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1. TENSOR ProODUCTS AND FREE MODULES
1.1. Modules.

Definition 1.1. Let R be a ring (always associative with unit element). A left R-module M
is an Abelian group M (with composition written as addition) together with an operation

RxM> (r,m)—rmeM

such that

(1) (rs)m = r(sm),

(2) (r+s)m =rm+ sm,

(3) r(m+m') =rm+rm/,

(4) Im =m
forall r,s € R, m,m’ € M.
If R is a field then a (left) R-module is a (called a) vector space over R.
A homomorphism of left R-modules or simply an R-module homomorphism f : gM — grN
is a homomorphism of groups with f(rm) = rf(m).
Right R-modules and homomorphisms of right R-modules are defined analogously.

We define
Hompg(.M,.N) :={f: kM — gN|f is a homomorphism of left R-modules}.

Similarly Hompg(M., N.) denotes the set of homomorphisms of right R-modules My and Ng.
An R-module homomorphism f : gpM — gN is

a monomorphism if f is injective,

an epimorphism if f is surjective,

an isomorphism if f is bijective,

an endomorphism if M = N,

an automorphism if f is an endomorphism and an isomorphism.

Problem 1.1. Let R be a ring and M be an Abelian group. Show that there is a one-to-one
correspondence between maps f : R x M — M that make M into a left R-module and ring
homomorphisms (always preserving the unit element) g : R — End(M).

Lemma 1.2. Homg(M, N) is an Abelian group by (f + g)(m) := f(m) + g(m).

Proof. Since N is an Abelian group the set of maps Map(M, N) is also an Abelian group.
The set of group homomorphisms Hom (M, N) is a subgroup of Map(M, N) (observe that this
holds only for Abelian groups). We show that Hompg(M, N) is a subgroup of Hom(M, N).
We must only show that f — ¢ is an R-module homomorphism if f and g are. Obviously
f — g is a group homomorphism. Furthermore we have (f — g)(rm) = f(rm) — g(rm) =

rf(m) —rg(m) =r(f(m) —g(m)) = r(f — g)(m). m
Problem 1.2. Let f: M — N be an R-module homomorphism.

(1) f is an isomorphism if and only if (iff) there exists an R-module homomorphism
g : N — M such that

fg=1idy and gf =idy,.
Furthermore ¢ is uniquely determined by f.
(2) The following are equivalent:

(a) f is a monomorphism,
(b) for all R-modules P and all homomorphisms g, h : P — M

fg=fh=g=nh,
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(c) for all R-modules P the homomorphism of Abelian groups
Hompg (P, f) : Hompg(P,M) > g+— fg € Homg(P, N)
is a monomorphism.
(3) The following are equivalent:
(a) f is an epimorphism,
(b) for all R-modules P and all homomorphisms g, h: N — P
gf =hf = g=h,
(c) for all R-modules P the homomorphism of Abelian groups
Hompg(f, P): Homg(N,P)> g— gf € Homg(M, P)

is a monomorphism.

Remark 1.3. Each Abelian group is a Z-module in a unique way. Each homomorphism of
Abelian groups is a Z-module homomorphism.

Proof. By exercise 1.1 we have to find a unique ring homomorphism ¢g : Z — End(M).
This holds more generally. If S is a ring then there is a unique ring homomorphism g : Z
— 5. Since a ring homomorphism must preserve the unit we have g(1) = 1. Define
g(n) :==1+...41 (n-times) for n > 0 and g(—n) := —(1+...4+1) (n-times) for n > 0. Then
it is easy to check that ¢ is a ring homomorphism and it is obviously unique. This means
that M is a Z-module by nm = m+...+m (n-times) for n > 0 and (—n)m = —(m+...+m)
(n-times) for n > 0.

If f: M — N is a homomorphism of (Abelian) groups then f(nm) = f(m+ ...+ m) =
fm)+...4+ f(m) =nf(m) forn > 0 and f((—n)m) = f(—(m+...+m)) = —(f(m) +
...+ f(m)) = (—n)f(m) for n > 0. Hence f is a Z-module homomorphism. O

Problem 1.3. (1) Let R be aring. Then gR is a left R-module.

(2) Let M be a Abelian group and End(M) be the endomorphism ring of M. Then M
is an End(M)-module.

(3) {(1,0),(0,1)} is a generating set for the Z-module Z/(2) x Z/(3).
(4) {(1,1)} is a generating set for the Z-module Z/(2) x Z/(3).
(5) zZ/(n) has no basis as a module, i.e. this module is not free.
(6)

6) Let V = @2, Kb; be a countably infinite dimensional vector space over the field K.
Let p,q,a,b € Hom(V, V') be defined by

p(bi) = by,

q(bi) = byipa,

alby) = bija, if i is even, and
Z 0, ifiis odd.

b(b;) = bi—1/2, if7is odd, and

0, if 7 is even.
Show pa + gb = idy, ap = bg = id, aqg = bp = 0.
Show for R = Endg (V') that gk R = Ra @ Rb and Rr = pR @ ¢R holds.
(7) Are {(0,...,a,...,0)|la € K,} and {(a,0,...,0)|a € K,} isomorphic as M, (K)-
modules?
(8) For each module P there is a module @ such that P & Q = Q.
(9) Which of the following statements is correct?
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PeQ=PReQ = P =R
hoeQ=hReQ = =R
Pl@Q PQ@Q:>P1 PQ
)BZ/(6) DL/(6) D ... =Z/(6) DL/(6) DZ/(6) D
(1) Z/2)Z/4)eZ/4) ... 2 Z/4)DZL/(4)DZ/(4) D
(12) Find two Abelian groups P and @, such that P is isomorphic to a subgroup of @
and (@ is isomorphic to a subgroup of P and P % Q).

1.2. Tensor products I.

Definition and Remark 1.4. Let Mz and rN be R-modules, and let A be an Abelian
group. Amap f: M x N — A is called R-bilinear if

(m+m/,n) = f(m,n) + f(m',n),

(m,n+n') = f(m,n) + f(m,n),

(mr,n) = f(m,rn)

forallr € R, m,m’ € M, n,n’ € N.

Let Bilg(M, N; A) denote the set of all R-bilinear maps f: M x N — A.

Bilg(M, N; A) is an Abelian group with (f + g)(m,n) := f(m,n) + g(m,n).

Definition 1.5. Let Mg and gk N be R-modules. An Abelian group M ®r N together with
an R-bilinear map

®@:MxN>(mn)—meneMrN
is called a tensor product of M and N over R if for each Abelian group A and for each
R-bilinear map f : M x N — A there exists a unique group homomorphism g : M ®r N

— A such that the diagram

MxNE2MepN

f g

A
commutes. The elements of M ®r N are called tensors, the elements of the form m ® n are
called decomposable tensors.
Warning: If you want to define a homomorphism f : M ®z N — A with a tensor product
as domain you must define it by giving an R-bilinear map defined on M x N.

Proposition 1.6. A tensor product (M ®r N,®) defined by Mg and gN is unique up to a
unique isomorphism.
Proof. Let (M ®@r N,®) and (M g N,X) be tensor products. Then

M x N

s e

M®RN*MXIR M®RN*M|ERN
implies k = h~!. U

Because of this fact we will henceforth talk about the tensor product of M and N over R.

Proposition 1.7. (Rules of computation in a tensor product) Let (M ®@gr N, ®) be the tensor
product. Then we have for allv € R, m,m' € M, n,n’ € N
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<

) M@rN={>,m;®&n; | my € M,n; € N},

) (m+m)®n—m®n+m ®n,

ym®n+n)=mn+men,

) mr®@n=m®®rn (observe in particular, that ® : M x N — M ® N is not injective

in general),

(5)if f: M x N — A is an R-bilinear map and g : M ®@gr N — A is the induced
homomorphism, then

g(m @mn) = f(m,n).

Proof. (1) Let B:= (m®n) C M ®r N denote the subgroup of M ®r N generated by the
decomposable tensors m @ n. Let j : B — M ®r N be the embedding homomorphism. We
get an induced map ® : M x N — B. The following diagram

MxN—»B —— M ®r N

AT

B"M@R

induces a unique p with po jo® =po® = ®' since ®' is R-bilinear. Because of jpo ® =
Jjo® =® =idyg,n o® we get jp = idye,n, hence the embedding j is surjective and thus
the identity.

(2) (m+m)@n=0(m+m' n)=a(m,n)+e(m,n)=men+m n.

(3) and (4) analogously.

(5) is precisely the definition of the induced homomorphism. O

To construct tensor products, we need the notion of a free module.

1.3. Free modules.

Definition 1.8. Let X be a set and R be a ring. An R-module RX together with a map
t: X — RX is called a free R-module generated by X (or an R-module freely generated
by X), if for every R-module M and for every map f : X — M there exists a unique
homomorphism of R-modules g : RX — M such that the diagram

X

RX
f g

M

commutes.
An R-module F'is a free R-module if there is a set X and a map ¢ : X — F such that F'is
freely generated by X. Such a set X (or its image ¢(X)) is called a free generating set for F.

Warning: If you want to define a homomorphism g : RX — M with a free module as
domain you should define it by giving a map f: X — M.

Proposition 1.9. A free R-module + : X — RX defined over a set X is unique up to a
unique isomorphism of R-modules.



Tensor products and free modules 7

Proof. follows from the following diagram
X

RX Mt px - RX'

O

Proposition 1.10. (Rules of computation in a free R-module) Let ¢ : X — RX be a free
R-module over X. Let T := 1(x) € RX for all x € X. Then we have
(1) X ={3] 3z € X : T = o(a)} is a generating set of RX, i.e. each element m € RX
is a linear combination m =" 1;x; of the T.
(2) X C RX is linearly independent and v is injective, i.e. if Y,y 72Z = 0, then we
haveVer € X :r, = 0.

Proof. (1) Let M := (z|]x € X) C RX be the submodule generated by the . Then the
diagram
X ——RX

0N 0 v

RX/M
commutes with both maps 0 and v. Thus 0 = v and RX/M = 0 and hence RX = M.
(2) Let 1 ,riz; = 0 and 79 # 0. Let j : X — R be the map given by j(z¢) = 1, j(z) =0
for all z # 2. = dg: RX — R with

X —“—~RXx
J g
R
commutative and 0 = g(0) = g(>__ ri%i) = > o 1i9(Ts) = Y i 7ij(z;) = ro. Contradic-
tion. Hence the second statement. O

Notation 1.11. Since ¢ is injective we will identify X with it’s image in RX and we will write
Y wex T2 for an element ) ryi(x) € RX. The coefficients r, are uniquely determined.

Proposition 1.12. Let X be a set. Then there exists a free R-module v : X — RX over X.

Proof. Obviously RX := {a : X — R| for almost all z € X : a(z) = 0} is a submodule
of Map(X, R) which is an R-module by componentwise addition and multiplication. Define
t: X — RX by u(z)(y) := 6yy-

Let f: X — M be an arbitrary map. Let a € RX. Define g(a) := > .y a(z) - f(x). Then
g is well defined, because we have a(x) # 0 for only finitely many = € X. Furthermore
g is an R-module homomorphism: rg(a) + sg(8) = r>_ a(x) - f(z) + s>, 0(x) - f(z) =
S(ra(z) + s8(x)) - f(z) = S(ra + 58)(x) - £(z) = glra + 50).

Furthermore we have gv = f : gu(z) = > cx u(@)(y) - f(y) = X0z - fly) = f(x). For
o € RX we have o = ) _a(x)(r) since a(y) = > ao(x)u(z)(y). In order to show
that g is uniquely determined by f, let h € Homg(RX, M) be given with ht = f. Then

ha) = (Y al@)i() = Y al@)hulz) = 3 ale)f(x) = g(a) hence h = g. 0
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Remark 1.13. If the base ring K is a field then a K-module is a vector space. Each vector
space V has a basis X (proof by Zorn’s lemma). V together with the embedding X — V' is
a free K-module (as one shows in Linear Algebra). Hence every vector space is free. This is
why one always defines vector space homomorphisms only on the basis.

For a vector space V' any two bases have the same number of elements. This is not true for
free modules over an arbitrary ring (see Exercise 1.4).

Problem 1.4. Show that for R := Endg(V) for a vector space V' of infinite countable
dimension there is an isomorphism of left R-modules gk R = rR & grR. Conclude that R is a
free module on a generating set {1} with one element and also free on a generating set with
two elements.

Problem 1.5. Let ¢« : X — RX be a free module. Let f: X — M be a map and g : RX
— M be the induced R-module homomorphism. Then

9> rew) = raf(2).

1.4. Tensor products II.

Proposition 1.14. Given R-modules Mpr and rN. Then there exists a tensor product
(M ®r N,®).
Proof. Define M @g N := Z(M x N)/U where Z(M x N) is a free Z-module over M x N
(the free Abelian group) and U is generated by

tim+m/,n) —(m,n) —(m',n)

tm,m—+n') —(m,n) —(m,n’)

t(mr,n) — t(m,rn)
for all r € R, m,m' € M, n,n’ € N. Consider

MxN—YL~Z(MxN)—Y+MerN=2Z(M x N)/U

P 9

A

Let ¥ be given. Then there is a unique p € Hom(Z(M x N), A) such that pt = 1. Since 1) is
R-bilinear we get p(¢(m+m/,n) —i(m,n)—(m'n)) = Y(m+m',n)—p(m,n) —y(m’;n) =0
and similarly p(¢(m,n + n') — t(m,n) — ¢«(m,n’)) = 0 and p(¢(mr,n) — ¢(m,rn)) = 0. So
we get p(U) = 0. This implies that there is a unique ¢ € Hom(M ®gr N, A) such that
gv = p (homomorphism theorem). Let ® := v o«. Then ® is bilinear since (m +m’) @ n =
voulm+m/,n) =v(i(m+m' n)) =vieim+m' n)—um,n)—c(m' ,n)+cim,n)+c(m’ n)) =
v(e(m,n)+c(m’,n)) =voim,n)+vou(m',n) =men+m'®@n. The other two properties
are obtained in an analogous way.

We have to show that (M ®z N,®) is a tensor product. The above diagram shows that
for each Abelian group A and for each R-bilinear map ¢ : M X N — A there is a g €
Hom(M ®g N, A) such that go ® = 1. Given h € Hom(M ®r N, A) with h o ® = 1. Then
hovot=1). This implies hov = p = gov hence g = h. U

Proposition and Definition 1.15. Given two homomorphisms
f € Hom (M., M'.) and g € Hom g(.N,.N’).
Then there is a unique homomorphism
f®rg € Hom(M ®r N,M' @ N')
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such that f ®r g(m @n) = f(m) ® g(n), i.e. the following diagram commutes
MxN-2+- M@ N

[xg f®rg
M/XNI@’M/(@RNI

Proof. ® o (f x g) is bilinear. O

Notation 1.16. We often write f Qg N := f Qr 1y and M ®r g := 1) ®r g.
We have the following rule of computation:

fOrg=(f@rN)o(M®rg)=(M ®rg)o(f®rN)
since f x g=(f X N')o (M x g)= (M xg)o(f xN).
1.5. Bimodules.

Definition 1.17. Let R, S be rings and let M be a left R-module and a right S-module. M is
called an R-S-bimodule if (rm)s = r(ms). We define Hompg-g(.M.,.N.) := Homg(.M,.N) N
Homg (M., N.).

Remark 1.18. Let Mg be a right S-module and let R x M — M be a map. M is an
R-S-bimodule if and only if

(1) Vre R: (M >mw— rm € M) € Homg(M., M.),
(2) Vr,r" € Rom e M : (r+1")m =rm+ r'm,

(3) Vr,r' € Rym € M : (rr')ym = r(r'm),

(4) Ym € M : 1m = m.

Lemma 1.19. Let gkMgs and sNp be bimodules. Then r(M ®s N)r is a bimodule by r(m &
n):=rm®®mn and (m @ n)t :=m  nt.

Proof. Clearly we have that (r®gid)(m®n) = rm®n = r(m®n) is a homomorphism. Then
(2)-(4) hold. Thus M ®g N is a left R-module. Similarly it is a right 7-module. Finally we
have r((m ®@n)t) =r(m@nt) =rm@nt = (rm @ n)t = (r(m @ n))t. O

Corollary 1.20. Given bimodules rpMg, sNr, rMg, sNp and homomorphisms f €
Hompg-gs(.M.,.M'.) and g € Homg-r(.N.,.N'.). Then we have f ®g¢ g € Hompg-r
(M ®s N.,.M" ®g5N".).

Proof. f ®s g(rm @ nt) = f(rm) ® g(nt) =r(f ®s g)(m @ n)t. d

Remark 1.21. Unless otherwise defined K will always be a commutative ring.

Every module M over the commutative ring K and in particular every vector space over a
field K is a K-K-bimodule by Am = mA\. Observe that there are K-K-bimodules that do not
satisfy Am = mA. Take for example an automorphism « : K — K and a left K-module M
and define mA := a(A\)m. Then M is such a K-K-bimodule.

The tensor product M ®g N of two K-K-bimodules M and N is again a K-K-bimodule. If
we have, however, K-K-bimodules M and N arising from K-modules as above, i.e. satisfying
Am = mA, then their tensor product M ®y N also satisfies this equation, so M ®g N comes
from a (left) K-module. Indeed we have Am @ n = mA ® n = m ® A\n = m ® n\. Thus we
can also define a tensor product of two left K-modules.

We often write the tensor product of two vector spaces or two left modules M and N over
a commutative ring K as M ® N instead of M ®g N and the tensor product over K of two
K-module homomorphisms f and ¢ as f ® ¢ instead of f ®k g.

(Warning: Do not confuse this with a tensor f ® g. See the following exercise.)
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Problem 1.6. (1) Let Mg, gN, M}, and g N’ be R-modules. Show that the following is a
homomorphism of Abelian groups:

p: Homp(M, M') @z Homg(N,N') > f@ g+ f®rg € Hom(M @r N, M' @ N').

(2) Find examples where p is not injective and where y is not surjective.
(3) Explain why f ® g is a decomposable tensor whereas f ®g ¢ is not a tensor.

Theorem 1.22. Let g Mg, sNy, and tPy be bimodules. Then there are canonical isomor-
phisms of bimodules
) Associativity Law: o : (M ®¢ N) @r P = M ®g (N & P).

2) Law of the Left Unit: \: R®@r M = M.

3) Law of the Right Unit: p: M ®g S = M.

4) Symmetry Law: If M, N are K-modules then there is an isomorphism of K-modules
T:-M®®N=ZN®®M.

(5) Existence of Inner Hom-Functors: Let gMr, s Nr, and sPg be bimodules. Then there
are canonical isomorphisms of bimodules

Homg.r(.P ®g M., .N.) = Homg-g(.P.,. Homy(M., N.).) and

(1
(
(
(

Homgr(.P ®g M.,.N.) =2 Hompg-7(.M.,. Homg(.P,.N).).

roof. We only describe the corresponding homomorphisms.

1) Use 1.7 (5) to define a((m ®n) ® p) :=m ® (n ® p).

2) Define A : R@g M — M by A(r @ m) := rm.

3) Define p: M ®5 S — M by p(m ® s) := ms.

4) Define 7(m ®@ n) :=n ® m.

5) For f: P®r M — N define ¢(f) : P — Homy (M, N) by ¢(f)(p)(m) := f(p®m) and
(f) : M — Homs(P, N) by (f)(m)(p) := f(p ®m). 0

Usually one identifies threefold tensor products along the map « so that we can use M ®g
N®pP := (M®sN)®@rP = M®s(N®P). For the notion of a monoidal or tensor category,
however, this canonical isomorphism (natural transformation) is of central importance and
will be discussed later.

QAAAA/—\ w

Problem 1.7.

(1) Give a complete proof of Theorem 1.22. In (5) show how Homy (M., N.) becomes an
S-R-bimodule.

(2) Give an explicit proof of M Qr (X ®@Y) =M @r X & M QrY.

(3) Show that for every finite dimensional vector space V' there is a unique element y . | v; ®
vy € V ® V* such that the following holds

YoeV: Zv;‘(v)vi:v.

(Hint: Use an isomorphism End(V) = V @ V* and dual bases {v;} of V and {v}} of V*.)
(4) Show that the following diagrams (coherence diagrams or constraints) of K-modules
commute:

(A®B)@C)® D (A (B () ® A ((B®C)® D)

a(A®B,C,D) 1®a(B,C,D)

- A® (B® (C®D))

a(A,B,C)®1 a(A,BeC,D)
%

a(A,B,C®D)

(A B)® (C® D)
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(A9K)®B Y2 | 4g (Ke B)
(\ ﬁ@
A® B

(5) Write 7(A,B) : A B— B® A for 7(A,B) : a ® b — b ® a. Show that

(A®B)oC X% (BgA)eC—2 +Bg(AxC)
@ 1®7(A,C)
A (Be0) %% Be)g A—2—~ B® (C® A)

commutes for all K-modules A, B, C' and that
7(B, A)7(A, B) = idaep

for all K-modules A and B. Let f : A — A" and g : B — B’ be K-modules homomorphisms.

Show that N
T B
Ao B (A,B)

B® A

f®g 9 f
A® DB TP B ® A
commutes.
(6) Find an example of M, N € K-Mod-K such that M ®x N % N @k M.

Proposition 1.23. Let (RX,t) be a free R-module and sMpg be a bimodule. Then every
element w € M ®p RX has a unique representation u = _y My @ T.

Proof. By 1.10 Y _y rpx is the general element of RX. Hence we have u = > m; ® o; =
DMy @Y Trak =y > My @x = Y, (> miry;) @ x. To show the uniqueness let
doyexMy @y =0. Let z € X and f, : RX — R be defined by f.(u(y)) = fo(y) := 0y
Then (1y ®p f2)Q_my, @y) => my, ® fo(y) =m, ®1 =0 for all x € X. Now let

MxRE MepR

mult P

M
be given. Then p(m, ® 1) = m, - 1 = m, = 0 hence we have uniqueness. From 1.22 (3) we
know that p is an isomorphism. O

Corollary 1.24. Let sMpg, rN be (bi-)modules. Let M be a free S-module over Y, and N
be a free R-module over X. Then M ®gr N is a free S-module over Y x X.

Proof. Consider the diagram
Yx X —2X X Ly x N2 sM g N

9 h

sU
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Let f be an arbitrary map. For all z € X we define homomorphisms g¢(-, x) € Homg(.M,.U)

by the commutative diagram
ly

Y sM
f(_wr) g(—,x)
sU
Let g € Hompg(.N,.Homg(.Mg,.U)) be defined by
X pN
g('>_) ’g

R Homg(.MR, U)

with  — g(-,x). Then we define g(m,n) := g(n)(m) =: h(m ® n). Observe that g is
additive in m and in n (because g is additive in m and in n), and g is R-bilinear, because
g(mr,n) = g(n)(mr) = (rg(n))(m) = g(rn)(m) = g(m,rn). Obviously g(y,z) = f(y, ),
hence ho ® o1y X 1ty = f. Furthermore we have h(sm @ n) = g(n)(sm) = s(g(n)(m)) =
sh(m ®n), hence h is an S-module homomorphism.

Let k be an S-module homomorphism satisfying ko®oty x tx = f, then ko®(-, z) = g(-, x),
since k o ® is S-linear in the first argument. Thus k o ®(m,n) = g(n)(m) = h(m ® n), and
hence h = k. O

Problem 1.8. (Tensors in physics:) Let V be a finite dimensional vector space over the field
K and let V* be its dual space. Let ¢ be a tensor in V®...@VeV*®...@V* = Ve (V*):.
(1) Show that for each basis B = (b,...,b,) and dual basis B* = (b',...,0") there is
a uniquely determined scheme (a family or an (r + s)-dimensional matrix) of coefficients
(a(B)™ ") with a(B)" iT € K such that

J1y-50s

(1) t—z ZZ Z )b, ® .. @b, @V ® ... @b

11=1 ir=1j1=1 Js=1
(2) Show that for each change of bases L : B — C with ¢; = 37 A’b; (with inverse matrix
(145)) the following transformation formula holds

..... 7 i 11 k1yeeskir
@  aB)g D ST D) D) SF IR T B e
ki=1  ke=llh=1  l—=1
(3) Show that every family of schemes of coefficients (a(B)|B basis of V) with a(B) =

(a(B)ﬁsz) and a(B)j ) € K satisfying the transformation formula (2) defines a unique

tensor (independent of the choice of the basis) t € V& ® (V*)®* such that (1) holds.
Rule for physicists: A tensor is a collection of schemes of coefficients that transform accord-
ing to the transformation formula for tensors.

1.6. Complexes and exact sequences.

Definition 1.25. A (finite or infinite) sequence of homomorphisms

fi
. — Z1l—>]\4—>]\4z+1—>...

is called a complex, if f;f;_1 = 0 for all i € I (or equivalently Im(f;_1) C Ke(f;)).
A complex is called ezact or an exact sequence if Im(f;_1) = Ke(f;) for all i € I.
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Lemma 1.26. A complex
/] i—QMi—i>Mi+1 — ...
1s exact if and only if the sequences
0 — Im(fi1) — M; — Im(f;) — 0
are exact for all v € I, if and only if the sequences
0 — Ke(fi-1) — M-y — Ke(f;) —
are exact for all i € I.

Proof. The sequences
0 — Ke(f;) — M; — Im(f;) — 0

are obviously exact since Ke(f;) — M, is a monomorphism, M; — Im(f;) is an epimorphism
and Ke(f;) is the kernel of M; — Im(f;).

The sequence
0 — Im(fi-1) — M; — Im(f;) —

is exact if and only if Im(f;—;) = Ke(f;).
The sequence

0 — Ke(fi-1) — M;i—1 — Ke(fi) — 0
is exact if and only if M; ; — Ke(f;) is surjective, if and only if Im(f;_1) = Ke(f;). O

Problem 1.9. (1) In the tensor product C ®c C we have 1 ® i —i® 1 = 0.
In the tensor product C ®@g C we have 1 ® i —i® 1 # 0.
(2) For each R-module M we have R @zr M = M.
(3) Given the Q-vector space V = Q".
(a) Determine dimg(R ®q V).
(b) Describe explicitely an isomorphism R ®¢ V' = R™.
(4) Let V be a Q-vector space and W be an R-vector space.
(a) Homg(.Rg,.W) = W in Q-Mod.
(b) Homg(.V,.W) = Homg(.R ®q V, .W).
(c) Let dimgV < oo and dimgWW < oo. How can one explain that in 4b we have
infinite matrices on the left hand side and finite matrices on the right hand side?
(d) Homg(.V, Homg(.R,.W) = Homg(.R ®q V,.W).
Z/(18) ®z 7./(30) # 0.
m:Z/(18) ®zZ/(30) 2T ® Yy — Ty € Z/(6) is a homomorphism and m is bijective.
or Q-vector spaces V and W we have V @z W =V ®q W.

5
6
7

(5)
(6)
(7) F
(8) For each finite Abelian group M we have Q ®z M = 0.
(9) Z/(m) ®z Z/(n ) Z/(ggT(m,n)).

(10) Q®z Z/(n) =
(11) Homgz(Q,Z/(n )) 0.
)

(12) Determine explicitely isomorphisms for

Z®ZQ2Q7
3Z 27 Q= Q.
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Show that the following diagram commutes
32®7Q—~7Z®,Q

~ >~

Q 3‘ Q

(13) The homomorphism 2Z®,7Z/(2) — Z®z7Z/(2) is the zero homomorphism, but both
modules are different from zero.
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2. ALGEBRAS AND COALGEBRAS

2.1. Algebras. Let K be a commutative ring. We consider all K-modules as K-K-bimodules
as in Remark 1.21. Tensor products of K-modules will be simply written as M ® N :=
M ®g N.

Definition 2.1. A K-algebra is a K-module A together with a multiplication V : A ® A
— A (K-module homomorphism) that is associative:

A9 A A A0 A
Veid v
AR A < A
and a unit n : K — A (K-module homomorphism):
KA A2 AQK —2+ AR A
n®id id v
A®A < - A.

A K-algebra A is commutative if the following diagram commutes

ARA"—A®A

\/

Let A and B be K-algebras. A homomorphism of algebras f : A — B is a K-module
homomorphism such that the following diagrams commute:

Ao ALY . o B
VA vB
A 7 B
and
K
nAa nB
A—L B

Remark 2.2. Every K-algebra A is a ring with the multiplication
AxAS A0AY A

The unit element is 7(1), where 1 is the unit element of K.
Obviously the composition of two homomorphisms of algebras is again a homomorphism of
algebras. Furthermore the identity map is a homomorphism of algebras.
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Problem 2.1. (1) Show that Endg (V) is a K-algebra.
(2) Show that (A,V: A® A — A n:K — A)is a K-algebra if and only if A with the

multiplication A x 4 2 A® A % A and the unit n(1) is a ring and 7 : K — Cent(A) is a
ring homomorphism into the center of A, where Cent(A) := {a € A|Vb € A : ab=ba}.

(3) Let V' be a K-module. Show that D(V') := KxV with the multiplication (rq, v1)(rq, v2) :=
(r172, 109 + T9v1) is @ commutative K-algebra.

Lemma 2.3. Let A and B be algebras. Then A ® B is an algebra with the multiplication
(a1 & bl)(ag &® bg) =a1as X blbg.

Proof. Certainly the algebra properties can easily be checked by a simple calculation with
elements. For later applications we prefer a diagrammatic proof.

Let Vy4: A® A — Aand Vg : B® B — B denote the multiplications of the two algebras.
Then the new multiplication is Vagp := (VAa® V) (1l4a®@7R15): AQBRA®B — A® B
where 7: B® A — A ® B is the symmetry map from Theorem 1.22. Now the following
diagram commutes

1®T®13 VRV®I12
—_— —_—

ARB®A®B®RA®DB ARARBR®B®A®DB A®B®A®B

ISM

1Borel ARARBRAR®BR®B 1’°®Tpg B, 481 197®1

1®M wz@lQ
Y

AQBRA®QA®B®B ARAR A9 B B BY2Y8 A9 A9 B® B

1®7B, A A®1

12@VeV 19VR1V VeV

VeV

AB® A® B lerel »A® A2 B® B - A® B

In the left upper rectangle of the diagram the quadrangle commutes by the properties of the
tensor product and the two triangles commute by inner properties of 7. The right upper and
left lower rectangles commute since 7 is a natural transformation (use Exercise 1.7 (5)) and
the right lower rectangle commutes by the associativity of the algebras A and B.
Furthermore we use the homomorphism 17 = nagp : K — K® K — A ® B in the following
commutative diagram

2
KRARB2A®B2A® BoK ABIKQK 2! A9 Bo A® B

1®7®1 1®T7®1

ARK®BRKZz—> A®AR®B®B

! 19731
KIKRARKIB—KIAQK® B 1@n@1len

nRNR12 nR1eN®1 VeV

VeV

AQBRARBYE L A A9 B® B - A® B.
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2.2. Tensor algebras.

