ON LIE ALGEBRAS IN THE CATEGORY OF
YETTER-DRINFELD MODULES

BODO PAREIGIS

ABSTRACT. The category of Yetter-Drinfeld modules nyg over a
Hopf algebra K (with bijektive antipode over a field k) is a braided
monoidal category. If H is a Hopf algebra in this category then
the primitive elements of H do not form an ordinary Lie algebra
anymore. We introduce the notion of a (generalized) Lie algebra in
nyg such that the set of primitive elements P(H) is a Lie algebra
in this sense. Also the Yetter-Drinfeld module of derivations of
an algebra A in YDE is a Lie algebra. Furthermore for each Lie
algebra in YDX there is a universal enveloping algebra which turns
out to be a Hopf algebra in )/ng.
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1. INTRODUCTION

The concept of Hopt algebras in braided categories has turned out
to be very important in the context of understanding the structure
of quantum groups and noncommutative noncocommutative Hopf al-
gebras. In particular the work of Radford [7], Majid [3], Lusztig [2],
and Sommerhauser [8] show the importance of the decomposition of
quantum groups into a product of ordinary Hopf algebras and of Hopf
algebras in braided categories.

Since by the work of Yetter [9] Hopf algebras in braided categories
that are defined on an underlying (finite-dimensional) vector space can
be considered as Hopf algebras in some category of Yetter-Drinfeld
modules, we will restrict our attention to Hopf algebras H in a category
of Yetter-Drinfeld modules YD over a Hopf algebra K with bijective
antipode.

There are two structurally interesting and important concepts that
survive in this generalized situation, the concept of group-like elements
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(A(g) = 9g®g, e(g) = 1) and the concept of primitive elements (A(x) =
r@1+1®@a, e(x)=0).

For ordinary Hopf algebras H the set of primitive elements P(H) of
H forms a Lie algebra. This result (in a somewhat generalized form)
still holds for Hopf algebras in a symmetric monoidal category. This
is, however, not true for braided monoidal categories.

There have been various attempts to generalize the notion of Lie
algebras to braided monoidal categories. The main obstruction for such
a generalization is the assumption that the category is only braided and
not symmetric. One of the most important examples of such braided
categories is given by the category of Yetter-Drinfeld modules YDE
over a Hopf algebra K with bijective antipode which is always properly
braided (except for K = k, the base field) [6].

We introduce a concept of Lie algebras in YD that generalizes the
concepts of ordinary Lie algebras, Lie super algebras, Lie color algebras,
and (G, x)-Lie algebras as given in [5].

The Lie algebras defined on Yetter-Drinfeld modules have partially
defined n-ary bracket operations for every n € N and every primitive
n-th root of unity. They satisfy generalizations of the (anti-)symmetry
and Jacabi identities.

Our main aim is to show that these Lie algebras have universal en-
veloping algebras which turn out to be Hopf algebras in YDE. Con-
versely the set of primitive elements of a Hopf algebra in YDY is such
a generalized Lie algebra. We also give an example that generalizes the
concept of orthogonal or symplectic Lie algebras.

2. BRAID SYMMETRIZATION

We begin with two simple module theoretic observations. The fol-
lowing is well known: if A, B are algebras and M is an A-B-bimodule,
then Homy(.P,.M) is a right B-module for every A-module P. We
need a comodule analogue of this.

Let A be an algebra, C' be a coalgebra, and 4M“ be an A-C-
dimodule, i.e. a left A-module and a right C-comodule such that
d(am) = (a @ 1)d(m).

Proposition 2.1. Let P be a finitely generated left A-module. Then
Homa(.P,.M) is a right C'-comodule with the canonical comodule struc-
ture such that

(Homy (P, M) = Homy (P, M)@C — Homa(P, M&C)) = Homyu(P,6).

Proof. Let p1, ... ,p, be a generating set of P and let f € Homu(.P,.M).
Let m; := f(p;). Then by the structure theorem on comodules the m;
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are contalned in a finite dimensional subcomodule My C M which is
even a comodule over a finite dimensional subcoalgebra Cy C O i.e.
the diagram

My —2 My @ Co

|,

M—MC
commutes. Furthermore M; := AM, 1s a Cy-comodule contained in
M since M is a dimodule, and f : P — M obviously factors through
M. Since M and M, are dimodules the diagram

Homs(.P, M) — Homa(.P, .My © Co) <= Homa(.P, M) & Co

-

Homa(.P,.M) Homu(.P,.M @ C) ~——Homu(.P,. M) ® C

commutes, so each f has a uniquely defined image §.(f) € Homa(.P,.M)®
C'. Now it is easy to check that this map induces a comodule structure

on Homu (P, M). O

The second observation is the following. We consider k-algebras
A and B. Let @« : B — A be an algebra homomorphism. « in-
duces an underlying functor V, : A-Mod — B-Mod with right adjoint
Homp(A,-) : B-Mod — A-Mod. If o : B — A is surjective then
Homp(A, M) — Homp(B, M) = M is injective, so that we can iden-
tify Hompg(A, M) = {m € M|Ker(a)m = 0}.

Let B, be the Artin braid group with generators 7,2 =1,... ,;n—1
and relations

r =TT if |0 —j] > 2;

(1)

Let ¢ € k be invertible. Then kB,, 3 7, — (7; € kB, (for the generators
7; of B,,) is an algebra automorphism denoted again by ( : kB, — kB,.
This holds true since the relations for B, are homogeneous.

(Observe that this construction can be performed for every group
algebra if the group is given by generators and homogeneous relations.
The given construction of an automorphism for every ¢ € U(k) defines
a group homomorphism U(k) — Aut(kB,) — Aut(kB,-Mod).)

