⊗Z Zp

)
,

where the projective limit is taken with respect to the usual norm maps.
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As in (12) we let ∆ denote the maximal subgroup of G0 whose order is not divisible by

p. Since G(L∞/L0) is a pro–p–group, we have G∞ ' ∆ × G(p)
∞ , where G

(p)
∞ is the maximal

pro–p subgroup of G∞. As a consequence, we can view the element e∆ := 1
|∆|
∑

δ∈∆ δ as an

idempotent in Zp[[G∞]]. This allows us to define the functor

M 7→M ] := (1− e∆) ·M
from the category of Zp[[G∞]]–modules to the category of modules over the quotient ring

Zp[[G∞]]] = (1− e∆)Zp[[G∞]].

Note that since M = e∆M ⊕M ], for every M as above, the functor M 7→M ] is exact.

The study of X
(∞)
p requires some additional hypotheses. We list them below.

(a) f = e.
(b) p does not split in He/k.
(c) p - [He : k] = hkd∞.
(d) p - deg(p).

Note that (a), (b) and (c) are satisfied in the basic example of the Carlitz module, see §2.3.

Theorem 3.16 (EMC-III). Under hypotheses (a)–(d), the following hold for S = {p} and all
nonempty sets Σ, disjoint from S.

(1) X
(∞)
p is a torsion Zp[[G∞]]–module of projective dimension 1.

(2) FittZp[[G∞]]

(
X

(∞)
p

)
= Θ

(∞)
S,Σ (1) · Zp[[G∞]].

Proof. Since Ln = Hpn+1 is unramified outside p, the set S = {p} satisfies all the desired
requirements. In general, each divisor of p in He is totally ramified in Hpn+1/He. Hence,

hypotheses (a)–(b) imply that D0
S(Ln) = 0 and X

(n)
S = 0. Further, hypotheses (c)–(d) imply

that if pn is the unique prime in Ln sitting above p, then d
(n)
S = deg(pn) = [He : k] · deg(p) is

not divisible by p. Consequently, (24) and (25) give us

5(n)
S = Pic0(Ln)⊗ Zp, 5(∞)

S = X(∞)
p ,

and the result follows from Theorem 3.15 above. �

Under the milder hypotheses (a)–(b), both satisfied in the basic case of the Carlitz module,
a similar result holds, away from the trivial character of ∆.

Theorem 3.17 (EMC− III]). Under hypotheses (a)–(b), the following hold for S = {p} and
all nonempty sets Σ, disjoint from S.

(1) X
(∞),]
p is a torsion Zp[[G∞]]]–module of projective dimension 1.

(2) FittZp[[G∞]]]

(
X

(∞),]
p

)
= Θ

(∞)
S,Σ (1) · Zp[[G∞]]].

Proof. Once again, we have X
(n)
S = 0. Since (Zp/d

(n)
S Zp)] = 0 (as ∆ acts trivially on

Zp/d
(n)
S Zp), when applying the exact functor ] to exact sequences (24) and (25), we obtain

5(n),]
S = (Pic0(Ln)⊗ Zp)], 5(∞),]

S = X(∞),]
p ,

and the result follows by projecting the equality in Theorem 3.15 onto Zp[[G∞]]]. �
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Remark 3.18. In this remark we use the assumptions of [2] and [3]. More specifically, we
assume f = e, d∞ = 1 and p - [He : k]. Note that, for example, these assumptions hold in the
case of the Carlitz module which is studied in [1].

We let Gp(L0/k) and Ip(L0/k) denote the decomposition, respectively inertia group asso-

ciated to p in L0/k. We observe that ∆ = G(L0/k) has order prime to p and let χ ∈ ∆̂ be
a character, such that χ|Gp(L0/k) is non-trivial. Since Ip(L0/k) = G(L0/He) ⊆ Gp(L0/k), the
set of such characters χ includes the characters of type 2 as defined in [2, Def. 3.1] or [3,
Def. 2.3.6]. Since we only consider real ray–class fields, we do not see characters χ of type 1,
as defined in loc.cit. Then, for all n ∈ N ∪ {∞} and S = {p}, we have(

X
(n)
S ⊗Z Zp

)χ
= (DS(Ln)⊗Z Zp)χ

' Zp[G(Ln/k)/Gp(Ln/k)]χ

' Zp[∆/Gp(L0/k)]χ = 0.

