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1. INTRODUCTION

1.1. Statement of the theorem. In [EHKT21] there was defined a category hCorf (there spelled with two
“r”) with objects the smooth k-schemes and morphisms certain kinds of correspondences. There is a functor
Smy — hCorfgr which is the identity on objects. The aim of these notes is to prove the following result.

Theorem 1.1. Let k be a perfect field. Let F : (hCor}zr)op — Ab be a functor (i.e. presheaf) such that
F(XIIY) ~ F(X) x F(Y) and F is Al-invariant, i.e., for every X € Smy, the canonical map F(X) —
F(A! x X) is an isomorphism.

Then F is strictly Al-invariant, that is, for every X € Smy, and i > 0 the canonical map Hi; (X, F) —
Hi, (Al x X, F) is an isomorphism.

Here H, (X, F) denotes cohomology in the Nisnevich topology on the small étale site of X, of the presheaf
thereon obtained from F' by restriction along Etx — Smy — hCorfcr.

1.2. Situation in the literature. The first theorem along these lines was proved by Voevodsky in [Voe00a,
Theorem 5.6]. The statement is essentially the same; the only difference is that the category hCorzr is replaced
by a related one. This result is one of the cornerstones of Voevodsky’s celebrated theory of a derived category
of motives [Voe0Ob].

More generally, from any category of correspondences one can attempt to build a theory of generalized
motives. Proving an “Al-invariant implies strictly A'-invariant” theorem will be an important step in estab-
lishing that the theory of generalized motives is well-behaved. This program has been carried out several
times [GP20, Drul7, Koll7, DK20]. For a textbook account in the case of Voevodsky correspondences, see
[MVWO06, Lecture 24].

In some sense, the most general “reasonable” category of correspondences is hCorg, and Theorem 1.1 is
thus in some sense the strongest strict Al-invariance result. While it can be deduced from results in the
literature (see the proof of [EHK™21, Theorem 3.4.11|), the arguments are more indirect than is necessary.
We aim to remedy this in these notes.
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1.3. Preliminaries. We assume basic knowledge of scheme theory, including but not limited to differentials,
conormal sheaves, flat, smooth and étale morphisms, and elementary category theory. Beyond this, we require
the following.
e Some theory of local complete intersection (Ici) and syntomic (i.e. flat lci) morphisms; see e.g. [Liu02,
§6.3].
e Some theory of cohomology of sheaves on sites; see e.g. [Mil80, §II and §III]. In particular we need
basic homological algebra, including projective modules, derived functors etc.

1.4. Outline. We begin by given an elementary definition of the category hCorf;. This requires us to first
treat the algebraic K-theory groupoid and the stable normal bundle. After that we prove strict Al-invariance,
following [DK20]. While this reference treats a different category of correspondences, their arguments apply
to hCor‘,lr with only superficial changes.

1.5. Notation and terminology. All schemes are assumed noetherian.

Most notation is introduced throughout the text.

Here are some comments for the experts. By a category we always mean an ordinary 1-category. We use
notation consistent with common use, but sometimes with non-standard definitions. For example we write
K (X)<; for the 1-truncation of the K-theory space of X; this is an ordinary groupoid (well-defined up to
equivalence) which we define directly. Given an lci morphism f : X — Y, we define the “stable normal
bundle” Ly € K(X)<1; this is the opposite of the class of the cotangent complex. We make these definitions
only in the case of affine schemes; this is enough for our arguments and simplifies everything considerably.

2. LOWER ALGEBRAIC K-THEORY

We define the algebraic K-theory groupoid of a symmetric monoidal category. In particular, we define
Ky and K of a ring. Our presentation follows lectures 5 and 6 of [Hoy20|.

For a more thorough introduction to algebraic K-theory see [Weil3|, or [Mil71] for a historic perspective.
The first two subsections recall standard definitions which can be found in any book on category theory.

2.1. Symmetric monoidal categories and functors.

Definition 2.1. A monoidal category is a category C with a functor ® : xC — C and an object 1 € C,
together with natural isomorphisms (for X,Y,Z € C)

axyz: (XY)@Z~X® (Y ®2),
Ax 1 ®X ~X,
px X ®1~X,
such that the following diagrams commute:
e (unit axiom)
(X21)eY +*—» X2 (1Y)
X(£Y /

e (pentagon axiom)
(X®Y)®Z2) W +— (XQY)®(Za W)

! !

XeYoz)eW XY o((ZoW))
Xe(Yoz)oW)
(Here all isomorphisms are instances of o tensored with identities.)

Remark 2.2. The pentagon axiom implies that X7 ® --- ® X,, is well-defined up to canonical isomorphism,
independent of the choice of parenthesization. This is known as MacLane’s coherence theorem.
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Definition 2.3. A symmetric monoidal category is a monoidal category C together with a natural isomor-
phism
’yX,y:X(X)YZY@X
such that 72 = id and the following diagram commutes:
e (hexagon axiom)
(XRY)®Z+*> XY ®Z2)
[ [
YoX)®Z YozZ)eX

YQ(X®Z) 1= Y®((ZX)

Remark 2.4. The hexagon axiom implies that X; ® --- ® X, is independent of order, up to canonical
isomorphism.

Example 2.5. If R is a commutative ring, then the category R-Mod of R-modules is a symmetric monoidal
category, with ® the usual tensor product.

Definition 2.6. A monoidal functor F : C — D is a functor together with an isomorphism F'(1¢) ~1p
and a natural isomorphism
pxy  F(X®Y)~F(X)®F(Y),
such that certain evident diagrams commute.
A symmetric monoidal functor is a monoidal functor such that F(’ygf’Y) o~ ’Y}l«EX,FY via p.
A monoidal natural transformation ¢ : F — G is a natural transformation such that the following
diagrams commute:

) ) —2— F(1p)

F(lc (
1p /
FIXQY) —2—— QX ®Y)

I I
FX)® F(Y) —2= G(X) @ G(Y).
Definition 2.7. Let C,D be symmetric monoidal categories. We can form the category Fun®(C, D) with
objects the symmetric monoidal functors and morphisms the monoidal natural transformations.
2.2. Picard groupoids.
Definition 2.8. A groupoid is a category in which all morphisms are isomorphisms.

Ezxample 2.9. Let C be any category. We denote by C~ C C the maximal sub-groupoid, i.e., the objects of
C~ are the same as the objects of C, and the morphisms of C~ are the isomorphisms of C. This is a groupoid.

Example 2.10. Let S be a set. We can view S as a category with set of objects S, and only identity
morphisms. This is a groupoid.

Ezample 2.11. Let G be a group. We can form the category BG with one object *, and Hom(x, *x) = G.
This is a groupoid.

Definition 2.12. A (symmetric) monoidal groupoid is an essentially small (symmetric) monoidal category
which is also a groupoid.

Scholium 2.13. A category C is called essentially small if the class of isomorphism classes of objects is in
fact a set. We shall largely ignore size issues in the sequel.
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Definition 2.14. For an essentially small groupoid C, we denote by my(C) the set of isomorphism classes of
objects. For a monoidal groupoid C, we put 71 (C) = Hom(1, 1).

If C is a (symmetric) monoidal groupoid, then my(C) is a (commutative) monoid.
Definition 2.15. A Picard groupoid is a symmetric monoidal groupoid C such that the commutative monoid

mo(C) is a group.

In other words, for every X € C there must exist Y € C such that X ® YV’ 2L 1. We call the pair (Y,n)
an inverse of X. One verifies immediately that if (Y',7’) is another inverse of X, then there is a unique
isomorphism Y ~ Y’ compatible in the evident sense with (n, 7).

Remark 2.16. We will often call just Y an inverse of X, suppressing 1. But note that without a given choice
of 1, inverses are (in general) unique only up to non-unique isomorphism.

Remark 2.17. Let C be a Picard groupoid and X € C. Then

m(C) 25 Hom(X, X)
is an isomorphism. Indeed if Y is an inverse of X, then ®Y induces an inverse of the above map.
2.3. Group completion.

Definition 2.18. Let C be a symmetric monoidal groupoid. A group completion is a symmetric monoidal
functor n : C — C®P, where C®&P is a Picard groupoid, such that for every Picard groupoid D the canonical
functor

Fun®(C2?, D) <% Fun®(C, D)
is an equivalence of categories.

Remark 2.19. One may prove (e.g. using the 2-categorical adjoint functor theorem) that C8P always exists.

Example 2.20. Let D be a Picard groupoid and F' : C — D a symmetric monoidal functor. Under the
equivalence Fun™ (C8, D) ~ Fun™(C, D), F corresponds to some symmetric monoidal functor F :cee,D
such that F on ~ F. In fact, given any two symmetric monoidal functors F,F’ : C& — D with this
property, there exists a unique natural isomorphism « : F o~ F' compatible with the other data.