Now consider the canonical quotient homomorphism B, — 5, from
the braid group onto the symmetric group. It induces a surjective
homomorphism v : kB, — kS, with kernel

Ker(V) = <77Z)(Ti2 - 1)99|99777Z) S anl = 17 cee = 1>

TiTi+1Ti = Ti41T5Ti41-
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The composition « : kB, i> kB, — kS,, defines a functor kB,-Mod
— kS,-Mod by

M(g) .= Hokan(CkSn,M)
={me M|e7'tPo(m)=Cm VYoeB,, i=1,... ., n—1}
={m € Mlr}p(m) = (Pp(m) Vo€ By, i=1,...,n—1}2)

This holds since the map v : kB, — kS, has as kernel the two-
sided ideal generated as a k-subspace by {(7? — 1)p [, p € B,,1 =
1,...,n — 1} So f - Hokan(CkSn,M) with f(l) = m & M, iff
CHY (P = 1)p)m = 0 for all o, @, 4, iff (71 (77 — 1)pm = 0 for all ¢, 1,
iff 72om = CPom for all ¢, 1, iff o~ 72p(m) = *m for all ¢, 1.

If the action of B,, on M is given by an action of S, and the canonical
epimorphism B, — S,, then the construction of the M(() becomes
trivial, since M(¢) = {m € M|t?o(m) = (*p(m) = o(m)} = 0 if
(* # 1 and M(—1) = M(1) = M. Observe that the module M(()
depends only on (?*, but that the action of £S,, on M(({) depends on (.

M(1) gives a solution of the following universal problem.

Proposition 2.2. For every kB, -module M the subspace
M(1):={me M|p~'7?p(m)=m Ve€B,, i=1,... ., n—1}
is a kS,-module and the inclusion M(1) — M is a kB,-module ho-

momorphism, such that for every kS, -module T'" and every kB, -module
homomorphism f : T — M there is a unique kS,-module homomor-
phism g : T'— M(1) such that the diagram

T
o] S
M(1) M

commutes.

Definition 2.3. We call the functor -(¢) : kB,-Mod — kS,-Mod the

C-symmetrization of kB,-modules.

The definition gives
M) ={me Mlp~'tPo(m)=Cm Yo €B,, i=1,...,n—1}.
The action of 5, on M(() is given by
oi(m) = ("'mi(m), (3)
where o; resp. 7; are the canonical generators of 5, resp. B,. Thus

M(() is also a kB,-submodule of M. Since the functor M — M(()

is a rightadjoint functor, it preserves limits. Like for eigenspaces we
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have that the sum of the subspaces M(() for all ¢ with different (? is
a direct sum. On M(() we have two distinct £S,-structures o;(m) =
—('71i(m) and o; = ("'7;(m), since ¢ and —( define the same subspace
M(¢) = M(—() € M.

The (-symmetrization M(() of M can also be calculated by

Lemma 2.4.
M(()={me M|Ti_17ﬂ_11 . Tj__llszT]‘_l e TipTi(m) = Cm V1<i<j< n—1}

which reduces the number of conditions to be imposed on the m € M
in order to be in M(().

Proof. Given in Appendix. O

One of the interesting kB, -structures, for which we will apply the
previous construction, occurs on n-fold tensor products M"™ := M ®
...@M of an object M in a braided monoidal category of vector spaces.

Let K be a Hopf algebra. Let M be an K-module such that M is
a kB,-K-bimodule. The functoriality of our construction then makes
M(() again an K-module and in fact a £5,- K-bimodule.

Let M be an K-comodule such that M is a £B,-K-dimodule. Then
by Proposition 2.1 M(() is an K-comodule and in fact a kS,-K-
dimodule.

Let K be a Hopf algebra with bijective antipode. Let YDE denote
the category of Yetter-Drinfeld modules over K, i.e. of right K-modules
and right K-comodules M such that > (z - h)o @ (@ - h)1 = (a0 -
hy) @ S(hy)x1hs for all z € M. The usual tensor product makes YDE
a monoidal category. YD has a braiding given by 7xy : X @ YV
=YX, 7t ®@y) = Yy ® xy;. We assume that the reader is
familiar with the properties of the B,-action that is induced by the
braiding 7 on n-fold tensor products ([4] 10.6).

Theorem 2.5. Let K be a Hopf algebra with bijective antipode. Then
for each ¢ € k* and each n > 2 the construction given above defines a
(non-additive) functor

YDESM e (M®...0 M)(() e YDE.

Proof. If M € yDﬁ: then the n-fold tensor product M @ ... ® M is
a Yetter-Drinfeld module on which B, and thus kB, acts in such a
way, that M is a (kB,, K)-bimodule and a (kB,, K')-dimodule. The (-
symmetrization functor -(() preserves the module and comodule struc-
tures hence the Yetter-Drinfeld structure.

The functor is not additive since the “diagonal” functor M — M@ M
1s not additive. O
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We abbreviate M™(() := M®*(() =M @ ... @ M({). Then M™(()
is a submodule of M"™ in the category of Yetter-Drinfeld modules and
the elements in M"(() are of the form z = Y, 231 @ ... @ xp,. We
often suppress the summation index and summation sign and simply
write z = 21 @ ... @ z, € M™(() although M"(() does not decompose
into a tensor product.

3. SYMMETRIC MULTIPLICATION AND JACOBI IDENTITIES

For the rest of the paper let C be the category YDX of Yetter-Drinfeld
modules over a Hopf algebra K with bijective antipode over a field k.