Definition 2.4. Let K be a commutative ring. Let V' be a K-module. A K-algebra T'(V)
together with a homomorphism of K-modules ¢ : V' — T'(V) is called a tensor algebra over
V' if for each K-algebra A and for each homomorphism of K-modules f : V' — A there exists
a unique homomorphism of K-algebras g : T'(V') — A such that the diagram

V —LT(V)

f g

A

commutes.
Note: If you want to define a homomorphism g : T'(V) — A with a tensor algebra as domain
you should define it by giving a homomorphism of K-modules defined on V.

Lemma 2.5. A tensor algebra (T(V'), 1) defined by V' is unique up to a unique isomorphism.
Proof. Let (T'(V'), ) and (T"(V), ) be tensor algebras over V. Then

-
T(V) L 1(v) k. 7wv) L)
implies k = h~!. U

Proposition 2.6. (Rules of computation in a tensor algebra) Let (T'(V'),t) be the tensor
algebra over V. Then we have
(1) ¢: V — T(V) is injective (so we may identify the elements t(v) and v for allv € V),
(2) T(V) ={>5vi - vt = (in, ... ,in) multiindex of length n}, where v;, € V,
(3) if f 'V — A is a homomorphism of K-modules, A is a K-algebra, and g : T(V)
— A s the induced homomorphism of K-algebras, then

9(2”1‘1 ) = Zf(v“) oo fug).
Proof. (1) Use the embedding homomorphism j : V' — D(V'), where D(V) is defined as in
2.1 (3) to construct g : T(V) — D(V') such that g o v = j. Since j is injective so is .

(2) Let B :={>_, ;i - v, |i = (i1, ..., i) multiindex of length n}. Obviously B is the
subalgebra of T'(V') generated by the elements of V. Let j : B — T(V) be the embedding
homomorphism. Then ¢ : V. — T(V) factors through a K-module homomorphism ¢ : V'

— B. The following diagram
. .
v—t—p—L .1V
\ / Jjp
B—LT(V)

induces a unique p with po jo:t = por =  since /' is a homomorphism of K-modules.
Because of jpotr = joi = 1 = idpw)or we get jp = idpy, hence the embedding j is
surjective and thus j is the identity.

(3) is precisely the definition of the induced homomorphism. O
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Proposition 2.7. Given a K-module V.. Then there ezists a tensor algebra (T'(V), ).

Proof. Define T"(V) :=V ®...®@ V = V® to be the n-fold tensor product of V. Define
T°(V):=Kand T'(V) := V. We define

TV)=PrVv)=Keve(VeV)e(VeVaV)e....
i>0
The components T"(V') of T'(V') are called homogeneous components.
The canonical isomorphisms 7™(V) @ T"(V') = T™+"(V') taken as multiplication

VTV @ (V) — T (V)
V:T(V)®@T(V)— T(V)

and the embedding n : K = T%(V) — T(V) induce the structure of a K-algebra on T'(V).
Furthermore we have the embedding ¢ : V. — TY(V) C T(V).

We have to show that (T'(V),¢) is a tensor algebra. Let f:V — A be a homomorphism of
K-modules. Each element in 7'(V') is a sum of decomposable tensors v; ® ... ® v,. Define
g:T(V) — Aby glvi®...Qwv,) == f(v1)...f(v,) (and (g : T°(V) — A) = (n : K
— A)). By induction one sees that g is a homomorphism of algebras. Since (g : T(V)
— A)=(f:V —=A) weget gov=f. If h: T(V) — A is a homomorphism of algebras
with hov= f we get h(v; ® ... ®@v,) = h(v1) ... h(v,) = f(v1) ... f(v,) hence h = g. O

Problem 2.2. (1) Let X be a set and V := KX be the free K-module over X. Show that
X — V — T(V) defines a free algebra over X, i.e. for every K-algebra A and every map
f : X — A there is a unique homomorphism of K-algebras g : (V) — A such that the
diagram

X ——T(V)

f g

A
commutes.
We write K(X) := T(KX) and call it the polynomial ring over K in the non-commuting
variables X.
(2) Let (V) and ¢ : V. — T(V) be a tensor algebra. Regard V as a subset of T'(V') by
t. Show that there is a unique homomorphism of algebras A : T'(V) — T(V) @ T(V') with
Alv)=v®1+1®vforalveV.
(3) Show that (A®1)A=(1QA)A:T(V)—=TV)T(V)xT(V).
(4) Show that there is a unique homomorphism of algebras ¢ : T'(V') — K with ¢(v) = 0 for
allveV.
(5) Show that (e ® 1)A = (1 ® €)A = idp.
(6) Show that there is a unique homomorphism of algebras S : T(V) — T(V) with
S(v) = —v. (T(V) is the opposite algebra of T'(V') with multiplication s * ¢ := ts for all
s,t € T(V)=T(V) and where st denotes the product in 7'(V).)
(7) Show that the diagrams

T(V) —“+K-"1-T(V)

AJ [v

T(V)@T(V) e T(V) @ T(V)

commute.
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2.3. Symmetric algebras.

Definition 2.8. Let K be a commutative ring. Let V' be a K-module. A K-algebra S(V)
together with a homomorphism of K-modules ¢ : V' — S(V'), such that ¢(v)-¢(v") = ¢(v)-¢(v)
for all v,v" € V, is called a symmetric algebra over V if for each K-algebra A and for each
homomorphism of K-modules f : V' — A, such that f(v)- f(v") = f(v')- f(v) for all v,v" € V,
there exists a unique homomorphism of K-algebras ¢g : S(V') — A such that the diagram

vV —t -~ S(V)
f g

A

commutes.
Note: If you want to define a homomorphism ¢ : S(V) — A with a symmetric algebra as
domain you should define it by giving a homomorphism of K-modules f : V' — A satisfying

f) f(W') = f(v')- f(v) for all v,v" € V.

Lemma 2.9. A symmetric algebra (S(V'),1) defined by V' is unique up to a unique isomor-
phism.

Proof. Let (S(V),¢) and (S'(V),:') be symmetric algebras over V. Then

implies k = h~ L. 0

Proposition 2.10. (Rules of computation in a symmetric algebra) Let (S(V'),¢) be the
symmetric algebra over V. Then we have

(1) ¢: V — S(V) is injective (we will identify the elements t(v) and v for allv € V),

(2) S(V)={X 0500 - vi,li = (i1, ..., 1) multiindex of length n},

(3) if f:V — A is a homomorphism of K-modules satisfying f(v) - f(v') = f(v') - f(v)
for allv,v' € V, A is a K-algebra, and g : S(V) — A is the induced homomorphism
K-algebras, then

9(2”1‘1'~~'U@n va“ o flu).

n,t

Proof. (1) Use the embedding homomorphism j : V' — D(V'), where D(V) is the commuta-
tive algebra defined in 2.1 (3) to construct g : S(V) — D(V') such that g ot = j. Since j is
injective so is ¢.

(2) Let B == {>_, ;v - vi,|i = (i1,...,7,) multiindex of length n}. Obviously B is the
subalgebra of S(V') generated by the elements of V. Let j : B — S(V) be the embedding
homomorphism. Then ¢ : V' — S(V) factors through a K-module homomorphism ¢/ : V'
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. :
v—t—p—L 5wV

B—L s

induces a unique p with pojo:t = por = since ¢/ is a homomorphism of K-modules
satisfying «/(v) - //(v") = (V") - /(v) for all v,v" € V. Because of jpor = joi =1 =idgwot

we get jp = idg(y), hence the embedding j is surjective and thus the identity.
(3) is precisely the definition of the induced homomorphism. O

— B. The following diagram

Proposition 2.11. Let V be a K-module. The symmetric algebra (S(V'),¢) is commutative
and satisfies the following universal property:

for each commutative K-algebra A and for each homomorphism of K-modules f : V — A
there ezists a unique homomorphism of K-algebras g : S(V)) — A such that the diagram

V—t5(V)
f g

A
commutes.

Proof. Commutativity follows from the commutativity of the generators: vv’ = v'v which
carries over to the elements of the form an Vi, +. . .-v;, . The universal property follows since
the defining condition f(v)- f(v') = f(v')- f(v) for all v,v" € V' is automatically satisfied. [

Proposition 2.12. Given a K-module V.. Then there exists a symmetric algebra (S(V),t).

Proof. Define S(V') :=T(V)/I where I = (vv'—v'v|v,v" € V) is the two-sided ideal generated
by the elements vv’ — v'v. Let ¢ be the canonical map V' — T(V) — S(V). Then the
universal property is easily verified by the homomorphism theorem for algebras. 0

Problem 2.3. (1) Let X be a set and V := KX be the free K-module over X. Show that
X — V — S(V) defines a free commutative algebra over X, i.e. for every commutative
K-algebra A and every map f : X — A there is a unique homomorphism of K-algebras
g :S(V) — A such that the diagram

X ——5(V)
f g

A

commutes.

The algebra K[X] := S(KX) is called the polynomial ring over K in the (commuting) vari-
ables X.

(2) Let S(V) and ¢ : V. — S(V) be a symmetric algebra. Show that there is a unique
homomorphism of algebras A : S(V) — S(V) ® S(V) with A(v) =v® 1+ 1® v for all
velV.

(3) Show that (A® 1)A=(1®A)A: S(V) = S(V)®S(V)® S(V).
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(4) Show that there is a unique homomorphism of algebras ¢ : (V) — K with e(v) = 0 for
allv e V.

(5) Show that (e ® 1)A = (1 ® €)A = idgv)

(6) Show that there is a unique homomorphism of algebras S : S(V) — S(V) with S(v) =
—u.

(7) Show that the diagrams

S(V)—+K "1+ S(V)
S(V)® S(V) 2 5(V)® S(V)

S®1
commute.

2.4. Exterior algebras.

Definition 2.13. Let K be a commutative ring. Let V' be a K-module. A K-algebra E(V)
together with a homomorphism of K-modules ¢ : V' — F(V), such that «(v)* = 0 for all
v € V, is called an exterior algebra or Grassmann algebra over V if for each K-algebra A
and for each homomorphism of K-modules f : V — A, such that f(v)? =0 for allv € V,
there exists a unique homomorphism of K-algebras ¢g : E(V) — A such that the diagram

VL~ E(V)
f g

A
comimutes.
The multiplication in E(V') is usually denoted by u A v.
Note: If you want to define a homomorphism ¢ : F(V) — A with an exterior algebra as

domain you should define it by giving a homomorphism of K-modules defined on V satisfying
f(w)?=0for all v,v' € V.

Problem 2.4. (1) Let f : V — A be a K-module homomorphism satisfying f(v)? = 0 for
all v € V. Then f(v)f(v') = —f(v')f(v) for all v,v" € V.

(2) Let 2 be invertible in K (e.g. K a field of characteristic # 2). Let f : V — A be a K-
module homomorphism satisfying f(v)f(v') = —f(v') f(v) for all v, € V. Then f(v)? =0
forallveV.

Lemma 2.14. An exterior algebra (E(V'), 1) defined by V' is unique up to a unique isomor-
phism.

Proof. Let (E(V),t) and (E'(V),!') be exterior algebras over V. Then

implies k = h™L. U

Proposition 2.15. (Rules of computation in an exterior algebra) Let (E(V'), () be the exte-
rior algebra over V. Then we have

(1) ¢ : V — E(V) is injective (we will identify the elements t(v) and v for allv € V),
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(2) E(V)={>:vu A Av|i = (i, ..., i) multiindex of length n},

(3) if f:V — A is a homomorphism of K-modules satisfying f(v)- f(v') = —f(v') - f(v)
for allv,v' € V, A is a K-algebra, and g : E(V) — A is the induced homomorphism
K-algebras, then

g(z Vi, A A,) Z fi) oo fui).

Proof. (1) Use the embedding homomorphism j : V' — D(V), where D(V') is the algebra
defined in 2.1 (3) to construct g : E(V) — D(V') such that g o v = j. Since j is injective so
is .

(2) Let B:= {7 vi, A... A, [i = (i1, ..., i,) multiindex of length n}. Obviously B is the
subalgebra of E(V') generated by the elements of V. Let j : B — E(V') be the embedding
homomorphism. Then ¢ : V' — E(V) factors through a K-module homomorphism ¢/ : V'

— B. The following diagram
! J
1% - B - E(V
B— BV

induces a unique p with pojo:t = por = since ¢/ is a homomorphism of K-modules

satisfying ¢/(v) -/ (v") = —=/(v") -¢/(v) for all v, v € V. Because of jpor = joi' =1 =idgw ot
we get jp = idg(y), hence the embedding j is surjective and thus j is the identity.
(3) is precisely the definition of the induced homomorphism. O

Proposition 2.16. Given a K-module V.. Then there exists an exterior algebra (E(V),1).

Proof. Define E(V) := T(V)/I where I = (v?|v € V) is the two-sided ideal generated by the
elements v2. Let ¢ be the canonical map V' — T(V) — E(V). Then the universal property
is easily verified by the homomorphism theorem for algebras. U

Problem 2.5. (1) Let V be a finite dimensional vector space of dimension n. Show that
E(V) is finite dimensional of dimension 2". (Hint: The homogeneous components E*(V)

have dimension

(2) Show that the symmetric group S,, operates (from the left) on 7"(V) by (11 ®...®uv,) =
Vo-1(1) @ ... @ Vp-1() With 0 € S, and v; € V.

(3) A tensor a € T"(V) is called a symmetric tensor if o(a) = a for all ¢ € S,. Let S™*(V)
be the subspace of symmetric tensors in 7"(V).

a) Show that S: T™(V) > aw ) g o(a) € T"(V) is a linear map (symmetrization).

b) Show that S has its image in S™(V)).

¢) Show that Im(S) = S™(V) if n! is invertible in K.

d) Show that S*(V) — T™(V) % S™(V) is an isomorphism if n! is invertible in K and
v:T"V) — S™(V) is the restriction of v : T(V) — S(V), where S(V) is the symmetric
algebra.

(4) A tensor a € T™(V) is called an antisymmetric tensor if o(a) = e(o)a for all o € S,
where £(0) is the sign of the permutation o. Let E™(V) be the subspace of antisymmetric
tensors in 7™(V).

a) Show that £ : T"(V) > a = g €(0)o(a) € T™(V) is a K-module homomorphism
(antisymmetrization).
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b) Show that £ has its image in E™(V).

¢) Show that Im(&) = E™(V) if n! is invertible in K.

d) Show that E™(V) — T™(V) 2% E™(V) is an isomorphism if n! is invertible in K and
v:T"(V) — E™(V) is the restriction of v : T(V) — E(V), where E(V) is the exterior
algebra.

2.5. Left A-modules.

Definition 2.17. Let A be a K-algebra. A left A-module is a K-module M together with a
homomorphism gy : A® M — M, such that the diagrams

id ®u

ARARQRM AR M
V®id m
A®M p M
and
MeKeM-"% A¢ M
id ©
M
commute.

Let 4M and s N be left A-modules and let f : M — N be a K-linear map. The map f is
called a homomorphism of left A-modules if the diagram

A ® M 134 M
1&f f

A®N

KN

commutes.

Problem 2.6. Show that an Abelian group M is a left module over the ring A if and only
if M is a K-module and a left A-module in the sense of Definition 2.17.

2.6. Coalgebras.

Definition 2.18. A K-coalgebra is a K-module C together with a comultiplication or diagonal
A:C — C®C (K-module homomorphism) that is coassociative:

C a C®C
A A®id

Cedl CeCeC

—_—
id®A
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and a counit or augmentation € : C' — K (K-module homomorphism):

C A ~-C®C

A id id ®e
C@CWK@Ogch@JK.
A K-coalgebra C'is cocommutative if the following diagram commutes

C
CeC——CxC

Let C' and D be K-coalgebras. A homomorphism of coalgebras f : C — D is a K-module
homomorphism such that the following diagrams commute:

c—L—p
AC AD
and
c——p
€C €D
K

Remark 2.19. Obviously the composition of two homomorphisms of coalgebras is again a
homomorphism of coalgebras. Furthermore the identity map is a homomorphism of coalge-
bras.

Problem 2.7. (1) Show that V ® V* is a coalgebra for every finite dimensional vector space
V over a field K if the comultiplication is defined by A(v®@v*) :=>""  v®v; ®v; ®v* where
{v;} and {v;} are dual bases of V resp. V*.

(2) Show that the free K-modules KX with the basis X and the comultiplication A(z) = z®x
is a coalgebra. What is the counit? Is the counit unique?

(3) Show that K@V with A(1) =1® 1, A(v) =v® 1+ 1 ® v defines a coalgebra.

(4) Let C' and D be coalgebras. Then C ® D is a coalgebra with the comultiplication
Acgp = (1c®@TR1p)(Ac®Ap): C®D — C®D®C®D and counit € = ecgp : C® D
— K ® K — K. (The proof is analogous to the proof of Lemma 2.3.)

To describe the comultiplication of a K-coalgebra in terms of elements we introduce a no-
tation first introduced by Sweedler similar to the notation V(a ® b) = ab used for algebras.
Instead of A(c) = ¢; ® ¢, we write

Ale) =D ey ® ).

Observe that only the complete expression on the right hand side makes sense, not the
components ¢y or ¢y which are not considered as families of elements of C'. This notation
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alone does not help much in the calculations we have to perform later on. So we introduce
a more general notation.

Definition 2.20. (Sweedler Notation) Let M be an arbitrary K-module and C' be a K-
coalgebra. Then there is a bijection between all multilinear maps

f:Cx...xC—M
and all linear maps
fC®..9C — M.

These maps are associated to each other by the formula

fler, .o ven)=fla1®...Q¢cp).
For ¢ € C' we define
Zf(c(l)v s 7C(n)) = f/(Anil(C»?

where A""! denotes the n — 1-fold application of A, for example A" ! = (A®1®...®1)o
.o(A®1)oA.

In particular we obtain for the bilinear map ® : C' x C' 3 (¢,d) — c®d € C ® C (with
associated identity map)

> e @ e = Ae),
and for the multilinear map @?: C x CxC —- (C®C®C

D ® e @y = (A 1)A() = (1@ A)A(0).
With this notation one verifies easily

ZC(U ®...®A(C(i)) D...Q0c¢m = ZC(U @ ... O Cn+1)
and
ZC(l)®...®6(C(i))®...®6(n) :ZC(l)®...®1®...®C(n_1)
= ZC(D ... Q Cm-1)
This notation and its application to multilinear maps will also be used in more general
contexts like comodules.

Proposition 2.21. Let C' be a coalgebra and A an algebra. Then the composition f * g :==
Va(f ® g)Ac defines a multiplication

Hom(C, A) ® Hom(C,A) 35 f® g — f*g € Hom(C, A),
such that Hom(C, A) becomes an algebra. The unit element is given by K 5 a — (¢ —

n(ae(c))) € Hom(C, A).

Proof. The multiplication of Hom(C, A) obviously is a bilinear map. The multiplication is
associative since (fxg)*h = VA(Va(f @ 9)Ac) @h)Ac =VaA(VaR1D)((f®9)@h)(Ac®
DAc=V41@VA(f@(g@h)(1®Ac)Ac=Va(f @ (Valg®@h)Ac))Ac = f* (g h).
Furthermore it is unitary with unit lgomc,a) = na€c since naec * f = Va(naec @ f)Ac =
Vana @ 14)(1x @ f)(ec @ 10)Ac = f and similarly f xnsec = f. O

Definition 2.22. The multiplication * : Hom(C, A) ® Hom(C, A) — Hom(C, A) is called
convolution.

Corollary 2.23. Let C' be a K-coalgebra. Then C* = Homg(C,K) is an K-algebra.
Proof. Use that K itself is a K-algebra. O
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Remark 2.24. If we write the evaluation as C* ® C' 3 a ® ¢ — (a,c) € K then an element
a € C* is completely determined by the values of (a,c) for all ¢ € C. So the product of a
and b in C* is uniquely determined by the formula

(axb,c) = (a®b,Alc)) =Y alc))ble).
The unit element of C* is e € C*.

Lemma 2.25. Let K be a field and A be a finite dimensional K-algebra. Then A* =
Homg (A, K) is a K-coalgebra.

Proof. Define the comultiplication on A* by
A:A Y (A A A @ A*.
The canonical map can : A*® A* — (A® A)* is invertible, since A is finite dimensional. By

a diagrammatic proof or by calculation with elements it is easy to show that A* becomes a
K-coalgebra. 0

Remark 2.26. If K is an arbitrary commutative ring and A is a K-algebra, then A* =
Homg (A, K) is a K-coalgebra if A is a finitely generated projective K-module.

Problem 2.8. Find sufficient conditions for an algebra A resp. a coalgebra C such that
Hom(A, C') becomes a coalgebra with co-convolution as comultiplication.

2.7. Comodules.

Definition 2.27. Let C' be a K-coalgebra. A left C'-comodule is a K-module M together
with a K-module homomorphism 0y, : M — C' ® M, such that the diagrams

M d CoM

é ARid

and
M
5 id
CeM o Ko M= M.
commute.

Let “M and “N be C-comodules and let f : M — N be a K-module homomorphism. The
map f is called a homomorphism of comodules if the diagram

M Ot CoM

! 1ef

N

. CoN
N

commutes.
Let N be an arbitrary K-module and M be a C-comodule. Then there is a bijection between
all multilinear maps

f:Cx...xCxM — N
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and all linear maps
fC®...eC®M — N.
These maps are associated to each other by the formula
flcr, . oycn,m) = flle1®...® ¢, @m).
For m € M we define

D flmay, . may,man) = /(6" (m)),

where 0™ denotes the n-fold application of 0, i.e. " = (1®...®1®d)o...o(1®J)od.
In particular we obtain for the bilinear map ® : C x M — C ® M

> may @ mary = 6(m),
and for the multilinear map @* : CxCxM — CC e M
> may ©@me) @ man = (1® 8)d(c) = (A @ 1)5(m).

Problem 2.9. Show that a finite dimensional vector space V' is a comodule over the coalge-
bra V@V™* as defined in exercise 2.7 (1) with the coaction 6(v) := Y v@vi®uv;, € (VRV* )V
where Y v ® v; is the dual basis of V in V* @ V.

Theorem 2.28. (Fundamental Theorem for Comodules) Let K be a field. Let M be a left
C-comodule and let m € M be given. Then there exists a finite dimensional subcoalgebra
C" C C and a finite dimensional C'-comodule M’ with m € M’ C M where M’ C M is a
K-submodule, such that the diagram

M’ 5 ' M

CoM

commutes.

Corollary 2.29. (1) Each element ¢ € C' of a coalgebra is contained in a finite dimensional
subcoalgebra of C'.

(2) Each element m € M of a comodule is contained in a finite dimensional subcomodule of
M.

Corollary 2.30. (1) Each finite dimensional subspace V' of a coalgebra C' is contained in a
finite dimensional subcoalgebra C" of C.

(2) Each finite dimensional subspace V' of a comodule M is contained in a finite dimensional
subcomodule M' of M.

Corollary 2.31. (1) Each coalgebra is a union of finite dimensional subcoalgebras.
(2) Each comodule is a union of finite dimensional subcomodules.

Proof. (of the Theorem) We can assume that m # 0 for else we can use M’ =0 and C’ = 0.
Under the representations of §(m) € C'® M as finite sums of decomposable tensors pick one

d(m) = i ¢ @my
=1
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of shortest length s. Then the families (¢;|i = 1,...,s) and (m;li = 1,...,s) are linearly
independent. Choose coefficients ¢;; € C' such that

t
A(Cj):Zcitg)Cij, Vj:L...,S,

i=1
by suitably extending the linearly independent family (¢;|i = 1,...,s) to a linearly indepen-
dent family (¢;li =1,...,t) and t > s.
We first show that we can choose ¢ = s. By coassociativity we have Y 7, ¢; ® d(m;) =
> Ale)@my =30, S ci®ci;@m;. Since the ¢; and the m; are linearly independent
we can compare coefficients and get

s

(3) 5(mi):Zcij®mj, Vizl,...,s

i=1

and 0 = ijl cij @ mj for i > s. The last statement implies

Cl‘j:O, \V/i>87j=1,...,8.

Hence we get t = s and

A(cj):Zci@)cij, Vj:L...,S.

=1

Define finite dimensional subspaces C' = (¢;li,7 = 1,...,s) € C and M' = (my|i =
l,...,8) € M. Then by (3) we get 6 : M’ — C’" @ M'. We show that m € M’ and
that the restriction of A to C” gives a K-module homomorphism A : ¢/ — C" ® C’ so that
the required properties of the theorem are satisfied. First observe that m = > e(¢;)m; € M’
and ¢; = ) e(¢;)e; € C'. Using coassociativity we get

D=1 G ® Aley) @my =355 5 Aler) @ cy @ my
=D k=1 Ci @ Cir @ Cp; @ My

hence
A(cyj) = Z Cik @ Cij.
k=1
O

Remark 2.32. We give a sketch of a second proof of Theorem 2.28 which is somewhat more
technical. Since C' is a K-coalgebra, the dual C* is an algebra. The comodule structure
d: M — C'® M leads to a module structure by p = (ev®1)(1®9) : C*@M — C*C@ M
— M. Consider the submodule N := C*m. Then N is finite dimensional, since ¢*m =
Yo (¢, ciym; for all ¢* € C* where )" | ¢;®@m; = §(m). Observe that C*m is a subspace of
the space generated by the m;. But it does not depend on the choice of the m;. Furthermore
if we take 6(m) = > ¢; ® m; with a shortest representation then the m; are in C*m since
c*m = > _(c*, ¢;)m; = m; for ¢* an element of a dual basis of the ¢;.

N is a C-comodule since §(c*'m) =Y (c*, ¢;)0(m;) = Y (", ciqy)cie) @ m; € C @ C*m.,

Now we construct a subcoalgebra D of C' such that N is a D-comodule with the induced
coaction. Let D := N ® N*. By 2.9 N is a comodule over the coalgebra N ® N*. Construct
a K-module homomorphism ¢ : D — C' by n ® n* — Y n@)(n*, n@)). By definition of the
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S %
~

dual basis we have n = > n;(n,n
(¢ ® ¢)Ap(n ®@n*)

. Thus we get

®¢)(Xn®@n; @n; ®n*)
y(nfsmevy) @ nia(n®, nian )
) @ M) (N*, ni(N)> (nf, n(N)>
(1) @ ne)(n*, nvy) = 32 Ac(na))(n”, nw))
= Acp(n ®n*).

Furthermore ecd(n @ n*) = (D nay(n*, nwvy)) = (0%, > e(nay)nmy) = (n*,n) = e(n®@n*).
Hence ¢ : D — C' is a homomorphism of coalgebras, D is finite dimensional and the image
C" := ¢(D) is a finite dimensional subcoalgebra of C'. Clearly N is also a C’-comodule, since
it is a D-comodule.
Finally we show that the D-comodule structure on N if lifted to the C-comodule structure
coincides with the one defined on M. We have
5C(c*m) = §C(Z<C*, m(1)>m(M)) = Z(C*, m(1)>m(2) & My

= Z(C*, m(1)>m(2) X mz(mj, m(M)> = Z<C*, m(1)>m(2) <mf, TfL(M)> X m;

= (0@ L)X (c*, muy)ymuy @m; @m;) = (¢ @ 1)(>_ c*m @ m; @ m;)

= (¢ ® 1)dp(c'm).

na
TL(l
n

I
NIINGINGEN
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3. PROJECTIVE MODULES AND GENERATORS

3.1. Products and coproducts.

Definition 3.1.
(1) Let (M;]i € I) be a family of R-modules. An R-module [] M; together with a family
of homomorphisms (p; : [[M; — M;|j € I) is called a (direct) product of the M; and the
homomorphisms p; : [[ M; — M; are called projections, if for each R-module N and for
each family of homomorphisms (f; : N — M;|j € I) there is a unique homomorphism f : N
— [[ M; such that

N

f i

HMiTj’Mj

commute for all j € I.

(2) “The dual notion is called coproduct”: Let (M;|i € I) be a family of R-modules. An
R-module [] M; together with a family of homomorphisms (¢; : M; — [[M;]j € I) is
called a coproduct or direct sum of the M, and the homomorphisms ¢; : M; — [[ M, are
called injections, if for each R-module N and for each family of homomorphisms (f; : M;
— N|j € I) there is a unique homomorphism f : [[ M; — N such that

fi f

N

commute for all j € I.

Remark 3.2. An analogous definition can be given for algebras, coalgebras, comodules,
groups, Abelian groups etc.

Note: If you want to define a homomorphism f : N — [[M; with a product as range
(codomain) you should define it by giving homomorphisms f; : N — M,;.

If you want to define a homomorphism f : [[M; — N with a coproduct as domain you
should define it by giving homomorphisms f; : M; — N.

Lemma 3.3. Products and coproducts are unique up to a unique isomorphism.
Proof. analogous to Propositionl.6. O

Proposition 3.4. (Rules of computation in a product of R-modules) Let ([ M;, (p;)) be a
product of the family of R-modules (M;)cr.

(1) There is a bijection of sets
HMZ' > a (a;) == (pi(a)) € {(a)|Vi € I:a; € M;}

such that a + b (a; +b;) and ra — (ra;).

(2) If (f; : N — M;) is a family of homomorphisms and f : N — [[ M; is the induced
homomorphism then the family associated to f(n) € [[ M; is (fi(n)), i.e. (pi(f(n))) =
(fi(n)).
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Proof. Let a family (a;|i € I) be given. Form ¢; : {1} — M, with ¢;(1) = a; for all ¢ € I.
Construct g; € Hompg(R, M;) such that the diagrams

{1} R

Pi i

M;
commute (R is the free R-module over the set {1}). Then there is a unique g : R — [[ M;

with
R

g gj

[ M —5—~ M;

for all j € I. The homomorphism g is completely and uniquely determined by ¢g(1) =: a and
by the commutative diagram
{1}

R

where p;(a) = ¢;(1) = a;. So we have found a € [[ M; with (p;(a)) = (a;). Hence the map
given in the proposition is surjective. Given a and b in [[ M; with (p;(a)) = (pi(b)) then
©;(1) :=pj(a) and ;(1) := p;(b) define equal maps ¢; = 1);, hence the induced maps g; : R
— M; and h;j : R — M; are equal so that g = h and hence a = ¢g(1) = h(1) = b. Hence the
map given in the proposition is bijective.