Remark 2.21. Following this line of argument, we easily prove that any two group completions are canon-
ically equivalent. Moreover C — C®P is a functor in an appropriate sense: given F' : C; — Co there is an
induced symmetric monoidal functor FeP : Cf¥ — C5P| well-defined up to unique natural isomorphism, and
furthermore (G o F)8P coincides up to unique natural isomorphism with G8P o F8P.

Scholium 2.22. There is an analog of this construction “one category level down”: the fully faithful embedding
Ab — AbMon
has a left adjoint M — M®P. This is also known as the Grothendieck construction. For example N8P ~ Z.
The two kinds of group completion are related.
Lemma 2.23. Let C be a symmetric monoidal groupoid. Then my(C8P) ~ my(C)8&P.

(Here on the left hand side (—)&P refers to Definition 2.18, whereas on the right hand side it refers to
Scholium 2.22.)

Proof. For a (commutative) monoid M, we can also view M as a discrete (symmetric) monoidal groupoid,
as in Example 2.10. Then for any symmetric monoidal groupoid C we find that

moFun®(C, M) ~ Homapnon (moC, M).
(In fact Fun®(C, M) is discrete, but we do not need this.) Hence for any abelian group A we find that
Homapmon (70C, A) =~ moFun®(C, A) ~ moFun®(C8P, A) ~ Homapnon (70 (CEP), A).

It follows that the abelian group my(C8P) satisfies the same universal property as m(C)8P, whence the two
are canonically isomorphic. O

Here is a non-obvious property of symmetric monoidal groupoids.
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Lemma 2.24. Let C be a symmetric monoidal groupoid. Then the group 71 (C) is abelian.

Proof. We have the two operations
0,® :m(C) x m(C) = m1(C).

The second one is commutative, C being symmetric. The first one is the one is the one defining the group
operation in 71 (C). We shall show that the two coincide. In fact given f,¢g: 1 — 1 we have

fog=(feid)®(idog) = (f@id) o (id@g) = foy,

since ® is a functor. This concludes the proof. |

Note that if X € C, then Hom(X, X) is a group, but it need not be abelian (unless X = 1). Of course if
C is a Picard groupoid, then Hom (X, X) ~ 71 (C) is abelian. We can use this to get a good handle on C8P,
in some cases.

Theorem 2.25. Let C be a symmetric monoidal groupoid and suppose given an object X € C such that for
every Y € C there exists Z € C and n > 0 with Y @ Z ~ X®". Then 71(C8) ~ G, where

o0
G s = colim Hom (X %" X®™)
n
and (—)% denotes the mazimal abelian quotient of a group.

Proof sketch. We build a symmetric monoidal category C’. Its objects are the pairs (¢,n) with ¢ € C and
n € Z, thought of as ¢ @ X®". Define

ab
HOHIC/(C ® X®”7d ® X®m) — (COliIn Home (C ® X®n+T7d ® X®m+,«)> .

The symmetric monoidal structure is the “obvious” one (e.g. the switch on X®" is given by V¥ x, forn € Z).
One checks that C — C’ satisfies the axioms of a group completion. O

Exercise 2.26. Supply the details of the above proof.
2.4. K-theory.

Definition 2.27. For a ring R, we denote by Proj, C R-Mod the category of finitely generated, projective
R-modules. View this as a symmetric monoidal category via direct sum. We set

K(R)<1 = (Projg)®®
and

K,(R) = ﬂ'iK(R)Sl, for ¢ = 0, 1.

Remark 2.28. We use the symmetric monoidal structure on Projp given by direct sum, not tensor product.
In particular this definition makes sense even for non-commutative rings. We shall have no use for this fact.
Remark 2.29. We have

Ko(R) ~ mo(Proj5)8 and K (R) ~ GLu(R).
Indeed the first isomorphism is Lemma 2.23. For the second, we put GL(R) = colim,, GL,(R), where
GL,(R) = Aut(R"™), and apply Theorem 2.25 (with X = R).

Ezample 2.30. Let k be a field (or PID). Then Ky (k) = Z, since m(Proj; ) = N (i.e. any finitely generated
torsion-free k-module is isomorphic to k™ for some n).

Ezample 2.31. The maps det : GL,(R) — R* are compatible, and hence induce det : GLy (R) — R*. The
target being abelian, we obtain

det : K1 (R) — R*.

One may prove that this is an isomorphism if R is a semilocal ring.

Scholium 2.32. One may also define K;(R) for i > 1. In fact there is a space (also known as co-groupoid)
K(R) such that K;(R) = m;(K(R)). This is the subject of higher algebraic K -theory.
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2.4.1. Functoriality. Let o : R — S be a ring homomorphism. Then extension of scalars defines a symmetric
monoidal functor Proj(a) : Projp — Projg, and hence via Example 2.20 we obtain an essentially unique
functor

K(a): K(R)<1 = K(S)<1.
Since naturally isomorphic functors induce the same maps on 7;, we obtain from this unique homomorphisms
Given 8 : S — T another ring homomorphism, there is a canonical natural isomorphism Proj(5 o o) =~
Proj() o Proj(«) and hence also

K(Boa)<1 = K(B)<1 0 K(a)<i.

Again since isomorphic functors induce the same maps on 7; we find that

Ki(Boa) = K;i(B) o Ki(a).
Thus K;(—) is a functor.
Scholium 2.33. Since K(—)<; is only well-defined up to (canonical) natural isomorphism, it does not really

make sense to ask if it is a functor, at least in the usual sense. The theory of 2-categories can be used to
make precise the idea that K (—)<; is a functor in every relevant sense.

2.4.2. K-theory and ezract sequences. We have defined K-theory in terms of group completion, that is, by
converting direct sums of modules to sums in our Picard groupoid. However, it turns out that K-theory also
interacts favorably with (non-split) short exact sequences. Thus let

00— P, —P,— P;—0

be an exact sequence in Projp. There exists a splitting s : P; — P», inducing an isomorphism ¢ : Py =~
P, @ Ps. In general ¢ depends on s, but this is no longer the case in K-theory.

Proposition 2.34. In the above situation, the image of ¢ in K(R)<1 is independent of s.

Proof. Let s’ : P3 — P5 be another splitting. Identifying P> with P} & Ps via ¢, s’ takes the form (o, idp,),
for some (indeed any) map « : P; — P;. We consequently obtain a commutative diagram of isomorphisms

P2 L) Pl@Pg,

l %

Pl@PlSv

w3 9)

It is sufficient (and necessary) to show that the automorphism M maps to the identity in K (R)<;. Writing
Py, P; as summands of free modules, we may as well assume that P, = R™ and P; = R®. Then M €
GL,+m(R) and we must write this as a commutator. Since we can write M as a product of elementary
matrices, it suffices to deal with this case. We may assume that m + n > 2. Denoting by E;;(r) the
elementary matrix with entry r in off-diagonal spot (4, j), one verifies that E;;(r) is the commutator of
E;(r) and Ej;(1), for any ¢ # 1 # j. O

2.4.3. K-theory of affine schemes.

Definition 2.35. If X is an affine scheme, we put K(X)<1 = K(Ox(X))<1 and similarly for K;(X). Given
f:X — Y amorphism of affine schemes, we obtain f*: K(Y)<; — K(X)<; and similarly for K.

where

Note that Projy , (x) can be equivalently described as the category of vector bundles (locally free sheaves)
on X.

Remark 2.36. K-theory can be extended to non-affine schemes, but the definition is more complicated (it
takes into account the fact that there are non-split exact sequences of vector bundles). We shall not need
this.
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3. THE (HOMOTOPY) CATEGORY OF FRAMED CORRESPONDENCES

In this section we define the category hCoer7 which is the basis for the definition of presheaves with framed
transfers. The definition can be extracted from [EHK'21, §3.2.2], but we give a self-contained account.

3.1. The stable normal bundle. Let f : X — Y be an lci morphism of affine schemes. Being locally of

finite type and affine, we may factor f as X < A} — Y, for some n > 0. Then 7 is automatically a regular
immersion, and so the conormal sheaf C; is locally free. We now put

7= Ci— Qg ylx € K(X) <.
Remark 3.1. Of course Q}V;,/Y|X ~ O%.

Scholium 3.2. What we really mean by this definition is that L} is a pair (M, n), where M € K(X)<; and

7 is an isomorphism between M + ., Jylx and Ci in K(X) <. If (M',n') is another such pair, then there
n <

is a unique isomorphism M ~ M’ compatible with the other data; see also Remark 2.16.

It turns out that Llj} is essentially independent of 1.

Theorem 3.3. (1) Let X N Ay — Y be another factorization of f. We construct an isomorphism
Qij L ?EL;GK(X)Sl
(2) Let X (—k> A}, — Y be yet another factorization of f. Then the following diagram commutes in
K(X)<1

i Qi k
L} —= Lf
J
Lf.