We study objects P € C together with (partially defined) operations in
C
[,.]:P@...@ P(()=P"() — P
for all n € N and all primitive n-th roots of unity (.
Occasionally we write [.,.],, for such an operation [.,.]. By composing

such operations certain additional operations may be constructed as
follows.

Proposition 3.1. Let { be a primitive n-th roots of unity. Then the
operations

[l dnle s PP 2 01 @0 @ g = [0, [0, 2] € P
and

[ dm J2 s PP 2 21 @0 @ gy = ([0, 2], ] € P
are well defined.
Proof. Given in Appendix. O

We will have to consider objects

P (=1,¢) = PoP (()N{z € P™ Vo € S, : (1) 7 (10p)(2) = 2}
Since this is a kernel (limit) construction in C, P"*!'(—1,() is again an
object in C.
Proposition 3.2. Let { be a primitive n-th roots of unity. Then the
operations

Ll daz : PP (=10 2203 @ ... @yw = (2, [y, .., ya)] €P

and

o[ 2y JnTict oo 71 P”+1(—1,§) S 2R Q. QYn > (Y1, S [Ty, Y] €EP

are well defined.
Proof. Given in Appendix. O
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We introduce special bracket multiplications which then lead to the
definition of a Lie algebra on a Yetter-Drinfeld module.

Definition 3.3. Let A be an algebra in C = YDE and let V" : A ®
... ® A — A denote the n-fold multiplication. We define a bracket or
symmetric multiplication

[,.]: A"(() — A by [z]:= > V'o(2)

0ESh
where the action of 5, on A™(() is given as in (3).

We will only use those bracket operations which are defined with (
a primitive n-th root of unity (for all n € N and all ().

We consider these bracket operations as a generalization of the Lie-
bracket [-,-] : Lx L — Lor[-]: L& L — L. Observe that our bracket
operation is only partially defined and should not be considered as a
multilinear operation, since A*(¢) C A” is just a submodule in C and
does not necessarily decompose into an n-fold tensor product. The
elements in A™(() are, however, of the form z =3, 141 @ ... @ Tg 4.

If we suppress the summation index and the summation sign then
we may write the bracket operation on z = 2; ® ... ® x,, also as [z] =
[x1,...,2,]. If we define

0(2) = To-1(1) @ ... @ Tp—1(y) (4)
then we get
[X1,...,2,] = Z To(1) v To(n)
0ESh
Observe that the components zy,...,x, in this expression are inter-

changed according to the action of the braid group resp. the symmetric
group on A™((), 80 Z,(1) @ ... @ T,y is only a symbolic expression.
The bracket operation obviously satisfies the “anti”-symmetry iden-
tity
[o(2)] =[] Yo € 5,. (5)
We apply Proposition 3.1 to an algebra A in C with the operations

given in Definition 3.3 and get

Theorem 3.4. (1. Jacobi identity) For all n € N, for all primitive
n-th roots of unity ¢, and for all z € A"*(() we have

n+1 n+1

S [ (2@ ]l = Yol [ Jal2(1. . 0)(2) = 0,
i=1 =1 (6)

where we use the notation (4).
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Proof. We define (S,41)i) = {0 € Sppilo(i) = 1}. Then S,y =
Ui (Sng1) (). For o € (Sn+1)() let p:=o(i...1). Since p(1) = 1 there is
a unique p € S, with p=1® p and 0 = (1 @ p)(1...7). So we obtain
a bijection
Analogously we define (S,41)? := {0 € S,11|0(i) = n + 1} and get a
bijection

S, p=(p@)(n+1...0)€ (Sur)?.

Now observe that 7,,...71(2) = ("o, ...01(2) = (n+ 1...1)(2) (by
(" =1) for z € P"(() to get

it [ [ ]]( )( )=
= T VO [ )1 )(2) = V([ ] U omi(1. . )(2)
= i ( oL, D)) = V(] @ D+ 1) ()
= Xl Xpes, V1 )( 0)(z) V(@ )+ 1
= desn+1 Vitlo(z) — ViHo(z) = 0.
O

Theorem 3.5. (2. Jacobi identity) For all n € N, for all primitive
n-th roots of unity ¢, and for all z =2 @y, @ ...y, € A""(—1,()
we have

n

[l’,[yl,,,. 7yn]] = Z[ylv--' ,[1'7%],--- 7yn] (7)

=1
where 1 @ ... QY1 QT QY @ ... @Yy := Ty ...7T1(2) and
[ylv' <o Yi-1, [xvyi]v- .. 7yn] = [ [ ']27 ‘]nTi—l . ‘Tl(Z)‘ (8)

Proof. The equation in the Theorem can also be written as

n

Lol Ja2(2) = S0l Jos Jumicn -7 (2),

=1
Lemma 8.1 together with ¢(¢) = j shows

Vip(l®...0V @...0 )7 .. 71(2)
=V'(1®...0V®...01)pnTi-1...1(2)
= V”‘HT]_l Len(l® )(Z),

Vip(l1®@...0V @...0 )n...1(2)
=V'(1®...0Ve...0puT...1i(2)
= Vrtis 71(1 )(Z),
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hence

Vip(l®...0V ®@...0 )r_y...71(2)
=Vtin .1l @e)(2)
=Vio (1@ e)(z) ()
=V%(l®@...0oVa...01)r...1(2).

foralld,j =1,...,n with ¢(i) = ¢(j) + 1, i.e. for all ¢ except ¢7*(1)
and all j except ~!(n). The other i’s and j’s used in (9) are in bijective
correspondence.