Since a is uniquely determined by the p;(a) = a; we have pj(a +b) = p;(a) + p;(b) = a; + b;
and pj(ra) = rp;(a) = ra,

The last statement is p; f = f;. OJ

Remark 3.5. Observe that this construction can always be performed if there is a free
object (algebra, coalgebra, comodule, group, Abelian group, etc.) R over the set {1} i.e. if

{1} R

T

has a universal solution.

Proposition 3.6. (Rules of computation in a coproduct of R-modules) Let (][ M;, (¢;)) be
a coproduct of the family of R-modules (M;)c;r-
(1) The homomorphisms vj : M; — [ M, are injective.
(2) For each element a € [ M, there are finitely many a; € M; with a = Y., t;(a;).
The a; € M; are uniquely determined by a.
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Proof. (1) To show the injectivity of ¢; define f; : M; — M; by

_Jid, 1=,
fii= { 0, else.
Then the diagram
M; — ] M,
fi f
M;

defines a uniquely determined homomorphism f. For ¢ = j this implies fi; = idyy,, hence ¢;
is injective.
(2) Define M := )" 1;(M;) C [[ M;. Then the following diagram commutes with both 0 and
v

M~ 1 M;

0N 0 v

1T M;/M
Hence v = 0 and [[M; = M. Let a = ) t;(a;). Define f as in (1). Then we have

fla) = fO-vi(a;)) = > fijla;) = > fila;) = a;, hence the a; are uniquely determined by
a. U

Propositions 3.4 and 3.6 give already an indication of how to construct products and co-
products.

Proposition 3.7. Let (M;|i € I) be a family of R-modules. Then there exist a product
(1T M, (p; : I M; — M;|j € I)) and a coproduct ([ M;, (v; : M; — [[ M;|7 € I)).

Proof. 1. Define
HMZ' ={a:I — UgeM;|Vjel:a(j) =a; € M}

and p; : [[M; — M;, pj(a) == a(j) = a; € M,;. It is easy to check that [[ M, is an
R-module with componentwise operations and that the p; are homomorphisms. If (f; :
N — M;) is a family of homomorphisms then there is a unique map f : N — [[M,,
f(n) = (fi(n)|i € I) such that p;f = f; for all j € I. The following families are equal:
(i (n+ 1)) = (F5(n+ 1)) = (f5(n) + f5(0)) = (B (m) + 2y F0)) = (py(F(m) + F)),
hence f(n +n') = f(n) + f(n’). Analogously one shows f(rn) = rf(n). Thus f is a
homomorphism and [] M; is a product.

2. Define

HMi ={a:1 — Ue/M;|Vj € I:a(j) € M;;a with finite support}

(the notion with finite support means that all but a finite number of the a(j)’s are zero)
and ¢; : M; — [[ M, ¢j(a;)(i) == d;;a;. Then [[M; C [[M; is a submodule and the ¢;
are homomorphisms. Given (f; : M; — N|j € I). Define f(a) = f(>_ va;) = fula;) =
> fi(a;). Then f is an R-module homomorphism and we have fi;(a;) = fi(a;) hence fi; = f;.
If gu; = f; for all i € I then g(a) = g(>_ via;) = > gria; =Y fi(a;) hence f = g. O

Proposition 3.8. Let (M;|i € I) be a family of submodules of M. The following statements
are equivalent:



Projective Modules and Generators

(1) (M, (¢; : M; — M)) is a coproduct of R-modules.

(2) M=%, d>-mi=0=Viel:m;=0).
(3) M =3, M na’(ZmZ Yomp = Viel:m; =m)).
(4) M = ZezM and Vi € I M;N 3 ;50 M;=0.

—~
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Definition 3.9. Is one of the equivalent conditions of Proposition 3.8 is satisfied then M is

called an internal direct sum of the M; and we write M = @;cr M;.

Proof of Proposition 3.8: (1) = (2): Use the commutative diagram

M, M
0N 0 v
M/ 52 M;
to conclude v = 0 and M =Y M;. If > m; = 0 then use the diagram
MY M
Ojk Pk
M,
to show 0 = p(0) = pr(3_my) = 32, petj(my) = 32, 0ju(m;) = my.
(2) = (3): trivial.
(3) = (4): Let m; =3, m;. Then m; =0 and m; = 0 for all j 7£ i
(4) = (2): If 3m; =0thenm; =3, , —m; =0€ M;N >, M,
(3) = (1): Define f for the diagram
fi f
N

by f(>_m;) =) fi(m;). Then f is a well defined homomorphism and we have fi;(m;) =
f(m;) = f;(m;). Furthermore f is uniquely determined since gi; = f; = g(>_m;) =

2o g(mi) =3 guilms) = 32 filmi) = f(3oms) = f =g
Proposition 3.10. Let ([ M;, (¢; : M; — []
[ M; is an internal direct sum of the LJ(M ).

Proof. 1 is injective = M; = Lj(M‘) =
= (M) — I M;

\

defines a coproduct. By 3.8 we have an internal d1rect sum.

it M;)) be a coproduct of R-modules.

O
Then

O

Definition 3.11. A submodule M C N is called a direct summand of N if there is a

submodule M’ C N such that N = M & M’ is an internal direct sum.
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Proposition 3.12. For a submodule M C N the following are equivalent:

(1) M is a direct summand of N.
(2) There is p € Hompg(.N,.M) with

(M—t e N—L ) = idM.
(3) There is f € Homg(.N,.N) with f> = f and f(N) =

Proof. (1) = (2): Let M; := M and My C N with N = M; & M,. We define p =p; : N
— M; by

M;—Y% N
5@‘ by
M;
where 9;; = 0 for 7 # j and 6;; = idy, for ¢ = j. Then pyt; = 611 = idp.
(2) = (3): For f:=1p: N — N we have f> = pip = 1p = f since pt = id. Furthermore
L
(1

f(N) = ) = M since p is surjective.

(3) = Let M" = Ke(f). We first show N = M + M’. Take n € N. Then we have
n = f(n)+ (n— f(n)) with f(n) € M. Since f(n — f(n)) = f(n) — f2(n) = 0 we get
n— f(n) e K (f) M’ so that N = M + M’'. Now let n € M N M'. Then f(n) = 0 and
for n’ € N hence n = f(n') = f?(n’) = f(n) = 0. O

):
p(N
):
n=f(n')
Problem 3.1. Discuss the definition and the properties of products of groups.

Problem 3.2. Show that the tensor product of two commutative K-algebras is a coproduct.
Problem 3.3. Show that the disjoint union of two sets is a coproduct.

3.2. Projective modules.

Definition 3.13. An R-module P is called projective if for each epimorphism f: M — N
and for each homomorphism ¢g : P — N there exists a homomorphism A : P — M such

that the diagram
P

M

N

commutes.

Example 3.14. All vector spaces are projective. Z/nZ (n > 1) is not a projective Z-module.
Lemma 3.15. Let P = ®;c;P;. P is projective iff all P;, © € I are projective.

Proof. Let P be projective. We show that P; is projective. Let f : M — N be an epimor-
phism and g : P, — N be a homomorphism. Consider the diagram

L

P, p—Fp

hLZ‘ h g

M

N
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where p; and (; are projections and injections of the direct sum, in particular p;¢; = idp,.
Since f is an epimorphism there is an h : P — M with fh = gp; hence g = gp;t; = fhe;.
Thus P; is projective.

Assume that all P; are projective. Let f: M — N be an epimorphism and g : P — N be a
homomorphism. Consider the diagram

Since f is surjective there are h; : P, — M, i € I with fh; = g¢;. Since P is the coproduct
of the P; there is a (unique) h : P — M with hi; = h; for all @ € I. Thus fhe; = fh; = gu;
for all ¢ € I hence fh = g. So P is projective. O

Proposition 3.16. Let P be an R-module. Then the following are equivalent

(1) P is projective.

(2) Each epimorphism f : M — P splits, i.e. for each R-module M and each epimor-
phism f: M — P there is a homomorphism g : P — M such that fg = idp.

(3) P is isomorphic to a direct summand of a free R-module RX .

Proof. (1) = (2): The diagram

Q

idp

M

7 P

implies the existence of g with fg = idp.
(2) = (3): Let ¢ : P — RP be the free module over (the set) P with ¢ a map. Then there
is a homomorphism f : RP — P such that

P——RP
idp f
P

commutes. Obviously f is surjective. By (2) there is a homomorphism g : P — RP with
fg =1idp. By 3.12 P is a direct summand of RP (up to an isomorphism).

(3) = (1): Let f: M — N be surjective. Let ¢ : X — RX be a free module and let
g : RX — N be a homomorphism. In the following diagram let k = gt : X — N. Since f is
surjective there is a map h : X — M with fh = k. Hence there is a homomorphism [ : RX
— M with [t = h. This implies fl. = fh = k = gt and thus fl = g since RX is free. So
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RX is projective. The transition to a direct summand follows from 3.15.

X L RX

3.3. Dual basis.

Remark 3.17. Let Pg be a right R-module. Then E := Endg(P.) = Hompg(P., P.) is a ring
and P is an E-R-bimodule because of f(pr) = (fp)r. Let P* := Hompg(P., R.) be the dual of
P. Then P* = gHompg(gP., gR.)g is an R-E-bimodule. The following maps are bimodule
homomorphisms

ev:gpP*®p Pr> f®pr— f(p) € grRg,

the evaluation homomorphism, and

with db(p® f)(q) = pf(q), the dual basis homomorphism. We check the bilinearity: ev( fe,

= (fe)(p) = f(e(p)) = ev(f,ep) and db(pr, f)(q) = (pr)f(q) = p(rf(q)) = db(p,7[)(q).
also check that db is a bimodule homomorphism: db(ep ® f)(q) = e(p)f(q) = e(pf(q))

edb(p ® f)(q) and db(p ® fe)(q) = pfe(q) = db(p ® f)e(q).

Lemma 3.18. The following diagrams commute

)

@’B

PopPopP 20 peog B pPeiP oy P2 . pa.R
ev®l 7 db®1 2
R®p P* - P* E®gpP - P

i [t

Proof. The proof follows from the associative law: p(1®@db)(f @p® g)(q) = u(f @pg)(q) =

f(p9)(q) = f(pg(q)) = f(p)g(q) = u(f(p) @9)(q) = ulevel)(f®@p®g)(q) and p(db@1)(p®
fee=ppfeq) =pfq) =upe fl@) =nleev)p® f@q). O

Proposition 3.19. (dual basis Lemma) Let Pg be a right R-module. Then the following are
equivalent:

(1) P is finitely generated and projective,
(2) (dual basis) There are fi,..., fn € Homg(P., R.) = P* and p1,...,p, € P so that

b= Zpifi<p>

forallp e P
(3) The dual basis homomorphism

dbP@RP*ﬂHOHIR(P,P)

1S an tsomorphism.
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Proof. (1) = (2): Let P be generated by {p1,...,pn}. Let RX be a free right R-module
over the set X = {x1,...,2,}. Let m; : RX — R be the projections induced by

X RX

oF] T

R

where 0;(z;) = d;;. By Proposition 1.10 we have z = > x;m;(2) for all z € RX. Let g : RX
— P be the R-module homomorphism with g(x;) = p;. Since the p; generate P as a module,
the homomorphism g is surjective. P is projective hence there is a homomorphism h : P
— RX with gh = idp by 3.16. Define f; := mh. Then > p;mh(p) = > g(z;)mh(p) =
9(>_zimi(h(p))) = gh(p) =

(2) = (3): The homomorphism ¢ : Homg(P., P.) — P®pgP* defined by ¢(e) = > e(p;)® f;
is the inverse map of db. In fact we have dboi(e)(p) = > e(pi) fi(p) = e(O_ pifi(p)) = e(p),
hence dboy) = id. Furthermore we have ¢ o db(p ® f) = ¥(pf) = Dopf(p) @ fi = p®
S fp)fi=p® fsince > f(p:)filq) = fFO_pifi(q)) = f(q), hence we have also ¥ odb = id.
(3) = (2): S.p; ® f; = db ' (idp) is a dual basis, because > pifi(p) = db(>.p; @ fi)(p) =
idp(p) = p.

(2) = (1): The p; generate P since > p;fi(p) = p for all p € P. Thus P is finitely
generated. Furthermore the homomorphism g : RX — P with g(x;) = p; is surjective. Let
h: P — RX be defined by h(p) = > z; f;(p). Then gh(p) = p, hence P is a direct summand
of RX, and consequently P is projective. O

Remark 3.20. Observe that analogous statements hold for left R- modules. The problem
that in that situation two rings R and Endg(.P) operate from the left on P is best handled
by considering P as a right Endg(.P)°- module where Endg(.P)° has the opposite multipli-
cation x given by f*g := go f. We leave it to the reader to verify the details. The evaluation
and dual basis homomorphisms are in this case ev : gkP Qpor Pj; 5 p® f — f(p) € rRg, and
db: P* ®g P — Homg(.P,.P).

Proposition 3.21. Let R be a commutative ring and P be an R-module. Then the following
are equivalent

(1) grP is finitely generated and projective,
(2) there exists an R-module P', and homomorphisms db' : R — P®grP' andev : P'QrP
— R such that
db' ®id id®ev
(P

P®gr P @gr P———P) = idp,

/
(PO prg, po, PYOUpy gy,

Proof. “<=": ev € Homg(P' ®p P, R) = Hompg(P', Homg(P, R)) induces a homomorphism
€: PP — P* by e(f)(p) =ev(f @p) = fp for f € P. Let db'(1) = >.p; ® fi. Then
p =idp(p) = (id@gev)(db' @zid)(p) = ([d@rev)>.p; @ f; @ p) = > pifip- By 3.19 P is
finitely generated and projective.

“—": Define P’ := P* and (ev: PPQrP — R) = (ev: P*®rP — R). Let db’(1) = > p;®
fi be the dual basis for P. Then we have (id @ ev)(db’ @z id)(p) = (id @rev) (. pi® fi®p) =
>_pifi(p) = p. Furthermore we have > f(p:) fi(p) = f(Q_pifi(p)) = f(p), hence 3 f(pi) fi =
f. This implies (ev®rid)(id @z db)(f) = (everid) (X f@p® fi) =X fp)fi=f. O

Example 3.22. of a projective module, that is not free:
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Let S? = 2-sphere = {(x1, 2, 23) € R®|z7 + 25+ 235 = 1}. Let R be the ring of all continuous
real-valued functions on S?. Let F' = {f : 5% — R3|f continuous} = {(f1, fo, f3)|fi € R} =
R? be the free R-module on three generators. F is a set of vector valued functions, the
vectors starting in the point of S? where their counterimage is. These are vector fields over
S%. Let P = {tangential vector fields} and @Q = {normal vector fields}. Then F' = P& Q as
R-modules. So P and @ are projective. Furthermore () = R. Hence F' = P & R. Suppose
P were free. Evaluating all elements of P in a given point p € S? we get the tangent plane
at p which is R?. If P is free then it has a basis e, e5 (see later remarks on the rank of free
modules over a commutative ring). For p € S? we have e;(p), e2(p) generates the tangent
plane, hence is a basis for the tangent plane. So e;(p) # 0 for all p € S?. By the “egg
theorem” this is impossible.
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3.4. Generators.

Definition 3.23. A right R-module Gy is called a generator if for each homomorphism
f: M — N with f # 0 there exists a homomorphism ¢ : G — M such that fg # 0.

Proposition 3.24. Let G be an R-module. The following are equivalent

(1) G is a generator,

(2) for each R-module My there is a set I and an epimorphism h: [[,G — M,
(3) R is isomorphic to a direct summand of [[; G (for an appropriate set I),

(4) there are f1,..., fn € G* =Homg(G.,R.) and q1,...,q, € G with >_ fi(q;) = 1.

Proof. (1) = (2): Define I := Hompg(G., M.). Then the diagram
L
G =G; =11, Gy

f h

M
defines a unique homomorphism h with hey = f for all f € I. Let N = Im(h). Consider
v:M — M/N. If N # M then v # 0. Since G is a generator there exists an f such that
vf # 0. This implies vh # 0 a contradiction to N = Im(h). Hence N = M so that h is an
epimorphism.
(2) = (3): Let [[G — R be an epimorphism. Since R is a free module hence projective,
3.16 implies that R is a direct summand of [][ G up to isomorphism.
(3) = (4): Since R is (isomorphic to) a direct summand of [[; G thereis p: [[;G — R
with po = idg. Let p((g;)) = 1 and f; = pt; : G — R. Then 1 = p((g:)) = p(>_ uil(gi)) =
> puigi) = > filai)-
(4) = (1): Assume (¢ : M — N) # 0. Then there is an m € M with g(m) # 0. Define
f:R— M by f(1) =m, f(r) =rm. Let f;, ¢; be given with > fi(¢;) = 1. Then we have
0# g(m)=gf(1)=>9gffi(q), so we have the existence of a homomorphism ff; : G — M
with gf f; # 0. O
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4. CATEGORIES AND FUNCTORS

4.1. Categories. In the preceding sections we saw that certain constructions like products
can be performed for different kinds of mathematical structures, e.g. modules, rings, Abelian
groups, groups, etc. In order to indicate the kind of structure that one uses the notion of a
category has been invented.

Definition 4.1. Let C consist of

(1) a class ObC whose elements A, B,C,... € Ob(C are called objects,
(2) a family (Morc(A, B)|A, B € ObC) of mutually disjoint sets whose elements f, g, ...
€ Mor¢(A, B) are called morphisms, and
(3) a family (Morc(A, B) x More(B,C) > (f,g) — gf € Morc(A,C)|A, B,C € ObC) of
maps called compositions.
C is called a category if the following axioms hold for C

(1) Associative Law:

VA, B,C,D € Ob(C, f € Morc(A, B),g € More(B,C), h € More(C, D) :

hgf) = (hg)f;
(2) Identity Law:
VA € ObC 314 € Mor¢(A, A) VB,C € ObC, Vf € Mor¢(A, B), Vg € More(C, A) :

lug=yg and fla=1F.

Examples 4.2. (1) The category of sets Set.

(2) The categories of R-modules R-Mod, K-vector spaces K-Vec or K-Mod, groups Gr,
Abelian groups Ab, monoids Mon, commutative monoids cMon, rings Ri, fields Field, topo-
logical spaces Top.

(3) The left A-modules in the sense of Definition 2.17 and their homomorphisms form the
category A-Mod of A-modules.

(4) The K-algebras in the sense of Definition 2.1 and their homomorphisms form the category
K-Alg of K-algebras.

(5) The category of commutative K-algebras will be denoted by K-cAlg.

(6) The K-coalgebras in the sense of Definition 2.18 and their homomorphisms form a cate-
gory K-Coalg of K-coalgebras.

(7) The category of cocommutative K-coalgebras will be denoted by K-cCoalg.

For arbitrary categories we adopt many of the customary notations.

Notation 4.3. f € Morc(A, B) will be written as f: A — B or A L. B. Ais called the
domain, B the range of f.

The composition of two morphisms f: A — B and g: B — C'is written as gf : A — C or
asgof:A—C.

Definition and Remark 4.4. A morphism f : A — B is called an isomorphism if there
exists a morphism ¢ : B — A in C such that fg = 1p and gf = 14. The morphism g is
uniquely determined by f since ¢’ = ¢'fg = g. We write f~!:=g.

An object A is said to be isomorphic to an object B if there exists an isomorphism f : A
— B. If f is an isomorphism then so is f™'. If f: A — B and g : B — C' are isomorphisms
in C then so is gf : A — C. We have: (f~1)™' = fand (¢gf)""' = f~'¢g~!. The relation of

being isomorphic between objects is an equivalence relation.

Example 4.5. In the categories Set, R-Mod, k-Vec, Gr, Ab, Mon, cMon, Ri, Field the
isomorphisms are exactly those morphisms which are bijective as set maps.
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In Top the set M = {a,b} with ¥, = {0, {a},{b},{a,b}} and with Ty = {0, M} defines
two different topological spaces. The map f = id : (M,%;) — (M,%,) is bijective and
continuous. The inverse map, however, is not continuous, hence f is no isomorphism (home-
omorphism).

Many well known concepts can be defined for arbitrary categories. We are going to introduce
some of them. Here are two examples.

Definition 4.6. (1) A morphism f : A — Bis called a monomorphismif VC' € ObC, Vg, h €
Morc(C, A) :

fg=fh = g=h (f isleft cancellable).
(2) A morphism f: A — B is called an epimorphism if VC' € ObC, Vg, h € Mor¢(B,C) :

gf =hf = g=~h (f is right cancellable).

Definition 4.7. Given A, B € C. An object A X B in C together with morphisms p4 : Ax B
— A and pp : A x B — B is called a (categorical) product of A and B if for every (test)
object T' € C and every pair of morphisms f : T — A and g : T' — B there exists a unique
morphism (f,g) : T — A x B such that the diagram

T
f (f,9) \ 9

A2 AxB-2+B
commutes.
An object E € C is called a final object if for every (test) object T' € C there exists a unique
morphism e : ' — E (i.e. More (T, E) consists of exactly one element).
A category C which has a product for any two objects A and B and which has a final object
is called a category with finite products.

Remark 4.8. If the product (A x B,pa,pg) of two objects A and B in C exists then it is
unique up to isomorphism.
If the final object F in C exists then it is unique up to isomorphism.

Problem 4.1. Let C be a category with finite products. Give a definition of a product of a
family Ay,..., A, (n > 0). Show that products of such families exist in C.

Definition and Remark 4.9. Let C be a category. Then C with the following data
ObC := ObC, Morcer (A, B) := Mor¢(B, A), and f o,, g :== g o f defines a new category,
the dual category of C.

Remark 4.10. Any notion expressed in categorical terms (with objects, morphisms, and
their composition) has a dual notion, i.e. the given notion in the dual category.
Monomorphisms f in the dual category C° are epimorphisms in the original category C
and conversely. A final object I in the dual category C is an initial object in the original
category C.

Definition 4.11. The coproduct of two objects in the category C is defined to be a product
of the objects in the dual category CP.

Remark 4.12. Equivalent to the preceding definition is the following definition.
Given A, B € C. An object AII B in C together with morphisms j4 : A — Al B and jp : B
— AIl B is a (categorical) coproduct of A and B if for every (test) object T' € C and every
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pair of morphisms f: A — T and g : B — T there exists a unique morphism [f,g] : A1l B
— T such that the diagram

A2 AuIB~2 B

\ [M
commutes.

The category C is said to have finite coproducts if C? is a category with finite products. In
particular coproducts are unique up to isomorphism.

T

4.2. Functors.

Definition 4.13. Let C and D be categories. Let F consist of

(1) amap ObC 3> A+ F(A) € ObD,
(2) a family of maps

(Fap: Morc(A,B)> fr— Fap(f) € Morp(F(A),F(B))|A,B €C)
[or (Fap:More(A,B) > f Fap(f) € Morp(F(B),F(A))|A, B € C)]

F is called a covariant [contravariant] functor if

(1) fA7A(1A) = 1;:(,4) for all A € ObC,
(2) Faclgf) =Fpc(g)Fap(f) foral A, B,C € ObC.
[ fA,c(gf) = FA7B(f)./TB,C(g) for all A, B,C' € ObC ]
Notation: We write
A € C instead of AeObC
f €C instead of f € More(A, B)
F(f) instead of Fan(f)

Examples 4.14. The following define functors

(1) Id : Set — Set;

(2) Forget : R-Mod — Set;

(3) Forget : Ri — Ab;

(4) Forget : Ab — Gr;

(5) P : Set — Set, P(M) := power set of M. P(f)(X):=fYX) for f: M — N, X C

N is a contravariant functor;

(6) Q: Set — Set, Q(M) := power set of M. Q(f)(X) = f(X)for f: M — N, X CM
is a covariant functor;

(7) -®gr N : Mod-R — Ab;

(8) M ®p-: R-Mod — Ab;

(9) - ®g-: Mod-R x R-Mod — Ab;

10)

11)

3
4
5

(
(

the embedding functor ¢ : K-Mod — K-Mod-K.
the tensor product over K in K-Mod-K can be restricted to K-Mod so that the
following diagram of functors commutes:

K-Mod x K-Mod ~“2% K-Mod-K x K-Mod-K

QK (99

K-Mod T ~ K-Mod-K.
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Proof of (9). (f x g) o (f' x ¢') = ff' x g¢ implies (f ®r g) o (' ®rg) = ff ®r gy
Furthermore 1), X 1nx = 1y/«n implies 1y ®r Iy = Lyg,n- ]

Lemma 4.15. (1) Let X € C. Then
ObC 3 A+ More(X, A) € Ob Set

Mor¢(A, B) 5 f — More(X, f) € Morge (More(X, A), More(X, B)),
with More (X, f) : More(X,A) 3 g — fg € More(X, B) or More(X, f)(g) = fg is a

covariant functor More (X, -).
(2) Let X € C. Then

ObC 3 A — Mor¢(A, X) € ObSet

Mor¢ (A, B) 3 f +— More(f, X) € Morge(More (B, X), More(A4, X))

with More(f, X) : More(B,X) 2 g — gf € More(A, X) or More(f, X)(g) = gf is a
contravariant functor More(-, X).

Proof. (1) More(X,14)(g) = lag = g = id(g), More(X, f) More(X,g)(h) = fgh =

MOYC(Xa fg)(h)
(2) analogously. O

Remark 4.16. The preceding lemma shows that More(-,-) is a functor in both arguments.
A functor in two arguments is called a bifunctor. We can regard the bifunctor More(-,-) as
a covariant functor

More(-,-) : C% x C — Set.

The use of the dual category removes the fact that the bifunctor More(-,-) is contravariant
in the first variable.

Obviously the composition of two functors is again a functor and this composition is asso-
ciative. Furthermore for each category C there is an identity functor Idc.

Functors of the form More (X, -) resp. More(-, X) are called representable functors (covariant
resp. contravariant) and X is called the representing object (see also section 5).

4.3. Natural Transformations.

Definition 4.17. Let 7 : C — D and G : C — D be two functors. A natural transformation
or a functorial morphism ¢ : F — G is a family of morphisms (¢(A) : F(A) — G(A)|A € C)
such that the diagram

p(A)

F(4) G(4)
() G(f)
FB) - 9(B)

commutes for all f: A — Bin C, ie. G(f)p(A) = o(B)F(f).
Lemma 4.18. Given covariant functors F = Idge : Set — Set and
G = Morge;(Morgei(—, A), A) : Set — Set
for a set A. Then ¢ : F — G with
w(B): B> b— (Morset(B, A) 3 f — f(b) € A) € G(B)

s a natural transformation.
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Proof. Given g : B — C. Then the following diagram commutes

B
B M Morge (Morset (B, A), A)
g MorSet (MorSet (ga A)a A)

C M’ MorSet(MorSet<O> A)v A)

since

p(C)F(9)(0)(f) = e(C)g(b)(f) = fg(b) = @(B)(b)(f9)
= [¢(B)(b) Morsei (g, A)|(f) = [Morse(Morset (g, A), A)p(B)(5)](f)-
O

Lemma 4.19. Let f : A — B be a morphism in C. Then More(f,-) : More(B, -)
— More(A, -) given by More(f,C) : More(B,C) > g — gf € Morc(A,C) is a natural
transformation of covariant functors.

Let f : A — B be a morphism in C. Then Morc(-, f) : More(-, A) — More(-, B) given by
More(C, f) : More(C,A) 3 g — fg € More(C, B) is a natural transformation of contravari-
ant functors.

Proof. Let h: C — C' be a morphism in C. Then the diagrams
Mor¢ (B, C) Morel0), Mor¢ (A, C)

Mor¢ (B,h) Morc (A,h)

Morc(B, C’) MOI‘c(A, C/)

Morc (f,C")

and
Mor¢ (C', f
-

Morc(C", A) ) Mor¢(C’, B)

Morc (h,A) Morc (h,B)

MOI‘C(C, A) W MOI‘C(C, B)

commute. OJ

Remark 4.20. The composition of two natural transformations is again a natural transfor-
mation. The identity idz(A) := 1x(4) is also a natural transformation.

Definition 4.21. A natural transformation ¢ : F — G is called a natural isomorphism if
there exists a natural transformation ¢ : G — F such that ¢ oy = idg and ¢ o ¢ = idr.
The natural transformation 1) is uniquely determined by ¢. We write ¢! := 1.

A functor F is said to be isomorphic to a functor G if there exists a natural isomorphism
p:F—G.

Remark 4.22. The isomorphisms given in Theorem 1.22 for Mg, s N7, and 7P are natural
isomorphisms:
(1) Associativity Law: « : (M @5 N) @r P =2 M ®g (N ®¢ P) with a((m ® n) ® p) :=
m® (n @ p);
(2) Law of the Left Unit: A : R@r M = M with A\(r @ m) :=rm;
(3) Law of the Right Unit: p: M ®¢ S = M with p(m ® r) := mr;
(4) Symmetry Law: 7 : M@N = N®M for K-modules M and N with 7(m®n) := n®@m;
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(5) Inner Hom-Functors:
¢ : Homg-7(.P ®g M., .N.) = Homg-g(.P.,. Homp (M., N.).)

with ¢(f)(p)(m) := f(p ® m) and
¢ : Homg.7(.P ®r M., .N.) = Hompg-7(.M.,. Homg(.P, .N).)
with ¢ (f)(m)(p) := f(p ® m) for bimodules gk My, s Ny, and gPg.

Problem 4.2. (1) Let F,G : C — D be functors. Show that a natural transformation ¢ : F
— @ is a natural isomorphism if and only if ¢(A) is an isomorphism for all objects A € C.
(2) Let (A x B,pa, pp) be the product of A and B in C. Then there is a natural isomorphism

Mor(-, A x B) = Mor¢(-, A) x More(-, B).

(3) Let C be a category with finite products. For each object A in C show that there exists a
morphism Ay : A — A x A satisfying p1Aa = 14 = poA4. Show that this defines a natural
transformation. What are the functors?

(4) Let C be a category with finite products. Show that there is a bifunctor - x - : C x C
— C such that (- x -)(A, B) is the object of a product of A and B. We denote elements in
the image of this functor by A x B := (- x -)(A, B) and similarly f x g.