Once this is proved, we find that for all relevant purposes, L?f is independent of the chosen factorization.
We write Ly € K(X)<; for this canonically defined object. If no confusion can arise, we also denote this as
Lxy. It satisfies the following further “properties”.

Theorem 3.4. (8) Let g: Y — Z be lci, with Z affine. We construct
By Lx/z ~Lx/y + f"Ly/z € K<1(X).
(4) Given furthermore h: Z — W lci, with Z affine, the following diagram commutes

Lxw +——— Lx/z +(9f)"Lz/w

! !

Lx)y + f*Lyyw +—— Lx)y + 9" Ly;z + (9f)" Lz/w-
Here all isomorphisms are induced by instances of (3.

(5) Suppose given a cartesian square

x ¥ x

rll
v, Ly
Assume Y’ is affine and either f or p is flat. We construct
’Y‘ﬁp . LX'/Y’ ﬁp/*Lx/y S K(X/)Sl
(6) Given another morphism of affine schemes q: Y" —Y', set X" =YY" xy: X', and so on. Assume
that either f is flat or both p and q are. Then up to the natural identifications we have

V.4 °Vfp = Vap € HomK(X”)g1(LX”/Y"7 (q/p')*LX/y).
(7) B and vy are compatible in the evident way.
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(8) Suppose that f is étale. We construct
0Ly ~0€ K(X)<1.
The isomorphism § is compatible with composition and base change (i.e. B and ) in the evident
way.
Proof of Theorems 3.8 and 3.4. (1) Consider X < (i,7)A"*™. This provides yet another factorization, and

it suffices to compare L} and L}i’j ). The embedding X < jA™ corresponds to regular functions ¢y, ...,¢n

on X. Consider the embedding A" < hA™™™ corresponding to the regular functions (1,...,%n,C1,---,Cm)
on A", where x; is the i-th coordinate and ¢; lifts ¢;. Then the composite hi is (¢, 7). Using the short exact
sequence for the conormal sheaf in a composite of regular immersions and the interaction of exact sequences
with K-theory (Proposition 2.34), we find that

CX/Anz+n ~ CX/AW + CA”/A"”‘*”""X 6 K(X)Sl

Since the closed embedding h is cut out by (zp+: — ¢)1<i<m, the second conormal sheaf is canonically
isomorphic to O™. It follows that

ngaj) ~ CX/An + CAn/Am+n|X — Ot ~ CX/An - 0" ~ 30,

defining the desired isomorphism.
(3) Counsider the diagram

n+m
AZ

N
X/ \Y/ \Z

in which all maps are the evident ones, and the square is cartesian. We find that

CX/A7ZL+m ~ CX/A” + C ;,/,/AZer X = CX/A” + Cy/AgL X,

where we have also used the stability of conormal sheaves under flat base change. From this we produce the
desired isomorphism, as before.
(5) Consider the diagram of cartesian squares

v £ v
The assumptions imply that X’ — A}, is a regular immersion. It follows that Cx/ap |xr =~ Cx /AT, from
which we obtain the desired isomorphism as before.
(8) Since X — Y is smooth, we have an exact sequence

d
0= Cx/ar = Q}Ag/y — Q%/y = 0.
Since X/Y is étale, Qﬁ(/y = 0 and so d is an isomorphism. This yields
Lx/y = CX/A; - QAT“,/Y >~ 0,

as needed.
It remains to show that the stated compatibilities hold. This is tedious but straightforward. O

Ezample 3.5. Let X — Y be a regular immersion. Then we have the “factorization” X — AY. — Y, showing
that Lx/y ~ Nx/y
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Ezample 3.6. Let X — Y be smooth, and X —+ A} — Y a factorization. Then one has the exact sequence
0= Ny/ay, — Qxlv;/y - Q) = 0.

It follows that
Lx/y ~ Nx/a, — QA”/Y ~ —0% )y

3.2. The groupoid of framed correspondences.

Definition 3.7. Let A be an affine scheme, and X,Y € Aff 4. A framed correspondence from X toY over
A consists of

e a finite syntomic morphism (of A-schemes) Z — X,
e any morphism (of A-schemes) Z — Y, and
e an isomorphism
T: LZ/X ~(0e K(Z)Sl

We think of framed correspondences as some kinds of generalized maps, and often write o : X ~~ Y to
mean that « is a framed correspondence from X to Y (over A). We often summarize the data of a framed

correspondence in a diagram
Z
P q
>N
X Y

In this case the label p is the name of the morphism Z — X, ¢ is the name of Z — Y, and 7 is the
trivialization of Lz, x; any of these may be omitted for clarity.

Remark 3.8. Let p: Z — X be finite syntomic. Then it may or may not be the case that L, is isomorphic
to 0 in K(Z)<;. If so, then the set of such isomorphisms is a torsor over K;(Z).

Definition 3.9. Let X,Y € Aff 4 and suppose given two framed correspondences

/\ /\

X By Y X ~nmnBonnmnnns Y

An isomorphism between « and o’ consists of an isomorphism f : Z — Z’ such that the following diagram
commutes

Z

IO\

X f Y

’\ ! /
and the composite

LZ/X ~ LZ’/X‘Z +LZ/Z’ T”: 0+0~0€¢ K(Z)Sl
is 7. (Here we have also used Theorem 3.4(3,8).)

Definition 3.10. Isomorphism of framed correspondences can be composed in an evident way. We hence
obtain the groupoid of framed correspondences CorZ(X, Y)<i.

3.3. The category hCorg.
Definition 3.11. Let X1, X5, X5 € Aff 4 and

/\ /\

X1~y X, Xy o Bonnmnns X
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be framed correspondences. Consider the diagram
Z
Z1 Z2
Xl X2 X37

in which the square is cartesian. We have an isomorphism

’
T, T

Lyz/x, ~Lziz, + Lz x|z ~Lz, x,lz+ Lz x|z ~ 0.

This data defines a framed correspondence o/ o a : X7 ~» X3 called the composition of o and /.

Theorem 3.12. There is a category hCorfA’r as follows. The objects are the affine A-schemes, the set
of morphisms from X to'Y is Wo(Corfi(X, Y)<1) (i.e. framed correspondences up to isomorphism), and
[a']o[a] =o' 0a].

Proof. Straightforward verification. O

Lemma 3.13. There is a functor Aff 4 — hCorg which is the identity on objects and sends a morphism

X — Y to the framed correspondence
X
N
X Y,

where p = id and 7 is the canonical isomorphism (e.g. obtained via Theorem 3.4(8)).

Scholium 3.14. Just as there is a “higher version” K(R) of K(R)<1, which is an “oco-groupoid”, there is
a “higher version” Cor® of hCor', which is an “co-category”. Presheaves of sets on Cor'l are the same as
presheaves on hCorg; this is what allows us to eschew the infinitudes. On the other hand, when considering
presheaves of co-groupoids, the differences become pronounced.

Moreover, using more complicated definitions of K-theory valid for non-affine schemes, the category
(h)Cor® can be enlarged to also contain non-affine schemes.

Remark 3.15. There is a variant of the theory of framed correspondences, where 7 (i.e. the framing) is
omitted from the definitions. This yields a groupoid Corfiyn(X ,Y)<1 and a category hCorfzyn. We shall not
use this in the sequel.

3.4. Examples of presheaves with framed transfer. Suppose F' € P(SmAff;) is Al-invariant. We may
wish to prove that F is strictly Al-invariant. By the main theorem, it will suffice to find F € P(hCorg)
extending F. Suppose instead that we can find F' € P(hCorf:yn) extending F. Then we can restrict F’ along
the evident functor hCorfl — hCorf™"
of hCorf:yn is harder than providing it with transfers in the sense of hCorl’. We shall consider two examples
to illustrate the difference.

Consider first the presheaf F(X) = Ky(X), i.e. the group completion of the set of isomorphism classes
of vector bundles. To lift this to hCorijm7 for every finite syntomic morphism p : X — Y we must find a
transfer map p, : Ko(X) — Ko(Y). Viewing a vector bundle V on X as a locally free sheaf, we have the
sheaf p,V on Y. Since p is finite flat, p,V is locally free again. Clearly p.(V & W) ~ p (V) @ p.(W). It
follows that there is an induced map p. : K(X)<1 — K(Y)<1, and taking my we obtain the desired transfer.

Omne may prove that this lifts Ky(—) to a presheaf on hCorffyn.

to obtain F. In other words, providing F’ with transfers in the sense

Now we shall consider a variant of this construction which does not lift to hCorf:yn, but which does lift
to hCorfkr. By a symmetric bilinear bundle on X we mean a pair of a vector bundle V' and a bilinear map
V x V — O which is symmetric and such that the induced map V — V™ is an isomorphism. Symmetric
bilinear bundles can be added in an evident way, and we write GWy(X) for the group completion of the set
of isomorphism classes of symmetric bilinear bundles. This is clearly a functor on Aff;’. Now let p: X — Y
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by a finite syntomic morphism, and V' a symmetric bilinear bundle on X. We would like to make p, (V) into
a symmetric bilinear bundle on Y. The functor p, is lax symmetric monoidal, so we obtain a symmetric
map p.(V)@p«(V) = p.(Ox). However, to turn this into a symmetric bilinear form in a natural way, surely
we need a (reasonable) further map p.(Ox) — Oy to compose with. Duality theory in algebraic geometry
shows that

Hom(p.(Ox), Oy) ~ Hom(Ox, det Ly).