To prove the equation of the theorem we write each o € 5, as ("¢
with a representative ¢ € B,, and a suitable power (" according to (3)
and use (9). Then we get

Z?:l X ['7 ']27 ']nTi—l s Tl(Z) =

=Yl (1@ 0 (V=Vr)®...0 r1...7(z) =
= 2ois1 20eS, an p(1@...0V ® @ )T 71(2)

S Ses, V(L <®V® ®>nn1 m(2)
= Yoes, VL@ T@)(Z) creSn T 7i(1 ® ¢ e)(z)
= Zaes VL@ (o) (2) = Toes, V”“(C @) ma(2)

V(1@ 3,es, V” )(2) = V(Z,es, V"o @ 1)7ppn(2)

(V Vo)1 @ [, Ju)(z)

= ['7 ['7 ]N]Q(Z)

Clearly there are symmetric right sided identities.

4. LIE ALGEBRAS ON YETTER-DRINFELD MODULES

Now we can define the notion of a Lie algebra in the category of
Yetter-Drinfeld modules.
Definition 4.1. A Yetter-Drinfeld module P together with operations
in YD
[,.]:P@...@ P(()=P"() — P
for all n € N and all primitive n-th roots of unity ( is called a Lie
algebra if the following identities hold:

(1) for all n € N, for all primitive n-th roots of unity ¢, for all
o € 5,,and for all z € P"(()

[z] = [o(2)],
(2) for all n € N, for all primitive n-th roots of unity ¢, and for all
z € P"H(()
nt1 nt1

S e [ers e i aea]] = S L[ (1 d)(2) = 0,
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where we use the notation (4),
(3) for all n € N, for all primitive n-th roots of unity ¢, and for all
2=2Qy @... Ry, € P"(—1,() we have

n

[xv[ylv"' 7yn]] = Z[ylv"' 7[x7yi]7"' 7yn]

=1
where we use the notation (8).

Corollary 4.2. Let A be an algebra in YDE. Then A carries the
structure of a Lie algebra A" with the symmetric multiplications

[]: A"(() — A by [z]:= > V'o(z).
ogESK
for all n € N and all roots of unity ¢ € k*.

Proof. This is a rephrasing of the “anti”-symmetry identity (5) and the
Jacobi identities (6) and (7) in Theorems 3.4 and 3.5. O

5. THE LIE ALGEBRA OF PRIMITIVE ELEMENTS

Let A be an algebra in C = YDE. Then A® A is an algebra with the
multiplication A A A®A TS A9 A0 ADA VY AQA. Letp: A
— A®@ Abethemapp(z):=2@1+1@x. Thenp(=1@n+n®1)
is in C but p is not an algebra morphism. Let p” : A" — (A® A)" be
the n-fold tensor product of p with itself.

Lemma 5.1. Let H be a Hopf algebra in C. Then P(H) := {x €

HIA(x)=2@ 1 +1®a} is a Yetter-Drinfeld submodule of H in C.

Proof. P(H) = Ker(A — p). O
In particular we have é(x) € P(H) @ K and zA € P(H) for all

x € P(H) and all X € K.

Lemma 5.2. p"(A™(()) C (A® A)"(().

Proof. By Theorem 2.5 p: A — A ® A induces p" : A"(() — (A®

A7) 0

Theorem 5.3. Let ¢ be a primitive n-th root of unity and let z € A™(().

Then
[p" ()] = p([z]).
Proof. If z = Y251 @ ... @ @, € A™(() then the equation of the

theorem reads as

(@1 @1+ 1@ 281) @ o @ (T @1+ 1@ 2p,)] =
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We want to evaluate

[Cr(@1 @14+ 1@ a51) @ .. @ (24 @1+ 1@ ap)]
= oes, V'O(Si(@p1 @1+ 10 ap1) @ @ (20 @ 1+ 1 @ 2p))

where o € S, operates on p"(z) € (A ®@ A)"(() as described in section
2.

Let v,y € Aand 7(2 @ y) = > ;u; @v;. Then (1 @2)- (y@1) =
(VaV)(Zilououel) =3 u0u =1(x0y) = X (u;@1)- (12 v,).

So we have

(@ )(yal)=(wyal),
(Iez)(ley) =(1oy),
(lor)(yal)=1(zay).

We expand a product (2 @1+ 1@ 1) ... (2, @1+ 1@ x,). It

produces after multiplication 2" summands, each a product of n terms.
A typical product is (z1 @ 1)(1 @ a2)(x3 @ 1)..., some of the factors
being of the form x; @ 1, the others of the form 1 ® z;. To evaluate
such a product we use the rule of multiplication in A @ A given by
Vaga = (V & V)(l & 7T 1).

To explain the following calculation we consider as an example the

product (z1 ® 1)(1 @ x2)(23 @ 1)(1 @ x4)(x5 @ 1). It is calculated with

the following braid diagram
RN
X

The second and fourth factors are pulled over to the right and then all
factors are multiplied according to (11). Thus we have (x; @ 1)(1 @
) (232 1) (1@ a4)(z521) = (VPR V) p(r; @ag Qas @24 @as), where
@ = 13747y as defined by the given braid diagram.

We prove now by induction on n that for every product (x; @ 1)(1®
xg)(x3@ 1) ... with 7 factors of the form 2; @1 and n — i factors of the
form 1 @ x; there is an element ¢ € B,, such that

(1)1 @az)(xs@1)...= (Vi ® V”_i)c,o(xl R ... Q xy).