(5) With the notation of the preceding problem show that there is a natural transformation
a(A,B,C) : (Ax B)x C = Ax (B x(C). Show that the diagram (coherence or constraints)

(Ax B)x C) x D 2P (A (BxC))x D—2EEXED) A (B xC)x D)

a(AxB,C,D) 1xa(B,C,D)

(A x B) x (C x D) a(A,B,CxD)

commutes.
(6) With the notation of the preceding problem show that there are a natural transformations
AMA): ExA— Aand p(A) : Ax E — A such that the diagram (coherence or constraints)
a(A,E,B)

Ax (B x (C x D))

(Ax E)x B AXx (E x B)
p(AN %(B)
AxB

Definition 4.23. Let C and D be categories. A covariant functor F : C — D is called
an equivalence of categories if there exists a covariant functor G : D — C and natural
isomorphisms ¢ : GF = Id¢ and ¢ : FG = Idp.

A contravariant functor F : C — D is called a duality of categories if there exists a con-
travariant functor G : D — C and natural isomorphisms ¢ : GF = Ide and ¢ : FG = Idp.
A category C is said to be equivalent to a category D if there exists an equivalence F : C
— D. A category C is said to be dual to a category D if there exists a duality F : C — D.

Problem 4.3. (1) Show that the dual category C° is dual to the category C.

(2) Let D be a category dual to the category C. Show that D is equivalent to the dual
category CP.

(3) Let F : C — D be an equivalence with respect to G : D — C, ¢ : GF = Id¢, and
Y FG = Idp. Show that G : D — C is an equivalence. Show that G is uniquely determined
by F up to a natural isomorphism.
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5. REPRESENTABLE AND ADJOINT FUNCTORS, THE YONEDA LEMMA

5.1. Representable functors.

Definition 5.1. Let F : C — Set be a covariant functor. A pair (A, z) with A € C,z € F(A)
is called a representing (generic, universal) object for F and F is called a representable
functor, if for each B € C and y € F(B) there exists a unique f € Mor¢(A, B) such that

F(f)(x) =y:

A FA) >z
f F(f)
B F(B)>y

Proposition 5.2. Let (A, x) and (B,y) be representing objects for F. Then there exists a
unique isomorphism h : A — B such that F(h)(z) = y.

A F(A) x

4 h F(h) h [

u| B }"(‘B) lray Y

k F(k) [

1p \ A .7-"(‘A')/ lrs)y @
h F(h)

B F(B) y

Examples 5.3. (1) Let R be a ring. Let X € Set be a set. F : R-Mod — Set, F(M) :=
Map(X, M) is a covariant functor. A representing object for F is given by the free R-module
(RX,z : X — RX) with the property, that for all (M,y : X — M) there exists a unique
f € Homg(RX, M) such that F(f)(x) = Map(X, f)(z) = fr =y

X ——RX

M.

(2) Given modules My and gN. Define F : Ab — Set by F(A) := Bilg(M, N; A). Then F is
a covariant functor. A representing object for F is given by the tensor product (M ® g N, ® :
M x N — M ®g N) with the property that for all (A, f : M x N — A) there exists a
unique g € Hom(M ®pg N, A) such that F(¢)(®) = Bilg(M, N; 9)(®) = 9@ = f

Mx N3 MepN

f g
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(3) Given a K-module V. Define F : K-Alg — Set by F(A) := Hom(V, A). Then F is
a covariant functor. A representing object for F is given by the tensor algebra (T'(V),¢ :
V. — T(V)) with the property that for all (A, f : V — A) there exists a unique g €
Moray(T(V'), A) such that F(g)(¢) = Hom(V,g)(¢) = gt = f

V——T(V)
\
A.
(4) Given a K-module V. Define F : K-cAlg — Set by F(A) := Hom(V, A). Then F is a
covariant functor. A representing object for F is given by the symmetric algebra (S(V),¢ :
V. — S(V)) with the property that for all (A, f : V — A) there exists a unique g €
Moreaig(S(V), A) such that F(g)(¢) = Hom(V, g)(t) =gt = f

V——S(V)
N
A.

(5) Given a K-module V. Define F : K-Alg — Set by
F(A) = {f € Hom(V, A)|vv, o' € V' : f(v) f(v) = f(v') f(v)}.

g

g

Then F is a covariant functor. A representing object for F is given by the symmetric
algebra (S(V),t : V. — S(V)) with the property that for all (A, f : V — A) such that
f)f@') = f(v')f(v) for all v,v" € V there exists a unique g € Mora,(S(V'), A) such that
F(9)(1) = Hom(V, g)() = g = f

V——35(V)

N

(6) Given a K-module V. Define F : K-Alg — Set by
F(A) :={f € Hom(V, A)|Vv € V : f(v)* = 0}.

g

Then F is a covariant functor. A representing object for F is given by the exterior algebra
(E(V),.: V — E(V)) with the property that for all (A, f : V' — A) such that f(v)* =0
for all v € V' there exists a unique g € Mora,(E(V), A) such that F(g)(¢) = Hom(V, g)(¢) =
ge=1

V——E(V)

\
A.
(7) Let K be a commutative ring. Let X € Set be a set. F : K-cAlg — Set, F(A) :=

Map(X, A) is a covariant functor. A representing object for F is given by the polynomial
ring (K[X],¢ : X — K[X]) with the property, that for all (A, f : X — A) there exists a

g
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unique g € Morcai (K[X], A) such that F(g)(t) = Map(X,g)(z) =gt = f
X e K[X]

N

(8) Let K be a commutative ring. Let X € Set be a set. F : K-Alg — Set, F(A) =
Map(X, A) is a covariant functor. A representing object for F is given by the noncommuta-
tive polynomial ring (K(X),:: X — K(X)) with the property, that for all (A, f: X — A)
there exists a unique g € Mora(K(X), A) such that F(g)(:) = Map(X, g)(z) =gt = f

X — K(X)

N

Problem 5.1. (1) Given V € K-Mod. For A € K-Alg define
F(A) :={f:V — A|f K-linear,Vo,w € V : f(v) - f(w) = 0}.

Show that this defines a functor F': K-Alg — Set.
(2) Show that I has the algebra D(V') as constructed in Exercise 2.1 (3) as a representing
object.

g

g

Proposition 5.4. F has a representing object (A,a) if and only if there is a natural iso-
morphism ¢ : F = Morc(A, —) (with a = p(A)~1(14)).
Proof. = : The map
©(B): F(B) >y~ f € More(A, B) with F(f)(a) =y
is bijective with the inverse map
W(B) : More(A,B) > f— F(f)(a) € F(B).

In fact we have y — f +— F(f)(a) =y and f — y := F(f)(a) — g such that F(g)(a) =y
but then F(g)(a) =y = F(f)(a). By uniqueness we get f = g. Hence all ¢(B) are bijective
with inverse map ¥ (B). It is sufficient to show that v is a natural transformation.

Given g : B — C. Then the following diagram commutes

More(A, B) — P F(B)

Mor¢(4,g) \ F(g)

Morc (A, C) e F(C)

since ¢(C') More(A, g)(f) = ¢(C)(gf) = F(gf)(a) = F(9)F(f)(a) = F(g)¥(B)(f).

<: Let A be given. Let a := ¢(A)"Y(14). For y € F(B) we get y = p(B)"'(f) =
©(B) 1 (f1a) = p(B) ' Morc(A, f)(1a) = F(f)p(A ) Y14) = F(f)(a) for a uniquely deter-
mined f € Mor¢(A, B). O

Proposition 5.5. Let D be a category. Given a representable functor Fx : C — Set for each
X € D. Given a natural transformation F, : Fy — Fx for each g : X — 'Y (contravariant!)
such that F depends functorially on X, i.e. F1, = 1ry, Fng = FgFn. Then the representing
objects (Ax,ax) for Fx depend functorially on X, i.e. for each g : X — Y there is a unique
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morphism A, 1 Ax — Ay (with Fx(Ay)(ax) = Fy(Ay)(ay)) and the following identities
hold Ay, = 14y, Ang = ApA,. So we get a covariant functor D> X — Ay € C.

Proof. Choose a representing object (Ay,ay) for Fx for each X € D (by the axiom of
choice). Then there is a unique morphism A, : Ax — Ay with

Fx(Ag)(ax) = Fy(Ay)(ay) € Fx(Ay),
for each g : X — Y because F,(Ay) : Fy(Ay) — Fx(Ay) is given. We have Fx(A4;)(ax) =
Fi(Ax)(ax) = ax = Fx(1)(ax) hence A; = 1, and Fx(Any)(ax) = Fng(Az)(az) =
Fo(Az)Fn(Az)(az) = Fo(Az)Fy (Ap)(ay) = Fx(An)Fy(Ay)(ay) = Fx(An)Fx(Ag)(ax) =
Fx(ApAy)(ax) hence ApAy = Apgforg: X — Y and h:Y — Zin D. d

Corollary 5.6. (1) Map(X, M) = Homg(RX, M) is a natural transformation in M (and
in X!). In particular Set 5 X — RX € R-Mod is a functor.

(2) Bilg(M,N; A) =2 Hom(M ®r N, A) is a natural transformation in A (and in (M, N) €
Mod-R x R-Mod). In particular Mod-R x R-Mod > M, N — M ®, N € Ab is a functor.
(3) R-Mod-S x S-Mod-T' 5 (M,N) — M ®¢ N € R-Mod-T is a functor.

5.2. The Yoneda Lemma.

Theorem 5.7. (Yoneda Lemma) Let C be a category. Given a covariant functor F : C
— Set and an object A € C. Then the map

7 : Nat(More(A4, -),F) 3 ¢ — ¢(A)(1a) € F(A)
15 bijective with the inverse map
7' F(A) 2 a+— h* € Nat(More(4, -), F),
where h*(B)(f) = F(f)(a).

Proof. For ¢ € Nat(Mor¢(A,-),F) we have a map ¢(A) : Morc(A, A) — F(A), hence 7
with 7(¢) := ¢(A)(1,4) is a well defined map. For 7~ we have to check that h® is a natural
transformation. Given f: B — (' in C. Then the diagram

Morc (A, B) Mortd) | Morc(A, C)
h*(B) h*(C)
F(B) - F(C)

F(f)
is commutative. In fact if ¢ € More(A, B) then h“(C’) Morc (A, f)(g) = h*(C)(fg) =
F(fg)(a) = F(f)F(g)(a) = F(f)h*(B)(g). Thus 7' is well defined.

Let 7= *(a) = h®. Then nn'(a) = h*(A)(14) = F(14)(a) = a. Let 7(¢) = ¢(A)(14) = a
Then n='w(¢) = h* and h*(B)(f) = F(f)(a) = F(f)(¢(A)(14)) = ¢(B) More(4, f)(1a) =
¢(B)(f), hence h* = ¢. O

Corollary 5.8. Given A, B € C. Then the following hold

(1) More(A, B) 3 f — More(f,-) € Nat(More(B, -), Morc(A, -)) is a bijective map.

(2) Under the bijective map from (1) the isomorphisms in Morc(A, B) correspond to natural
isomorphisms in Nat(More(B, -), Morc(A, -)).

(3) For contravariant functors F : C — Set we have Nat(Morc(-, A), F) = F(A).

(4) Mor¢(A,B) > f — More(-, f) € Nat(More(-, A), More(-, B)) is a bijective map that
defines a one-to-one correspondence between the isomorphisms in More(A, B) and the natural
isomorphisms in Nat(More(-, A), Morc(-, B)).
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Proof. (1) follows from the Yoneda Lemma with F = Mor¢(A,-).

(2) Observe that h/(C)(g) = Morc(A, 9)(f) = gf = Morc(f,C)(g) hence h/ = More(f,-).
Since we have Mor¢(f,-) More(g,-) = More(gf,-) and More(f,-) = idmor(4,-) if and only if
f =14 we get the one-to-one correspondence between the isomorphisms from (1).

(3) and (4) follow by dualizing. O

Remark 5.9. The map 7 is a natural transformation in the arguments A and F. More
precisely: if f: A — B and ¢ : F — G are given then the following diagrams commute

Nat(Mor¢(A,-), F) —— F(A)

Nat(Mor(A,-),p) \ #(A)
Nat(Morc(A, ')a g) 7 g(A)
Nat(Mor¢(A,-), F) —— F(A)

Nat(Mor(f,-),F) F(f)

Nat(More(B,-), F) —— F(B).

™

This can be easily checked. Indeed we have for ¢ : Mor¢(A,-) — F
m Nat(Morc (A, -), 9)(¢) = w(¢) = (69)(A)(14) = ¢(A)(A)(14) = ¢(A)7(¥)

and

m Nat(More(f,-), F)(¢) = w(¢ More(f,-)) = (¢ More(f,-))(B)(15) = ¥(B)(f)
= ¢(B) More (4, f)(1a) = F())P(A)(1a) = F(f)m(¢).

Remark 5.10. By the previous corollary the representing object A is uniquely determined
up to isomorphism by the isomorphism class of the functor Mor¢(A,-).

Proposition 5.11. Let G : C x D — Set be a covariant bifunctor such that the functor

G(C,-) : D — Set is representable for all C' € C. Then there exists a contravariant functor
F : C — D such that G = Morp(F-,-) holds. Furthermore F is uniquely determined by G
up to isomorphism.

Proof. For each C' € C choose an object F(C) € D and an isomorphism ¢- : G(C,-) =
Morp(F(C),-). Given f : C — €’ in C then let F(f) : F(C') — F(C) be the uniquely
determined morphism (by the Yoneda Lemma) in D such that the diagram

G(C,-) —— Morp(F(C),-)

G(f) Mor(F(f),-)

G(C",) —— Morp(F(C).-)

commutes. Because of the uniqueness of F(f) and because of the functoriality of G it is
easy to see that F(fg) = F(g)F(f) and F(1¢) = 1x) hold and that F is a contravariant
functor.

If 7 : C — D is given with G = Morp(F'-,-) then ¢ : Morp(F-,-) = Morp(F'-,-). Hence
by the Yoneda Lemma ¢(C) : F(C) = F'(C) is an isomorphism for all C' € C. With these
isomorphisms induced by ¢ the diagram
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Morp(F/(C),-) ———2 DD Morp(F(C),-)

Mor(F'(f),~) Mor(F(f),~)

Morp (F'(C),-)

commutes. Hence the diagram

MOT('L&(C’),‘) . MOY’D (F(C )7 _)

f(C/) RACON j:/(cu)

F(f) F(f)

!
F(C) —5g- FI(O)
commutes. Thus ¢ : F — F' is a natural isomorphism. U
5.3. Adjoint functors.

Definition 5.12. Let C and D be categories and F : C — D and G : D — C be covariant
functors. F is called left adjointto G and G right adjoint to F if there is a natural isomorphism
of bifunctors ¢ : Morp(F-,-) — Mor¢(-, G-) from C? x D to Set.

Lemma 5.13. If F : C — D is left adjoint to G : D — C then F is uniquely determined by
G up to isomorphism. Similarly G is uniquely determined by F up to isomorphism.

Proof. We only prove the first claim. Assume that also F’ is left adjoint to G with ¢ :
Morp(F'-,-) — More(-,G-). Then we have a natural isomorphism ¢’ '¢ : Morp(F-,-)
— Morp(F'-,-). By Proposition 5.11 we get F = F'. O

Lemma 5.14. A functor G : D — C has a left adjoint functor iff all functors More(C, G-)
are representable.

Proof. follows from 5.11. U

Lemma 5.15. Let F :C — D and G : D — C be covariant functors. Then
Nat(Id¢, GF) 3 ® — G-®- € Nat(Morp(F-, -), More(-,G-))
18 a byjective map with inverse map
Nat(Morp(F-, -), More(-,G-)) 2 ¢ — ¢(-, F-)(1£-) € Nat(Ide, GF).
Furthermore
Nat(FG,1d¢) 2 ¥ +— U-F- € Nat(More(-, G-), Morp(F-, -))
1s a bijective map with inverse map
Nat(Mor¢(-,G-), Morp(F-,-)) 2 ¢ — (G-, -)(1g-) € Nat(FG,Ide).
Proof. The natural transformation G-®- is defined as follows. Given C' € C, D € D and
f € Morp(F(C), D) then let (G-®-)(C,D)(f) := G(f)®(C) : C — GF(C) — G(D). It is
easy to check the properties of a natural transformation.

Given ® then one obtains by applying the two maps G(1z(c))®(C) = GF (1) @(C) = @(C).
Given ¢ one obtains

G(f)((C, F(C))(Irc)) = More(C,G(f))¢(C, F(C))(1xc))
= ¢(C, D) Morp(F(C), f)(17(c)) = ¢(C, D)(f).
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So the two maps are inverses of each other.
The second part of the lemma is proved similarly. 0
Proposition 5.16. Let
¢ : Morp(F-,-) — More(-,G-)  and 9 : More(-,G-) — Morp(F-, -)
be natural transformations with associated natural transformations (by Lemma 5.15) ® : 1d¢
— GF resp. ¥ : FG — Idp.
(1) Then we have ¢ = idmor(-g-) if and only if (G 29, grg % g) =idg.
(2) Furthermore we have ¥¢ = idior(r--y if and only if (F 72 rer X5 F) =idr.
Proof. We get

GU(D)PG(D) = GU¥(D)p(G(D), FG(D))(1rg(n))
= Morc(G(D),G¥(D))d(G(D), FG(D))(17¢(n))
= ¢(G(D), D) Morp(FG(D),¥(D))(1rg(n))

= ¢(G(D), D)(¥(D))

= ¢(g(D)v DW(Q(D), D)(IQ(D))

= ¢Y(G(D), D)(1g(p))-

Similarly we get

oy(C, D)(f) = ¢(C, D)b(C, D)(f) = G(¥(D)F(f))®(C)

= GU(D)GF(f)2(C) = GU(D)2G(D)[. O
Corollary 5.17. Let F : C — D and G : D — C be functors. F is left adjoint to G if
and only if there are natural transformations ® : Ide — GF and ¥ : FG — Idp such that
(GY)(PG) =idg and (VF)(FP) = idg.
Definition 5.18. The natural transformations ® : Ide — GF and ¥ : G — Idp given in
5.17 are called unit and counit resp. for the adjoint functors F and G.

Problem 5.2. (1) Let gMg be a bimodule. Show that the functor M ®g-: ¢M — gpM is
left adjoint to Homg(M,-) : pM — gM. Determine the associated unit and counit.

(2) Show that there is a natural isomorphism Map(A x B, C) = Map(B,Map(A4, C)). De-
termine the associated unit and counit.

(3) Show that there is a natural isomorphism K-Alg(KG, A) = Gr(G,U(A)) where U(A) is
the group of units of the algebra A and KG is the group ring (see Section 12 ). Determine
the associated unit and counit.

(4) Use Section 12 to show that there is a natural isomorphism

K'Alg(U<g)7 A) = Lle'Alg(ga AL)
Determine the corresponding left adjoint functor and the associated unit and counit.
5.4. Universal problems.

Definition 5.19. Let G : D — C be a covariant functor. G generates a (co-)universal
problem a follows:

Given C' € C. Find an object F(C) € D and a morphism ¢ : C' — G(F(C)) in C such
that for each object D € D and for each morphism f : C' — G(D) in C there is a unique
morphism ¢ : F(C) — D in D such that the diagram

¢ ——G(F(0))
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commutes.

A pair (F(C),:) that satisfies the above conditions is called a universal solution of the
(co-)universal problem defined by G and C.

Let F : C — D be a covariant functor. F generates a universal problem a follows:

Given D € D. Find an object G(D) € C and a morphism v : F(G(D)) — D in D such
that for each object C' € C and for each morphism f : F(C') — D in D there is a unique
morphism ¢ : C' — G(D) in C such that the diagram

F(C)
F(9) f

commutes.
A pair (G(D),v) that satisfies the above conditions is called a wuniversal solution of the
universal problem defined by F and D.

Proposition 5.20. Let F : C — D be left adjoint to G : D — C. Then F(C) and the unit
L =®(C): C — GF(C) form a universal solution for the (co-)universal problem defined by
G and C.

Furthermore G(D) and the counit v = V(D) : FG(D) — D form a universal solution for
the universal problem defined by F and D.

Proof. By Theorem 5.16 the morphisms ¢ : Morp(F-,-) — Morc(-,G-) and ¢ : More(-, G-)
— Morp(F-,-) are inverses of each other. Using unit and counit they are defined as
#(C,D)(g9) = G(g)®(C) resp. ¥ (C,D)(f) = V(D)F(f). Hence for each f : C — G(D)
there is a unique g : F(C) — D such that f = ¢(C, D)(g) = G(g9)P(C) = G(g)¢.

The second statement follows analogously. 0

Remark 5.21. If G : D — C and C € C are given then the universal solution (F(C),¢: C
— G(D)) can be considered as the best (co-)approximation of the object C'in C by an object
D in D with the help of a functor G. The object D € D turns out to be F(C).

If F:C — D and D € D are given then the universal solution (G(D),v : FG(D) — D) can
be considered as the best approximation of the object D in D by an object C' in C with the
help of a functor F. The object C' € C turns out to be G(D).

Proposition 5.22. Given G : D — C. Assume that for each C € C the universal problem
defined by G and C has a universal solution. Then there is a left adjoint functor F :C — D
to G.

Given F : C — D. Assume that for each D € D the universal problem defined by F and D
has a universal solution. Then there is a right adjoint functor G : D — C to F.

Proof. Assume that the (co-)universal problem defined by G and C' is solved by ¢ : C' —
GF(C). Then the map More(C,G(D)) > f +— g € Morp(F(C), D) with G(g)t = f is
bijective. The inverse map is given by g — G(g)¢. This is a natural transformation since the
diagram

G(-)

Morp(F(C), D) ~ Mor¢(C,G(D))
Morp (F(C),h) More (C,G(h))

Morp(F(C), D")

~ More(C,G(D"))
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commutes for each h € Morp(D, D'). In fact we have
More(C, G(h))(G(9)) = G(h)G(9)e = G(hg)r = G(More(F(C), h)(g))e.

Hence for all C' € C the functor Mor¢(C,G(-)) : D — Set induced by the bifunctor
More(-,G(-)) : C? x D — Set is representable. By Theorem 5.11 there is a functor F : C
— D such that More(-,G(-)) = Morp(F(-),-).

The second statement follows analogously. O

Remark 5.23. One can characterize the properties that G : D — C (resp. F : C — D)
must have in order to possess a left (right) adjoint functor. One of the essential properties
for this is that G preserves limits (and thus preserves direct products and difference kernels).

Proposition 5.24. The construction of tensor algebras T'(V') defines a functor T': K-Mod
— K-Alg that is left adjoint to the underlying functor U : K-Alg — K-Mod.

Proof. Follows from the universal property and 5.22. U

Proposition 5.25. The construction of symmetric algebras S(V') defines a functor S :
K-Mod — K-cAlg that is left adjoint to the underlying functor U : K-cAlg — K-Mod.

Proof. Follows from the universal property and 5.22. OJ
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6. LimiTs AND COLIMITS, PRODUCTS AND EQUALIZERS

6.1. Limits of diagrams. Limit constructions are a very important tool in category theory.
We will introduce the basic facts on limits and colimits in this section.

Definition 6.1. A diagram scheme D is a small category (i. e. the class of objects is a set).

Let C be an arbitrary category. A diagram in C over the diagram scheme D is a covariant
functor 7 : D — C.

Example 6.2. (for diagram schemes)

(1) The empty category D.

(2) The category with precisely one object D and precisely one morphism 1p.

(3) The category with two objects Dy, Dy and one morphism f : D; — Dy (apart from
the two identities).

(4) The category with two objects D1, Dy and two morphisms f, g : D1 — Dy between
them.

(5) The category with a family of objects (D;|i € I) and the associated identities.

(6) The category with four objects Dy, ..., Dy and morphisms f, g, h,k such that the

diagram
D, —1—Dp,
g k
Ds ; Dy

commutes, i. e. kf = hg.

Definition 6.3. Let D be a diagram scheme and C a category. Each object C' € C defines
a constant diagram Ko : D — C with Ke(D) := C for all D € D and K(f) := 1¢ for all
morphisms in D. Each morphism f : C' — C" in C defines a constant natural transformation
K¢ Ko — Ko with (D) = f. This defines a constant functor K : C — Funct(D, C) from
the category C into the category of diagrams Funct(D,C).

Let F : D — C be a diagram. An object C' together with a natural transformation 7 : K¢
— F is called a limit or a projective limit of the diagram F with the projection m if for each
object C" € C and for each natural transformation ¢ : Kor — F there is a unique morphism
f:C" — C such that

/CC/

Ky ©

Ke ——F

commutes, this means in particular that the diagrams
C —"—~ F(Dy)
¥ F(9)

F(D;)
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commute for all morphisms ¢ : D; — D; in D (7 is a natural transformation) and the
diagrams

Cl

commute for all objects D; in D.

A category C has limits for diagrams over a diagram scheme D if for each diagram F : D
— C over D there is a limit in C. A category C is called complete if each diagram in C has
a limit.

Example 6.4. (1) Let D be a diagram scheme consisting of two objects D, Dy and the
identities. A diagram F : D — C is defined by giving two objects C; and C5 in C. An object
C1 x Oy together with two morphisms m; : C X Cy — C7 and my : C7 X Cy — (s is called a
product of the two objects if Cy x Cy, 7 : Koy xo, — F is a limit, i. e. if for each object C' in
C and for any two morphisms ¢; : C" — C; and @5 : ¢ — C5 there is a unique morphism
f:C" — C; x Cy such that ,

C

P1 f P2

Cl SEE Cl X CQ 2, CQ
commutes. The two morphisms m : C7 x Cy — C7 and 7y : C x Cy — (5 are called the
projections from the product to the two factors.
(2) Let D a diagram scheme consisting of a finite (non empty) set of objects Dy, ..., D, and
the associated identities. A limit of a diagram F : D — C is called a finite product of the
objects Cy := F(Dy),...,C, = F(D,) and is denoted by C; x ... x C,, =[], Ci.
(3) A limit over a discrete diagram (i. e. D has only the identities as morphisms) is called
product of the C; := F(D;), i € I and is denoted by [[; C:.
(4) Let D be the empty diagram scheme and F : D — C the (only possible) empty diagram.
The limit C, 7 : K¢ — F of F is called the final object. It has the property that for each
object C" in C (the uniquely determined natural transformation ¢ : Ko — F does not have
to be mentioned) there is a unique morphism f : C' — C. In Set the one-point set is a final
object. In Ab, Gr, Vec the zero group 0 is a final object.
(5) Let D be the diagram scheme from 6.2 (4) with two objects Dy, Dy and two morphisms
(different from the two identities) a,b: Dy — Ds. A diagram over D consists of two objects
Ch and Cy and two morphisms g, h : Cy — C5. The limit of such a diagram is called equalizer
of the two morphisms and is given by an object Ke(g, h) and a morphism 7, : Ke(g, h) — Cf.
The second morphism to Cy arises from the composition w9 = gm; = hmy. The equalizer has
the following universal property. For each object C' and each morphism ¢; : C' — C} with
gp1 = hei(= ¢2) there is a unique morphism f : C" — Ke(g, h) with 7 f = ¢ (and thus
mof = o), i. e. the diagram

Cl

Ke(g, h) - Z Cy

commutes.
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Problem 6.1. (1) Let F : D — Set be a discrete diagram. Show that the Cartesian product
over F coincides with the categorical product.

(2) Let D be a pair of morphisms as in 6.4 (5) and let F : D — Set be a diagram. Show that
the set {zx € F(Dy)|F(f)(x) = F(g)(x)} with the inclusion map into F(D;) is an equalizer
of F: D — Set.

(3) Let F : D — Set be a diagram. Show that the set

{(zp|D € ObD,xp € F(D)\N(f: D — D"y e D : F(f)(xp) = zp'}

with the projections into the single components of the families is the limit of F.
(4) Given a homomorphism f : M — N in R-Mod. Show that (K,¢: K — M) is a kernel
of f iff it is the equalizer of the pair of homomorphisms f,0: M — N iff the sequence

0K - N

is exact.
6.2. Colimits of diagrams.

Definition 6.5. Let F : D — C be a diagram. An object C' and a natural transformation
t:F — K¢ is called colimit or inductive limit of the diagram F with the injection ¢ if for
each object C' € C and for each natural transformation ¢ : F — K¢ there is a unique
morphism f : C' — C” such that

F——— K¢
® Ky
ICC/
commutes, i. e. the diagram
F(Di)
F(9) Li

commutes for all morphisms ¢ : D; — D, in D (¢ is a natural transformation) and the
diagram v
}“( Di) L

®i f

C’.
commutes for all objects D; in D.
The special colimits that can be formed over the diagrams as in Example 6.4 are called
coproduct, initial object, resp. coequalizer.

Example 6.6. In K-Vec the object 0 is an initial object. In K-Alg the object K is an
initial object. In K-Alg the object {a € A|f(a) = g(a)} is the equalizer of the two algebra
homomorphisms f: A — B and g : A — B. In K-Alg the Cartesian (set of pairs) and the
categorical products coincide.

Remark 6.7. A colimit of a diagram C is a limit of the corresponding (dual) diagram in
the dual category C°. Thus theorems about limits in arbitrary categories automatically also
produce (dual) theorems about colimits. However, observe that theorems about limits in a
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particular category (for example the category of vector spaces) translate only into theorems
about colimits in the dual category, which most often is not too useful.

Proposition 6.8. Limits and colimits of diagrams are unique up to isomorphism.

Proof. Let F : D — C be a diagram and let C, 7 and C,7 be limits of F. Then there are
unique morphisms f : ' — C and g : C — C with 7Ky = 7 and 7K, = . This implies
K1, = midg, =7 = 7K, = 7KKy = 7Ky, and analogously 7K, = 7ky;. Because of the
uniqueness this implies 1 = fg and 15 = gf. O
Remark 6.9. Now that we have the uniqueness of the limit resp. colimit (up to isomor-

phism) we can introduce a unified notation. The limit of a diagram F : D — C will be
denoted by lim(F), the colimit by lim(F).

Problem 6.2. Given a homomorphism f : M — N in R-Mod. Show that (Q,v: N — Q)
is a cokernel of f iff it is the coequalizer of the pair of homomorphisms f,0: M — N iff the
sequence
/ v
M—N—Q—0

is exact.
6.3. Completeness.

Theorem 6.10. If C has arbitrary products and equalizers then C has arbitrary limits. In
this case we say that C is complete.