Here we have used a functor det : K(X)<; — Shv(X) induced by the determinant of a vector bundle.
Consequently we can build a natural transfer whenever we are provided with a trivialization of det L, for
example, if we are provided with a trivialization of L, itself. One may prove that this construction lifts
GWy(-) to a presheaf on hCorlr.

4. MoRg ABOUT hCor!f
4.1. Semiadditive categories.

Definition 4.1. A category C is called pointed there exists an object 0 € C which is both initial and final,
i.e., for every X € C we have Hom(X,0) = * = Hom(0, X).

Remark 4.2. Equivalently, C has an initial object (), a final object *, and the unique map ) — * is an
isomorphism.

Definition 4.3. A pointed category C is called semiadditive if for all X,Y € C the sum X I Y and the
product X X Y exist, and the canonical map

XY ~(Xx0)I(0xY)>(XxY) (X xY)—=> X xY
is an isomorphism. We write X @ Y for the common object X IIY ~ X x Y.

Lemma 4.4. The category hCorfﬂ{ is semiadditive. The 0 object corresponds to the empty scheme, and the
operation @ corresponds to the disjoint union of schemes.

Proof. We have Schy ~ {0} and K (0)<o ~ *. From this we deduce that
Cor' (0, Z) ~ * ~ Cor's (Z,0)

for any Z € Aff 4, i.e., hCoer is pointed.
Now let XY € Aff 4. We get Schxmry ~ Schx x SChy7 and also K(X I Y)Sl ~ K(X)Sl X K(Y)Sl
From this one easily deduces that

Cor (X 1TY, Z) ~ Cor'i (X, Z) x Cor®s (Y, Z) and Corly(Z, X11Y) ~ Cor}(Z, X) x Cor'}(Z,Y),
naturally in XY, Z € Aff 4. This implies semiadditivity. ([l
4.2. Presheaves on a semiadditive category.

Definition 4.5. Let C be a category with finite coproducts. Denote by Ps(C)<o C Fun(C°P,Set) the
subcategory of those presheaves F' such that

F(x 1Y) S poxy < P(Y)

is an isomorphism for all X, Y € C, and F(}) = *. We sometimes call the objects in Px(C)<o X-presheaves
or even X-sheaves.

Scholium 4.6. Let F : A — B be any functor, and p : I — A a diagram. Assume that p has a limit L, and
Fop:I — Bhas alimit L’. There is a canonical map F(L) — L', induced by the maps F(L — p(x))
for z € I and the universal property of L. We say that F preserves the limit of p if F(L) — L’ is an
isomorphism. More generally, it makes sense to ask if F' preserves all limits of a certain shape (or shapes),
assuming all such limits exist in A and B.

Now if C has finite coproducts, then C°P has finite products, and the condition for F' : C°? — Set to be
in Px(C)<o is precisely equivalent to asking that F' preserves all finite products (including the empty one).
For this reason we also write

Ps(C)<o := Fun™ (C°P, Set).
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Construction 4.7. Let C be semiadditive, F' € Px(C) and X € C. Define an operation + : F(X) x F(X) —
F(X) via the composite

F(X)x F(X) ~ F(X & X) 25 F(X),
where A : X - X & X ~ X x X is the diagonal.
Lemma 4.8. In the above situation, (F(X),+) is a commutative monoid, natural in X € C.
Proof. Commutativity of the addition operation corresponds to the fact that the composite
XS XoXxhXax
coincides with A, where 7 is the swap map. Similarly associativity follows from the fact that
X2 xeoX)eX~2XoXaX

is the triple diagonal, and similarly for (id, A) in place of (A,id). Naturality of the monoid structure along
f: X =Y € follows from the following commutative diagram in C

X 2. xaoXx

e

Yy 2 s vov.

Lemma 4.9. Let C be semiadditive, X € C and F € Fun™(C°?, AbMon). The map
F(X) x F(X)~ F(X & X) 25 F(X)
is addition in the commutative monoid F(X).
Proof. The composite
F(X) x F(X) 222 pX @ X) ~ F(X) x F(X)

is the identity. Indeed composition with the first projection is i o(pj+p%) and p1i; = id whereas p2i; = 0, and
similarly for the second projection. It follows that the composite in question is given by A*o(pi+p3) = id +id,
as needed. |

Proposition 4.10. Let C be semiadditive. The forgetful functor Fun™(C°P?, AbMon) — Px(C)<o is an
equivalence of categories.

Proof. Lemma 4.8 supplies a functor in the other direction, and Lemma 4.9 shows that the two functors are
inverse isomorphisms.! O

Definition 4.11. Let F' € Px(C)<o, where C is semiadditive. We call F' grouplike if each of the commutative
monoids F(X) for X € C is an abelian group. Denote by Px(C)%, C Ps(C)<o the full subcategory on
grouplike Y-presheaves. a

Corollary 4.12. The forgetful functor Fun™ (C°P, Ab) — Px(C)<o is an equivalence onto Py, (C)gé%.

Proof. Indeed Fun™ (C°P, Ab) C Fun™ (C°P, AbMon) is the subcategory of sectionwise grouplike functors, so
this is immediate from Proposition 4.10. ]

Definition 4.13. We write Pp,(C) for the common category Px(C)Z], ~ Fun™(C°P, Ab).

IBut the notion of isomorphism of categories is evil, so we do not state this stronger conclusion in the proposition.
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4.3. Local group completion. Suppose that C is a category with finite coproducts. The Yoneda embedding
C — Fun(C°P,Set) factors through Ps. Consequently, if C is semiadditive, then for X, Y € C the set
Home (X,Y) acquires a commutative monoid structure (being identified with the sections over X of the
presheaf represented by Y').

Remark 4.14. Chasing through the definitions, we find that given f,g: X — Y € C, f + g is given by the

composite

xS xexiyey Ly

We can group-complete the commutative monoids comprising the category C.

Lemma 4.15. Let C be semiadditive. There is a category C8 with the same objects as C, and Homeer (X,Y) =
Home (X, Y)8P. The category C®P is semiadditive and the canonical functor C — C8P preserves finite coprod-
ucts.

Proof. Straightforward checking. O
The category C8P satisfies a universal property.

Lemma 4.16. The forgetful functor Ps(C8)<o — Px(C)<o is an equivalence onto the subcategory of grou-
plike objects.

Proof. By Remark 4.14, the composite
XS xox Y xyox % x

is the zero map. This implies that if F' € Px(C8)<o and a € F(X), then a + (—id)*(a) = 0; hence F'(X) is
grouplike. The forgetful functor thus factors through Ps(C)%;. Next we claim that if F' € Px(C)®P then F
admits a unique extension to a presheaf on C8. Granting this, we obtain a functor Px(C)8P — Px(CeP), and
the two functors are seen to be inverse isomorphisms. It remains to prove the claim. If f € Homeer (X,Y)
then f = fi — fa, where f1, fo € Hom¢(X,Y) (not uniquely determined). The only choice for f*: F(Y) —
F(X)is fff — f5. Tt is straightforward to verify that this is well-defined, concluding the proof. O

4.4. Presheaves with framed transfers.

Definition 4.17. Let C C Aff;, be closed under finite coproducts. Write hCorf(C) ¢ hCorf for the full
subcategory on the objects of C.
A presheaf with framed transfers (over k, relative to C) means an object of Pap(hCori(C)).

The most common choice for us will be C = SmAffy, the subcategory of smooth affine k-schemes. Note
that for any C as in the definition, hCori¥(C) is semiadditive.

Remark 4.18. Lemma 3.13 yields a functor ¢ — hCor!’(C). Restriction along this turns an object of
Pap(hCorlF(C)) into an abelian presheaf on C itself, called the underlying presheaf.

4.5. Al-invariance. Let C C Aff;, be closed under finite coproducts, and product with Al. We call F €
Pap(hCorl' (C)) Al-invariant if the underlying presheaf is, that is, if given X € C the canonical map F(X) —
F(X x Al) is an isomorphism.

There are many equivalent characterizations of Al-invariance.

Lemma 4.19. Let F € Pap(C). The following conditions are equivalent:
(1) F is Al-invariant, i.e., for X € C the canonical map p* : F(X) — F(X x Al) is an isomorphism.
(2) For X € C the canonical map if : F(X x Al) — F(X) is an isomorphism.
(3) The maps p* are surjective (for every X ).
(4) The maps iy are injective (for every X ).
(5) The maps iy and i are equal (for every X ).
Here iy : X — X x Al is the inclusions at s € Al.

