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Exercises for Stochastic Processes

Tutorial exercises:

T1. Let X be an irreducible and recurrent Markov chain. Show that every non-negative har-
monic function for X is constant.

T2. Let X be a Feller process on S, n ∈ N, f1, . . . , fn ∈ C0(S) and t1, . . . , tn > 0. Show that

x 7→ Ex

n∏
k=1

fk(Xtk)

is continuous.

T3. Let B be a one-dimensional Brownian motion.

(a) Show that Ttf(x) := Exf(Bt) for f ∈ C0(R) de�nes a probability semigroup.

(b) What would go wrong if C0(R) were replaced by Cb(R)?
(The set Cb(R) denotes the set of all continuous and bounded functions on R)

T4. Show that Lf := f ′ de�ned on D(L) := {f ∈ C0(R) | f ′ ∈ C0(R)} is a probability
generator. What is the corresponding probability semigroup and Feller process?

(Hint for property (G1): consider the Stone-Weierstrass theorem.)
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Homework exercises:

H1. Consider a Markov chain on a state space S ⊂ Z with transition function p. Let Ttf(x) :=∑
y∈S pt(x, y)f(y) be the associated semigroup.

(a) Show that, if S is �nite, then {Tt} is a probability semigroup on C0(S).

(b) Show that, if S is in�nite, then {Tt} is a probability semigroup on C0(S) if and only
if

lim
|x|→∞

pt(x, y) = 0 for all y ∈ S, t > 0 .

H2. Show that, for a Q-matrix Q on a �nite state space S,

Lf(x) :=
∑
y

q(x, y)f(y)

de�nes a probability generator on C0(S).

H3. Consider the Q-matrix on S = N0 for a �pure death process� given by

q(0, 1) = 1, q(0, 0) = −1,
q(k, k − 1) = δk, q(k, k) = −δk for k ∈ N ,

with δk > 0. De�ne
Lf(x) :=

∑
y

q(x, y)f(y),

on the domain C0(S). Show that this operator satis�es conditions (G1), (G2) and (G4) of
the de�nition of a probability generator. For what values of the sequence (δk) is condition
(G3) satis�ed?

H4. Show that
Lf := f ′′′

de�ned on
D := {f ∈ C0(R) | f ′, f ′′, f ′′′ ∈ C0(R)}

is no probability generator.

(Hint: Consider f(x) = (−1 + x2 − x3) exp(−x2

2
). )

Deadline: Thursday, 14.12.17
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