Proof. Let D be a diagram scheme and F : D — C a diagram. First we form the products
[Ipeonp F(D) and [];cpjorp F(Codom(f)) where Codom(f) is the codomain (range) of the

morphism f : D' — D" in D so in this case Codom(f) = D”. We define for each morphism
f: D" — D" two morphisms as follows

Py = TFE(DM H F(D) — F(D") = F(Codom(f))
DeObD
and

4 =F(Pmrwy: || FD) — F(D') — F(D") = F(Codom(f)).
DeObD
These two families of morphisms induce two morphisms into the corresponding product

Pq: H F(D) — H F(Codom(f))

DeObD feMor D

with 7;q = ¢ and 7p = p;. Now we show that the equalizer of these two morphisms

P

Ke(p, q) — [T 7 > J] F(Codom(f))
DeObD 1 feMor D
is the limit of the diagram F : D — C. We have pi) = qi0. The morphism p(D) := mrpy)
Ke(p,q) — [lpecorp F(D) — F(D) defines a family of morphisms for D € ObD. If f : D’
— D" is in D then the diagram

D/
Ke(p, ¢)" F(D')

p(D") F(f)
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is commutative because of F(f)p(D") = F(f)rrn¥ = qpp = mrqp = mpth = pptp =
Y = p(D”). Thus we have obtained a natural transformation p : Kkepq) — F-

Now let an object C” and a natural transformation ¢ : o — F be given. Then this defines
a unique morphism g : C' — [[pconp F (D) With mrpyg = @(D) for all D € D. Since ¢
is a natural transformation we have ¢(D") = F(f)p(D’) for each morphism f : D' — D".
Thus we obtain mspg = prg = nrng = ©(D") = F(f)e(D') = F(f)mrmng = 459 = Trqg
for all morphisms f : D’ — D" hence pg = qg. Thus g can be uniquely factorized through
the equalizer ¢ : Ke(p,q) — [[pconp F(D) in the form g = ¢h with h : C" — Ke(p, q).
Then we have p(D)h = mrpyh = Trp)g = ¢(D) for all D € D hence pK}, = .

Finally let another morphism h’' : C" — Ke(p, q) with pK; = ¢ be given. Then we have
TrmyWh = p(D)N = p(D) = p(D)h = mzpyph hence Yh' = ph = g. Because of the
uniqueness of the factorization of g through v we get h = h'. Thus (Ke(p, q), p) is the limit
of F. O

Remark 6.11. The proof of the preceding Theorem gives an explicit construction of the
limit of F as an equalizer

P

Ke(p.q) ——— [[ #(D) = II #(Codom(p))

DeObD fE€Mor D

Hence the limit can be represented as a subobject of a suitable product. Dually the colimit
can be represented as a quotient object of a suitable coproduct.

6.4. Adjoint functors and limits. Another fact is very important for us, the fact that
certain functors preserve limits resp. colimits. We say that a functor G : C — C' preserves
limits over the diagram scheme D if lim(GF) = G(lim(F)) for each diagram F : D — C.

Proposition 6.12. Covariant representable functors preserve limits. Contravariant repre-
sentable functors map colimits into limits.

Proof. We only prove the first assertion. The second assertion is dual to the first one. For a
diagram F : D — Set the set

{(ep|D € ObD,2p € F(D)M(f: D — D) €D F(f)(p) = 2}
is a limit of F by Problem 6.1 (3). Now let a diagram F : D — C be given and let
lim(F) be the limit. Furthermore let Morc(C”,-) : C — Set be a representable functor.
By the definition of the limit of F there is a unique morphism f : ¢/ — lm(F) with

7Ky = ¢ for each natural transformation ¢ : Ko — F. This defines an isomorphism
Nat(Kcr, F) = More(C', lim(F)). Hence we have

lim(Mor¢(C", F)) =

{(p(D): C" = F(D)D e D)V(f : D — D) € D: F(f)p(D) = (D)}

= Nat(K¢r, F) = More(C', lim(F)). O

Corollary 6.13. Let F : C — C' be left adjoint to G : C' — C. Then F preserves colimits
and G preserves limits.

Proof. For a diagram H : D — C we have
More (-, lim(GH)) = lim More (-, GH) = lim More: (F-, H) =
Morer (f'a h;n(H)) = MOI‘c(—, g(lin(}_{)))a

hence lim(GH) = G(lim(H)) as representing objects. The proof for the left adjoint functor

. (_
is analogous. O
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7. THE MORITA THEOREMS

Throughout this section let K be a commutative ring.

Definition 7.1. A category C is called a K-category, if More(M, N) is a K-module and
More(f, g) is a homomorphism of K-modules for all M, N, f, g € C.

A functor F : C — D between K-categories C and D is called a K-functor, if F : More(M, N)
— Morp(F (M), F(N)) for all M, N € C is a homomorphism of K-modules.

If K = Z, then K-categories are called (pre-)additive categories and K-functors are called
additive functors.

Remark 7.2. In this section 7 we always write homomorphisms at the opposite side from
where ring elements act on the modules: f: gM — rN with (rm)f = r(mf).

Let A and B be K-algebras. Let 4M be a left A-module. Then it is also a K-module by
km := (k-14)-m. Analogously a right B-module is also a K-module. We redefine the notion
of a bimodule as follows:

Definition 7.3. A K-bimodule 4Mp is an A-B-bimodule satisfying (k- 14) -m = km =
mk =m - (1p - k) i.e. the induced right and left structures of a K-module coincide.

Definition 7.4. A Morita contezt consists of a 6-tuple (A, B, 4 Pg, 5Q 4, f, g) with K-algebras
A, B, K-bimodules 4Py, pQ4 and homomorphisms of K-bimodules

f:aP®pQa — aAa, g:Q ®aPFPp — pBg,
such that:
(1) ¢f(p®q) = g(qg®p)q oder q(pq’) = (qp)q’,
(2) fl(p@q)p' =pg(q®p') oder (pq)p’ = plap’),
where we will use the following notation pg := f(p ® ¢q) and ¢p := g(q ® p).

Remark 7.5. With this convention all products are associative e.g. (pb)q = p(bq), (ga)p =
q(ap).

Lemma 7.6. Let A be a K-algebra and 4P be an A-module. Then (A, B, P,Q, f =ev,g =
db) is a Morita context with

B := HOHIA(.P, P) BQA = BHOHIA(.PB7 -AA)A
flp®aq) = (p)q ()lg(g @ p)] := (P)ap.
Proof. as in 3.18. O

Definition 7.7. A K-equivalence of K-categories C and D consists of a pair of K-functors
F:C—"D,G:D — C such that Idp = FG and Id¢ = GF.

Theorem 7.8. (Morita I)
Let (A, B, P,Q, f,g) be a Morita context. Let f and g be epimorphisms. Then the following
statements hold

(1) P is a finitely generated projective generator in A-Mod and in Mod-B.
Q is a finitely generated projective generator in Mod-A and in B-Mod.
(2) f and g are isomorphisms.
(3) @ = Homy(.P,.A) 2 Homg(P., B.)
P = Hompg(.Q,.B) = Homa(Q., A.)
as bimodules.
(4) A= Homp(.Q,.Q) = Homp(P., P.)
B = Homu(.P,.P) = Homu(Q.,Q.)
as K-algebras and as bimodules.
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(5) P®p - : B-Mod — A-Mod and QQ ®4 - : A-Mod — B-Mod are mutually inverse
K-equivalences. Symmetrically - ® 4 P : Mod-A — Mod-B and - ®p Q) : Mod-B
— Mod-A are mutually inverse K-equivalences. Furthermore the following functors
are naturally isomorphic:

P®B- = HOHIB<.Q,.—),
Q ®A - = HOHIA(.P, —),
- ®A P = HOIHA(Q ) _')7
'®BQ = HOIIIB<P,-.).
(6) We have the following isomorphisms of lattices (ordered sets):
V(aP) = V(gB), V(Pg) = V(Aa),
V(sQ) = V(44), V(Qa) = V(Bs),
V(Qa) = V(aAa) = V(sBp) = V(aPs).

(7) The following centers are isomorphic Cent(A) = Cent(B).

Proof. (1) The isomorphisms from Theorem 1.22 (5) map g € Homp-5(.Q ®4 P.,.B.) to
homomorphisms of bimodules ¢g; : P — Homp(.Q,.B) and ¢y : @ — Homp(P., B.). Fur-
thermore f induces homomorphisms of bimodules f; : P — Homu(Q., A.) and fo : @
— Homu(.P,.A).

If g is an epimorphism then there is an element ¢ @ p; € Q @4 P with ¢(>_¢; @ p;) =
1p = idp. Hence p = > pgip; = > (p)[f2(q:)]p; for each p € P. By the dual basis Lemma
3.19 4P is finitely generated and projective.

If f is an epimorphism then there is an element Y x; ® y; € P ®p Q with f>_ z; @ y;) =
1a = > (x;)[f2(ys)]. By 3.24 4P is a generator. The claims for Pg, @, and Q4 follow by
symmetry.

(2) It f(Qoa; ®@b;) = 0 then 370, @by = 3, ;00 @ bif(x; @ ;) = 3o a; ® g(bs © x;)y; =
Yaigbi®@xj) @y; = fla; ®b)xr; @ y; = 0. Hence f is injective. By symmetry we get
that ¢ is an isomorphism.

(3) The homomorphism fy : @ — Homu(.P,.A) defined as in (1) satisfies (p)[fa(q)] =
f(p®q) = pg. Let ¢ € Homu(.P,.A). Then (p)p = (p>_api)p = >_(pg:)(pi)e hence
¢ =2 ai(pi)p = > f2(ai(pi)p). Thus fo is an epimorphism. Let (p)[f2(q)] = pg = 0 for all
p € P. Then we get ¢ = 15q = >_ ¢;pig = 0. Hence f; is an isomorphism.

(4) The structure of a B-module on P induces B — Homyu(.P,.P). Let pb = 0 for all
p€P. Thenb=15-b=> gpb=0. If ¢ € Homu(.P,.P) then we have (p)p = (plp)p =
(- plaipi)e = 22(pai) (D) = >-p(ai(pi)e) and thus ¢ = 3~ ¢;(p;)p. This shows that we
have an isomorphism B — Hom4(.P,.P) of K-algebras and bimodules.

(5) AP®pQ @4 X 2 4JA®4 X = 4X is natural in X and pgQ ®4 PRpY ¥ gBRpY =
pY is natural in Y thus we get the claim. Furthermore pQ ®4 U = gHomyu(.P,.A) ®4
U = pHomy(.P,.A ®4 U) = gHomyu(.P,.U) is natural in U since the homomorphism
¢ : Homu(.P,.A) ®4 U — Homyu(.P,.A ®4 U) with (p)[e(f ® u)] := ((p)f) ® u is an
isomorphism. More generally we show:

Lemma 7.9. If 4P is finitely generated projective and 4Vp and gU are (bi-)modules then
the natural transformation (in U and V')

¢ :Homu(.P,.V)®p U — Homu(.P,.V ®@p U)
18 an isomorphism.
Proof. Let Y f; @ p; € Homy(.P,.A) ®4 P be a dual basis for P. Then
0 ' Homy(.P,.V @5 U) — Homs(.P,.V)@p U
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defined by ¢~'(g) = >7, () fivij ® uyy with (pi)g =: D, vij ® wy; is inverse to ¢ defined by
(p)[p(f®u)] = (p)f ®u. Since ¢ is a homomorphism (p)[p(fo®u)] = (p) fb@u = (p) f@bu =
(p)[p(f ® bu)] it suffices to show that ¢! is a map. Now we have (p;)o(f @ u) = (p;)f @ u
hence pto(f @ u) = S0 filp)f @u = >0 fip:))f ® u = f @ u. Furthermore we have
e~ (g) = (30 filpi)g) = 20 filpi)g = X0 fipi)g = g. O

Proof of 7.8: (continued)

(6) Under the equivalence of categories 4P is mapped to Homu(.P,.P) = gB. This implies
V(4P) = V(pB). In fact, a submodule of 4P is an isomorphism class of monomorphisms
AU — 4P, two such isomorphisms being called isomorphic, if there is a (necessarily unique)
isomorphism U = U’, such that

U

\
/

Ul
commutes. Obviously such subobjects are being preserved under an equivalence of categories.
For subobjects of 4 Pg we have furthermore that

P

U P Homu(.P,.U) B
b b and b b
U P Hom(.P,.U) B

commute. Hence 4Up € V(4 Pg) iff Homu(.P,.U) € V(5Bpg).

(7) The proof of this part will consist of two steps. We use the algebra Endgynk (Id 4- moda) of
natural endomorphisms of Id 4-y0q With the addition of morphisms and the composition of
morphisms as the operations of the algebra. Obviously this defines an algebra.

In a first step we show that the center of A is isomorphic to Endguki(Ida-noa). In a second
step we show that Endgng(Ida-mod) = Endguni (Id g-moa). This last step is almost trivial
since all terms defined by categorical means are preserved by an equivalence. Then we have
Cent(A) = Endfunkt(IdA_ Mod) = Endfunkt(IdB_ Mod) = Cent(B).

Let z € Z(A). For M = Id s-\joa(M) we have zam = azm hence z = z- € End4(M). Thus
z- defines an endomorphism of Id 4-\joq (M), for

M—=— M
f f

N——N

commutes. So we have defined a homomorphism Cent(A) — Endgumk(Ida-moa). Let ¢ €
Endgynkt (Id a-moa)- Then the diagram

¢(A)

A A

fm fm

M

(M) M
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commutes, where (a) f,, = am. Each f € Homa(.A,.M) is of this form. For M = A we have
a()[o(A)] = (@)[p(A)] = (U[fap(A)] = (Vlp(A) £ = (1[p(A)]a hence (1)[p(4)] € Z(A).
For an arbitrary M € A-Mod we then have (m)[p(M)] = (1)[fmp(M)] = (1)][p(A)fn] =
(D[e(A)]m ie. p(M) is of the form z- with z = (1)[¢(A)]. The maps defined in this way
obviously are inverses of each other: z+ z-+— z-1 =z and ¢ — (1)[p(A)] — (1)[e(A)]-.
In order to show that Endgn(Ida-moa) and Endgun(Idp-noa) are isomorphic, let ¢ €
Endgynke (Ida-moa) =: E(A). We define ¢’ € E(B) by

M ' (M)
5(M)\ \5(1\4)
ST(pM) T SeT(M) ST (pM)

where S : A-Mod — B-Mod, T : B-Mod — A-Mod are the mutually inverse equivalences
from (5), and a : Idg-noa — 7S and B : Idg-poq — ST resp. are the associated isomor-
phisms. Analogously we associate with each ¢ € F(B) an element ¢’ € E(A) by

N V'(N) - AN
a(N) a(N)
T'S(aN) WTS(AN)

The compositions of ¥ +— 1" and ¢ — ¢ in each direction define isomorphisms, hence each
single map is an isomorphism. One of the two compositions is contained in the following
diagram.

N ¢"(N) SN
a(N) a(N)
rs(N) —LESW) gy
TBS(N) TBS(N)
7(s7)S(N) — 3PS pesrs o
TSa(N) | | T'Sa(N)
TS(N) TSeN) | rgiwy
a() a(v)
N p(N) N
Thus the map @ — " is an inner automorphism of E(A), hence it is bijective. O

Theorem 7.10. (Morita II)

Let S : A-Mod — B-Mod and T : B-Mod — A-Mod be mutually inverse K-equivalences.
Let 4Pp :=T(B) and pQa := S(A). Then there are isomorphisms f : AP @5 Qa4 — aAa
and g : pQ ®4 Pp — pBp, such that (A, B, P,Q, f,g) is a Morita context.

Furthermore the following hold S = Q ®4 - and T = P ®p -.
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Theorem 7.11. (Morita III)

Let P € A-Mod be a finitely generated projective generator (= progenerator). Then the
Morita context (A,Homu(.P,.P),P,Q, f = ev,g = db) is strict, i.e. f and g are epimor-
phisms.

Proof. Since 4P is finitely generated projective, g = db is an isomorphism (3.19). Since 4P
is a generator, f = ev is an epimorphism (3.24). O

Proof of 7.10: 1. Given S, T. Then S : Homy(.M,.N) > f — S(f) € Homp(.SM,.SN) is
an isomorphism. Let v : T'S = Id g~ vioq. Then

Hom(a 1«

Hom (.M, .N) % Homp(.SM, .SN) % Homu(.T'SM, . TSN) )Homm, (.M, .N)
is the identity, since Hom(a™, a)T'S(f) = a o T'Sf o a™ = f. This holds since

TDf
TSM ~——* TSN

M

7 N

commutes. So S is a monomorphism and Hom(a™',a) o T is an epimorphism. Since
Hom(a™!,a) is an isomorphism, T is an epimorphism where 7' : Hompg(.SM,.SN) —
Homu (. TSM,. TSN). By symmetry T is a monomorphism. Hence T is an isomorphism

in the above map. Thus S is an isomorphism.

2. Homp(.SM,.N) R Homy (. TSM,.T'N) Hom{e” id) Homy(.M,.T'N) is a natural isomor-

phism. It is clear that this is an isomorphism. Since T' is a functor, the first map is a
natural transformation. The second map is a natural transformation, since « is a natural
transformation. In particular, S is left adjoint to 7T'.

3. S(@ierM;) = DierS(M;), since S is a left adjoint functor and thus preserves direct
coproducts.

4. If f € B-Mod is an epimorphism, then T'f € A-Mod is an epimorphism, too. In fact, let
f M — N be an epimorphism. Let g, h € A-Mod be given with goTf = hoT f. Then we
have a commutative diagram

T S
st 2L sy =22 g
Sh
B B
M / N

with Sgo ST f = Sho STf. Since f is an epimorphism this implies Sg = Sh, hence g = h.
5. If P € A-Mod is projective, then SP € B-Mod is projective. In fact given an epimorphism
f: M — N in B-Mod and a homomorphism g : SP — N. Then Tf : TM — TN
is an epimorphism and Tg : TSP — TN is in A-Mod. Since o : TSP = P, there is
an h : P — TM with Tfoh = Tgoator Tfohoa = Tg. We apply S and get
STfoS(hoa)= STg, where S(ho«a) € Homg(.STSP,.STM). Since 3 : STM = M, we
have an isomorphism Hom(3~!, 8) : Hompg(.STSP,.STM) — Hompg(.SP,.M) with inverse
Hom(3, 571). For k: SP — M with k = B0S(hoa)o 3! we then have o ST (k) = ko3 =
BoShhoa)oB o =p0S(hoa), hence ST(k) = S(hoa) and T(k) = hoa. So we get
STfoSTk =STg=ST(f ok) and thus g = f o k. So SP is projective.
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6. SAis finitely generated as a B-module: Since SA is projective, we have SAGX = €, , B.
By (3) applied to T' we get AGTX = TSASTX =@, ., T'B. Since A is finitely generated,
the image of A in ,.; T'B is already a direct summand in a finite direct subsum €, T'B,
so AQY = @,z TB. Hence SA® SY = @, .5 5TB = @, B and thus SA is finitely
generated.

7. If G € A-Mod is a generator then SG € B-Mod is also a generator. In fact let (f : M
— N) # 0 in B-Mod. Then T'f # 0, hence there is a g : G — TM with Tf o g # 0.
Consequently ST foSg#0and fo(awoSg)=aoSTfoSg#D0.

8. This shows that S(A) is a finitely generated projective generator.

(Remark: An equivalence S always maps finitely generated modules to finitely generated
modules. We will give the proof further down in Proposition 7.12.)

9. A= Homp(.SA,.SA) as algebras, since A= Homu(.A,.A) ER Homp(.SA,.SA).

10. TB = Homp(.SA, .B), since Homp(.SA, .B) i Homu(.T'SA,. TB) = Homa(.A, . TB)
THB.
11. (B,A,SA,TB, f,g) defines a strict Morita context by Morita III.

I

12. The functor S is isomorphic to SA ®4 —. Infact we have Homp(.SA ®4 M,.N) =
Homa(.M,.Homp(.SA,.N))

= HOIHA(.M, .HOIIlA(.A, TN))

= Homy (.M, . TN)

=~ Homp(.SM,.N).
The representing object gSM = gSA ® 4 M depends functorially on M by 5.5. U

Proposition 7.12. oM is finitely generated iff in each set of submodules {A;|i € I} with
Ai © M and ), ., Ai = M there is a finite subset {A;|i € Iy} (Iy € I finite) such that
ZiEIo Al = :

Proof. Let M = Amy + ... + Am,,. Each m; is contained in a finite sum of the A;, hence

all of the m; and hence the module M itself. Conversely consider {Am|m € M}. Then
M = > Am, hence M is a sum of finitely many of the Am and thus is finitely generated. [J

Corollary 7.13. Under an equivalence of categories T : A-Mod — B-Mod finitely generated
modules are mapped into finitely generated modules.

Proof. The lattice of submodules V(M) is isomorphic to the lattice of submodules V(T'M).
U

Problem 7.1. Let A-Mod be equivalent to B-Mod. Show that Mod-A and Mod-B are also

equivalent.
Problem 7.2. Show that an equivalence of arbitrary categories preserves monomorphisms.

Problem 7.3. Show that an equivalence of module categories preserves projective modules,
but not free modules.
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8. SIMPLE AND SEMISIMPLE RINGS AND MODULES
8.1. Simple and Semisimple rings.

Definition 8.1. An ideal gl C rR is called nilpotent, if there is n > 1 such that I™ = 0.

A module g M is called Artinian (Emil Artin, 1898-1962), if each non empty set of submodules
of M contains a minimal element.

A module g M is called Noetherian (Emmy Noether, 1882-1935), if each non empty set of
submodules of M contains a maximal element.

A ring R is called simple, if gR as a module is Artinian and if R does not have non trivial
(# 0, R) two sided ideals.

A ring R is called semisimple, if gR is Artinian and if R does not have non trivial (# 0)
nilpotent left ideals.

Lemma 8.2. Each simple ring is semisimple.

Proof. C' := Y (I|rI C gR nilpotent) is a two sided ideal. In fact take a € I and r € R.
Then
(riar)(rqar) . .. (rpar) = (r1a)(rrea) ... (rrpa)r € I"R = 0.

Hence we have (Rar)"” =0 = Rar C C, so ar € C and C is a two sided ideal. Thus C' =0
or C' = R. If ' = 0 then there are no non trivial nilpotent ideals. If C' = R then there
are ideals and elements a; € I; such that 1 = ay + ... 4+ a,,. The ideal Iy + I5 is nilpotent
since (ay + by)(az + b2) ... (ag, + bay,) consists of monomials either in I - R or in I} - R. But
It =0= I} = (I + I3)* = 0. Hence 1 is nilpotent. Contradiction. O

Definition 8.3. A module gz M is called simple iff M # 0 and M has only the modules 0
and M as submodules. An ideal rI is called simple or minimal, if it is simple as a module.

Lemma 8.4. Let R be semuisimple. Then each left ideal of R is a direct summand of R.

Proof. Let I be an ideal in R, that is not a direct summand, and let I be minimal with
respect to this property. Such an ideal exists, since R Artinian.

Case 1: Let I C R be an ideal that is not minimal (simple), i.e. there is an ideal J C I with
0 # J # I. Then J is a direct summand of R, i.e. there is a homomorphism f : R — J
with (J — I — R -5 J) =id,. This implies I = J & K for K := Ke(I — R % J). Since
K # 1, thereisalsoa g: R — K with (K - I — R-% K) =idg. Themap f+g—gf : 1
— R — I satisfies (f +9—9f)(j) = f(j) +9(j) —9f(5) =j+9() —g(j) =jforall j € J
and (f+g—gf)(k)= f(k)+g(k)—gf(k) =0+k—0=Fkforall k € K, hence (f+g—gf:1I
— R — I) =1id;. Thus [ is a direct summand of R. Contradiction.

Case 2: Let I be a minimal or simple ideal. Since I is not nilpotent and 0 # I? C I holds,
we get 12 = I. In particular there exists an a € I with Ia = I, since Ia is also an ideal. Thus
-a : I — T is an epimorphism and even an isomorphism, for Ke(-a) must be zero as an ideal
(see Lemma of Schur 8.5.) So thereisane € I, e # 0 with ea = a. = (e*—¢)a = eea—ea =
a—a=0=e>—e=0€l=¢e*>=c€l. FromI = Re we get R = Re® R(1 — e), since
R=Re+ R(l1—¢)andre=s(1—¢) € ReNR(1 —¢e) =>re=re*=5(1 —e)e =0. Thus [
is a direct summand of R. Contradiction. O

Lemma 8.5. (Schur) Let gM, g N be simple modules. Then the following hold:
(1) If M 22 N, then Hompg(.M,.N) = 0.
(2) Homg(.M,.M) is a skew-field (= division algebra = non commutative field).

Proof. Let f : M — N be a homomorphism with f # 0. Then Im(f) = N, since N is
simple and Ke(f) = 0, since M is simple, hence f is an isomorphism. This implies (1).
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Furthermore we have (2), since each endomorphism f : M — M with f # 0 is invertible
under the multiplication of Hompg(.M, .M). Observe that a skew-field is a ring, whose non
zero elements form a group under the multiplication. U

Remark 8.6. Let g M be simple. Then Endg(.M) = D is a skew-field. Hence the R-module
structure of M can be characterized by R — Endp(M.) = M,,(D).

Theorem 8.7. (Artin-Wedderburn) The following are equivalent:

(1) R is simple.

(2) R possesses a simple ideal that is an R-progenerator.

(3) R = M,(D) is a full matriz ring over a skew-field D. (n is unique, D is unique up
to isomorphism.)

(4) R=L®...® I, with isomorphic simple left ideals I, ..., I,.

Proof. (1) = (2): Since R is Artinian there is a simple ideal 0 # I C R. Let J := > _{I'|I
ideal in R and I’ = I'}. Then J is a two sided ideal, since I’ - r # 0 = -r : ' — R with
Ke(-r) = 0, hence -r is injective and the image I’ - r is isomorphic to I’ resp. I, hence is in
J. Since R is simple we have R = J = ) I;. Since 1 € I + ...+ I,,, there is an epimorphism
L &...® 1, — R (exterior direct sum), that splits since R is projective. Hence R is a
direct summand of I; @ ... ® I, up to isomorphism, and thus [ is a generator. Furthermore
I is a direct summand of R by 8.4, hence it is finitely generated projective, thus I is an
R-progenerator.

(2) = (3): By the Lemma of Schur Endg(.]) =: D is a skew-field. gIp generates an
equivalence of categories. Hence R = Endp([.) = M, (D).

(3) = (4): R= M,(D) = R = Endp(V.) with an n-dimensional D-vector space V. Vp
is a progenerator. Hence we have V(gR) = V(pV*). Since V* = D& ... @& D, we have
Rjol@@InWIthflgg ngRV®DD%JRV.

(4) = (2): I, is obviously an R-progenerator.

(2) = (1): R-Mod = D-Mod with D = Endg(/). Hence V(gR) = V(p Homp(I., pD.)) is
Artinian, and we have V(grRg) = V(pDp) = {0, D}. Thus R is simple. O

Corollary 8.8. Let R be a simple ring and let gM # 0 be finitely generated. Then the
following hold

(1) rM is an R-progenerator.

(2) S :=Endg(.M) is a simple ring.
(3) Cent(R) = Cent(Endg(.M)).
(4) R= Ends(M.).

Proof. (1) The claim follows from the fact that R-Mod = D-Mod and since each finitely
generated D-module is a progenerator.

(2) S-Mod = R-Mod = D-Mod implies that V(sS) = V(pP) is Artinian. Furthermore
V(sSs) =2 V(pDp), hence S is a simple ring.

(3)+(4) follow from the Morita theorems. O

8.2. Injective Modules.

Definition and Remark 8.9. An R-module rJ is called injective, if for each monomor-
phism f: M — N and for each homomorphism g : M — J there exists a homomorphism
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h:N — Jwith hf =g

M N

J

Vector spaces are injective. zZ is not injective. The injective Z-modules are exactly the
divisible Abelian groups. 7zQ is injective.

Theorem 8.10. (The Baer criterion): The following are equivalent for Q € R-Mod:

(1) @Q is ingective.
(2) VRI CgrR, Vg: 1 — Q 3h: R — Q with ht =g

(3) Each monomorphism f : Q Lom splits, i.e. there is an epimorphism g : M — @
with gf = 1g.

Proof. (1) = (2): follows immediately from the definition.
(1) = (3): The diagram

Q L u
1Q g
Q
defines the required g.
(3) = (1): In the diagram
M / N
Y (8
¥
Q P
P

assume that f is a monomorphism and P := N @ Q/{(f(m), —g(m))|m € M} with ¢ resp.
¢ are canonical maps to the left resp. the right components: ¢(q) := (0,q), ¥ (n) := (n,0).

Since ¢ f(m) = (f(m),0) = (0,9(m)) = @g(m) we have ¢f = pg. Let (q) = (0,q) = 0.
Then there exists an m € M with f(m) =0 and g(m) = ¢. Since f is an injective map, we
have m = 0 and thus ¢ injective. By (3) there is a p with pp = 1g. Then pyf = ppg = g,
and thus @ is injective.

(2) = (1): Given a monomorphism f : M — N and a homomorphism g : N — Q.
Consider the set S := {(N;, ¢:)}, where N; C N is a submodule with Im(f) C N; and ¢; : N;
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— () is a homomorphism such that

M / ~ IV, - N
g Pi

Q

commutes. We have S # 0, since (Im(f),gf ') € S. Furthermore § is ordered by (N, ;) <
(Nj, ) if N; € N; and ¢j|y, = ¢;. Let {(N;, ¢;)|i € J} be a chain in S. Then UN; C N
is a submodule. @ : UN; — @ with ¢¥(n;) = ¢i(n;) is a well defined homomorphism and
(UN;,v) € S. Furthermore we have (N, ;) < (UN;,¢) for all j € J. By Zorn’s Lemma
there exists a maximal element (N’ ¢’) in S. We show that N = N, for then the continuation
of g to N exists. Let z € N\ N'. Then N’ G N’ + Rx. Let I := {r € R|rz € N'}. Then I
is an ideal and we have a commutative diagram

with p(r) := r - x. Then we have p(I) C N’. Thus by (2) there is a homomorphism o : R
— @Q with o0 = ¢/ o (-z). We define 7 : N'+ Rx — Q by 7(n’ +rx) := ¢'(n') +o(r). This is
a well defined map, for if n’ +rz = n} +rx then (r —r)xr =n) —n’ € N hence r —ry € 1.
Thus o(r —r1) = ¢'((r —r)z) = ¢'(n] —n') and ¢'(n') + o(r) = ¢'(n}) + o(r1). It is easy
to see that 7 is also a homomorphism. Since 7|y = ¢’ holds we have (N’ + Rz, 7) € S and
(N',¢") < (N'+ Rx,7) a contradiction to the maximality of (N, ¢’). Thus N’ = N. O

Corollary 8.11. If R is a semisimple ring then each R-module is projective and injective.