Proof. Since pois = id, the map p* is an isomorphism if and only if ¥ is, in which case the two are inverse.
Thus in particular i§; = (p*)~! = i%. Hence (1) is equivalent to (2), and either implies (5). Moreover again
since ifp* = id, the map p* is always injective and 4y is always surjective, so that (1) is equivalent to (3)
and (2) is equivalent to (4). It remains to prove that (5) implies any of the other conditions. Consider
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the map m : Al x Al x X — A! x X induced by multiplication (z,y,t) — (zy,t). Then mig is the map
(x,t) = (0,2,t) — (0,t), i.e. the same as igp. On the other hand mi;y is the map (z,t) — (1,z,t) — (x,t),
i.e. the identity. It follows that

phiy = m iy Q mriy =i,
and hence p* is surjective as needed. O

Definition 4.20. We write Pﬁ;(hCorg(C)) C Pap(hCorff(C)) for the full subcategory on Al-invariant
presheaves.

Definition 4.21. Let

hCorf' (X, Y) = hCorl (X, Y)8P /ima,
where o : hCorl (Al x X,Y)gP — hCorl" (X, Y )& is given by a(h) = hoig — hoiy.
Remark 4.22. Two morphisms of the form h o ig, h o iy are called (directly) Al-homotopic.

Lemma 4.23. We have a category hCorff(C) with the evident objects, mapping sets, and composition. It is

semiadditive. The forgetful functor Pay,(hCorf(C)) — Pap(hCorl (C)) is an equivalence onto the subcategory
of Al-invariant presheaves.

Proof. The first assertion follows easily from the fact that Al-homotopic maps are stable under composition

on either side. For the second assertion, since (hCori")&P(C) — hCorl(C) is surjective on mapping sets, it
follows from Lemma 4.16 that the functor is fully faithful. It remains to prove that given F' € Pap,(hCorl (C)),

F extends (necessarily uniquely) over hCor!' (C) if and only if F is A'-invariant. If F' is Al-invariant, a € F(X)
is a section and h € hCorl (Y x Al, X), then

a(h)*(a) = igh*(a) — iTh*(a) =0

by Lemma 4.19(5). Conversely, in the category hCori(C) the two maps ig,i; : X — Al x X are equal by
construction, and so 4§ = 47 whenever F' extends. Thus we conclude by Lemma 4.19(5) again. O

Scholium 4.24. In the category hCorfcr (C), the map p : Al x X — X is an isomorphism with inverse ig (= i1).
This follows from the previous result via the Yoneda lemma, or by directly noting that the composite igp —id
equals a(m) and so is 0. In the sequel, many arguments about Al-invariant presheaves with transfers will

be expressed as arguments in the category hCorfcr ).

5. A PROTOTYPICAL RESULT

Up to certain formal arguments explained in the next section, proving strict A'-invariance largely involves

studying the category hCorg. Before delving into the formalism, we want to illustrate what we mean by the
latter in the simplest case.

5.1. Construction of framed correspondences.

Lemma 5.1. Let X — Y be smooth of relative dimension d. Let fi,....fn € O(X) and put Z =
Z(f1,--s fn) If all non-empty fibers of Z —'Y have relative dimension d —n, then X — 'Y is syntomic.

Proof. Since the problem is local on X and Y, we may assume that X, Y are affine and the morphism factors
as X — A — Y, with X — A{ étale. Now apply [EHK*21, Lemma 2.1.15] (and note that relative “global
complete intersections” are syntomic [Stal8, Tag 00SW]). O

Ezample 5.2. The most common example of a framed correspondence is as follows. Let f1,..., f, € O(A%)
and assume that Z = Z(f1,..., fn) is finite over X. Then by the above, Z — X is syntomic. Moreover

Lzyx = Czjag = Yy x

is trivialized, since both terms are canonically isomorphic to free modules of rank n (with bases [f1],. .., [fx]
and dT1,...,dT,, respectively). This presentation is sometimes called an equational framing.

We shall employ only the case of relative dimension 1.
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Construction 5.3. Suppose given X,Y € Affy, p: U — X smooth of relative dimension 1, g : U — Y,
f € OU), a decomposition Z(f) = Z11 Z' with Z — X finite, and an isomorphism g : Qllj/X ~ Opy. We
denote by

div(f)%9 € Corlf(X,Y)

the correspondence
Z
y \g/‘
X Y,

where Z — X, Z — Y are obtained from the inclusion Z — U by composition with the maps U — X, U — Y.
The map p is finite syntomic by Lemma 5.1. The trivialization 7 is given by

(f1)
Lzyx ~ Lzyu + Luyx|z ~ Nzju — Qi xlz = Oz — 0z ~0.

Warning 5.4. The notation div(f);? can be confusing if X,Y or p are not clear from the context.

This construction has the following properties, all of which are straightforward from the definition.

If A € OX(U) then div(Af)y"? = div(f),?.

o If Z = Z, [] Za, then div(f)5? = div(f)z? + div(f)5’.

If Z— X and Z — Y are both isomorphisms of schemes, then div(f)%? is invertible.

Given h : Y — W we have h o div(f)%9 = div(f)".

Given h : W — X we have div(f)?oh = div(f’)ﬁi’f’gh. Here we are using f' : U :=U xx W — W
and the isomorphism Qb,/w ~ h*Qb/X.

5.2. Injectivity for the relative affine line. Using the above method for constructing correspondences,
we can prove our first non-trivial result about presheaves with framed transfers.

Theorem 5.5. Let U € SmAff,, Vi C Vo C A%] affine and open. Assume that A,lj \ Vo and Vo \ V1 are finite
over U. Then for F € Pﬁ;(hCor%(SmAHk)), the restriction map F (Vo) — F(V1) is injective.

Ezample 5.6. If U = Spec(k), then any open subschemes () # V; C Va C A} satisfy the hypotheses.
In order to establish Theorem 5.5, it will be enough to show the following.
Theorem 5.7. Let U, V1, V5 as above. Then there exists ® : Vo ~~ Vi such that
[i o ®] = [idy,] € hCor’.
Here i : Vi — V5 denotes the inclusion.

Indeed given F as in Theorem 5.5, it extends to a presheaf on hCor" (SmAff;) (by Lemma 4.23). Then
®*7* = id, whence * must be injective.

Proof of Theorem 5.7. We begin by constructing certain functions f,g € k[A}; xy V2]. We shall denote the
first coordinate by y and the second by x. We will arrange that f, g are respectively monic in y of degrees
n and n — 1 (for some n sufficiently large). Moreover, we shall ensure that

flawvyxpv, =1

9la\ve)yxove = (Y — z)~!

v sviyxeve =1 glz-—a) = 1.

To do this, first note that each of the subschemes we are restricting to is finite over V5, and hence proper
closed in A}, . Now apply Lemma 5.8 below.
Let h € k[A! x V5 x Al] be given by

h=(1-=XNf+Xy—mx)g;
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here A denotes the third coordinate. Note that A is monic in y. Define

q)/ = diV(f'VlXUVz)dZy(?;l : ‘/2 ~ Vl

O = div(hlyyxpvoxa) Gt Vo X Al s V3.

Since f, h are monic in y, their vanishing loci are finite (over V3, respectively Vo x Al). By construction, they
have no zeros if y & V; or y & Vs, respectively. Hence the vanishing loci relevant for the div(...) are also
finite.
Since h|y=o = f we find that
O oig=iod.
Since h|y=1 = (y — x)g has vanishing locus splitting into two disjoint pieces, we find that

. . dy,pr1 . dy,pry
8/ 011 = le((y - x)g‘VQXUVQ)Zy(yp_x) + le((y - x)g|V2><UV2)Zy(;) .

Define

" =div((y — 2)glvixpva) 5" Vo~ Vi

As before the vanishing locus is finite. Finally put ® = & — ®~. We find that

[i]o[®) = [io®]~[i0®]=[00i] —[io®]=div((y — 2)glvaxora) F(s s

which is invertible as needed. ]

Lemma 5.8. Let U be an affine scheme and Z C Al a closed subscheme which is finite over U. Let
f € 0(Z). Then for n sufficiently large there exists a monic f € O(A}) with f|z = f.

Proof. Let U = Spec(A), Z = Spec(A[T]/I). Since Z is finite, there exist g1,...,g, € A[T] whose images
generate A[T]/I as an A-module. Let n be larger than the maximum of the degrees of the g;. We claim
that f as desired can be found for such n. Indeed note that any h € A[T]/I admits a lift h € A[T] of degree
< n; in fact we can choose the lift to be an A-linear combination of the g;. Now let f; be an arbitrary lift
of f —T™ of degree < n, and put f =T" + fi. O

6. THE FORMAL ARGUMENT

Fix a perfect field k.

