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7. Bialgebras

Definition 8.7.1. 1. A bialgebra (B,V,n,A,¢) consists of an algebra (B, V,n)
and a coalgebra (B, A, ¢) such that the diagrams
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commute, i.e. A and ¢ are homomorphlsms of algebras resp. V and n are homomor-
phisms of coalgebras.
2. Given bialgebras A and B. A map f: A — B is called a homomorphism of
bialgebras if it is a homomorphism of algebras and a homomorphism of coalgebras.
3. The category of bialgebras is denoted by K-Bialg.

Problem 8.7.1. 1. Let (B, V,n) be an algebra and (B, A, ¢) be a coalgebra. The
following are equivalent:

a) (B,V,n,A,¢)is a bialgebra.

b) A:B— B® Band ¢: B — K are homomorphisms of K-algebras.

¢) V:B® B — Bandn:K — B are homomorphisms of K-coalgebras.

2. Let B be a finite dimensional bialgebra over field K. Show that the dual space
B~ is a bialgebra.

One of the most important properties of bialgebras B is that the tensor product
over K of two B-modules or two B-comodules is again a B-module.

Proposition 8.7.2. 1. Let B be a bialgebra. Let M and N be left B-modules.
Then M @g N is a B-module by the map

BoMaoN22BoBoMoN"YSBaMoBa N4 Me N,

2. Let B be a bialgebra. Let M and N be left B-comodules. Then M Qg N is a
B-comodule by the map

MaN 2 BoMoBaoN'“SBoBaMaN Y3 BoMa N,
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3. K is a B-module by the map Bo K= B — K.
4. K is a B-comodule by the map K - B~ B K.

ProOOF. We give a diagrammatic proof for 1. The associativity law is given by

BoBoMaoN U BoBaBaoMao NS BeBoMaoBoN " 4BaMeN
ARIRIRIOL ARIRIRIOL AR1®1
BOB@B@BaMao NI R BB BaM@ BN “¥BoBo Mo N
VeIl 1©®18101 1@7(B,BOM)®101 1@7®1
Y 101Q7(B®B,M)®1 ) )
BoBoBoBoMaN BoBoM@BoBoNEBo Mo BoN
Vovelel ve18Vel =T
BoMoN—" . BgBoMaoN—"2 ~BoM@B®N M@ N
The unit law is the commutativity of
MoN=KoMaoN —""" ~BaMoN
=] AR1R1
= KoKoMoN"2 L popeMeN
107®1 107®1
MoN=KoMoKo N2 poMoBeN
\l\ LR 1
M® N
The corresponding properties for comodules follows from the dualized diagrams. The
module and comodule properties of K are easily checked. O

Definition 8.7.3. 1. Let (B,V,n, A, ¢) be a bialgebra. Let A be a left B-module
with structure map p: B® A — A. Let furthermore (A, V4,74) be an algebra such
that V4 and 14 are homomorphisms of B-modules. Then (A, V4,14, ) is called a
B-module algebra.

2. Let (B,V,n, A, ¢€) be a bialgebra. Let C' be a left B-module with structure map
p: B@C — C. Let furthermore (C, A¢, e¢) be a coalgebra such that A¢ and ¢ are
homomorphisms of B- modules. Then (C,A¢,ec, ) is called a B-module coalgebra.

3. Let (B,V,n,A,¢) be a bialgebra. Let A be a left B-comodule with structure
map § : A — B ® A. Let furthermore (A, V4,n4) be an algebra such that V4 and
na are homomorphisms of B-comodules. Then (A, V 4,n4,9) is called a B-comodule
algebra.
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4. Let (B,V,n,A,¢) be a bialgebra. Let C be a left B-comodule with structure
map ¢ : €' — B ® C. Let furthermore (C, A¢,e¢) be a coalgebra such that A and
ec are homomorphisms of B-comodules. Then (C,A¢,e¢,d) is called a B-comodule
coalgebra.

Remark 8.7.4. If (C,Ac,e¢) is a K-coalgebra and (C, ) is a B-module, then
(C,Ac,ec, ) is a B-module coalgebra iff 4 is a homomorphism of K-coalgebras.

If (A,V4,n4) is a K-algebra and (A, d) is a B-comodule, then (A, V4,14,0) is a
B-comodule algebra iff § is a homomorphism of K-algebras.

Similar statement for module algebras or comodule coalgebras do not hold.