Furthermore if ¢ denotes the number of pairs of factors fi, f2 in the
product (x1 @ 1)(1 @ xg)(xs@1)... where fi is to the left of fy, fi is of
the form (1 @ x;) and f; is of the form (a; ® 1), or briefly the number
of factors in reverse position, then ¢ is composed of ¢ generators 7; of
B,,. Observe that ¢ and the number ¢ are uniquely determined by the
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properties of the multiplication of A® A and the braid group B,,, which
has homogeneous relations.

For n = 1 we have the trivial cases z @ 1 = (V! @ V°)(z) and
1@z = (VY@ VY (x), where V! = id and V° = 1. For the induction
nothing is to be proved if ¢ = n or ¢ = 0. In these cases we have t = 0.

We assume now that the claim is true for n. The induction step for

1 # 0,n+ 1 is given by

(x1®@1) (1@:1;2) (:1;3®1)-...-(1®:1;n+1) =

={(V' o V"™ )p(r; @ ®xn)} (1 @ wnga)

{(Vio V) Zk(uk LB D)} (10 2a)

= (g Uk - CUR O Ukigp1 * e Uky) (1@ Tpg1)

= >k (uk ® 1) e (U @ 1) (1@ upigr) o (1@ upp) - (L@ 2pyr)
= (V'@ V"™ (upy @ .o @ Uy @ Tg)

= (V' oV )ea (2 @...0 zu)

where t, the number of factors in reverse position, does not change,
neither does the number of generators 7; used in the representation of
@ ® 1. The second possibility is

= (V' OV )p(21 @ ... ©20)} - (2nps © 1)
= (Zk um LT u;m' ® u;m'_H LT u;m) . (l'n-l—l ® 1)
= (e Uk @ Ukt e Upnet) - (L@ upy) - (g1 @ 1)

= (Cp kg Uk D Ukigr e Uppe)  (Vkn @ 1) - (1@ Vg )
= (VT @ Vn %_I)P(Ek Uk @ v oo @ U1 @ V) - (1 @ Vpgr)
= (V*H @ V”_f)(,o @Dtk @ .o @ U1 @ Vg @ Vkng1)
=(VH oV pa ) (1" @) (e@ 1) (1@ ... 0 Tpt1)-

where (21 @ ...Qx,) = X p Uk1 @ o e Q@ Upny T(Up @ Tpg1) = 2 Vpn @
Vkat, and (1" '@ )@@ 1)(21@ ... Q 2, @ Tpg1) = S p gy D ... @
Uk @ Vg @ Vkny1. We determine the number ¢(¢)) of generators
7, occurring in ¢ = (p @ 1)(1”_1 @ 7)(¢ @ 1). We have by induction
t(¢) = t, the number of factors in (z1 @ 1) - (1 @az)-(z3®@1)-... in
reverse position. Also we have ¢,,41 = t,,+ (n—1) the number of factors
in(x;@1)-(1@a) - (x3@1)-...- (2441 @1) in reverse position. Then
tw)=t(po)(I"tar)(pal) =tpa)+t(I" T 01)+tpal) =
(n—i—1) 41+, =tos1-
If we sum up we obtain

(21@141@21 ). (2, @14+10z,) = DD (V'AV" )pi(21@...Qx,),

[

for certain ¢; € B, which arise in the evaluation given above.
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Now let z € A*(¢). We expand the products in V"p"z = 3 (241 @

l+1®@ap1) oo (s @1 4+1® ap,). Each of these products in the
sum is treated in the same way as described above. Using (3) we get
Vip(e) = Tk 01 1@ 2k) - (xkn®1+1®xk,n)

=2k i e (VIR VT 2)992(:1% 1@ .. @ g y)
=3 z%(w@vn Deil2)
= 2 D (V@ Vi) (e py(2)
where p; € S, are the canonical images of the ¢, € B, and #(¢p;) is the

number of factors 7; in the representation of ;.
This gives us

[p"(2)] = Yses, VP 0(2)
=20 T X TNV @ V)i (2)
=33 ( L (e ))(vZ © V" )o(2)
=5 cZ(VZ @ VY, o(2)
where the factors ¢; = 7. (1) € k. We want to show that the ¢

are zero for all 0 < ¢ < n.

So fix n and i. Consider one product (x; @1)-(1®@a2)-(x3@1)-... in
the development of (21 @1+1 @) ... (v, @1+1Qx,) =¥, Z%(Vi(@
V" Yi(21@...@x,) and its corresponding ;. The chosen summand is
completely determined by giving the positions in {1,... ,n} of the n—1
factors of the form (1 @ x;). The first of these factors has A; factors
of the form (2; @ 1) to its right with 0 < Ay < . So it contributes
A1 pairs of factors in reverse position. The second factor of the form
(1®a;) contributes Ay (with 0 < Ay < Ay <¢) pairs of factors in reverse
position, and so on. We obtain t = A\; + Ay + ...+ \,_; pairs in reverse
position. If we know the A; with 0 < XA,_; < ... < XAy < A; <1 then
they also determine uniquely the position of the factors of the form
(1 ® x;). Each partition of t = Ay + Xa + ...+ A, Z into (at most)
n — 1 parts each < ¢ gives one term (™' in ¢; = Z e #) and we find
p(i,n —i,1) partitions of ¢ into at most n — 1 parts each <1. So we get

szn §t

t>0

By a theorem of Sylvester ([1] Theorem 3.1) we have

n—i—l—l)

: (=gl —g¢h) ... (1—q
EW’”"’”Q‘ (I—q)1—q¢)...(1—q)

hence ¢; = 0 for 0 < ¢ < n since ¢ and also (7! are primitive n-th roots
of unity.
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So we have shown
[p"(2)] = Yoes, V'p"o(2)
=Y, (Ve V) 3y, o(z)
=3, Viao(2)@1+1@3,V"a(z)
= plzl.
O

Corollary 5.4. Let H be a Hopf algebra in C. Then the set of primitive
elements P(H) forms a Lie algebra in C.