6.1. Axiomatics.

Definition 6.1. X € Affy is called essentially smooth if it can be written as a cofiltered limit of objects
in SmAff, with affine transition maps. Denote by EssSmAff;, C Aff; the category of essentially smooth
schemes.

Ezample 6.2. Let X € Smy and € X. Then X,, X" X" € EssSmAffy.

Ezample 6.3. Let K/k be a finitely generated field extension. Then Spec(K) € EssSmAffy. Indeed Spec(K)
is the generic point of a smooth k-variety, by generic smoothness (using that k is perfect).

Example 6.4. A> = lim; A’ is not essentially smooth.

Given F € P(SmAffy), we can left Kan extend F to P(EssSmAff). Thus for X = lim; X; with X; €
SmAff; we put

F(X) = colim F(X;).

?

We shall use this freely in the sequel.

Definition 6.5 (IA). We say that F satisfies injectivity on the affine line (short IA) if the following holds.
For any finitely generated field extension K/k (automatically essentially smooth) and open subschemes
0 # Vi C Vo C Ak (automatically affine), the restriction F(V5) — F(V}) is injective.
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Definition 6.6 (EA). We say that F satisfies excision on the relative affine line (short FA) if the following
holds. For any essentially smooth affine scheme U and affine open subscheme V C A}, containing Oy,
restriction induces an isomorphism
F(Ay \ 0p)/F(Ay) = F(V\ 0p)/F(V).

(Note that A}, \ Oy and V' \ Oy are indeed affine.)

Furthermore we require that if K/k is a finitely generated field extension, z € Al a closed point, V C Ak
an open neighborhood of z, then

F(A\ 2)/F(Ak) = F(V\2)/F(V).

Definition 6.7 (IL). We say that F' satisfies injectivity for henselian local schemes (short IL) if the following
holds. For any essentially smooth, henselian local scheme U with generic point 7, the restriction F'(U) — F(n)
is injective.
Definition 6.8 (EE). We say that F satisfies étale excision (short EE) if the following holds. Let 7 : X/ — X
be an étale morphism of essentially smooth, local k-schemes. Let Z C X be a principal closed subscheme
such that 771(Z) — Z is an isomorphism. Then the canonical map
F(X\ 2)/F(X) = F(X'\ 7~ (2))/F(X')

is an isomorphism.

We shall also use the notion of contraction.

Definition 6.9. Let F be a presheaf. We denote by F_; the presheaf X — F(X x G,,)/F(X), and by F_,,
the n-fold iterate of this construction.

The main result of this section is as follows.

Theorem 6.10. Let k be a perfect field. Let C be a collection of abelian presheaves on SmAffy which is
closed under F — F_y and F — H'(—,F). Assume that whenever F € C is Al-invariant then it satisfies
IA, EA, IL and EE.

Let F € C be Al-invariant. Then for every essentially smooth (not necessarily affine) k-scheme X we

have 4 ‘

HY (X xA',F)~ H (X, F).
Remark 6.11. We shall eventually prove that C = {presheaves admitting framed transfers} satisfies the
assumptions of Theorem 6.10. This will prove Theorem 1.1, i.e., achieve the goal of these notes.

6.2. Al-invariance of the associated sheaf.

Lemma 6.12. Let K/k be a finitely generated field extension and F a presheaf satisfying IA, EA, IL and
EE. Let U C AL be open. Then F(U) ~ (anisF)(U) and H (U, F) =0 for i > 0.
Proof. Let X = Al.
We first establish the following claim: (x) if U C Ak is open, 21,...,2, € U are distinct closed points,
then N
FU\A{z1,...,2.})/F(U) ~ @ F(UL\ z)/F(UL).
i=1
If n = 1, this follows by combining EA and EE. Now let n > 1, and assume the claim proved for n — 1.
Combining TA and the case n = 1, we have a short exact sequence
0= FU\{z1,..., 201 })/FU) = F(U\{21,...,2,})/F(U) = F(U! \ 2,)/F(UL ) — 0.

By induction the source is isomorphic to @?:_11 F(U!\ z,)/F(U!), and we can thus split the sequence. This
proves the claim.
Consider the following sequence of presheaves on Xyjis

0=F— @ Fin)» @ FWr\2)/FUL) o0
neu© 2eUM)

here U — X is some étale scheme (automatically affine). Observe that the second two terms are skyscraper
sheaves. In particular they are sheaves, and even acyclic. We argue that this sequence is exact after
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sheafification. For this we need only consider the case U = n (a generic point of some étale X-scheme), and
the case where U is henselian local of dimension 1, so in particular has only two points. Both sequences
exact; the only non-trivial point is injectivity of F(U) — F(n) which is IL.

It follows that we may compute H'(U, F') using the above resolution; in particular H* = 0 for i > 1. Let
U C X. We first compute H°(U, F): it consists of those elements a € F(n) (where 7 is the generic point
of U) such that for every closed point z € U, a is in the image of F(X") — F(X!\ 2). Let a be such
an element. Then there exists ) # V C U and o' € F(V) such that a = d/|,. Let z € U\ V and put
V' =V U{z}. Note that V' C U is open. By () with n = 1 we have F(V)/F(V') ~ F((V))"\ 2)/F((V)h).
The image of a’ in the right hand group vanishes by assumption, hence it vanishes in the left hand group. In
other words there exists a” € F(V’) extending a’. Repeating this argument finitely many times we conclude
that F(U) — H°(U, F) is surjective. The map is injective by IA, and hence an isomorphism.

It remains to prove that H'(U,F) = 0. In other words, given distinct closed points 21,...,2, € U we
must prove that F(n) — @, F(U" \ z;)/F(U") is surjective. This follows from (), since it identifies the
right hand side with a quotient of F(U \ {z1,...,2,}). O

Remark 6.13. Suppose that in addition F is Al-invariant. Then we get
H(A),F) ~ F(A)) ~ F(K) ~ H°(Spec(K), F)
and also
H(AL,F)=0= H(Spec(K), F),i >0,

since the Nisnevich cohomological dimension of fields is zero. Of course these conclusions would be expected
if F was strictly Al-invariant.

In fact Al-invariance of H(—, F') = anisF follows easily from the restricted case considered above.

Corollary 6.14. Suppose that F is A'-invariant and satisfies IA, EA, IL and EE. Then aniF is Al-
imvariant.

Proof. Let X € SmAff;. We must prove that H*(X x A, F) — HY(X, F) is injective (see Lemma 4.19).
Consider the diagram

HO(X7F> —— H’l’[GX(D> HO("%F)
HO(Ang) - HneX(O) HO(A}],F)

HIEAﬁ( HO((Aﬁ():}ELJF) — erAﬁ( HO(nIuF)’

where 7, is the generic point of (A% )". This lies over a point of A}, so the bottom right hand map is defined
and the diagram commutes. The bottom left hand map is injective and the bottom map is injective by IL;
hence the middle map is injective. Consequently the top left hand map is injective as soon as the top right
hand map is. This reduces the claim to the case X =7, which holds by Lemma 6.12. O

6.3. Al-invariance of cohomology. We have to work harder for the higher cohomology groups.
To be added late.

7. TRANSFERS ON COHOMOLOGY
Let us first study colimits in abelian presheaves.
Lemma 7.1. Let C be a category with finite coproducts. Then colimits in Pap(C) are computed sectionwise.
That is, given a diagram F : I — Pap(C) and ¢ € C, we have
(coliim F)(c) ~ coliim Fi(c).

Note that the colimit on the left hand side is computed in in Pa(C) and the colimit on the right hand side
is computed in Ab.



STRICT A'-INVARIANCE OF PRESHEAVES WITH FRAMED TRANSFERS 19

Proof. We know that colimits in Fun(C°P, Ab) are computed sectionwise. It thus suffices to prove that if
F; € Pap(C) C Fun(C°P, Ab) for every 4, then colim; F; computed in Fun(C°P, Ab) lies in Pap,(C). In other
words, the colimiting presheaf G must still satisfy G(c][d) ~ G(¢) x G(d). For this it is enough to show:
given A, B : I — Ab, we have

colim [A; x B;] ~ [collim Al} X [colim Bl} .
(2 K3 K3

It suffices to prove this for I being a filtered category, or the category corresponding to a finite coproduct, or
a reflexive coequalizer [?]. Since finite coproducts are also finite products in Ab, they commute with finite
products as needed. The case of filtered colimits and reflexive coequalizers is easily verified by hand. O

Corollary 7.2. Let f : C — D be a functor between categories with finite coproducts, preserving finite
coproducts. Then in the adjunction

f:Pap(C) 2 Pan(D) : f*
(where the left adjoint is left Kan extension), f* preserves all limits and colimits.

Proof. Preservation of limits is clear, being a right adjoint. Preservation of colimits follows from Lemma 7.1
since colimits are computed sectionwise in both categories. O

In particular, we can compute colimits in presheaves with transfers just as we would without transfers;
more precisely the forgetful functor commutes with colimits.