As a consequence, we have 5(∞),χ
S = X

(∞),χ
p and our Theorem 3.15(2) implies that

FittZp(χ)[[Γ∞]]

(
X(∞),χ
p

)
= Θ

(∞)
S,Σ (1, χ) · Zp(χ)[[Γ∞]],

for all characters χ as above. Thus we recover the central results of [1, Thm. 1.1], [2] and [3,
Thm. 2.4.8] restricted to the real Iwasawa towers considered in loc.cit.

3.5. Θ
(∞)
S,Σ (1) is a non-zero divisor. The goal of this section is a proof of part (1) of Theorem

3.15 above. We will first establish a structure theorem for the Iwasawa algebra Zp[[G∞]] whose
proof will be based on the following result on pro-p groups.

Theorem 3.19 (Theorem 3.1 of [9]). Let G be a pro-p group with countable (topological)
basis, whose torsion subroup t(G) has bounded exponent. Then t(G) is a closed subgroup of G
and we have an isomorphism of topological groups

G ' t(G)× ZXp ,

where X is a cardinal in the set N ∪ {ℵ0}.

Here is the promised structure theorem for the Iwasawa algebra Zp[[G∞]].

Proposition 3.20. The following hold.

(1) There are closed subgroups G̃0 and Γ̃∞ of G∞, such that

G∞ = G̃0 × Γ̃∞,

with Γ̃∞ ' Zℵ0p (topologically), [Γ∞ : Γ∞ ∩ Γ̃∞] < ∞, [Γ̃∞ : Γ∞ ∩ Γ̃∞] < ∞, and G̃0

is isomorphic to a subgroup of G0.

(2) There is an injective morphism of topological Zp–algebras

Zp[[G∞]] ' Zp[G̃0][[Γ̃∞]] ↪→
⊕

ρ∈̂̃G0(Qp)

Zp(ρ)[[Γ̃∞]] '
⊕

ρ∈̂̃G0(Qp)

Zp(ρ)[[X1, X2, . . . ]],

where the injective map in the middle is given by the usual ρ–evaluation maps.
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Proof. Part (2) is a clear consequence of part (1) and Proposition 2.9. For the proof of (1),
note that, with notations as in §3.2 above, if we let P∞ := lim←−n Pn, then we have

(27) G∞ ' P∞ ×∆, P∞/Γ∞ ' P0.

Recall that ∆ is the complement of the p–Sylow subgroup Pn of Gn, for all n ≥ 0. Since Γ∞ is
torsion free, the second isomorphism above implies that t(P∞) is isomorphic to a subgroup of
P0, therefore it is finite and, obviously, of bounded exponent. Since Γ∞ has countable basis,
the second isomorphism above implies that P∞ has countable basis as well. Consequently,
Theorem 3.19 applied to G := P∞ gives a topological isomorphism

(28) P∞ ' t(P∞)× Γ̃∞,

where Γ̃∞ ' Zℵ0p . Consequently, we have

G∞ = G̃0 × Γ̃∞, for G̃0 := t(G∞) ' t(P∞)×∆.

Obviously, G̃0 is isomorphic to a subgroup of G0 ' P0×∆. The fact that [Γ∞ : Γ∞∩Γ̃∞] <∞
and [Γ̃∞ : Γ∞ ∩ Γ̃∞] <∞ follows immediately from (27) and (28). �

Remark 3.21. From now on, we let

ϕ = (ϕρ)ρ : Zp[[G∞]] ' Zp[G̃0][[Γ̃∞]] ↪→
⊕

ρ∈̂̃G0(Qp)

Zp(ρ)[[Γ̃∞]] =: Zp[[G∞]]

denote the character evaluation map described above. Proposition 2.9(2)–(3) implies that

the direct summands of Zp[[G∞]] are integral, normal domains. (Notice that Zp[[G∞]] is the
integral closure of Zp[[G∞]] in its total ring of fractions, which justifies the notation.)

Proposition 3.22. Θ
(∞)
S,Σ (1) is a non-zero divisor in Zp[[G∞]] and therefore in Zp[[G∞]].