Proof. Let ) be an R-module. By 8.4 each ideal is a direct summand of R. The following
diagram together with the Baer criterion shows that @ is injective:

I R

Q.
Let f : N — P be surjective. Since Ke(f) C N is a submodule and injective there is a
g: N — Ke(f) with g(n) = n for all n € Ke(f). We define k : P — N by k(p) =n — g(n)
for n € N with f(n) = p. If also f(n’') = p then f(n —n') = 0 hence n —n' € Ke(f) and
g(n—n') =n—n'. Thisimplies n—g(n) = n’—g(n’). So k is a well defined map. Furthermore
fk(p) = f(n—g(n)) = f(n) — fg(n) = p—0, hence fk = 1p. In order to show that k is a
homomorphism let f(n) =p, f(n') = p'. Then we get f(rn +r'n') = rp+ r'p’. This implies
k(rp+7'p)=rn+1r'n" —glrn+1'n') =r(n—g(n)) +r'(n’ — g(n')) = rk(p) + r'k(p’). Thus
P is projective. 0
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Lemma 8.12. Let 0 — M L5 N % P — 0 be a short exact sequence. M and P are
Artinian if and only if N is Artinian. In particular if M and N are Artinian then M & N
is Artinian.

Proof. Let N be Artinian. This implies immediately that M is Artinian. If {L;} is a set of
submodules of P then {g7'(L;)} is a set of submodules of N. Let g~'(Ly) be minimal in
this set. Since gg~!(L;) = L; we have that Ly is minimal in {L;}.

Let M and P be Artinian. Let {L;} be a set of submodules of N. Let Ly be chosen such
that g(Lo) is minimal in the set {g(L;)}. Let L be chosen such that f~'(L) is minimal in
the set {f~'(L;)|L; € {L;} and g(L;) = g(Lo)}. We show that L is minimal in {L;}. Let
L' € {L;} with L O L. Then ¢(Lo) = g(L) 2 g(L'), hence g(L') = g(Ly). Furthermore we
have f~*(L) 2 f~*(L'), hence L = L. O

8.3. Simple and Semisimple Modules.

Lemma 8.13. Let Ry, ..., R, be semisimple rings. Then Ry X ...x R, is a semisimple ring.

Proof. (Only for the case Ry X Ry) By Lemma 8.12 Ry X Ry is Artinian. Let I C R be
nilpotent. From I™ = 0 we get for each a € I the equation (Ra)” = 0. From a = (a1, as)
follows 0 = (Ra)" = (Ria1, Ryas)™. Hence Rja; = 0 and Ryas = 0, i.e. Ra = 0 and thus
1 =0. 0

Lemma 8.14. Each proper submodule N of a finitely generated module M is contained in
a maximal submodule of M. In particular M possesses a simple quotient module.

Proof. Let N ; M be a proper submodule of M. Let M be the set of submodules U with
NCU ; M. M is ordered by inclusion. Let (U;) be a chain in M and U’ := UU;. Then U’
is again a submodule and N € U’. If U’ = M then all generating elements my, ..., m; are
in U’, hence there is a module U; with mq,...,m; € U;. Thus U; = M. This is impossible.
So U" # M and thus in M. Furthermore U’ is an upper bound of (U;). By Zorn’s Lemma
there is a maximal submodule of M (in M), that contains V. O

Lemma 8.15. (1) If X C zQ is a set of generating elements of Q over Z and v € X
then X \ {z} is also a set of generating elements of Q.
(2) zQ possesses no maximal submodules.

Proof. (1) Let B = (X\{x}). Then Q = Zz+B. Thereis ay € Q with 2y = z. We represent
yasy =nx+bwithn € Z, b € B. This implies z = 2y = 2nz+2b and thus (1—2n)x = 2b €
B. Furthermore there is a z € Q with (1—2n)z = z, since obviously 1—2n # 0. We represent
zas z = ma+b. Thisimplies z = (1-2n)z = (1-2n)mx+(1—-2n)d = 2mb+(1—-2n)b’ € B.
Thus B = Q and we can omit x from the set of generating elements.

(2) Let N C Q be a maximal submodule and z € Q\ N. Then NU{z} is a set of generating
elements of Q, hence also N. Contradiction. 0

Lemma 8.16. Let g M be a module in which each submodule is a direct summand. Then
each submodule 0 # N C M contains a simple submodule. Furthermore M is a sum of
simple submodules.

Proof. Let x € N, x # 0. It suffices to show that Rz has a simple submodule. Since Rx is
finitely generated Rz possesses a maximal submodule L. Since L is a direct summand of M,
there is f: M — L with (L — Rx — M N L) =1y, hence L& I = Rz, where I = Ke(Rx
— M — L).1f0# J G Ithen L G L+ J S Rrin contradiction to L maximal in Rz.
Hence I is simple with I/ C Rx C N.
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Let N := > I; be the sum of all simple submodules of M. Then M = N@ K. If K # 0
then K contains a simple submodule I and we have I C NN K. Contradiction. Thus K =0
and M =) I;. O

Lemma 8.17. Let g M be a sum of simple submodules: M = Zjex Ij. Let N C M bea
submodule. Then there is a set Y C X with M = N @ @]EY I; and a set Z C X with
N = @jez I;. In particular each submodule N of M is a direct sum of simple submodules.

Proof. Let § = {Z C XIN + (3 ez 1j) = N & (B;cz1j)}- The set S is ordered by
inclusion and not empty since ) € S. Let (Z;) be a chain in S. Then 7' := UZ; € S. In
order to show this let n + > jez @i = 0. Then at most finitely many a; € I; are different
from 0. Hence there is a Z; in the chain with j € Z; for all a; # 0 in the sum. From
N+ ez 1)) = N&(Djey, Ij) we get n =0 = qa; for all j € Z'. By Zorn’s Lemma there is
a maximal element Z” € §, and we have P := N + (3_,c,n I;) = N & (e Ij)- Let Iy be
simple with k € X\ Z". If P+ 1, = P& Iy, then N+ (370 Ij) + I = N& (D ;) ® Ir
in contradiction to the maximality of Z”. Hence 0 £ PN Iy C Iy, or I}, C P. This implies
P=N+3cxIj=M.

Now we apply the first claim to B,y I; and obtain N & (D;oy Ij) = M = (Dey Ij) &
(D,ez I;)- This implies N = M/(D oy Ij) = Djez 1j- O

Theorem 8.18. (Structure Theorem for Semisimple Modules): For rM the following are
equivalent

(1) Each submodule of M is a sum of simple submodules.
(2) M is a sum of simple submodules.

(3) M is a direct sum of simple submodules.

(4) Each submodule of M is a direct summand.

Proof. (1) = (2): trivial.
(2) = (3): Lemma 8.17.
(3) = (1): Lemma 8.17.
(2) = (4): Lemma 8.17.
(4) = (2): Lemma 8.16. O

Definition 8.19. A module zp M is called semisimple, if it satisfies one of the equivalent
conditions of Theorem 8.18.

Corollary 8.20. (1) Each submodule of a semisimple module is semisimple.
(2) Each quotient (residue class) module of a semisimple module is semisimple.
(3) Each sum of semisimple modules is semisimple.

Proof. (1) trivial.

(2) Let N C M. Then M = N & M/N, in particular M /N is isomorphic to a submodule of
M.

(3) trivial. O

Remark 8.21. With the notion of a semisimple module we have obtained a particularly
suitable generalization of the notion of a vector space. Important theorems of linear algebra
have been generalized in Theorem 8.18. The simple modules over a field are exactly the one
dimensional vector spaces. Condition (2) of Theorem 8.18 is trivially satisfied since each
vector space is the sum of simple (one dimensional) vector spaces, one simply has to form
V= Zvev\{o} KvorV =3 . Kv for an arbitrary set of generating elements £ of V. Thus

each vector space V' is semisimple. So condition (3) holds. It says that each set of generating
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elements E contains a basis. (4) is the important statement that each subspace of a vector
space has a direct complement. Lemma 8.17 also contains claims about the dimension of
vector spaces, subspaces and quotient spaces.

Theorem 8.22. (Wedderburn) The following are equivalent for R:

(1) rR is semisimple (as a ring).

) Each R-module is projective.

) Each R-module is injective.

) Each R-module is semisimple.

) rR is semisimple (as an R-module).

) R is a direct sum of simple left ideals.

) RY Ry X ...x R, with simple rings R; (i =1,...,n).

) R B, ®...® B, where the B; are minimal two sided ideals and rR is Artinian.
) Rg is semisimple (as a ring).

AN AN AN AN N N TN
© 00 ~J O O =~ W N

= (3): Corollary 8.11.

): Theorem 8.18 (4) and Theorem 8.10 (3).

): Specialization.

): Theorem 8.18 (3).

): Theorem 8.18 (4) and 8.11.

): Theorem 8.18 (4) and 8.11.

4): Let N C M be a submodule. Then M/N is projective, so there is f : M/N

— M with (M/N — M — M/N) =id or (M — M/N — M) = p with p* = p. Hence
= Ke(p) @& Im(p) and Ke(p) = N.

6) = 8): Let R=I111®..®[;, DI D.. &L, ®... D1, D...D I, bea direct sum of

simple ideals, finitely many, since R is finitely generated, and let I;; = I, for all 7, j, k and

[il A7—£ [jl for i #] Let Bk = @;kzl ij-

Let I C R be simple. Let py : R — Bj be the projection onto B, w.r.t. R=B1®...3 B,.

Then there is at least one k with py(I) # 0. Then I = py(I) = J C By, is a simple ideal.

Because of 8.17 we get I @ (@J Coii i) = B = [ @ ... L1y @ (@J " i1 1kj) using a

suitable numbering. Hence J = [} & ... ® I}, and thus r =1 and I = J = [;;. So there is

a unique k with p(I) # 0. In particular we have I C By. If f: gR — rR with f(I) #0

is given, then f(/) = I is simple and f(I) C By for one k. So f(By) C By holds for all

f € Homg(.R,.R) = R, and B is a two sided ideal.

Observe that B;B; C B;NB; =0. Forl€ R=B,®...®& B, let 1 =¢; +... +¢, with

e; € B;. Forb e B; wegeteb=(e1+...+e,)0+...+b+...4+0) =b=be;. Thus

B; can be considered as ring with unit e;. (B; is not a subring of R but a quotient ring of

R.) Since B;B; = 0 we have that L C B; is a (one sided resp. two sided) B;-ideal of B; iff

L is an R-ideal. Since B; = I; & ... ® I, is a direct sum of simple R-ideals resp. B;-ideals

and since [; = I, holds, B; is a simple ring by Theorem 8.7. In particular B; has no two

sided nontrivial ideals, i.e. the two sided ideals B; C R are minimal. 8.12 implies that R is

Artinian.

(8) = (7): Since B;B; C B; N B; = 0 the B; are simple rings as above, hence R =

Ry x ... X R, with R; = B;, because addition and multiplication are performed in the B;

(componentwise).

(7) = (1): Lemma 8.12.

(7) = (9): In order to have condition (7) symmetric in the sides, it suffices to show that

a simple ring R is right Artinian. But R = M, (D) = Homp(V*.,V.*) is left and right

Artinian. 0

i
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8.4. Noetherian Modules.

Definition 8.23. A module pM is called Noetherian (Emmy Noether 1882-1935), if each
nonempty set of submodules of M has a maximal element.

Theorem 8.24. For grM the following are equivalent:

(1) M is Noetherian.

(2) Each ascending chain M; C M;.1,i € N of submodules of M becomes stationary, i.e.
there is an n € N with M,, = M, for all 1 € N.

(3) Each submodule of M is finitely generated.

Proof. (2) = (1): Let M be a nonempty set of submodules without a maximal element.
Using the axiom of choice we choose for each N € M an N' € M with N G N'. For N ¢ M
we then have an ascending chain M; = N, M, = M/ with

MiSM, G M S My S ...

This is impossible by (2).

(1) = (3): Let M' C M. Then {N|N C M’', N finitely generated} # ) has a maximal
element N'. If N’ # M’, then there is an m € M'\ N’. So N’ + Rm C M’ is finitely
generated and N’ & N’ 4 Rm in contradiction to the maximality of N'. Hence N' = M, i.e.
M’ is finitely generated.

(3) = (2): Let M; C My C ... C M, C ... C M be an ascending chain of submodules of
M. Let N := UieN M;. N is a finitely generated submodule of M, i.e. N = Ra;+ ...+ Ra,.
Then there is an M, with aq,...,a, € M,. This implies M, = N = M,; for all i € N, i.e.
the chain becomes stationary. 0

Lemma 8.25. Let 0 — M 25 N % P — 0 be a short exact sequence. M and P are
Noetherian iff N is Noetherian. In particular if M and N are Noetherian then so is M & N.

Proof. Let N be Noetherian. Then it is clear that M Noetherian. If {L;} is a set of
submodules of P then {g7!(L;)} is a set of submodules of N. Let g~!(Ly) be maximal in
this set. With gg~'(L;) = L; we get that Ly is maximal in {L;}.

Let M and P be Noetherian. Let {L;} be a set of submodules of N. Let Ly be chosen such
that g(Lg) is maximal in the set {g(L;)}. Let L be chosen such that f~(L) is maximal in
the set {f~'(L;)|L; € {L;} and g(L;) = g(Lo)}. We show that L is maximal in {L;}. Let
L' e {L;} with L C L'. Then g(Ly) = g(L) C g(L') hence g(L') = g(Ly). Furthermore we
have f~*(L) C f~'(L') hence L = L'. O

Corollary 8.26. g R is Noetherian as a left R-module iff all finitely generated left R-modules
are Noetherian.

Proof. <=: trivial.
= If M is finitely generated then there is a short exact sequence 0 — K — R& ... & R
— M — 0. Since R is Noetherian R&...® R Noetherian, too, so that M is Noetherian. [

Theorem 8.27. (Hilbert Basis Theorem) If R is left Noetherian then R[z| is left Noetherian.

Proof. Let J C R[z] be an ideal. We have to show that J finitely generated. Let .J, := {r €
R|3p(z) € J with highest coefficient r}. (The highest coefficient of the zero polynomial is 0
by definition.) Jy C R is an ideal, hence Jy = (ry,...,7,). For the r; choose p;(x) € J with
highest coefficients r;. Let m > deg(p;(z)) for ¢ = 1,...,n. Let g € J with deg(g) > m.
Then g = sa' + 37, sia’. Since s € Jy we have s = Y% A\jr;. This implies g, :=
9= \jpj(z)xt=desi@) ¢ J and deg(g;) < t — 1. By induction we have g = gy + 7
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with go € D77 R[z]p;(z) and deg(g) < m. This impliesg € JN(R+ Rz + ...+ Ra™ ') C
R+ Rz + ...+ Rz™'. Both R-modules are finitely generated hence § = S°F_, p;¢;(X) with

(i(z),...,q(x)) = JN(R+ Rx + ...+ Re™ ). Thus {pi(2),...,pu(x), q1(2),...,q(x)}
form a set of generating elements of J. OJ

Corollary 8.28. Let R be a commutative Noetherian ring and let S be a commutative R-
algebra. Let S be finitely generated as an R-algebra (i.e. there are sy,...,s, € S such that
for all s € S there are representations s =Y 1y, ;. St ...sn). Then S is Noetherian.

----- in

Proof. 1. By induction we have R[z1,...,z,] Noetherian.
2. There is an epimorphism R[x1,...,z,] — S. Thus S is a Noetherian R[z1, ..., x,]-module
hence it is also a Noetherian S-module. 0

Proposition 8.29. Let R be commutative or M be Noetherian. Let M be finitely gener-
ated. Let f : N — M be an epimorphism where N C M is a submodule. Then f is an
1somorphism.

Proof. 1. Let M be Noetherian. We construct an ascending chain Ky C K; C Ky C ...
by K() = Ke(f) = f_1(0)7 Kz = f_l(Ki_l). We have K() = f_l(O) Q f_l(Ko) = Kl. If
K;_» C K;_; then we have K; | = [~} K;_2) C f(K,;_1) = K;. Since M is Noetherian the
chain becomes stationary K,, = K11 = .... Let 2y € Ky. We want to show xq = 0. There
is 1 € Ky with f(z1) = xo, since f is an epimorphism. Similarly there are g, x1,zo,. ..
with f(z;) = ;1 and f""(z,1) = f"(x,) = ... = f(x1) = mo. Since the chain becomes
stationary we get x,,1 € K,,, which implies f(x,41) € K,,_1 and thus f™(z,41) € Ky. Hence
zo = f""(x,41) = 0. This proves that f is a monomorphism.

2. Let R commutative. Let M = Ry, + ...+ Ry,. Let x; € N; with f(z;) = y;. Let 9 € N
with f(xp) = 0. Then there are coefficients r;; € R with x; = 37 | ryy;,4 = 0,...,n. We
consider R’ := Z[r;;] C R, the subring of R generated by the r;;. Since Z is Noetherian
and R’ is finitely generated as a Z-algebra R’ is Noetherian. Let M’ := """ | R'y; C M and
N = Z?:o R'z; € N. Then N' C M’ is an R’-submodule, M’ as an R’-module is finitely
generated, hence Noetherian, and the f(x;) = y;, f(x9) = 0 generate a homomorphism of
R’-modules f": N' — M'. Since f’ is surjective f’ is injective and thus zy = 0 so that f is
injective. 0

Problem 8.1. Where does the commutativity of R enter the second part of the proof of
Proposition 8.297

Corollary 8.30. Let R be commutative or gM be Noetherian. Let M = Ry, + ...+ Rypn,.
Let N C M be a free submodule with the free generating elements x1,...,x,. Then n < m.
If n=m then M 1is free over yyi, ..., Ym.

Proof. Since N is free there is a homomorphism f : N — M with f(z;) = y; for i =
1,...,min(m,n) and f(z;) = 0 else. If n > m then f is surjective, hence bijective. Thus
we have n < m. If n = m then f is bijective and M free with the generating elements

Yly e v vy Yn- ]

Corollary 8.31. Let R be commutative or Noetherian. Let M be free over z,...,x, and
free over yy, ..., Ym. Then we have m = n.

Proof. If R is Noetherian then M is also Noetherian. Thus the claim follows from 8.30. [J

Definition 8.32. Let R be commutative or Noetherian. The rank of a finitely generated
free module g M is the number of free generating elements uniquely determined by 8.31.
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Example 8.33. The endomorphism ring of a countably infinite dimensional vector space is
neither left nor right Noetherian.

Proof. From ap + bg = 1,pa = 1,qb = 1,pb = 0,qa = 0 we get (as in the exercise 1.4)
rR = rRp ® rRq free and Rr = aRr ® bRy free. O

Definition 8.34. An element r € R in a ring R is called a left unit (right unit), if rR = R
(Rr = R). r € Ris called a unit, if Rr = R = rR.

Lemma 8.35. Ifr € R is a unit, then there is a unique s € R with sr = 1. Furthermore
we have rs =1 and s is a unit.

Proof. Let sr = s'r = 1 and let ¢ = 1. Then s = sl = srt = 1t = ¢ and analogously
s =t. O

Corollary 8.36. In each left Noetherian ring R each right unit x € R (i.e. Rx = R) is also
a left unit and conversely.

Proof. Let Rx = R. Then -x : R — R is an epimorphism, hence an isomorphism. So there
is an inverse isomorphism ¢ : R — R with ¢ € Homg(.R,.R) = R, hence g = -y. This
implies 1 -z -y=1and1-y-2=1,ie 27! =y and z is a unit. If zR = R then there is a
y € R with xy = 1. So y is a right unit hence y is a unit. By 8.36 z is the unique inverse of
Y, hence z is a unit. 0
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9. RADICAL AND SOCLE

Definition 9.1. (1) N C M is called large (essential) iff
VUCM:NNU=0=U=0.
(2) N C M is called small (superfluous) iff
VUCM:N+U=M=U=M.
Lemma 9.2. Let N C M C P, U C P be submodules. Then the modular law holds:
N+{UNM)=(N+U)nM.

Proof. C: Fromn+u € N+ U withn € N andu e UNM C M it follows that n +u € M
and hence n +u € (N +U)N M.

O: Fromn+u=m € (N+U)N M it follows that u = m —n € M N U and hence
n+ue N+ {UNM). O

Lemma 9.3. (1) Let N T N' C M' C M be submodules and let N be large in M. Then
N' is large in M'.
(2) Let N C N’ C M' C M be submodules and let N' be small in M'. Then N is small
in M.
(3) Let N,N' C M be large submodules in M. Then N N N’ is large in M.
(4) Let N,N'" C M be small submodules in M. Then N + N’ is small in M.

Proof. (1) Let U C M’ with N'NU = 0. Then NN U =0 hence U = 0.

(2) Let U € M with N+U = M, then N'+U = M. From N'+(UNM') = (N'+U)NM' =
MnOM = M weget UN M = M’ and thus M’ C U which implies N C U. Now from
N+U=M weget U=M.

(3) Let (NN N')NU =0. Then NN (N'NU) =0 hence N'NU = 0 and thus U = 0.

(4) Let (N+N')+U = M. Then N+ (N'+U) = M hence N'+U = M and thus U = M. O

Lemma 9.4. Let N,U C M be submodules.

(1) If N is mazimal w.r.t. the condition N NU = 0 then N +U C M is a large
submodule.

(2) If N is minimal w.r.t. the condition N + U = M then NNU C M is a small
submodule.

(3) There is a submodule N that is maximal w.r.t. NNU = 0.

Proof. (1) Let V.C M with (N +U)NV = 0 be given. We have NN U = 0. Let
n+v=ué€ (N+V)NnU. Thisimpliesv =u—n € (N+U)NV =0hencen =u € NNU =0
and (N+V)NU =0. Thus N +V = N, since N is maximal w.r.t. NNU = 0. This implies
VCNhence VC(N4+U)NV =0and V =0. So we get that N + U C M is large.

(2) Let V.C M with (NNU)+V = M. We have N+ U = M. Let m € M with
m=n+u &€ N+ U. Furthermore let n =n'+v withn' € NNU and v € V (since n € M).
This implies v € VNN and m = (n' +u) +v e U+ (VN N) and thus (NNV)+U = M.
Since N is minimal w.r.t. N +U = M we have N = NNV hence N C V. From this and
from (NNU)+V =M we get V=M. Thus NNU C M is small.

(3) The set V :={V C M|V NU = 0} is inductively ordered, for let (V;);c; be a chain in V
and let © € (UV;) NU. Then there is an ¢ € I with x € V; N U hence x = 0. Thus UV} in
Y is an upper bound of the V;. Consequently there is a submodule N of M that is maximal
wrt. NNU =0. U

Lemma 9.5. N C M is large if and only if the following holds
Vme M\ {0}3r € R:rm e N\ {0}.
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Proof. N C M large <= VU C M : NNU=0=U=0«<= VUCM:U+#0—=

NAU £0] <5 WRm C M : Rm # 0 = NN Rm # 0] < Vm € M\ {0}3r ¢
R :rm € N\ {0}]. Only one direction (%) needs an additional argument. If U # 0 and
the right hand side of (%) holds, then there exists an m € U with Rm # 0. Hence we get
0AZNNRmCNNU. O

Lemma 9.6. Let Rm C M be not small. Then there exists a submodule N C M that is a
maximal submodule and that does not contain m.

Proof. The set S := {U & M|Rm 4 U = M} is not empty since Rm is not small in M. S
is inductively ordered. In fact let (U;]i € I) be a chain in S. Then we have m ¢ U; for all
i € 1. Hence UU; & M and obviously Rm + (UU;) = M. Then there is a maximal element
NinS. Let NG N' C M. Then Rm + N' = M. Since N’ ¢ S we get N' = M hence N is
a maximal submodule. Furthermore we have obviously m ¢ N. 0

Definition 9.7. (1) Radical(M) = Rad(M) := N{U & M|U maximal submodule},
(2) Socle(M) = Soc(M) := > {U C M|U simple submodule}.

Proposition 9.8. (1) Rad(M) = > {V C M small}.
(2) Soc(M) =n{V C M large}.

Proof. (1) O: Let V' C M small. For all maximal submodules U C M we have U CU+V ;Cé
M since V is small and U # M. This implies U = U +V and V C U. Thus V C NU and
thus YV C NU.

C: If Rm is not small in M then by 9.6 there is a maximal submodule N in M with m ¢ N.
So we have m ¢ NU = Rad(M) C N. If also m € Rad(M) holds then Rm is small in M.
So we get m € Y {V C M small}.

(2) C: Let V be large in M and let U be simple. Then we have VNU # 0 so that VNU = U
and thus U C V. This implies > U C NV.

D: First we show that each submodule of NV} is a direct summand of NV;. Let N C NV, be
given. Let X be maximal in M with NN X =0 (Lemma 9.4 (3)). Then N+ X =V C M
is large by Lemma 9.4 (1). This implies N + (X N (NV;)) = (N + X) N (NV;) (Lemma 9.2)
=Vn(nV;) =nV,and NN (X N(NV;)) =0. So we have N & (X N (NV;)) = NV;.
Theorem 8.16 implies that NV} is a sum of simple submodules of NV;. Thus NV} is contained
in the sum of all simple submodules of M, i.e. in the socle of M. 0

Remark 9.9. A module M is semisimple if and only if it coincides with its socle.
Corollary 9.10. m € Rad(M) iff Rm C M is small.

Proof. <=: by Proposition 9.8.
—: was explicitly noted in the proof of Proposition 9.8. O

Corollary 9.11. FEach finitely generated submodule of Rad(M) is small in M.

Proof. By 9.10 the modules Rmy, ..., Rm, C M are small, if my,...,m, € Rad(M). By 9.3
(4) we then get that > | Rm; is small in M. O

Proposition 9.12. Let M be finitely generated. Then Rad(M) is small in M.

Proof. Since M is finitely generated each proper submodule of M is contained in a maximal
submodule (8.14). Let N & M and let U be a maximal submodule with N C U & M. Then
Rad(M) C U thus Rad(M) + N CU S M. So Rad(M) is small in M. O

Proposition 9.13. Let f € Homg(M, N). Then we have
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(Rad(M)) € Rad(N).
(Soc(M)) € Soc(N).
)

Proof. (1) Let U C M be small. Let V C N with f(U) +V = N. This implies f~*(f(U) +
V)=f"YN)=M=U+ f~YV), because f(z) = f(u) + v implies f(x —u) = v,x —u €
fH(V)and thus z € U+ f~1(V), so f~H(f(U)+ V) CU+ f~1(V). Since U is small we get
f7Y(V) = M. This implies f(f~*(V)) = f(M) C V, hence f(U) CV and V = N. So we
have f(U) small in M. This shows f(Rad(M)) = > cnan F(U) € D1 cnan V = Rad(N).

(2) Let U C M be simple. Then f(U) C N issimple or 0. So we have f(>U;) C Soc(N). O

Corollary 9.14. Rad and Soc are covariant subfunctors of 1d : R-Mod — R-Mod.

Corollary 9.15. (1) Let U € M be small and f € Homg(M,N). Then f(U) C N is
small.
(2) Let U C N be large and f € Homg(M, N). Then f~1(U) C M is large.

Proof. (1) was proved in Proposition 9.13 (1).

(2) Let VC M and f~5(U)NV =0. Then f(f~H(U)NV)=0= ff~YU)N f(V), because
it z € ffY(U)N f(V) with x = f(v), then f(v) € U by ff~'(U) C U. This implies
ve fFAU)YNV,sox e f(f~/YU)NV) = 0. Now this implies 0 = ff~1(U) N f(V) =
UNnIm(f)n f(V)=UnN f(V) and thus f(V) = 0, because U is large in N. So we have
V CKe(f) C fYU). From f~Y(U)NV =0 we get V =0. Thus f~}(U) is large in M. 0O

Corollary 9.16. (1) Rad(rR)M C Rad(M).
(2) Soc(rR)M C Soc(M).
Proof. Let m € M. Then (R > r +— rm € M) € Homg(R, M). This implies Rad(gR)m C
Rad(M), Soc(rR)m C Soc(M) and that implies the claim. O
Corollary 9.17. Rad(grR) and Soc(rR) are two sided ideals.
Proposition 9.18. Let f € Homg(M,N) and Ke(f) C Rad(M). Then we have
f(Rad(M)) = Rad(f(M)).

Proof. C: follows from 9.13.

D: Let f(m) € Rad(f(M)). If Rm C M is small then m € Rad(M) and f(m) € f(Rad(M)).
If Rm C M is not small then by 9.6 there is a maximal submodule U & M with m ¢ U. We
have Rm + U = M and thus f(U) + Rf(m) = f(M). From f(m) € Rad(f(M)) we get that
Rf(m) C f(M) is small. This implies f(U) = f(M) and thus U + Ke(f) = M. From the
assumption Ke(f) C Rad(M) C U we get U = M, a contradiction. O

Corollary 9.19. Let N C M be a submodule. Then the following hold
(1) (Rad(M)+ N)/N C Rad(M/N).
(2) N C Rad(M) = Rad(M)/N = Rad(M/N).

Proof. (1) f: M — M/N implies f(Rad(M)) C Rad(M/N) and f(Rad(M)) = (Rad(M) +
N)/N.
(2) From N = Ke(f) € Rad(M) the claim follows. O

Corollary 9.20. Rad(M) is the smallest submodule U C M with Rad(M/U) = 0.

Proof. We have Rad(M/Rad(M)) = Rad(M)/Rad(M) = 0. If Rad(M/U) = 0 then
Rad(M) + U/U = 0 and thus Rad(M) 4+ U = U so that Rad(M) C U. O

Lemma 9.21. If Soc(M) = M then Rad(M) = 0.
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Proof. If Soc(M) = M holds then M is semisimple. So no submodule is small and thus
Rad(M) = 0. O

Lemma 9.22. Let M be Artinian. Then we have
Rad(M) = 0 <= Soc(M) = M.

Proof. Let M be Artinian and Rad(M) = 0. Let U C M and N be minimal with N+U = M.
By 9.4 (2) we have NNU C M small so that NNU = 0. Thus U is a direct summand of
M, M is semisimple and M = Soc(M). O
Proposition 9.23. The following are equivalent for M :

(1) M is finitely generated and semisimple.