We shall prove that cohomology presheaves admits transfers by employing a trick: we shall find a specific
resolution (the Godement resolution) which actually is a resolution by presheaves with framed transfers.

Construction 7.3. Let F € Pa,(SmAff;). Define E°F € Pay,(SmAff;) by
(E°F)(X) = [ P(xD),
z€X
with the evident structure maps. Denote by F — EF the map induced by restriction.
To define the “evident” structure maps, suppose that X — Y is a map in SmAff,, taking + € X to

y € Y. Then since (X xy Yyh)g ~ X" there is a canonical induced map X" — Yyh, giving a component of
(E°F)(Y) — (E°F)(X).

Lemma 7.4. (1) F — E°F is a well-defined map of presheaves.
(2) E°F is a sheaf.
(3) The induced map axisF — E°F is injective.
Proof. (1,2) Tedious checks.
(3) Let X € SmAff,, z € X. The composite F(X) — (E°F)(X) — F(X!), where the second map is
projection, is just restriction. Taking the colimit over étale neighborhoods of z, we find that the induced

map F(X") — (E°F)(X") admits a retraction, and so is injective. The map is thus injective on stalks, as
needed. O

Now we show that the Godement construction is compatible with transfers.
Lemma 7.5. Let F' € P, (hCorlf (SmAff,)). Then F — E°F lifts canonically to Py, (hCorlf (SmAffy)).

We shall only sketch the proof of this result. For a very careful treatment of a closely related result, see
[Ivo0T7].

Proof sketch. We explain how to define transfers on EYF and leave the rest to the reader. Consider a framed

correspondence
Z
/ \f/‘
d
(0%

X e annnnns Y,

with X, Y € SmAffy. For z € X,y € Y we shall define o, : F(Yyh) — F(X); these will be the components
of o : (E°F)(Y) — (E°F)(X). Let x1,...,x, € Z be the fibers above z. We set o, = aj +---+ a5, If
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f(x;) #y we let of = 0. Otherwise by [Stal8, Tag 08HR] there is a unique map Z" — Yyh compatible with
x; — y. Moreover since (use [Stal8, Tag 04GH(1)])

n
xr~1]2:
=1

we obtain a framed correspondence
}

Z 1
X B mmmmnrinnmnrnry Yh
This concludes the construction. O

Remark 7.6. The proof illustrates one reason why it is crucial to use the Nisnevich instead of Zariski topology:
X, Xx Z need not be a finite disjoint union of local rings, and the argument will break down.

Corollary 7.7. If F' € Pap(hCorf (SmAff,)), then H'(—, F) also has canonical framed transfers.
Proof. Consider the sequence
F—-EF s FE'F— ...,

where

EF .= EYE'F/imE""'F)
(and E~1F := F), with E'F — E'1F the evident composite. By construction, this is a complex, and since
G — E°G is Nisnevich locally injective and each E'F is a Nisnevich sheaf (Lemma 7.4), anisF' — E°F
is a resolution. Since moreover each E'F is flasque, we can use the resolution to compute cohomology
presheaves. Thus in order to prove the result, it suffices to prove that F*F is a complex of presheaves with

framed transfers. This follows from Lemma 7.5 (and the fact that colimits of presheaves can be computed
with or without transfers, by Lemma 7.2). O

8. INJECTIVITY FOR SEMILOCAL SCHEMES

In this section we shall prove the following result.

Theorem 8.1. Let X € EssSmAff; have finitely many closed points x1,...,x,. Let Z C X be a principal
closed subscheme containing all the closed points. Let F € ’Pﬁ;(hCorf;). Then F(X) — F(X\Z) is injective.

Before going any further, let us see how to deduce axiom IA from this.
Example 8.2. Let X be henselian local with generic point 1. We have

n~ lim U= lim X\Z.
PAUCX ZCcX

Here the limit is over all non-empty open subschemes of X, which we may (for cofinality reasons) assume
to be principal. We can index this equivalently on the complements, which are the proper principal closed
subschemes Z. Now applying Theorem 8.1 to each such Z and using that a filtered colimit of injections is
injective, we deduce that
F(X)— colZimF(X \ Z) ~ F(n)

is injective. This is IL.

To prove the theorem, we shall use the following lemma.
Lemma 8.3. Assume k is infinite.

Let V € SmAffy, x1,...,2, € V, Z CV principal closed containing all the x;, X the semilocalization of
V in the x;. Then there is a framed correspondence ® : X ~» V' \ Z such that

V\Z
>
X—V

commutes up to A-homotopy.
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Proof of Theorem 8.1. We assume that k is infinite. In the case of finite fields a “coprime extensions” trick
can be used to reduce to the infinite case.

Write X = lim; X;, where X; € SmAff. Since Z is a principal closed subscheme, without loss of generality
we may assume that Z = lim; Z;, where Z; C X, is principal closed. Let yi,...,y) € X; denote the images
of the x;. We may assume that y; € Z; for all j. Let Y; be the semilocalization of X; in the y; Noting
that lim; ¥; ~ X, it suffices to prove that F(Y;) — F(Y; \ Z;) is injective. Let V C X; be an open affine
neighborhood of the {y}};. Lemma 8.3 shows that

ker(F(V) — F(V\ Z) Cker(F(V) — F(Y3)).
Taking the (filtered, whence exact) colimit over all such open neighborhoods we deduce that
ker(F(Y;) = F(Y; \ Z;)) C ker(F(Y;) — F(Y;)) = 0.
This concludes the proof. (Il

Remark 8.4. To prove Lemma 8.3, we may assume that zq,...,z, € V are closed. Indeed if not, pick
closed specializations y1,...,y,. Note that y; € Z (Z being closed) and z; € V,, 4. (V.4 being an
intersection of open subsets containing y;). Applying the Lemma with the y; in place of the z; yields the
right hand half of the following diagram

J
Vm Tyeees T Vyl Yn V

n FRRE)

Setting ® = @' o j proves what we want.
To prove Lemma 8.3, we shall use the following geometric result. It is established in the next section.

Proposition 8.5. Assume k infinite.
Let V € SmAfly,, Z C V a closed subscheme (everywhere) of positive codimension, x1,...,x, € Z closed
points, U =V, . 5 . Then we have a diagram in EssSmAff,

vicoLaonu
with the following properties:

(1) p: C — U is a relative projective curve, j is an open immersion, and po j : C — U is smooth.

(2) poj admits a section A such that U 2, C %V is the canonical map.
(3) v=1(Z) is finite over U.

(4) C\ C is finite over U.

(5) Qé/U is trivial.

Proof of Lemma 8.3. We shall use several times that any line bundle on a semilocal scheme is trivial. We
shall also use that if X is projective over an affine scheme A, F — G a surjection of coherent sheaves on X,
then HY(X, F(n)) — H°(X,G(n)) is surjective for n sufficiently large.

Choose data as in Proposition 8.5. We use U instead of X now. Put Z' := v=4(Z), D := C \ C. Since
D is finite over U, if T is a positive dimensional component of the fiber of C — U over a closed point, then
T is not contained in D. For every such component, pick a closed point x7 € T with zp ¢ D, and write
S for the finite set of points obtained in this way. Since Oz — Opri(z'uaus) is surjective, for r sufficiently
large H°(C,0O(r)) — H°(D 11 (2’ UA U S),O(r)) is surjective. Since Ozaus(n) is trivial, it admits a
non-vanishing section 1. We can thus find d € H°(C, O(r)) mapping to

0,1) e HY (DI (Z’UAUS),O(r)) ~ H'(D,O(r)) x H*(Z' UAUS,O(r)).

Note that D C Z(d). Replace D by Z(d), C by C \ C, O(1) by O(r). By construction Z’ UA C C. Also
D — U is finite. Indeed it is proper, so it suffices to prove quasi-finiteness, and so by semicontinuity of
fiber dimension [Stal8, Tag 0D4I] (and using that C' — U is a relative curve) it suffices to prove that if T
is a positive dimensional component of a fiber of C' — U over a closed point, then T' ¢ D. But zr € D by
construction. Hence all hypotheses still hold.
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Note that A : U — C'is a regular immersion of codimension 1, and hence A C C'is a divisor. In particular
O(—A) (the ideal sheaf defining A) is a line bundle on C, with inverse O(A). We claim that for n sufficiently
large, we can find sections satisfying the following hypotheses:

s€ H°(C,0(n)), &€ H(C xA',0(n)), s € H(C,0(n)®0O(-A)), §cH'(C,0A))
Zs)N(Z'UD)=0, Z)N(Z'UDUA) =0, Z(©6)=A
Z(3) finite over A}
§lgwe =5 Slgy =8 ®3, Z(E)NDxA =0.
The last two conditions imply that also Z(s), Z(s’ ® ) are finite over U, and so is Z(s') (being a closed
subscheme of Z(s’ ® §)). Pick an isomorphism p : Qé/U ~ O¢, and recall the map v : C — V. We

consider the following framed correspondences, built using Construction 5.3 from the relative smooth curves
C\Z' — U and C x A' — U x Al (plus extra data)

O = div(s/d")y .,y —div(s'®d/d")} ) € Corl' (U, V' \ Z)#P
O = div(s/d" )yl — div(s' @ 6/d"), o priy <V € Corf (AL, V)&,
We compute
O oig=iod
and
O oip =div(s' ® 5/d”)‘2’(%).