Proof. Proposition 3.20(2) implies that the statement to be proved is equivalent to

ϕρ(Θ
(∞)
S,Σ (1)) 6= 0 in Zp(ρ)[[Γ̃∞]],

for all characters ρ ∈ ̂̃G0. Of course, this is equivalent to proving that for every ρ as above,

there exists a character ψ of Γ̃∞, of open kernel (so, of finite order), such that

ψ(ϕρ(Θ
(∞)
S,Σ (1)) 6= 0 in Zp(ρψ).

However, from the definition of Θ
(∞)
S,Σ , for all ρ and ψ as above, we have an equality

ψ(ϕρ(Θ
(∞)
S,Σ (1)) = LS,Σ((ρψ)−1, 0),

where ρψ is viewed as a complex–valued character of the finite quotient

G̃0 × (Γ̃∞/ kerψ) = G∞/ kerψ

of G∞ (under a fixed field isomorphism Cp ' C) and LS,Σ(ρψ, s) is the complex–valued Artin
L–function (S–imprimitive and Σ–completed) associated to ρψ. (See equalities (7) above.)

Now, the following Lemma is a well–known description of the order of vanishing at s = 0
of the Artin L–functions in question. For the number field case of this result, see [17, Ch. I,
Prop. 3.4] and for the function field case, relevant in our context, see [14, Sec. 2.2].
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Lemma 3.23. If χ is a non–trivial character of G∞ with open kernel, then

ords=0 LS,Σ(χ, s) = card {v ∈ S | χ(Gv(L∞/k)) = 1},
where Gv(L∞/k) denotes the decomposition group of v inside G∞ = G(L∞/k).

Consequently, we claim that it suffices to find a finite subextension L/K of L∞/L
Γ̃∞
∞ and

a character χ of G(L/K), such that the following conditions are simultaneously satisfied.

(A1) L̃0 := LΓ̃∞
∞ ⊆ K ⊆ L ⊆ L∞ and L/L̃0 finite.

(A2) χ(Gv(L/K)) 6= {1}, for all v ∈ S.

Indeed, if we construct an L/K and χ as above, then for any given character ρ of G̃0 '
G(L̃0/k), we take any character ψ of G(L/L̃0), such that ψ |G(L/K)= χ. Now, ρψ is a
character of G(L/k) which satisfies the property

ρψ(Gv(L/K)) = ψ(Gv(L/K)) = χ(Gv(L/K)) 6= {1}, for all v ∈ S.
Since Gv(L/K) ⊆ Gv(L/k), for all v ∈ S, Lemma 3.23 gives us the desired nonvanishing

ψ(ϕρ(Θ
(∞)
S,Σ (1)) = LS,Σ((ρψ)−1, 0) 6= 0.

Now, since [Γ̃∞ : Γ̃∞ ∩ Γ∞] < ∞, the existence of L/K satisfying conditions (A1)-(A2)
above is ensured if we can find two integers m > n and a character χ of G(Lm/Ln), such that

(B1) n is large enough, so that LΓ∞∩Γ̃∞
∞ ⊆ Ln. (Note that L̃0 ⊆ LΓ∞∩Γ̃∞

∞ .)
(B2) χ(Gv(Lm/Ln)) 6= {1}, for all primes v ∈ S.

Now, we proceed to constructing m and n as above. First, we fix an n ≥ 0, large enough so
that (B1) is satisfied. Now, we apply Proposition 2.11 to get topological group isomorphisms

(29) Gf(L∞/Ln) =
∏
v|f

Gv(L∞/Ln) '
∏
v|f

Zp,

where the notations are as in loc.cit. Since the p–adic and the profinite topologies on
Gf(L∞/Ln) coincide, there exists an m > n, such that

(30) Gf(L∞/Ln) ∩G(L∞/Lm) ⊆ p ·Gf(L∞/Ln).

We let Gf(Lm/Ln) denote the subgroup of G(Lm/Ln) generated by the decomposition groups
Gv(Lm/Ln), for all v|f. From the definitions, we have a group morphism

Gf(Lm/Ln) '
Gf(L∞/Ln)

Gf(L∞/Ln) ∩G(L∞/Lm)
�

Gf(L∞/Ln)

p ·Gf(L∞/Ln)
=
∏
v|f

Gv(L∞/Ln)

p ·Gv(L∞/Ln)
,

where the isomorphism to the left is induced by Galois restriction, the surjection is induced
by the inclusion (30) and the equality is a consequence of (29).

