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Solutions to tutorial exercises for stochastic processes

Let G(z,y) be the Green function of the Markov chain. Let x be the recurrent state, so
that G(x,x) = co. We will show that state y is recurrent by showing that G(y,y) = co.
Let t,s > 0. We use the Chapman-Kolmogorov equation twice to obtain
Paers(y,y) = ey, ©)pess(@,y) = Py, 2)ps(@, 2)pe (2, y).-
Therefore,
G(y,y) = / ps(y,y)ds = / ps(y, y)ds = / P2ers(y, y)ds = puly, 2) Gz, 2)p (@, y).
0 2t 0

Since the Markov chain is irreducible we have p;(y,z),pi(z,y) > 0, we conclude that
G(y,y) = oo.

‘=": Using strict stationarity of the Markov chain we find

m(z) =P(Xo =) =P(X, =2) = Z P(X; =z, Xo = x9) = Z 7(z0)pi(wo, ),

zo€ES ToES

so m(+) is invariant.
‘= LetneN 0<t) <ty <---<t,and s > 0. Let x1,...,2, € S. We use the
invariance property of m(-) to obtain

P(Xi4s =21, Xpys = Tn) = Z T(20) Pty +5(T0, T1)Pro—1, (T1,22) - - - Pry—t (Tn1, Tn)
ToES

= m(21)Pty—t, (T1,22) - .. Pro—t, 1 (Tn_1,Tp),

which is independent of s, so the Markov chain is strictly stationary.

‘=": By reversibility we have

d d
Eﬂ(l’)pt(%y) o Eﬂ(y)pt(y,x) » Ve,y € S
m(x)q(z,y) = 7(y)a(y, v) Va,y € S.

‘<" Assume that m(x)q(x,y) = 7(y)q(y, x) for all z,y € S. This can be stated as
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Since S is finite the transition probabilities P; are given by exp(tQ). Therefore

(1) o (D)
Py = 7 Qk
m(n) k=0 m(n)
(1) o, ()
_ _i_ZEQT Qkfl
7(n) k=1 7(n)
ik i (1)
=>_ @)
(o)
(1)
:@tQT
m(n)
(1)
=pr
m(n)

It follows that 7(-) is reversible.

Let € > 0. Choose K € N such that

%K—inf{%,neNH < g

this is possible by the definition of infimum. Now choose M € N such that % < £ for

allr=0,1,..., K — 1. Let N = KM, and let n > N. We can find r,s € N such that
n = sK +r and r < K. Now, using the subadditivity property:
an, Sag a, Sag a, Sag a, ) ap E €
— < < < < f{—, N} -+ -
n_sK+r+sK+r_sK+KM_sK+KM o nn6 +2+2

Since we also have % > inf {%", n e N}, the result follows.