The latter is a framed correspondence

A
AN
U ~rmnBonnnnns V.

Consider also the framed correspondence

A
AN
U ~rnonrns U,

Then since U ~ A % Vis j : U — V we find that @« = j o 8. On the other hand j is invertible. Put
® =®oB ! and © = O 037!, One checks that @ oig =io® and @ 0i; = a0 37! = j, as needed.

It remains to construct s,s’,d and 5. For §, we just take the tautological section of O(A) (dual to the
inclusion O(—A) C O). For n large enough, both

HY(C,0(n) © O(~A)) = H*(Z' UDUA, O(n) ® O(=A))

and
H°(C,0(n)) = H°(Z'11 D,O(n))

are surjective. Pick s’ such that s’|z:ypua has no zeros (this is possible because Z’ U D U A is semilocal, so
any line bundle on it is trivial). Pick s in such a way that s|p = s’ ® §|p and s|z: is non-vanishing. Finally
put § = (1 —t)s+ts’ ®§, where ¢ is the coordinate on Al. We are done once we prove that Z(3) — Al x U is
finite (note that Z|pya1 is just given by s|p = s’ ® §|p, which is non-vanishing). The map being proper and
C x A' = U x A! being a relative curve, it is enough to show that if T is a positive dimensional component
of a fiber, then T' ¢ Z(8). But O(1)|r is ample whence non-trivial, so D = Z(d) meets T. We conclude since
Z(8) and D are disjoint. O
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9. A MOVING LEMMA

In order to prove Proposition 8.5, we shall use the method of general projections. The following result is
enough for what we need.

Theorem 9.1. Let k be a field, X C AY a closed subscheme of dimension d, Z C AN of dimension < d—1,
S C AN q finite set of closed point (i.e. a subscheme of dimension 0). Then for a general linear projection
7w AN — A% the following hold:

(1) m|x : X — A? is finite.

(2) If X is smooth, then |x is étale at all points of SN X.

(3) ==Y (m(S))NnZcCS.

Scholium 9.2. Linear maps AN — A? are parametrized by the variety P = AV*? in the sense that given
x € P we obtain a linear map m,, : Aﬁ 2 Ai( ) The meaning of the theorem is that there exists a dense
open subset U C P such that for all x € U, the map 7, satisfies conditions (1), (2) and (3) (slightly modified
to take into account the base change to k(z)).

Remark 9.3. Note that a dense open subset of affine space over an infinite field contains a rational point. It
follows that in the case of an infinite field, there is an actual linear projection 7 : Al — A{ satisfying all the
properties.

Scholium 9.4. To prove Theorem 9.1, we can use the following simplifications. Firstly, in any topological
space, finite intersections of dense open sets are dense open. It follows that in order to prove that a general
map satisfies a finite conjunction of properties, it suffices to prove separately for each condition that it is
satisfied by a general map. Furthermore, affine space being irreducible, an open set being dense is equivalent
to it being nonempty. Thus it will suffice to prove that the set of maps satisfying some condition is open,
and then exhibit a single map satisfying the condition.

Proof of Theorem 9.1. Write 7 = (71, ...,mq), where ; : AN — A% is given by 7; = Z;\le ag»xj (with aé € k).
We treat each of the conditions in turn.

Condition (1). Let 7; = a{X; + -+ + aiy Xy and 79 = Xy and put V = Z(7o, 71,...,74) C PV. We

obtain a map

ﬁ':PN\V—>Pd,(X0 e Xn) = (ot W)
Write PY—1 ¢ PV P41 C P9 for the hyperplanes at infinity. Note that 771 (P4 1) ¢ PY-1 7#=1(Ad) c AN
and 7t|ay = 7. Let X C PV be the closure of X. If X NV = () then we obtain a proper map 7|g : X — P9,
Note that X NAY = X whence T_r\; (Ad) = X, and so 7| x : X — A? is both proper and affine, whence finite.
It thus remains to prove that for general 7, X NV = ().

By assumption, dim X = d and hence dim X NPY~! = d — 1. This is a well-known fact, a proof of which
we now sketch. Let G be the Grassmannian of (N — 1 — d)-dimensional linear subspaces of PY~1. Let U C P
be the open subset of full rank linear maps AN — A?. Sending 7 to V defines a morphism of schemes U — G.
We shall prove that there is an open subset of G’ such that the corresponding V misses X NPY~! =: Y. By
assumption, dim X < d and hence dimY < d. Let T'C Y X G be the set of pairs (y,V) with y € V. The
fibers of T — Y are given by Grassmannians of subspaces spaces containing a specific point, which is the
same is (N — d — 2)-dimensional linear subspaces of PN =2, Using that dim G = d(N — d) we find that

dim 7 < dim(fibers) + dimY =d(N —d —1)+d— 1 =d(N —d) — 1 < dim G.

It follows that T'— G is not surjective, and hence its image is a proper closed subset. This was to be shown.

Condition (2). Since X is smooth, étaleness is equivalent to proving that Q}M /k| snx — Q% /k‘Sﬂ x is an
isomorphism. This is a linear map between finite dimensional vector spaces over fields of the same dimension,
and so being an isomorphism is determined by the non-vanishing of a determinant. This is visibly an open
condition. To prove non-emptiness, we may assume that k is algebraically closed and S = {z} C X. The
map Qid/kb — Q%{/}Jw has image spanned by dmy,...,drs. The map Q/lw/k|x — Qﬁ(/k\m is a surjection,
and dmy,...,dng define d arbitrary elements in the source. It remains to prove: given a surjection of finite-
dimensional k-vector spaces V' — W with dim W = d, then the images of d general elements of V in W are
linearly independent. We have already proved that this condition is open, so it suffices to prove that it is
non-empty, which is clear (lift a basis of W).
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Condition (3). The argument is similar to (1). We may assume that k is algebraically closed, S = {s}.
771 (n(s)) is a general affine-linear subspace of AN containing s of dimension N —d. Translating to the origin,
these are in bijection with linear subspaces, and so parametrized by a Grassmannian G. Let T' C Z x G
be the subset of pairs (z,V) where z € V and z # s. As before, considering the fibers, we find that
dimT < dimG. The closure of the image of T' in G is thus a proper closed subset, and hence its open
complement is nonempty, as needed. O

Proof of Proposition 8.5. If V' is not pure, argue separately for each connected component. Hence we may
assume that V is pure of dimension d. Pick an embedding V' < AN. Applying Theorem 9.1, we find a linear
map 7 : AN — A such that 7|y : V — A9 is finite, 7|y is étale at S = {21,...,2,}, and 7~ }(n(S))NZ C S.
Let V' C V be a open neighbourhood of S such that 7|y is étale. Note that in proving the theorem, we
may replace V by an open neighborhood of S at will; hence redesignate V' as V, V as V, ZNV’ as Z and
Z as Z. Applying Theorem 9.1 again, we find a linear map w : A? — A?~! such that w|w(7)uTr(V\v) is finite,
and w~ Y (w(7(S)))Nn(Z\ Z) C 7(S). Now we form the following pullbacks

Vv V —X— Ad =5 pAdl
[ [ =]
C Co Al U.

The canonical map U — V induces a section A : U — C. By construction, v=1(Z \ Z) — U is finite,
but also misses the closed points of U (since Z \ Z — A?~! misses the image of S). This implies that
v Y Z\ Z) is empty, i.e., v71(Z) = v=1(Z). Thus v=1(Z) — U is finite. By Zariski’s main theorem, the
composite Co — AL, — Pl factors as Co % C 5 PL,, where f is finite and g is a dense open immersion.
Now i : Cyp — f~'(A}) is a dense open immersion, but also Cy — A}, is finite, so i is also a closed
immersion, whence an isomorphism. We claim that C'\ Cy — U is finite. Being proper, we just need to
check quasi-finiteness. By what we just said,

C\Co=f"(Py\Ay) = Py \Ay = U

is finite, hence quasi-finite. On the other hand Cy \ C — U is finite by construction, so also quasi-finite;
this proves the claim. It follows that this construction of C' C C' satisfies all the required properties (e.g.
C — Ay is etale, so C is smooth over U and Qg, ; is trivial). O

10. VisTA

The axioms EE and EA are proved by similar but more elaborate arguments. I will add them in a future
revision.

This concludes the proof of strict Al-invariance of presheaves with framed transfers (over infinite perfect
fields).
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