Proof. By Lemma 5.1 P(H) is a Yetter-Drinfeld submodule of H. Let
- € PUHYMQ). Then p(le)) = [p"(=)) = [A%(=)] = A() since A
is an algebra homomorphism. Hence [z] € P(H). So P(H) is a Lie
subalgebra of H'. O

Definition 5.5. Let A be an algebra in C and let end(A) be the inner
endomorphism object of AinC, i.e. the Yetter- Drinfeld module end(A)
satisfying C(X ® A, A) 2 C(X,end(A)) for all X € C. It can be shown
that

end(A) := {f € Hom(A, A)|3Y fio) ® f1) € Hom(A, A) @ KVa € A:
> fioy(a) @ fay =2 fla) o) @ flaw)wSlam)}

is the Yetter-Drinfeld module with the required universal property.
end(A) operates on A by a canonical map ev : end(A) @ A — A
with ev(f @ a) = f(a).

A derivation from A to A is a linear map (d : A — A) € end(A)
such that

d(ab) =d(a)b+ (1@ d)(T@1)(d@a @ b)

for all a,b € A. Observe that in the symmetric situation this means
d(ab) = d(a)b+ ad(b).

It is clear that all derivations from A to A form an object Der(A) in
C and that there is an operation Der(A) @ A — A.

Corollary 5.6. Der(A) is a Lie algebra.

Proof. Let m denote the multiplication of A. An endomorphism =z :
A — Ain end(A) is a derivation iff m(z @ 1 + 1 ® x) = xm where
(2@y)a®@b)=(ev@ev)(l@TR 1) (2 @y @a®b) for elements a and
bin A and elements x and y in end(A). So « € end(A) is a derivation
iff mp(x) = am.

To show that Der(A) is a Lie algebra it suffices to show that it is
closed under Lie multiplication since it is a subobject of end(A), which
is an algebra in the category C. Let ( be a primitive n-th root of unity.

Let V :end(A) @ end(A) — end(A) be the multiplication of end(A).
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If 21,29 € Der(A) then mp(x1)p(a2) = ximp(xz) = x1x9m or more
generally m(V"p™")(x; @ ... @ x,) = V(21 @ ... @ a,)m for all v1 @
.. @ x, € Der(A)™. Thus we get for z € Der(A )”( )

mp([z])= m[p"(2)] = Zm(V"o(p"(2)))
=X m(V'pra(z)) = ZV"o(z)m = [z]m

hence [z] € Der(A). O

6. THE UNIVERSAL ENVELOPING ALGEBRA OF A LIE ALGEBRA

As in [5] we can now construct the universal enveloping algebra of a
Lie algebra P in C as U(P) := T(P)/I where T'(P) is the tensor algebra
over P, which lives again in C, and where [ is the ideal generated by the
relations [z] =3 V"o (z) for all z € P"*((), for all n and for all primitive
n-th roots of unity (. Then U(P) clearly is a universal solution for the
following universal problem

P L U(p)
\ \g
A

where for each morphism of Lie-algebras f there is a unique morphism
of algebras ¢g such that the diagram commutes.

Theorem 6.1. Let P be a Lie algebra in C. Then the universal en-
veloping algebra U(P) is a Hopf algebra in C.

Proof. 1t is easily seen that § : P — (U(P) @ U(P))* in M*< given by
d(x):=T®@141@7T where T is the canonical image of € P in U(P)
and the counit ¢ : U(P) — k given by the zero morphism 0 : P — k
define the structure of a bialgebra on U(P) in C.

Now we want to define S : U(P) — U(P)°"* by the Lie homomor-
phism S : P — U(P)"*, S(x) = —z. Here A%* is the algebra ob-
tained from the algebra A by the multiplication A® A s AR A i> A.
Then for z € P*(() we have

S(el) = ~F= =%, Viold) =~ L, V' os)
= — S, (V) ia(E) (by (3)) = =5, (V7) ¢4 la(3)

= (" E = (-1)"[F] = [5°(2)]

where m € B, is the braid map given by the twist of all n strands with
source {1,... ,n}and domain {n,... , 1}, 7= (71)... (Tn=2... 7271 )(Tae1 ... T2T1)
and( L

(TTz m=p€ES,.
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Hence S is a Lie homomorphism and factorizes through U(P). Since
U(P) is generated as an algebra by P we prove that S is the antipode
by complete induction:

V(1 ®S)A(L) = 15(1) = 1 = (1),
V(1@ SA@) =7+ 5(T) =0=¢(T).

Before we prove the general induction step we observe that A : U(P)
— U(P) @ U(P) is a morphism in C = YDE so that we have in

particular
()@ () @al =) (1) @ (a2)’ @ (1) (a2)' € U(P)RU(P)@ K

for a € U(P). (Here we use §(a) = S a® @ al to denote the comodule
structure in YDE.) Assume now that @ is writte as a product of n >
1 elements in P and that > a;5(az) = 0. Then for all @ € P we
have 3(a1)?S((a2)?)S(z(ar) (a2)') = X(a®)15((a®)2)S(za') = 0 since
S§la)=Yad"®@ad' €ePR...0 P K CU(P)® K. So we have

V(1@ S)A(za) =V(1@S)YX(za; @ az + (a1)? @ (x(ay)')as)
= Y warS(az) + X(ar)?S((2(a1)!)as)
= Y(a1)°S((a2)°)S(2(a1) (az)!) = 0 = ne(za).