It is easily seen that for all v|f the above morphism maps Gv(Lm/Ln) onto the quotient
Gv(L∞/Ln)/pGv(L∞/Ln) which by Proposition 2.11 is isomorphic to Z/pZ. Consequently,
there is a character ψ of Gf(Lm/Ln), such that ψ(Gv(Lm/Ln)) = {ζ ∈ Cp | ζp = 1} for all
v|f. Now, take any character χ of G(Lm/Ln) which equals ψ when restricted to Gf(Lm/Ln).
This character obviously satisfies (B2) for all v|f. Since it is non–trivial on G(Lm/Ln) and
Gp(Lm/Ln) = G(Lm/Ln) (recall that Lm/Ln is totally ramified at the p–adic primes), the
character χ also satisfies (B2) for v = p. This concludes the proof of Proposition 3.22. �
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We conclude this section with a corollary to Proposition 3.22.

Proposition 3.24. The Zp[[G∞]]–module5(∞)
S is finitely generated, torsion, and of projective

dimension 1.

Proof. We will use the notations in the proof of Theorem 3.5. In particular, note that

Λχ/(1− γ) ' Zp(χ)[[P∞]],

for all Qp–valued characters χ of ∆. Consequently, the exact sequence (20) leads to the
following commutative diagram of Λ–modules.

U
(∞)
S��

��

0 //
⊕

χ (Λχ)mχ
Φ

(∞)
γ

//

γ−1

��

⊕
χ (Λχ)mχ

π∞ //

γ−1

��

Tp(M
(∞)
S ) //

γ−1
��

0

0 //
⊕

χ (Λχ)mχ
Φ

(∞)
γ

//

����

⊕
χ (Λχ)mχ

π∞ //

����

Tp(M
(∞)
S ) //

����

0

⊕
χ Zp(χ)[[P∞]]mχ

⊕
χ Zp(χ)[[P∞]]mχ 5(∞)

S

where the right vertical exact sequence is given by Lemma 3.14. The snake lemma applied to
the diagram above gives the exact sequence of Zp[[G∞]]–modules

⊕
χ Zp(χ)[[P∞]]mχ

Φ
(∞)
γ
//
⊕

χ Zp(χ)[[P∞]]mχ // 5(∞)
S

// 0,

where Φ
(∞)
γ := Φ

(∞)
γ mod (γ − 1). It follows that

FittZp[[G∞]]

(
5(∞)
S

)
= detZp[[G∞]]

(
Φ

(∞)
γ

)
· Zp[[G∞]].

Combined with Theorem 3.15(2), the equality above shows that the element detZp[[G∞]]

(
Φ

(∞)
γ

)
differs from Θ

(∞)
S,Σ (1) by a unit in Zp[[G∞]]. By Propositon 3.22, the element Θ

(∞)
S,Σ (1) is a non-

zero divisor in Zp[[G∞]]. Therefore, detZp[[G∞]]

(
Φ

(∞)
γ

)
is a non-zero divisor in Zp[[G∞]] as

well. By a standard argument (using the adjoint matrix χ–componentwise, see proof of Cor.

3.12(2)) we see that Φ
(∞)
γ is injective, hence the sequence of Zp[[G∞]]–modules

0 //
⊕

χ Zp(χ)[[P∞]]mχ
Φ

(∞)
γ
//
⊕

χ Zp(χ)[[P∞]]mχ // 5(∞)
S

// 0

is exact. Consequently, the Zp[[G∞]]–module 5(∞)
S is finitely generated, of projective dimen-

sion at most one. Further, the fact that 5(∞)
S is torsion and of projective dimension exactly

1 as a Zp[[G∞]]–module follows immediately from Lemma 3.6. �
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4. Appendix (p–adic Ritter–Weiss modules and Tate sequences for small S)

Let L be a finite, separable extension of Fq(t). Denote by Z a smooth, projective curve

defined over Fq, whose field of rational functions is isomorphic to L. We let Z := Z ×Fq Fq,
Γ := G(Fq/Fq) and let γ be the q–power arithmetic Frobenius automorphism, viewed as a

canonical topological generator of Γ. Note that Z may not be connected. Consequently,
L := L ⊗Fq Fq (the Fq–algebra of rational functions on Z) could be a finite direct sum of

isomorphic fields (the fields of rational functions of the connected components of Z.)

