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Let A be a Dedekind domain with field of fractions K, L/K a finite separable
extension, B the integral closure of A in L.

Exercise 1. Let

B∨ := {x ∈ L | trLK(xy) ∈ A for all y ∈ B}.
(1) Suppose that B admits an integral A-basis x1, . . . , xn. Show that B∨

admits an A-basis y1, . . . , yn characterized by tr(xiyj) = δij.
(2) Show that B∨ is a non-zero fractional ideal.
(3) Let DiffB

A = (B∨)−1. Show that DiffB
A is an integral ideal.

From now on let L/K be Galois.

Exercise 2. Show that DB
A(B∨) ·DB

A = 1 and NL
K(DiffB

A ) = DB
A .

[Hint: reduce to the case where B admits an integral A-basis and is a PID.]

Exercise 3. Show that a prime P of B is ramified if and only if DiffB
A ⊂ P .

Exercise 4. Show that OK( 3√2) is a PID.
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