The second condition V(S @ 1)A = ne is proved in a similar way (by
using elements of the form ax and the equation 3 S((ak)i)(ak)z = 0
for a written as a product of n elements in P and x € K). So S is an

antipode and U(P) is a Hopf algebra in C. O

7. (G,x) LIE ALGEBRAS

In [5] we introduced and studied the concept of G-graded Lie alge-
bras or ((7, y)-Lie algebras for an abelian group GG with a bicharacter
Y generalizing the concepts of Lie algebras, Lie super algebras, and
Lie color algebras. The reader may find examples of such (G, y)-Lie
algebras in [5]. A generalization of this concept of Lie algebras to
the group graded case for a noncommutative group requires the use of
Yetter-Drinfeld modules over kG. We show that (G, x)-Lie algebras
are Lie algebras on Yetter-Drinfeld modules in the sense of this paper.
We use the notation of [5].

Let GG be an abelian group with a bicharacter xy : G @z G — Ek*. Let
P be a kG-comodule. Then P is a Yetter-Drinfeld module over kG [4]
with the module structure @ - g = x(h, g)x for homogeneous elements
x = x, € M with §(z) = @ @ h. The braid map is 7(x;, @ y,) =
Yy @ap-g = x(h,g)y, @y, hence the braiding given in [5] after Example
2.3.
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Let ¢ € k* be given. Let (g1,... ,gn) bea (-family,i.e. x(¢gi,9;)x(9;,9:) =
(2 Let Q := > oses, ch(l) R...0 P o)
Lemma 7.1. ) is a right S,,-module by

(21 @ ... @ x,)0 = p(0, (g1, 1 90))To() @ - .. @ Ty
foroce S, andx, @ ... 0z, € P, @...Q0F,,.

Proof. We have to show the compatibility of this operation with the
composition of permutations. Let o,7 € 5,,. We use Lemma 2.2 of [5].

Then

(71®... @ xn)(07) =

p(oT,(G1y- -+ 5 Gn))Tor(a @ Tor(n)

=p(o (gl,...  Gn))p T,( Voo 2 Go(n)))Tor(1) @ - oo @ Tor(n)
( ( (917--- 7gn))x0(1 ®x0(n))

(z1 @ ... @ zp)o)T.

4

@ becomes a left S,-module by o(21®...@x,) = p(0™, (g1, .. 1 gu))Ta-1(1)®
D T Thus @{(91 o) C-family} P, ©...@PF,, isalso aleft 5,-
module.
This action is connected with the action of B,, on @{(917~~~ m) ¢~ family} P, ®
.. @ P, by

goos

('@ @ a,) =0z @ ... @ x,) (12)
for the canonical generators 7; of B, resp. o; of 5,,, since

('@ Q) =
= (Y (01, 01)T1 D ... QT DT, D ... D T,
=p(ait (g1,- .- ,gn))xgi—l(l) @@,y
=0i(x1 Q... Qx,).

In particular we have
S 12 o _
T Tie - .z'j_llrj Tio1 = Ti1Ti(T1 @ ... @ a,) =
_ 2 -1 - -1 2
= (o] 0y 010701 01001 @ L@ ay)

=21 @ ... @ ,),
so that 1 ® ... ®@ x, € P"(¢) by Lemma 2.4. Thus we have

S Po..9PR, S P
{(g1,..,9n) ¢-family}
Conversely let > 1@ ... @z, € P @{ (G120 P ©...@ P, with

homogeneous summands and assume that one of the summands is non-
zero in P, @...® P,, where (¢1,...,¢,) is not a (-family for example

by x(gi, gi41)X(gix1,9:) # ¢*. Then (77 — () (X 21 @ ... @ x,) has a
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non-zero component in P, @ ...® P, , hence }_ 23 @ ... ® z, cannot

be in P*(¢). This proves
Proposition 7.2. Let ( € k* be given. Then

Pr(¢) = P P ®...0P,,.
{(g1,..,9n) ¢-family}

By Lemma 7.1 and (12) the bracket multiplication of [5] is a special
case of the bracket multiplication of this paper and (G, x)-Lie algebras
are Lie algebras over Yetter-Drinfeld modules.

Example 7.3. As a new example of Lie algebras we give one family of
examples of (G, x)-Lie algebras. Let ¢ = C5 = {0, 1,2} be the cyclic
group with 3 elements. Define the structure of a right kG-module on
a kG-comodule V' (i.e. on a Cs-graded vector space V =V, & Vi @ V3)
using the bicharacter y : C5@zC3 = Cs — k*, x(1®@1) = £ a primitive
3-rd root of unity, by v- ¢ := x(deg(v) @ g)v = y(deg(v), g)v for g € G
and homogeneous elements v € V. Then V is a Yetter-Drinfeld module.