Next, we consider a finite, non–empty set S of closed points on Z and let S be the set
of closed points on Z sitting above points in S. We let Div0

S
(L) (respectively DivS(L)) and

Div0
S(L) (respectively DivS(L)) denote the divisors of degree 0 (respectively arbitrary degree)

on Z and Z, supported at S and S, respectively. Note that the degree of a divisor on Z,
denoted by deg, is computed relative to the field of definition Fq. Also, the degree of a divisor

on Z is in fact a multidegree, computed on each connected component on Z separately.
Further, XS(L) denotes the S–supported divisors on Z of arbitrary formal degree, denoted
below fdeg. Also, US(L) denotes the group of S–units inside L× and

Pic0
S(L) :=

Pic0(L)

D̂iv0
S(L)

=
Div0(L)

Div0
S(L) + div(L×)

,

is the S–Picard group associated to L, obtained by taking the quotient of the usual Picard

group Pic0(L) by the subgroup D̂iv0
S(L) of classes of all S–supported divisors of degree 0.

Finally, we let MS denote the Picard 1–motive associated as in [5] to the data (Z,Fq, S, ∅).
As usual, Tp(MS)Γ and Tp(MS)Γ denote the Γ–invariants, respectively Γ–coinvariants of the
p–adic Tate module of MS . In what follows, if N is a Z–module, we let Np := N ⊗Z Zp.

Definition 4.1. The set S is called p–large if the following are satisfied.

(1) Pic0
S(L)p = 0.

(2) S contains at least one place of degree (relative to Fq) coprime to p.

Remark 4.2. It is easily seen that S is p–large if and only if PicS(L)p = 0, where

PicS(L) :=
Div(L)

DivS(L) + div(L×)

is the quotient of the full Picard group Pic(L) of L by its subgroup of S–supported divisor
classes. This is perhaps a more natural definition, but we prefer to use the definition above
because Pic0(L) (as opposed to Pic(L)) is much more naturally related to the 1–motive MS .

The following result was obtained in [4]. (See Proposition 1.1 in loc.cit.)

Proposition 4.3 (Greither–Popescu, [4]). If S is p–large, then the following hold.

(1) There is a canonical isomorphism Tp(MS)Γ ' US(L)p.
(2) There is a canonical isomorphism Tp(MS)Γ ' XS(L)p.

Remark 4.4. In fact, in [4], the authors describe the modules Tp(MS,T )Γ and Tp(MS,T )Γ, where

MS,T is the Picard 1–motive associated to (Z,Fq, S, T ), where T is a finite, non–empty set of
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closed points on Z, disjoint from S. However, by [5, Rem. 2.7] and the proof of [4, Lemma
3.2], we have for any such T equalities

Tp(MS,T ) = Tp(MS), US,T (L)p = US(L)p,

where US,T (L) is the group of S–units in L×, congruent to 1 modulo all primes in T .

The goal of this Appendix is to remove the hypothesis “S is p–large” in the Proposition
above. More precisely, we sketch the proof of the following.

Proposition 4.5. With notations as above, the following hold for all sets S.

(1) There is a canonical isomorphism Tp(MS)Γ ' US(L)p.
(2) There are canonical exact sequences of Zp–modules:

0→ Pic0
S(L)p → Tp(MS)Γ → X̃S(L)→ 0,

0→ Zp/dSZp → X̃S(L)→ XS(L)p → 0,

where dSZ = deg(DivS(L)) and X̃S(L) := (Div0
S

(L)p)Γ. In particular, if S contains a

prime of degree not divisible by p, then X̃S(L) = XS(L)p.