(2) M is Artinian and Rad(M) = 0.

Proof. Tt suffices to show the following: If M is semisimple, then M is finitely generated iff
M is Artinian. Let M be semisimple. Then M = ®U; with simple modules U;. M is finitely
generated if and only if the direct sum has only finitely many summands (# 0). If M is
Artinian then the direct sum has only finitely many summands. If the direct sum has only

finitely many summands, then each descending chain N; © Ny O ... in M can only have
finitely many direct complements by 8.17. Thus such a chain must become stationary, i.e.
M is Artinian. O

Proposition 9.24. (Lemma of Nakayama) For rI C gR the following are equivalent:
1) I C Rad(rR).

1 4 I contains only right units.

1+ I contains only units.

1+ IR contains only units.

(
(2)

(3)

(4)

(5) IM = M = M =0 for all finitely generated modules gr M.

(6) IM+U =M = U = M for all finitely generated modules M.
) IM C Rad(gM) for all finitely generated modules r M.

Proof. (1) = (2): Rad(R) C R is small. Thus I C R is small. From R(1+1i)+ 1 = R it
follows R(1 4 i) = R. Thus 1+ i is a right unit.

(2) = (3): Let k(1 +¢) = 1. This implies ki = 1 —k € I and thus k —1 € I. So
k =1+ (k—1)is aright unit. Since k is also a left unit, we get (14 ¢)k = 1, so that 1+
is a unit.

(3) = (4): Giveni € I and r € R. Then 1+ 77 is a unit with inverse (1 + r7)~!. Since
(1—i(1+r) ')A +ar)=1+ir —i(1 +ri) Y (r+rir) =1+ —i(1+ri) (1 +ri)r =
1+4r —ir = 1 and symmetrically (1 +4r)(1 — (1 +ri)~'r) = 1 we get that 1+ ir is a unit.
If @ is a unit and 7 € I, r € R then a +4r is a unit, since a(l +a~tir) = (a+ir) is a product
of two units by a=% € I.

If >0 ikre € IR then 14 igry is a unit, since 1+ Y iy = (((1+1171) +i2r2) . .. +in7y)
and each of the bracketed terms is a unit.

(4) = (5): Let M be finitely generated and IM = M. Let ¢ be the minimal length
of a system of generators of M = Rmy + ... + Rm;. By IM = M each element in M

can be represented as a finite sum of the form Zzgm;, the m;- can be represented as a

linear combination of the m;. So there are coefficients i,r, € I with m; = 2221 1T M.
This implies (1 — iyr)m; = ZZ:Q ixrgmy. Since also 1 — 417y is a unit, we get m; =
2222(1 — 4171) " Yiprymy € Rmo + ... + Rmy a contradiction to the minimality of £. So we
have M = 0.

(5) = (6): IM+U=M = IM/U)=(IM+U)/U=M/U= M/U=0= M =U.
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(6) = (7): IM small in M = IM C Rad(M).
(7) = (1): M = R => IR C Rad(yR). 0

Corollary 9.25. Rad(gR) = Rad(Rg).

Proof. Let I = Rad(gR). Then 1 + I consists of units. Since I is a right ideal, we get
I C Rad(Rg). By symmetry we get Rad(grR) = Rad(Rg). O

Lemma 9.26. R left Artinian = R/ Rad(R) semisimple.
Proof. By 8.12 R/ Rad(R) is Artinian. By 9.20 Rad(R/Rad(R)) = 0 and by 9.23 R/ Rad(R)

is semisimple. O
Lemma 9.27. R Artinian = Rad(R) nilpotent.

Proof. Let I := Rad(R). Since R is Artinian, the chain I D [> D [ D ... D 't = .
becomes stationary. Assume I* # 0. Since also I'] # 0 there is a minimal module K C [
w.r.t. I'K # 0. So there exists an # € K with I'z # 0, i.e. we have K = Rz. Because of
I'K=I'""K =T'(IK) # 0 and IK C K we get [K = K. By the Lemma of Nakayama we
get K = 0, a contradiction, so I' = 0. O

Theorem 9.28. (Hopkins) Let rR be Artinian. Then gR is Noetherian.

Proof. Let I := Rad(R) and I"*! = 0. Then I'/I**! is an R/I-module and it is Artinian as
an R-module. So I'/I'*! is also Artinian as R/I-module. By 9.26 R/I is semisimple hence
I'/I""1 is also semisimple, i.e. '/ = @y x E), with simple R/I-modules Ej,. Since I/
is Artinian the direct sum is finite hence I'/I**! are Noetherian (as R/I-module and as R-
module). With the exact sequences 0 — [**1 — [* — [*/T"F! — (O with ["™' =0, =R

and with 8.25 we get by induction that R is Noetherian. 0
Corollary 9.29. If rI C gR is nilpotent then I C Rad(R).

Proof. Let I" =0 and i € I. Then (1+4)-(1 —i+d* — ...+ ") =1 hence (1+1) is a
unit. By the Lemma of Nakayama we get I C Rad(R). O

Proposition 9.30. g M 1is finitely generated if and only if
(1) Rad(M) C M s small, and
(2) M/Rad(M) is finitely generated.

Proof. = trivial by 9.12 .

<: Let {T; = z; + Rad(M)|i = 1,...,n} be a set of generating elements of M/Rad(M).
Then M = Rxy + ...+ Rz, + Rad(M) which implies by (1) that M = Rx; +...+ Rx,. O
Corollary 9.31. M is Noetherian if and only if for all submodules U C M the following
hold:

(1) Rad(U) C U is small.
(2) U/Rad(U) is finitely generated
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10. LOCALIZATION
10.1. Local rings.

Definition 10.1. Let R be a ring. An element r € R is called a non unit, if r is not a unit.
The element r is called invertible, if r is a left or a right unit.
R is called a local ring, if the sum of any two non invertible elements is a non unit.

Lemma 10.2. Let r be an idempotent (r* =r) in a local ring R. Thenr =0 orr = 1.
Proof. We have (1 —r)?=1—2r+r*=1—r. Since 1 = (1 —r) +risa unit, r or 1 —r

is invertible. If r is invertible, e.g. by sr = 1, then we have r = sr? = sr = 1. If 1 —r is
invertible e.g. by s(1 —r) = 1, then we have 1 —r =1, thus r = 0. O

Lemma 10.3. Let R be a ring with the unique idempotents 0 and 1. Then each invertible
element in R is a unit.

Proof. Let r be invertible e.g. by sr = 1. Then (rs)? = rsrs =rs, sors € {0,1}. If rs = 0,
then we have 1 = (sr)? = srsr = 0, a contradiction. So we have rs = 1, i.e. 7 is a unit. [

Corollary 10.4. In a local ring R all non units are not invertible.

Proposition 10.5. Let R be a local ring. Then the following hold:

(1) All non units are not invertible and form a two sided ideal N.
(2) N is the only mazimal (one sided and two sided) and largest ideal of R.

Proof. (1) Let N be the set of the non units of R. Since R is local, so non units are not
invertible, /N is closed w.r.t. to the addition. Given s € N and r € R. We show that also
rs € N holds. In fact if rs ¢ N then rs is a unit, so there is a t € R with trs = 1. Because
of 10.3 s is also a unit in contradiction to s € N. Thus NNV is a two sided ideal.

(2) Obviously we have NG R. If I G R and s € I, then Rs G R, so s is a non unit and
thus s € N. So I C N holds. O

Proposition 10.6. R is local, if and only if R possesses a unique mazimal (largest) left
ideal.

Proof. =>: follows from 10.5.

<=: Let N be the only maximal ideal of R. Then N = Rad(R) is a two sided ideal. Let
r € R\ N. Then N + Rr = R. Since N = Rad(R) is small in R, we have Rr = R, so there
is a t with ¢tr = 1. If ¢ is a right unit, then also r is a unit by Lemma 8.35. But if ¢ is not a
right unit, then Rt # R, so Rt C N and thus t € N. Since N is a two sided ideal we have
also 1 = tr € N, a contradiction. Thus each 7 € R\ N is a unit. So each non unit lies in V.
If z, y are non units, then it follows from z,y € N that x +y € N hence x + y is a non unit
and thus R is local. U

Lemma 10.7. Let R be a local ring with mazximal ideal m ; R. Let M be a finitely generated
module. If M/mM =0 then M = 0.

Proof. From m = Rad(R) and mM = M it follows that M = 0 by the Lemma of Nakayama.
0

10.2. Localization. In this section let R be always a commutative ring.
Recall from Basic Algebra: A set S with ) G .S C R is called multiplicatively closed, if

Vs, s € S:ss €S and 0¢S.
On R x S define an equivalence relation by

(r,s) ~ (r',s) <= FteS:tsr' =ts'r.
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R[S7Y] = S7'R := R x S/ ~ is a commutative ring with unit element. The elements are
denoted by

’

g = (T, 3).
The map

gO:RBTHﬂER[S_l]
S
is a homomorphism of rings. It is independent of the choice of s € S. If R has no zero

divisors, then ¢ is injective.

Proposition 10.8. Let S C R be a multiplicatively closed set. Let kM be an R-module.
Then the relation
(m,s) ~(m',s") <= FteS:tsm' =tsm

on M x S is an equivalence relation. Furthermore

S™IM := M x S/ ~  with the elements il (m,s)

is an ST R-module with the operations

m_m' _ s'm+sm/ rm’ rm
—=——— and -— = —.
s s 58 58 58
Proof. as in Basic Algebra for S™'R. O

Problem 10.1. Give a complete proof of Proposition 10.8.

Lemma 10.9. ** =0 holds in S~ LM if and only if there is a t € S with tm = 0.
Proof. (m,s) ~(0,s') <= ' € S:t'/sm=0 <= s cS:t'ssm=0. O
Lemma 10.10. (1) opr : M >mi— =2 € S=IM is a homomorphism of groups indepen-
dent of s € S.
(2) @ is injective if and only if S contains no zero divisors for M, i.e. sm =0 —
m = 0.

(3) @ is bijective if and only if the map M > m +— sm € M is bijective for all s € S.
(4) g is a homomorphism of rings.
(5) oar: M — S™IM is pr-semilinear, i.e. py(rm) = @r(r)ea(m).

Proof. (1) t'(tsm — stm) = 0 implies =2 = &,

(2) pu(m) =0 <= =0 <= Jte S tm—ObleQ

(3) um surjective <= V2 e ST'M Im' e M :* =2 «— VYme M,s€ S3Im' € M :
sm'=m <= VseS:(s: M — M) surjective.

(4) + (5) pu(rm) = =58 = 28 = op(r)pm(m). m

Corollary 10.11. S~ : R-Mod — S™'R-Mod is an additive functor.

Proof. For f € Homg(M, N) we form S~'f € Homg-1(S™'M,S™'N) by S7'f(2) := f(m)
In order to show that S~!f is a well defined map assume (m, s) ~ (m’, s’). Then ts'm = tsm'
for a t € S and thus ts'f(m) = tsf(m’). This implies @ = fm)

With the usual rules for calculations with fractions one prosves that S~'f is an S™'R-
homomorphism and that S7lidy, = idg-15, S (fg) = S7Hf)S (g) and S7Hf + g) =
S(f) + S (g) hold. O
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Proposition 10.12. The map
a(M):ST'TRor M > £®mr—> % €eS'M
defines a functorial isomorphism
a:STTR@r M = S™'M
of functors ST'R®p -, S71-: R-Mod — S~'R-Mod.

Proof. a(M) is a well defined map, for &(M) : ST'Rx M > (£,m) — ™ e S'M is
well defined: (%,m) = (Z—:,m) = Jt € S :ts'r = tsr' = ts'rm = tsr'm = " = T;—f”
Furthermore a(M) is obviously additive in both arguments. Finally we have a(M)(%t,m) =
i — §(M)(%,tm), i.e. @(M) is R-bilinear.

We define an inverse map (M) : S™1M > el ﬁ@m € ST'R®r M. The map B( ) is well
deﬁned since 2 = S—/l = I eS:t'dm=tsm = Leom= ;tssft/ @m = o ® s't'm =
sts’t’ ® st'm = s?jt’ ®m' = ﬁ ®m'.

We have fa = id, since S(M)a(M)(t @ m) = f(M)(*™2) = L ®
Similarly we have o8 = id, since a(M)B(M)(Z) = a(M)(+ @

: ey
m) = a(M)(5E & m) = %2 = 5o =

sts

I‘EUJ

« is an S™!R-homomorphism, since (M )(T—,
g—:oz(M )(E®@m).
a is a functorial homomorphism. In fact the diagram

M
SflR@)RML’SflM

STR&g f STty
ST'R®r N STIN
: (V)
commutes since we have S™'f o a(M)(£ @ m) = S~ (™) = f(zm) = @ = a(N)(; ®
f(m)) = a(N) o STIR®R f(5 @m). O

Definition 10.13. An additive functor 1" : R-Mod — S-Mod is called ezact, if for each
exact sequence

fi
. — Z11—>M—>MZ+1—>...

the sequence
= T(Mo) Y o) ™Y ) —
is also exact.
Lemma 10.14. Let P € Mod-R. Then the functor P ®pg - : R-Mod — Ab preserves exact
sequences of the form
M1 — M2 — M3 — 0,
i.e. the sequences
P®RM1 —>P®RM2 —>P®RM3 — 0
are ezact. (The functor P ®pg - is right exact.)

Proof. This follows from Corollary 6.13, Exercise 5.2 (1) and Exercise 6.2. We give a direct
proof. Let

M1LM2$M3—>O
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be exact. This is equivalent to g surjective, gf = 0 and Ke(g) C Im(f). The map P ®g g is
surjective, for > p; @ miz = > p; ® g(mye) for arbitrary m;3 € Mz and suitable m; € M.
Furthermore (P®rg)(P®grf) = PRrgf = 0. It remains to show Ke(P®rg) C Im(P®g f).
Since Im(P®pg f) C Ke(P®pgg), we obtain a homomorphism by the homomorphism theorem

¥ (P ®r Mz)/Im(P ®g f) — P ®r M3
with ¢ (p ® my) = p ® g(ms). Furthermore we define a homomorphism

(V2R P®R M3 — (P KR MQ)/IIH(P Xpr f)
with p(p®@mg) := p ® my for an my € My with g(ms) = ms. For this purpose we first define
©: PxMs; — PRrMy/Im(PRgrf) by @(p,ms3) := p & mg for an my € My with g(msg) = ms.
If also g(m)) = mg holds then we have g(my — m}) = 0, so there is an m; € M; with
ma—my = f(my). This implies p ® ma = p ® (mj + f(m1)) = p@myH+p @ f(my) = p @ my,
i.e. @ is well defined. It is easy to verify that ¢ is R-bilinear and thus ¢ is a well defined
homomorphism.
Now ¢ = id and ¢ = id hold since 1) (p ® m2) = p(pRg(Mm2)) = p ® My and Y (pRms) =
Y(p ®@mz) = p&g(ma) = p@ms. So we get Ke(P®rg) = Ke(p(P®rg)) = Ke(v : P®r M,
— P®RM2/Im(P®Rf)) = IHl(P@R f) Thus P®R M1 — P®R M2 — P®R M3 — 0 is
exact. UJ

Definition 10.15. A module Py is called R-flat, if P ®p - is an exact functor.

Proposition 10.16. A module Pg is flat if and only if P Qg - preserves monomorphisms,
i.e. if for each monomorphism f : M — N the map PRr f: P®r M — P ®gr N is a
monomorphism.

Proof. It Pg is flat and if f : M — N is a monomorphism then 0 — M L, N is exact.
Consequently 0 — P ®r M Fosf P ®pr N is exact and thus PRr f : Pr M — P ®r N
is a monomorphism.

Assume that P ®p - preserves monomorphisms and that the sequence

fiz1 fi
= M= M; =5 Mg — ...

is exact. Then the sequences
0 — Im(fi—1) — M; — Im(f;) — 0
are exact. Since P ®pg - preserves monomorphisms, the sequences
0 — P®RgrlIm(f;_1) > PRr M; — PRrIm(f;) — 0

are exact. The canonical map P ®g Im(f) — Im(P ®g f) is surjective, since each element
> pi @ f(m;) € Im(P ®pg f) is in the image of this map. Observe, however, that this map
is in general not injective. The maps Im(f) — N and thus also P ®g Im(f) — P ®r N
are, however, by hypothesis injective hence P @ g Im(f) — Im(P ®g f) is injective and thus
bijective.
From the isomorphism P ®g Im(f) = Im(P ®g f) we thus get the exactness of

0 — Im(P®g fii1) — P®r M; — Im(P ®g f;) — 0.

So the sequence

.—>P®RMZ',1 P®R—f‘>i71P®RMi P®—R>fiP®RMZ'+1—>...

is also exact. U

Proposition 10.17. S™'R is a flat R-module.
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Proof. Let f : M — N be a monomorphism and let S7'f(2) = 0 = @ Then there
isate Swith tf(m) =0 = f(tm), so with tm = 0. Then 2 = 0, hence S7'f is a

monomorphism. [l

EN

Recall from Basic Algebra:
(1) An ideal p C R is called a prime ideal if and only if p # R and (rs € p = r €

pVseEDp).
(2) If m C R is a maximal ideal, then m is a prime ideal.
(3) p € R is a prime ideal if and only if the residue class ring R/p is an integral domain.

Lemma 10.18. Let p C R be an ideal. The following are equivalent
(1) p is a prime ideal.
(2) R\ p is a multiplicatively closed set.

Proof. follows immediately from the definition. 0J

Definition 10.19. Let p C R be a prime ideal and M be an R-module. Then M, := S™'M
with S = R\ p is called the localization of the module M at p.

The set Spec(R) := {p C R|p prime ideal} is called the spectrum of the ring R. The set
Specm(R) := {m C R|m maximal ideal} is called the mazimal spectrum of the ring R.

Proposition 10.20. Let M be an R-module, such that My = 0 for all m € Spec(R). Then
M =0.

Proof. Assume there is an m € M with m # 0. Then I := Ke(R> 7 —rm € M) G R is
an ideal. Since R is finitely generated there is a maximal ideal m with / C m ;Cé R. Since
My = 0, we have ™ = 0 in My, hence there is a ¢t € R\ m with tm = 0. This, however, gives
t € I C m, a contradiction. O

Corollary 10.21. Let f : M — N be given. The following are equivalent
(1) f is a mono-(epi- resp. iso-)morphism.
(2) For all m € Spec(R) the localization fu is a mono-(epi- resp. iso-)morphism.
Proof. (1) = (2): follows from 10.17 and 10.12.
(2) = (1): The sequence 0 — Ke(f) — M LN Cok(f) — 0 is exact. Consequently

0 — Ke(f)m — Mam 2% No — Cok(f)m — 0

is exact. Thus we get in particular Ke(f)n, = Ke(fn) and Cok(f)m = Cok(fm). Now if
fm is @ monomorphism for all m € Specm(R), then we have Ke(f)n = 0 for all m, hence
Ke(f) = 0 and f is a monomorphism. An analogous argument can be used for epimorphisms
with Cok(f). Taken together these two results give the claim for isomorphisms. O

Proposition 10.22. Let R be a commutative ring and p C R be a prime ideal. Then R, is
a local ring.

Proof. Since 0 — p — R — R/p — 0 is exact and R/p # 0, the sequence 0 — p, — R,
— (R/p)p, — 0 is exact and (R/p), # 0 since there isno ¢t € R\ p with ¢t - 7 = 0 for any
7 # 0 (10.9). So p, & R, is a proper ideal. If T ¢ p,, then r ¢ p and s ¢ p hence 2% =1
and thus % is a unit. So the non units of R, form an ideal py, i.e. R, is local and p,, is the
maximal ideal. U

Corollary 10.23. Let p C R be a prime ideal. Then the quotient field Q(R/p) is isomorphic
to Ry/py.
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Proof. As in the preceding proof (R/p), = R,/p,. Furthermore R,/p, is a field, because p,
is the maximal ideal of R,. Furthermore we have

(R/p)p = S7'(R/p) = {217 € Rfp.s ¢ p} = {L[7 € /b5 € Rfp,5 £ 0} = Q(R/p),
U

Proposition 10.24. Let g M be a finitely generated module. Let M /mM = 0 for all mazimal
ideals m C R. Then M = 0.

Proof. M/mM = R/m®@g M = Ry/My g, Rn®@r M = My /m M. Since Ry, is local and
M, is finitely generated, it follows that M, = 0 for all maximal ideals m C R. So we get
M =0. O

Corollary 10.25. Let f : M — N be an R-homomorphism and let N be finitely generated.
Let f/mf : M/mM — N/mN be an epimorphism for all mazimal ideals m C R. Then f is
an epimorphism.

Proof. M LN @ — 0 is exact and thus @ is finitely generated. We apply the functor
R/m ®p - and get the exact sequence M/mM — N/mN — @Q/m@ — 0. Since f/mf is an
epimorphism, we get Q/m@ = 0, hence Q = 0. So f is an epimorphism. O



Monoidal Categories 87

11. MoNOIDAL CATEGORIES

For our further investigations it is useful to introduce a generalized version of a tensor
product. This shall be done in this section. With this generalized notion of a tensor product
we also obtain generalizations of the notion of an algebra and of a representation.

Definition 11.1. A monoidal category (or tensor category) consists of
a category C,

a functor ® : C x C — C, called tensor product,

an object I € C, called unit,

natural isomorphisms

a(A,B,C): (A®B)®(C — A (B® (),
AMA) :T®A— A,
p(A): AT — A,

called associativity, left unit and right unit, such that the following diagrams, called coherence
diagrams or constraints, commute:

(A®B)®C)o D 2P (4g(BeC)®D A® ((B®C)® D)

a(A®B,C,D) 1®a(B,C,D)

a(A,BRC,D)

(A® B)® (C® D) i - A®(B® (C® D))
(Aol )oB— "M | s1g(I2B)
p(AN M(B)
A® B

A monoidal category is called strict, if the morphisms «a, A, p are identities.

Remark 11.2. Wedefine 41 ® ... ® A, =(...(A1 0 A4A)®...)® A,.

The coherence theorem of S. MacLane says that all diagrams whose morphisms are formed
using «, A, p, identities, inverses, tensor products, and compositions thereof commute. We
will not prove this theorem. It implies that each monoidal category can be replaced by (is
monoidally equivalent to) a strict monoidal category, that is in all diagrams we may omit
the morphisms a, A, p, i. e. replace them by identities. In particular on A; ® ... ® A,, there
is only one automorphism formed with coherence morphisms, the identity.

Remark 11.3. For each monoidal category C one can construct the monoidal category
C*v™™ symmetric to C which coincides with C as a category, which has the tensor product
AN B := B® A, and coherence morphisms

a(C,B,A): (AKB)KC — AR (BX (C),

p(A): IR A — A,

AMA): ART — A.

Then the coherence diagrams commute again, so that C*¥™™ becomes a monoidal category.

Example 11.4. (1) Let R be an arbitrary ring. The category gpMp of R-R- bimodules with
the tensor product M ®r N is a monoidal category. In particular the K-modules form a
monoidal category.

(2a) Let G be a monoid. A vector space V' together with a family of subspaces (V;|g € G)
is called G-graded, if V = @4V, holds.

Let V and W be G-graded vector spaces. A linear map f : V — W is called of degree e € G,
if for all g € G f(V,) € W, holds.



88 Advanced Algebra — Pareigis

The G-graded vector spaces and linear maps of degree e € G form the category M% of
G-graded vector spaces.
ME carries a monoidal structure with the tensor product V ® W where the subspaces

(V@ W), are defined by
(Vo W), = ®nrechb=gVn @ Wi.

If G is a group, this can also be written as (V ® W)y := @peaVi ® W1,

(2b) Let G be a monoid. A family of vector spaces (V,|g € G) is called a G-family of vector
spaces.

Let (V,) and (W,) be G-families of vector spaces. A family of linear maps (f, : V, — W, is
called a G-family of linear maps.

The G-families of vector spaces and G-families of linear maps form the category (M) of
G-families of vector spaces.

(M)€ carries a monoidal structure with the tensor product (V) @ (W,) where the subspaces
(V. ® W), are defined by

(Vo) @ (Wy) := ((Onrecih=gVn @ Wi)y).
(3) A (chain) complex of R-modules over a ring R

M:(...ﬁ)MQ&MIAM())

consists of a family of R-modules M; and a family of homomorphisms 0,, : M,, — M,,_; with
On—10, = 0. (This chain complex is indexed with Ny. One can also consider chain complexes,
that are indexed with Z. See also Section 1.6.)

Let M and N be two chain complexes. A homomorphism f : M — N of chain complexes
consists of a family of homomorphisms of R-modules f, : M,, — N, such that f,0,,1 =
8n+1fn+1 for all n S No.

The chain complexes of R-modules with these homomorphisms form the category Comp-R
of chain complexes.

Lemma 11.5. The following diagrams in a monoidal category commute

I®A) @B+ (A® B) (ARB) @I —*+~A® (B®I)
A(A) ®1B\ / (A®B) A@% /;@;:(B
AR B AR B

and \(I) = p(I) holds.

Proof. We first observe that the identity functor Ide and the functor I ®- are isomorphic by
the natural isomorphism A. In particular we have I @ f = I ® g = f = ¢. In the diagram

(I®l)®A)® B I®e(I®A))®B I®((I®A)®B)

wl ﬁ)\ 1®()\;®1)/

I®A) I®(A® B)

a \a 1\ 1®a

I® (A® B) 1 I®(A® B)

%(1@1) 1®A

(Io1) @ (A® B) o -T®(® (A B))
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all subdiagrams commute, except for the right hand trapezoid. Since the morphisms are
isomorphisms, also the right hand trapezoid commutes, hence the whole diagram commutes.
The commutativity of the second diagram follows by analogous conclusions.

Furthermore the following diagram commutes

IUR)~——(IRN®@]—"—I®(IXI)
I®1 I®lI

\/

Here the left hand triangle commutes because of the property shown before, the right hand
triangle is given through the axiom. Finally the lower square commutes, since p is a natural
transformation. In particular we get p(1 ® p) = p(1 ® \). Since p is an isomorphism and
I ®-=1dg, it follows p = A. O

Problem 11.1. For morphisms f : I — M and g : I — N in a monoidal category C we
define (f®1: N —- MeN):=(f1)p(I) P and (1®g: M — M@ N) := (1@ g)\I)"".
Show that the diagram

f

~

-]
g 1®g

N - M®N
fol ®

commutes.
Definition 11.6. Let (C,®) and (D, ®) be monoidal categories. A functor
F:C—D
together with a natural transformation
E(M,N): F(M)®F(N) — F(M®N)

and a morphism
&) . ID — F(Ic)

is called weakly monoidal, if the following diagrams commute:

(F(M)® F(N)) @ F(P) =2 F(M @ N) @ F(P) =~ F(M ® N) ® P)

{ JM

F(M)® (F(N)® F(P)) -2+ F(M)® F(N ®@ P) -~ F(M ® (N @ P))

1@ F(M) 22, M)—~F(I&M)

\/
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F(M 1%, -~ FM&I)

\/

In addition if £ and &, are isomorphisms then the functor is called monoidal. The functor is
called strict monoidal, if £ and &, are identity morphisms.

A natural transformation ¢ : F — F’ between weakly monoidal functors is called monoidal,
if the diagrams

F(I) F(M)® F(N) —— F(M ® N)
EM
1 ¢ ¢&®¢ ¢
SN
F(I) F'(M) @ F'(N) —5— F(M & N)

commute.

In monoidal categories one can generalize notions like algebra and coalgebra. For this purpose
we define

Definition 11.7. Let C be a monoidal category. An algebra or a monoid in C is an object
A together with a multiplication V : A ® A — A, that is associative:

ARAQA—9Y L A A

Void \Y
AR A S - A
and a unit element 7 : I — A, for which the following diagram commutes
[@AX A~ Al v Ax A
n®id id v
A®A S - A.

Let A and B algebras in C. A morphism of algebras f : A — B is a morphism in C, such
that the following diagrams commute:

A® A e . BeB
Va VB
A 7 - B
and
I
na ng
f
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Remark 11.8. Obviously the composition of two morphisms of algebras is again a morphism
of algebras. Also the identity morphism is a morphism of algebras. Thus we obtain the
category Alg(C) of algebras in C.

Definition 11.9. A coalgebra or a comonoid in a monoidal category C is an object C' together
with a comultiplication A : C' — C ® C, that is coassociative:

C A ~-C®C

A A®id

®
and a counit € : C' — I, for which the diagram
C 2 ~C®C
A id id ®e
CeC IeC=C0=2C01

e®id
commutes.
Let C' and D be coalgebras. A morphism of coalgebras f : C'— D is a morphism in C, such

that
f

C - D
Ac AD
CxC Y ~D®D
and ;
C D
I
commute.

Remark 11.10. Obviously the composition of two morphisms of coalgebras is again a mor-
phism of coalgebras. Also the identity morphism is a morphism of coalgebras. Thus we
obtain the category Coalg(C) of coalgebras in C.
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12. BIALGEBRAS AND HOPF ALGEBRAS
12.1. Bialgebras.

Definition 12.1. (1) A bialgebra (B, V,n, A, €) consists of an algebra (B, V,n) and a coal-
gebra (B, A, €) such that the diagrams

ARQA

B® B ~-BRBRB®B
wl
v B® B B®B
Jw@v
B = ~-B® B
and
B®34>B

B—2+-B®B

commute, i.e. A and e are homomorphisms of algebras resp. V and 7 are homomorphisms
of coalgebras.

(2) Given bialgebras A and B. A map f : A — B is called a homomorphism of bialgebras if
it is a homomorphism of algebras and a homomorphism of coalgebras.

(3) The category of bialgebras is denoted by K- Bialg.

Problem 12.1. (1) Let (B, V,n) be an algebra and (B, A, ¢) be a coalgebra. The following
are equivalent:

a) (B,V,n,A,¢) is a bialgebra.

b) A: B— B® B and ¢ : B — K are homomorphisms of K-algebras.

c) V:B® B — B and n: K — B are homomorphisms of K-coalgebras.

(2) Let B be a finite dimensional bialgebra over field K. Show that the dual space B* is a
bialgebra.

One of the most important properties of bialgebras B is that the tensor product over K of
two B-modules or two B-comodules is again a B-module.

Proposition 12.2. (1) Let B be a bialgebra. Let M and N be left B-modules. Then
M ®x N 1is a B-module by the map

BoaMoN232BeoBoMaN' T BoMeoBo N "4 MeN.

