MATHEMATISCHES INSTITUT DER UNIVERSITAT MUNCHEN WS 16/17
PROF. DR. MARKUS HEYDENREICH, THOMAS BEEKENKAMP Sheet 12

Solutions to tutorial exercises for stochastic processes

T1. Consider the function f: {0,1}¥ — {0,1} given by

f)=1{lz eV : n(z) =1 = o}

. Then sup, |f(n,) — f(n)| = 0 for all z € V, so that

> sup|f(n) — f(n)| = 0.

zev "

However we can show that f is not continuous. Let (zx)ren be an enumeration of V' and
let  be such that f(n) = 1. Define the sequence

n(z) if © = x} for some k < n,
M(z) = .
0 otherwise.

Then n,(z) — n(z) pointwise as n — o0, so also 7, — n by T4 of Sheet 11. However
f(n,) =0 for all n € N.

T2. (a) Let x # u, then c(x,n) = c(z,n,) for all n € S. So we have v(x,u) = sup, |c(z,n) —
n(z,m.)| =0 and also M =sup, >_,, v(z,u) =0 < cc. Define the generator

Lfm) = cla,n)(f(n) — f(n))
zeV
on the domain

D(L) = {f € C(S) + Y sup|f(n.) — f(n)| < OO}.

zev 1

Then it follows from Theorem 5.2 that £ is a probability generator. So there exists
a spin system with rate function c(z, 7).

(b) Let (x;)ieny be an enumeration of V' and consider V,, = {z1,...,z,}. Similar to (a)
there exists a spin system 7' € {0,1}°" with rate function c(z,n), so that M = 0
and

It follows that the spin system 7} is ergodic. Furthermore the unique stationary
measure is given by p, under which the state of all z;, 1 < i < n, is Bernoulli



Ba,
Bay 02

distributed with parameter independently of each other. This follows from

the following calculation:

/ Lo f (1) pn(dn) = Z / (B Lin(an =0y + 02, Lino=13) (f (0z,) — F (1)) s (d)

B> e S () - )+ () £)

v 1 O, nin(2;)=0 nn(zs)=1
=0.

Let 1 be the distribution under which the state of all x € V' is Bernoulli distributed
with parameter 5%5 , independently of each other, so that u|s, = u,. Consider the
spin system (7););>o with initial distribution v. Let n = n|s,, then (n}") is an ergodic

n?
spin system and

]P’” — i, weakly as t — oo.

Since |J,, S, = S and S is compact it follows from the convergence from the finite-
dimensional distributions ]P’Z;L that the measures on the entire S also converge, i.e.,

Py, — u  weakly as t — oo.

T3. Let L be the generator of the coupled spin system with domain

D(L) =

{f €C(5%) Zsup!f e, C) = f (0, Ol + 1 (0, G) = f(0, Ol + 1 (0, &) = f(0, Q)] < 00}-

zeV (n.€)

For f € D(L) we can write

LEn,¢)=> &0, Q) (f(n:¢) = f(n,0))

zeV

+ 62(ZL‘, n, C) (f(77> Ca:) - f(na C)) + 63(1‘7 UB C) (f(ﬁa:, Ca:) - f<777 C))v

where ¢;,¢, and ¢3 are the rates at which (n,() changes to (1.,(), (n,(:) and (7, ()
respectively. These are given by

61 (1’, 7, C) = ]l{n(x)zo,((:r):l}cl (.CE, 77) + 1{77(:]0):1} (Cl ('Ta 77) - 62(1’, C))>
62(1’, 7, C) = 1{{(:}0)20} (CQ(xa C) —C (.CE, 77)) + ﬂ{n(:v)zo,g(x)zl} (Cl (33, 77) - Cg(%, C))a
53(957 n, C) = ﬂ{((x)zo}cl(xu 77) + IL{77(%’):1}02(% C)-



T4. Consider the bijection ¢ : S — S given by

) n(z) if = even,
Plm)(e) = {nx(x) if x odd.

Define the generator £ = L3 and its domain D(L) in the usual way. Then f € D(L) if
and only if f o ¢ € D(L) since ¢(n,) = ¢(n), and therefore

Sup [f(¢(n:)) — flo(n)| = sup £ (&) = f(E)],

since ¢ is a bijection. Moreover

ca(x, o(n) —eXp< B Z (2¢(n)(z) = 1)(20(n)(y )-U)

= exp (ﬁ > (2n(x) = 1)(2n(y) — 1)) = c-p(x,n).

Therefore L5(f o ¢) = L_pf. We know that the stochastic Ising model with parameter
—pf > 0 is ergodic. Therefore there exists a unique stationary measure p such that

0= [ £ssdi= [ Latro)

for all f € D(L). Let g € D(L) and take f = go ¢!, so that fo¢ = g, since ¢ is
bijective. We conclude that for all g € D(L)

/ Lsgdp =0,

so that the spin system is ergodic with unique stationary measure pu.