Proof. (Sketch) We will give only a brief sketch of the proof, as the techniques and main ideas
are borrowed from [4]. First, we consider the exact sequence of Zp[[Γ]]–modules

0→ Div0
S

(L)p → DivS(L)p
deg−→ Zp → 0

and take Γ–invariants and Γ–coinvariants to obtain a long exact sequence

0→ Div0
S(L)p → DivS(L)p

deg−→ Zp → (Div0
S

(L)p)Γ → DivS(L)p
fdeg−→ Zp → 0.

The fact that the Γ–invariant of the complex [DivS(L)p
deg−→ Zp] is [DivS(L)p

deg−→ Zp] and its

Γ–coinvariant is [DivS(L)p
fdeg−→ Zp] follows immediately from the definitions and is explained

in §2 of [4]. Now, in the long exact sequence above, we have

ker(fdeg) = XS(L)p, coker(deg) = Zp/dSZp.

Therefore, if we let X̃S(L) := (Div0
S

(L)p)Γ, we have a canonical exact sequence

(31) 0→ Zp/dSZp → X̃S(L)→ XS(L)p → 0.

If J denotes the Jacobian of Z, there is a canonical exact sequence of Zp–modules

0→ Tp(J)→ Tp(MS)→ Div0
S

(L)p → 0.

(See §2 of [5] for the exact sequence above.) Since we have a canonical isomorphism

Tp(J)Γ ' Pic0(L)p

(see Corollary 5.7 in [5]) and Tp(J) is Zp–free of finite rank, we also have

Tp(J)Γ = 0.

Therefore, when taking Γ–invariants and Γ–coinvariants in the above exact sequence, we
obtain a canonical long exact sequence of Zp–modules

0→ Tp(MS)Γ → Div0
S(L)p

δ−→ Pic0(L)p → Tp(MS)Γ → X̃S(L)→ 0,
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where the connecting morphism δ is the usual divisor–class map. (See [4, §1] for this fact.)
Since there is a canonical isomorphism US(L)p ' ker(δ), where US(L)p injects into Div0

S(L)p
via the divisor map, we obtain a canonical isomorphism of Zp–modules

Tp(MS)Γ ' US(L)p,

which concludes the proof of part (1) of the Proposition.
To conclude the proof of part (2), observe that, by definition, we have coker(δ) = Pic0

S(L)p.
Therefore, the last four non–zero terms of the long exact sequence above lead to a canonical
short exact sequence of Zp–modules

(32) 0→ Pic0
S(L)p → Tp(MS)Γ → X̃S(L)→ 0.

In combination with (31), this concludes the proof of part (2). �

Remark 4.6. (Ritter-Weiss modules and Tate sequences.) Assume that L is the top field in
a finite, Galois extension L/K, of Galois group G and that Fq(t) ⊆ K ⊆ L. Further, assume
that the set S is G–equivariant. Then, all the Zp–modules involved in the proof of the above
Proposition carry natural Zp[G]–module structures. Most importantly, due to their canonical
constructions, all the exact sequences above are exact in the category of Zp[G]–modules.

Exact sequence (32) is the p–adic, function field analogue of the Ritter–Weiss exact sequence
(see [15]), defining a certain extension class 5S of a module of S–divisors by an S–ideal class
group, in the number field setting. This is what prompts the notation 5S(L)p := Tp(MS)Γ.

Further, since Tp(MS) is Zp[G]–projective, the exact sequence of Zp[G]–modules

(33) 0→ US(L)p → Tp(MS)
1−γ−→ Tp(MS)→5S(L)p → 0,

is the p–adic, function field analogue of a Tate exact sequence (see [4] and also [15] for more
details), in the case where S is not necessarily p–large.

Of course, in order to cement these analogies, one would have to compute the extension

classes of (32) an (33) in Ext1
Zp[G](X̃S(L),Pic0

S(L)p) and Ext2
Zp[G](5S(L)p, US(L)p) and show

that they coincide with the class–field theoretically meaningful Ritter–Weiss and Tate classes,
respectively. In [4], this was done `–adically, for ` 6= p, for the exact sequence (33), in the
case where S is `–large. (See Theorem 2.2 in loc.cit.) A proof of the p–adic analogue of that
theorem (even in the case where S is p–large) is still missing in the literature, unless |G| is
not divisible by p, in which case this was proved in [4]. (See Theorem 2.2. in loc.cit.)
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