(2) Let B be a bialgebra. Let M and N be left B-comodules. Then M &gk N is a B-
comodule by the map

MON 2 BaMoBoN' Y BeBaMaoN Y2 Bo Mo N.

(3) K is a B-module by the map B K = B — K.
(4) K is a B-comodule by the map K - B = B® K.
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Proof. We give a diagrammatic proof for (1). The associativity law is given by

B®B®M®N1®A®I®IB®B®B®M®N1®1®T®1B®B®M®B®N1®H®“B®M®N
ARIRI®I®1L ARIR1IR1IR1 AR1I®1
191Qu®u

VRlel

BRB®B®BOM®N

BoBoB®BeMeNULYp o po e Mo B N

1RTRI®IX1
¥ 1®1®7(B®B,M)®1

B®B®M®B®B®N

B®B®M®N

1®7(B,BOM)®1®1 1®T®1

1®u®1®,uB ® M® B ® N

Vavelgl Ve1lovVel MW

BoOMa@N—22% _ BoBoaMoN —22 . BeoMoBoN —2 . MeN

The unit law is the commutativity of

MoN~KoMeN — 121!

B M® N

o AR1IR1

nINR1IR1
N ———

= KO@KOMIN ——BRIBIMKN

1®7®1 1®7®1

MONYKoMoKo N Bo Mo BoN

\\\ zm

M &N
The corresponding properties for comodules follows from the dualized diagrams. The module
and comodule properties of K are easily checked. O

Problem 12.2. (1) Let B be a bialgebra and Mg be the category of right B- modules.
Show that Mg is a monoidal category.

(2) Let B a bialgebra and M? be the category of right B- comodules. Show that M?% is a
monoidal category.

Definition 12.3. (1) Let (B,V,n,A,€) be a bialgebra. Let A be a left B-module with
structure map p: B A — A. Let furthermore (A, V4,714) be an algebra such that V4 and
N4 are homomorphisms of B-modules. Then (A, V 4,104, ) is called a B-module algebra.
(2) Let (B, V,n, A, €) be a bialgebra. Let C' be a left B-module with structure map p: B&C
— (. Let furthermore (C, A¢, e¢) be a coalgebra such that A¢ and ¢ are homomorphisms
of B-modules. Then (C, A¢,ec, p) is called a B-module coalgebra.

(3) Let (B,V,n,A,€) be a bialgebra. Let A be a left B-comodule with structure map
d: A — B®A. Let furthermore (A,V4,n4) be an algebra such that V4 and n4 are
homomorphisms of B-comodules. Then (A, V 4,74, 9) is called a B-comodule algebra.

(4) Let (B,V,n,A,€) be a bialgebra. Let C' be a left B-comodule with structure map
d: C — B®C. Let furthermore (C,A¢,ec) be a coalgebra such that Ag and e¢ are
homomorphisms of B-comodules. Then (C, A¢, e¢,d) is called a B-comodule coalgebra.

Remark 12.4. If (C, A¢,e¢) is a K-coalgebra and (C, u) is a B-module, then (C, A¢, ec, 1)
is a B-module coalgebra iff 1 is a homomorphism of K-coalgebras.

If (A, V4,n4) is a K-algebra and (A, §) is a B-comodule, then (A, V 4,74, 9) is a B-comodule
algebra iff 9 is a homomorphism of K-algebras.
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Similar statements for module algebras or comodule coalgebras do not hold.

Problem 12.3. (1) Let B be a bialgebra. Describe what an algebra A and a coalgebra C'
are in the monoidal category Mp (in the sense of section 11).

(2) Let B be a bialgebra. Describe what an algebra A and a coalgebra C' are in the monoidal
category MP (in the sense of section 11).

Remark 12.5. The notions of a bialgebra, a comodule algebra, and a Hopf algebra cannot
be generalized in the usual way to an arbitrary monoidal category, since we need the mul-
tiplication on the tensor product of two algebras. To define this we need the commutation,
exchange morphism, or flip of two tensor factors. Such exchange morphisms are known under
the name of symmetry or quasisymmetry (braiding). They will be discussed later on.

12.2. Hopf Algebras. The difference between a monoid and a group lies in the existence
of an additional map S : G 2 g+ g~ € G for a group G that allows forming inverses. This
map satisfies the equation S(g)g = 1 or in a diagrammatic form

G—= {1} —L1 G

A mult

Sxid

GxG -G x G

We want to carry this property over to bialgebras B instead of monoids. An “inverse map”
shall be a morphism S : B — B with a similar property. This will be called a Hopf algebra.

Definition 12.6. A left Hopf algebra H is a bialgebra H together with a left antipode S : H
— H, i.e. a K-module homomorphism S such that the following diagram commutes:

H——kK—1—~§

A v

S®id

H®H ~H®H

Symmetrically we define a right Hopf algebra H. A Hopf algebra is a left and right Hopf
algebra. The map S is called a (left, right, two-sided) antipode.

Using the Sweedler notation (2.20) the commutative diagram above can also be expressed
by the equation

Z S(a(l))a(g) = 7]5(@)

for all @ € H. Observe that we do not require that S': H — H is an algebra homomorphism.

Problem 12.4. (1) Let H be a bialgebra and S € Hom(H, H). Then S is an antipode for H
(and H is a Hopf algebra) iff S is a two sided inverse for id in the algebra (Hom(H, H), x, ne)
(see 2.21). In particular S is uniquely determined.

(2) Let H be a Hopf algebra. Then S is an antihomomorphism of algebras and coalgebras
i.e. S “inverts the order of the multiplication and the comultiplication”.

(3) Let H and K be Hopf algebras and let f : H — K be a homomorphism of bialgebras.
Then fSy = Sk f,ie. fis compatible with the antipode.

Definition 12.7. Because of Problem 12.4 (3) every homomorphism of bialgebras between
Hopf algebras is compatible with the antipodes. So we define a homomorphism of Hopf
algebras to be a homomorphism of bialgebras. The category of Hopf algebras will be denoted
by K- Hopf.
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Proposition 12.8. Let H be a bialgebra with an algebra generating set X. Let S : H — HP
be an algebra homomorphism such that ) S(xqy)x@) = ne(x) for all z € X. Then S is a
left antipode of H.

Proof. Assume a,b € H such that ) S(aq))a@) = ne(a) and Y S(ba))be) = ne(b). Then

>-S((ab)y)(ab) @) = 3_ Slamba))a@be) = 32 S(ba))S(an))aebe)
= > S(bay)ne(a)bey = ne(a)ne(b) = ne(ab).

Since every element of H is a finite sum of finite products of elements in X, for which the
equality holds, this equality extends to all of H by induction. O

Example 12.9. (1) Let V be a vector space and T'(V') the tensor algebra over V. We have
seen in Problem 2.2 that T'(V') is a bialgebra and that V' generates T'(V') as an algebra.
Define S : V. — T(V) by S(v) := —wv for all v € V. By the universal property of the
tensor algebra this map extends to an algebra homomorphism S : T'(V) — T(V)°. Since
A(w) =v®1+1®v we have ) S(va))ve) = V(S ® 1)A(v) = —v+v =0 = ne(v) for all
v € V, hence T'(V) is a Hopf algebra by the preceding proposition.

(2) Let V be a vector space and S(V') the symmetric algebra over V' (that is commutative).
We have seen in Problem 2.3 that S(V') is a bialgebra and that V' generates S(V) as an
algebra. Define S : V. — S(V) by S(v) := —v for all v € V. S extends to an algebra
homomorphism S : S(V) — S(V). Since A(v) = v® 1+ 1® v we have ) S(va))ve) =
V(S ®1)A(w) = —v+v =0 = ne(v) for all v € V, hence S(V) is a Hopf algebra by the
preceding proposition.

Example 12.10. (Group Algebras) For each algebra A we can form the group of units
U(A):={a € A|Fa~! € A} with the multiplication of A as composition of the group. Then
U is a covariant functor U : K-Alg — Gr. This functor leads to the following universal
problem.

Let G be a group. An algebra KG together with a group homomorphism ¢ : G — U(KG) is
called a (the) group algebra of G, if for every algebra A and for every group homomorphism
f: G — U(A) there exists a unique homomorphism of algebras g : KG — A such that the
following diagram commutes

G —~ U(KG)
f g
U(A).

The group algebra KG is (if it exists) unique up to isomorphism. It is generated as an
algebra by the image of G. The map ¢ : G — U(KG) C KG is injective and the image of G
in KG is a basis.

The group algebra can be constructed as the free vector space KG with basis G and the
algebra structure of KG is given by KG ® KG 3 g ® h — gh € KG and the unit n : K 5
a— ae € KG.

The group algebra KG is a Hopf algebra. The comultiplication is given by the diagram

G ———KG

f A

KG ® KG
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with f(g) := g® g which defines a group homomorphism f : G — U(KG ®KG). The counit
is given by
G —KG

K
where f(g) = 1 for all g € G. One shows easily by using the universal property, that A is
coassociative and has counit €. Define an algebra homomorphism S : KG — (KG) by

G ———KG

(KG)

with f(g) := ¢~' which is a group homomorphism f : G — U((KG)°). Then one shows
with Proposition 12.8 that KG is a Hopf algebra.

Proposition 12.11. The following three monoidal categories are monoidally equivalent

(1) the category ME of G-graded vector spaces MY,
(2) the category of G-families of vector spaces (M),

(3) the monoidal category of KG-comodules MXC.

Proof. We only indicate the construction for the equvalence between (1) and (3).

For a GG-graded vector space V' one constructs the KG-comodule V' with the structure map
§:V = VKG, §v) =v®gforall v eV, and for all g € G. Conversely let V,6 : V
— V®KG be a KG-comodule. Then one constructs the graded vector space V' with graded
(homogenous) components V;, := {v € V|§(v) = v ® g}. It is easy to verify, that this is an
equivalence of categories.

Since KG is a bialgebra, the category of KG-comodules is a monoidal category by Exercise
12.2 (2). One checks that under the equivalence between MY and M®¢ tensor products are
mapped into corresponding tensor products so that we have a monoidal equivalence. [l

Example 12.12. The following is a bialgebra B = K(x,y)/I, where I is generated by
22, xy + yr. The diagonal is A(y) = y®y, A(r) = r @y + 1 ® x and the counit is
e(y) = 1,¢(x) = 0.

Proposition 12.13. The monoidal category Comp-K of chain complezes over K is monoidally
equivalent to the category of B-comodules MP with B as in the preceding exzample.

Proof. We use the following construction. A chain complex M is mapped to the B-comodule
M = @®;enM; with the structure map 6 : M — M ® B, §(m) :=>. m Q@ y" + 9;(m) @ xy'~!
for all m € M, and for all i € N resp. (m) :==m ® 1 for m € My. Conversely if M, : M
— M ® B is a B-comodule, then one associates with it the vector spaces M; := {m €
M|3m' € M[§(m) = m ® y* + m’ ® xy"~'} and the linear maps 9; : M; — M, with
di(m) == m/ for 6(m) = m ® y' + m’ ® xy"~'. One checks that this is an equivalence of
categories. By Exercise 12.5 this is a monoidal equivalence. U

Problem 12.5. (1) Give a detailed proof that M and M are equivalent as monoidal
categories.

(2) Give a detailed proof that Comp-K and M?P with B as in the preceding Proposition
12.13 are equivalent categories. Since MP® is a monoidal category, the tensor product can
be transported to Comp-K. Describe the tensor product in the category Comp-B.
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You may use the following arguments:
Let m € M € MP. Since y', zy’ form a basis of B we have 6(m) = >, m;®@y'+>_. m,Qxy’.
Apply (6 ®1)0 = (1® A)d to this equation and compare coefficients then d(m;) = m; @y +
mi_, @xy"t,  §(m]) =m,®y". Hence for each m; € M; there is exactly one d(m;) € M;_1,
so that

o(mi) =m; @y +0(my) @y, o(mj) =m;®y".
Apply furthermore (e®1)d(m) = m then you get m = Y m; with m; € M;, so M = @, M.
Thus define d : M; — M,;_; by the above equation. Furthermore one has 9> = 0. The
converse construction can be found in the proof of the proposition.
(3) A cochain complex over K has the form

M= (M° 2 a2 g2 2 )
with 9;,10; = 0. Show that the category K-Cocomp of cochain complexes is equivalent to
B M, where B is chosen as in Example 12.12.
(4) Show that the bialgebra B from Example 12.12 is not a Hopf algebra.

(5) Find a bialgebra B’ such that the category of complexes ... — M; — My — M' — M?
— ... and MP" are monoidally equivalent. Show that B’ is a Hopf algebra.

The example KG of a Hopf algebra gives rise to the definition of particular elements in
arbitrary Hopf algebras, that share certain properties with elements of a group. We will
use and study these elements later on in the course on Non Commutative Geometry and
Quantum Groups.

Definition 12.14. Let H be a Hopf algebra. An element g € H, g # 0 is called a group-like
element if

Alg) =g®yg.

Observe that £(g) = 1 for each group-like element ¢g in a Hopf algebra H. In fact we have
g=V(e®1)A(g) =<(g9)g # 0 hence £(g) = 1. If the base ring is not a field then one adds
this property to the definition of a group-like element.

Problem 12.6. (1) Let K be a field. Show that an element = € KG satisfies A(z) =z @z
and e(x) =1 if and only if x = g € G.

(2) Show that the group-like elements of a Hopf algebra form a group under multiplication
of the Hopf algebra.

Example 12.15. (Universal Enveloping Algebras) A Lie algebra consists of a vector
space g together with a (linear) multiplication g ® g > * ® y — [z,y] € g such that the
following laws hold:

[.T, y] = —[y,x],

[z, [y, 2]] + [y, [z, z]] + [, [x,y]] =0  (Jacobi identity).
A homomorphism of Lie algebras f : g — b is a linear map f such that f([z,y]) =
[f(z), f(y)]. Thus Lie algebras form a category K- Lie.
An important example is the Lie algebra associated with an associative algebra (with unit).
If A is an algebra then the vector space A with the Lie multiplication

[z,y] =2y —yx
is a Lie algebra denoted by A”. This construction of a Lie algebra defines a covariant functor
-I': K-Alg — K- Lie. This functor leads to the following universal problem.
Let g be a Lie algebra. An algebra U(g) together with a Lie algebra homomorphism ¢ : g
— U(g)t is called a (the) universal enveloping algebra of g, if for every algebra A and
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for every Lie algebra homomorphism f : g — A’ there exists a unique homomorphism of
algebras g : U(g) — A such that the following diagram commutes

g——U(g)*
f g

AL,
The universal enveloping algebra U(g) is (if it exists) unique up to isomorphism. It is
generated as an algebra by the image of g.
The universal enveloping algebra can be constructed as U(g) = T(g)/(z @y —y @z — [z,y])
where T'(g) = K®g®g®g... is the tensor algebra. The map ¢ : g — U(g)* is injective.
The universal enveloping algebra U(g) is a Hopf algebra. The comultiplication is given by
the diagram

g———Ul(g)

! A

U(g) @ U(g)

with f(z) := 2®1+1®x which defines a Lie algebra homomorphism f : g — (U(g)®U(g))".
The counit is given by

g———Ul(g)

K

with f(z) = 0 for all x € g. One shows easily by using the universal property, that A is
coassociative and has counit €. Define an algebra homomorphism S : U(g) — (U(g))®? by

g——Ul(g)

(U(g))”

with f(z) := —z which is a Lie algebra homomorphism f : g — (U(g)°)". Then one shows
with Proposition 12.8 that U(g) is a Hopf algebra.

(Observe, that the meaning of U in this example and the previous example (group of units,
universal enveloping algebra) is totally different, in the first case U can be applied to an
algebra and gives a group, in the second case U can be applied to a Lie algebra and gives an
algebra.)

The preceding example of a Hopf algebra gives rise to the definition of particular elements
in arbitrary Hopf algebras, that share certain properties with elements of a Lie algebra.
We will use and study these elements later on in the course on Non Commutative Geometry
and Quantum Groups.

Definition 12.16. Let H be a Hopf algebra. An element x € H is called a primitive element
if
Alz)=z1+1®u.
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Let ¢ € H be a group-like element. An element x € H is called a skew primitive or g-
primitive element if
Alz) =21+ g® .

Problem 12.7. Show that the set of primitive elements P(H) = {z € H|A(z) = 2®1+1®z}
of a Hopf algebra H is a Lie subalgebra of H”.

Proposition 12.17. Let H be a Hopf algebra with antipode S. The following are equivalent:
(1) S* =id.

(2) > S(aw@)any =ne(a) for alla € H.

(3) > a@xS(aqy) =ne(a) for alla € H.

Proof. Let S? =id. Then

>- S(a@)aqy = S*(>° S(awe)any) = S S(an))S*(aw)))
= S(3_ S(aq))aw) = S(ne(a)) = ne(a)

by using Problem 12.4.
Conversely assume that (2) holds. Then

Sx S%(a) =Y S(aw)S?*(a@) = S S(ap))aq
= S(ne(a)) = ne(a).

Thus S? and id are inverses of S in the convolution algebra Hom(H, H), hence 5% = id.
Analogously one shows that (1) and (3) are equivalent. O

Corollary 12.18. If H is a commutative Hopf algebra or a cocommutative Hopf algebra with
antipode S, then S? =id.

Remark 12.19. Kaplansky: Ten conjectures on Hopf algebras

In a set of lecture notes on bialgebras based on a course given at Chicago university in 1973,
made public in 1975, I. Kaplansky formulated ten conjectures on Hopf algebras that have
been the aim of intensive research.

(1) If C is a Hopf subalgebra of the Hopf algebra B then B is a free left C-module.

(Yes, if H is finite dimensional [Nichols-Zoeller|; No for infinite dimensional Hopf
algebras [Oberst-Schneider|; B : C' is not necessarily faithfully flat [Schauenburg])

(2) Call a coalgebra C' admissible if it admits an algebra structure making it a Hopf
algebra. The conjecture states that C' is admissible if and only if every finite subset
of C lies in a finite-dimensional admissible subcoalgebra.

(Remarks.

(a) Both implications seem hard.
(b) There is a corresponding conjecture where “Hopf algebra” is replaced by “bial-
gebra”.
(c¢) There is a dual conjecture for locally finite algebras.)
(No results known.)
(3) A Hopf algebra of characteristic 0 has no non-zero central nilpotent elements.

(First counter example given by [Schmidt-Samoa]. If H is unimodular and not
semisimple, e.g. a Drinfel’d double of a not semisimple finite dimensional Hopf alge-
bra, then the integral A satisfies A # 0, A> = ¢(A)A = 0 since D(H) is not semisimple,
and aA = e(a)A = Ae(a) = Aa since D(H) is unimodular [Sommerh&user].)

(4) (Nichols). Let z be an element in a Hopf algebra H with antipode S. Assume that

for any a in H we have
Z bixS(c;) = ¢e(a)x

where Aa = )" b; ® ¢;. Conjecture: z is in the center of H.
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(Yes, since ax = ) aqyze(ae) = Y amaS(aw))as)) = > laq))vap) = ra.)
In the remaining six conjectures H is a finite-dimensional Hopf algebra over an
algebraically closed field.
(5) If H is semisimple on either side (i.e. either H or the dual H* is semisimple as an
algebra) the square of the antipode is the identity.
(Yes if char(K) = 0 [Larson-Radford], yes if char(K) is large [Sommerh&user])
(6) The size of the matrices occurring in any full matrix constituent of H divides the
dimension of H.
(Yes if Hopf algebra is defined over Z [Larson]; in general not known; work by
[Montgomery-Witherspoon], [Zhu], [Gelaki])
(7) If H is semisimple on both sides the characteristic does not divide the dimension.
(Larson-Radford)
(8) If the dimension of H is prime then H is commutative and cocommutative.
(Yes in characteristic 0 [Zhu: 1994])
Remark. Kac, Larson, and Sweedler have partial results on 5 — 8.
(Was also proved by [Kac])
In the two final conjectures assume that the characteristic does not divide the
dimension of H.
(9) The dimension of the radical is the same on both sides.
(Counterexample by [Nichols]; counterexample in Frobenius-Lusztig kernel of
U,(sl(2)) [Schneider])
(10) There are only a finite number (up to isomorphism) of Hopf algebras of a given
dimension.
(Yes for semisimple, cosemisimple Hopf algebras: Stefan 1997)
(Counterexamples: [Andruskiewitsch, Schneider]|, [Beattie, others| 1997)
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13. QUICKIES IN ADVANCED ALGEBRA

I. Allgemeine Modultheorie.
(1) Sei R ein Ring. Dann ist gR ein R-Links-Modul.

(2) Sei M eine abelsche Gruppe und End(M) der Endomorphismenring von M.
Dann ist M ein End(M)-Modul.

(3) {(1,0),(0,1)} ist eine Erzeugendenmenge fiir den Z-Modul Z/(2) x Z/(3).
(4) {(1,1)} ist eine Erzeugendenmenge fiir den Z-Modul Z/(2) x Z/(3).

(5) 2Z/(n) besitzt als Modul keine Basis, d.h. dieser Modul ist nicht frei.

(6)

6) Sei V = @@;°, Kb; ein abzéhlbar unendlich dimensionaler Vektorraum iiber dem
Korper K. Seien p, q,a,b € Hom(V, V') definiert durch

p(bi) = by,
q(bi) = baiy1,

bij2, wenn i gerade ist, und
a(bl) = . .

0, wenn ¢ ungerade ist.

bi—1/2, wenn i ungerade ist, und

0, wenn ¢ gerade ist.

Zeige pa + gb = idy, ap = bqg = id, aq = bp = 0.
Zeige, daf fir R = Endg (V) gilt kR = Ra® Rbund Rr = pR ® qR.

(7) Sind {(0,...,qa,...,0)|a € K,} und {(a,0,...,0)|a € K,} isomorph als M, (K)-
Moduln?

(8) Zu jedem Modul P gibt es einen Modul Q mit P & Q = Q.

(9) Welche der folgenden Aussagen ist wahr?
(a) POQ=PLoQ — P =R
(b) AdQ=PdQ = P =P
(c) PoQRQ=EPoQ —= P=PR?
(10) Z/(2) ®Z/(6) B Z/(6) D ... = Z/(6) D Z/(6) D Z/(6) B
(1) Zz/2)ezZ/4)Z/4) ... 2Z/4)DZ/(4)DZ/(4) D
(12) Man finde zwei abelsche Gruppen P und @), so daf§ P isomorph zu einer Unter-

gruppe von @ ist und @) isomorph zu einer Untergruppe von P ist und P 2 )
gilt.
II. Tensorprodukte
(1) ImC®:Cgltloi—i®l=0.
I CopCagilt1®i—i®1#£0.
(2) Fiir jeden R-Modul gilt R ®@r M = M.
(3) Sei der Q-Vektorraum V' = Q" gegeben.
(a) Bestimme dimg(R ®g V).
(b) Gib explizit einen Isomorphismus R ®g V' = R™ an.
(4) Sei V ein Q-Vektorraum und W ein R-Vektorraum.
(a) Homg(.Rg, W) = W in Q-Mod.
(b) Homg(.V,.W) = Homg(.R ®q V, .W).
(c) Sei dimgV < oo und dimgW < co. Wie kann man verstehen, daf in 4b
links unendliche Matrizen und rechts endliche Matrizen stehen?
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(d) HOIHQ(.V, HOIHR(.R, W) = HOIHR(.R ®Q ‘/, W)
(5) Z/(18) ©z Z/(30) # 0.
(6) m:Z/(18)®77/(30) 5T®7y +— Ty € Z/(6) ist ein Homomorphismus und m ist
bijektiv.
7) Fir Q-Vektorraume V und W gilt V @z W =2V ®@q W.
8) Fiir jede endliche abelsche Gruppe M gilt Q ®z M = 0.

(7)
(8)
(9) Z/(m) ®zZ/(n) = Z/(ggT(m,n)).
(10) Q®z Z/(n) = 0.

(11) Homz(Q,Z/(n)) = 0.

(12) Gib explizit Isomorphismen an fiir

Z@ZQ%JQ,
3Z 27 Q= Q.

Zeige, dal das Diagramm kommutiert:
37 ®7Q—7Z ®2zQ

Y [

Q—5—Q
(13) Der Homomorphismus 2Z® 7 Z/(2) — Z®z7Z/(2) ist der Nullhomomorphismus,
beide Moduln sind aber von Null verschieden.
ITI. Projektive Moduln
(1) Bestimme die Dual-Basis von R? im Sinne der Vorlesung.
(2) Zeige, daf die Spur eines Homomorphismus f : V' — V gegeben ist durch
Endg(V) 2 VeV = K.
(3) Bestimme die Dual-Basis von gysR X 0C R X S.
(4) K, ist ein projektiver M, (K)-Modul.
(5) Sei R:= K x K mit einem Kérper K.
(a) Zeige: P :={(a,0)|a € K} ist ein endlich erzeugter projektiver R-Modul.
(b) Sind die R-Moduln P und @ := {(0,a)|a € K} isomorph?
(c) Man finde eine Dual-Basis fiir P.
(6) Zeige fiir R := M, (K), daB P = K,, endlich erzeugt projektiv ist, und finde eine
Dual-Basis.
(7) Zu jedem projektiven Modul P gibt es einen freien Modul F' mit P & F = F.

IV. Kategorien und Funktoren
(1) In R-Mod gilt:
f M — N Monomorphismus <= f injektiver Homomorphismus.

(2) (a) Wenn f : M — N surjektiv ist, dann ist Hompg(f, P) : Hompg(N, P)

— Hompg (M, P) injektiv.
(b) Z — Z/(n) induziert eine injektive Abbildung
Homgz(Z/(n), M) — Homg(Z.M) = M.

Warum kann man Homgy(Z/(n), M) mit {x € M|nz = 0} C M identi-
fizieren?
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(¢) To(M) :={x € M|nx = 0} ist ein Funktor Ab — Ab.
(d) Die Einbettung T,,(M) — M ist ein funktorieller Homomorphismus.
(3) In R-Mod gilt:
f: M — N Epimorphismus <= f surjektiv.
(4) Wenn F ein kovarianter darstellbarer Funktor ist und f : M — N ein Monomor-
phismus ist, dann ist F(f) : F(M) — F(N) ebenfalls ein Monomorphismus.
(5) Der Funktor F : M — 7Z/(n) ®z M ist nicht darstellbar.
(6) Der Funktor F : V +— Q" ®q V ist darstellbar.
(7) Der Funktor 7}, : Ab — Ab mit 7,,(M) := {z € M|nxz = 0} ist darstellbar.
(8) Jeder additive Funktor F' : R-Mod — S-Mod erhélt endliche direkte Summen,
dh. FIM& N) 2 F(M) & F(N).
V. Morita-Aquivalenz
(1) Zeige, dal (K x K)-Mod nicht dquivalent zu K-Mod ist.
(2) Sei K ein Korper, B := M, (K), xPp := K" die Menge der Zeilenvektoren, pQ g
die Menge der Spaltenvektoren. Finde f: P®p Q) — K und g: Q ®x P — B,

sodaB (K, B, P,Q, f, g) einen Morita- Kontext bildet. Ist dieser Morita-Kontext
strikt?

(3) Zeige R-Mod 2 C-Mod.
(4) Bestimme das Bild der Abbildungen f und g im kanonischen Morita-Kontext
(A, B, P,Q, f,g) fir
(a) A:=7/(6) und P :=7/(2),
(b) A:=Z/(4) und P:=7Z/(4) ®Z/(2),
(¢) A:=7/(6) und P:=7Z/(6) ®Z/(2).
VI. Halbeinfache Moduln
(1) Finde alle einfachen Moduln iiber K, Z, K|z].
(2) Finde alle einfachen Moduln iiber Clz], My(K), Q[z]/(z?).
(3) Finde alle einfachen Moduln iiber

K K
(0 k)
(4) Stelle End gy (K[z]/(x) ® K|z]/(z — 1)) als Ring von Matrizen dar.

VII. Radikal und Sockel
(1) Radikal und Sockel endlich erzeugter abelscher Gruppen. Bestimme
(a) Rad(zZ/(p)), Soc(zZ/(p))-
(b) Rad(Z/(p")), Soc(Z/(p")).
(¢) Rad(Z/(p") ® Z/(p™)), Soc(Z/(p") & Z/(p™))-
(d) Fiir welche n € N ist Rad(zZ/(n)) = 07
(2) Bestimme Radikal und Sockel der abelschen Gruppen
(a) Z,
(b) @,
(c) Q/Z.
VIII. Lokale Ringe
(1) Sei R ein lokaler Ring. Dann ist R/m ein Schiefkorper.
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(2) Der Ring der formalen Potenzreihen K[[z]] ist ein lokaler Ring.
(3) Der Polynomring K{[z] ist kein lokaler Ring.

IX. Lokalization
(1) S:=2%\ {0} ist multiplikativ abgeschlossen. S™'Z G Q.
(2) (a) Wenn S C T multiplikativ abgeschlossene Mengen sind, dann wird dadurch
ein Homomorphismus v : S~'M — T~ M induziert.
(b) Finde eine hinreichende Bedingung dafiir, dafl ¢ injektiv ist.
(¢) Fiir S:=7Z\ (p) und T :=7Z\ {0} beschreibe man den Homomorphismus
.
(d) Fir S C T zeige man ST M =T"1S'M =T"'M.
(e) Wenn S, T" multiplikativ abgeschlossen sind, dann ist auch S N7 multip-
likativ abgeschlossen. Wie driickt sich das fiir (S N7T)"*M aus?
(f) Sei T:=(Z\ (2)) N (Z\ (3)). Bestimme T~'Z.
(g) Ist Z/(6) — T—Y(Z/(6)) injektiv? surjektiv?
XII. Bialgebras and Hopf algebras
(1) Let H be a bialgebra and A be an H-left-module algebra. On A ® H define a
multiplication
(CL X h) (a’ X h/) = a(h(l) . a,) & h(Q)h/.
Show that this defines a structure of an algebra on A® H. This algebra is usually
denoted by A#H and the elements are denoted by a#h :=a ® h.

(2) Let A be a G-Galois extension field of the base field K. Define an homomorphism
¢ : A#KG — Endg(A) by p(a#g)(b) := ag(b). Show that ¢ is a homomorphism
of algebras.

(3) Let G := (5 be the cyclic group with two elements., A := C, and K := R. Show
that ¢ : C#RCy — Endg(C) is an isomorphism of algebras.