Let A :=end(V') be the inner endomorphism object of V' in kG-comod.
By Corollary 4.2 A is a Lie algebra. One verifies easily (see [5]) that
the only non-zero components A™(() for the partial Lie multiplication
are

Az(—l) = AO ® (Al @ AQ) @ (AO @ Al @ AQ) ® AO
and

A =A404,0A4 040 4,0 A,
Now let (.,.) : V@V — k be a bilinear form on V in C. We define

g(v)l = {f € AZ'|\V/U,U) ev, deg(v) =7: <f(v)7w> = _X(ivj)<vvf(w)>}'

This space is the homogeneous component of (V) C A that becomes
a Yetter-Drinfeld module.
For feg(V)gand g € 9(V);, i € C3, v € V;, w € V we have

(If, gl(v),w)y=((fg — gf)(v),w)
= (Jg(v),w) —(gf(v),w)
= x(3,7)(v, gf (w)) — x(7,7){v, fg(w))
= _X(iv.j)<vv [fv g](w)>,

hence [f,g] € 8(V);. Analogously one shows [g, f] € 8(V);.
For k=1,2,3let fr € 8(V); (i =1 or it = 2). Then

([fis o, Bl(0)w) = Toesi{fo) fo o (v),w)
= (—1) Xoes, x(iyi + i+ 7)x(0 7 4 7)x (0, 5) (v, fo@)fo) fomy(w))
= _<U7 [flv f27 f3](w)>7
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hence [fi1, fa, f3] € 8(V)o. Thus we have a Lie algebra g(V'). Depend-
ing on the choice of the bilinear form this is a generalization of the
orthogonal or the symplectic Lie algebra.

&. APPENDIX

Proof. of Lemma 2.4:
Define actions m; ; for 1 <1< 7 <n on M by

L. —-1_-1 -1 . . . .
Tig =T TigpeTilgTim1Tjm2« - Tip1Ti (13)

Observe that m; ;41 = 7. Since 77; = 77 if |0 — j| > 2 a simple
calculation gives

;T = Tpmi; for all k <@ —1 and all k& > 7,
TiTi—1 = Ti—1Ti—1,5,
T = Tpm; forall e < k< g —1, (14)
T Tj—1 = Tj—17ij—1 if 1 <5 —1 and
TijTi—1 = ;T = T if 1 =5 — 1.
Let N C M be a kB, submodule of M. Assume furthermore that
77 Tip1 = Tt on Nforalli=1,... ,n—2. Then 727, = 70 = 73,
Consequently we have

szTZ' = TZ'sz (15)

on N forall 2,7 =1,...,n— 1. Thus the 7]2 commute with all ¢ € B,
if they act on N.
We introduce the vector subspace M () C M(¢) C M by

M) ={zeMVI<i<j<n:r P(z) =z

and show that M(O is invariant under the action of the 7; and 7274, =
Tiation M(¢) foralli=1,... ,n—2.

For z € M(() and 7 < j we have 77 ,7.(2) = memf ;(2) = (P(2) for
all £ with 1 <k <i—1and j <k <n by (14) and for all £ with
1 < k< j—1by (14) Furthermore we have szTi_l(z) =TT 1](2) =
(31 (2) by (1), 72,731 (2) = i1 y(2) = Cria(2) (or <5 1)
by (14), and 7TZ]T] 1(2) =77z ) = (*rj_1(z) (fori = j— 1) by (14).
So there remain two cases to mvestlgate for which we use 77 (2) = 2z
and symmetrically 7 ( )= (%2 for all z € M(C).

In the first case we get

mir(z) =7tk mm(z) = 7]2_1 i (C22)
- §2 - Tj2 L- TZ‘H( ) = ¢Pry 2-|—1 ](Z)

= (*T, ‘1(C2 ) = CQT '3 (2) = CQTZ(Z)
fort+1 <7 and 7Ti,z’+17'i( z) =T ( ) = §272( ).
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In the second case we get

miimi(z) =7 1...7]2_1 LomTi(z) = §272»_1...T]2_ TiT;T ~2(2)
—§27' 7T i ...7'42_1...7'2'7']4_1( )—§27' b T Tj_l...n(z)

{5

1
1
— §27' 1y T Tj__lTjT]‘_l...TZ( z) = §27' 7w, 7+ 1 ](Z)
= (P17 (¢P) = Cryl2).

Hence we have 7;(z) € M(¢) forall z € M(¢)andalle=1,... ,n—1.

The claim 727,41 = 7,417 is clear from the invariance and the fact,
that 72 on M (() is multiplication by (.

Since the 72 commute in their action on M({) with all ¢ € B, it is
clear that M(¢) € M(¢). O

We now study specific braids. The following identity

implies
-1 -1,2 2_—1 -1
Ty e T AT Tict oo s TL =T . ToT Ty o T; (16)
and similarly 7 ... 7202 oot = o irin o for all 4 =
1,...,n.

Let B, > ¢ — ¢ € 5, denote the canonical epimorphism.
For each braid ¢ € B, there exists a braid ¢@;) € B,y1 such that the
diagram

1..9f®...01

P®..0P’®...0P P@...oP
1
P @
1®... L.®1
P®..@P°®...QP 9080 P®R...QP
J

commutes for all f : P? — P in C (where j = ¢(1)). The braid ¢(;) can
be given explicitly, but we are only interested in the following special
forms

Ti) =T+ g > Ti—1(i) = TiTi—1;

Tit) = 75 ifj<ui—1; Ti(¢) = TiTit1
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which can be easily verified.

By (16) we have for all z € P"**(—1,()

2

TiTier .. T1(2) = Tic1 .. T1(2). (17)

Lemma 8.1. For z € P""'(—1,(), v € B, and j := ¢(i) we have

Proof. To prove this we first observe that these two relations are com-
patible with the group structure of B,. For ¢u¢(i) = @) = k we
have

CHY@Tiet - T1(2) = @()Tj—1 - - - TI(1 @D V)(2) = Ther - . T (1 @ @2P)(2);
Y- Ti(2) =T (1 @Y)(2) = ... (1 @ @)(2)

so we only have to show these relations for the generators ¢ = 7,
7=1,...,n —1. In these cases we have

Ti(i)Tim1 - - T1(%) = Tjy1Tic1 ... T1(2)

=Ti—1...T1Ti+1(2)
Tict ... (1 @ 75)(2) for 3 > 1;
Ti(i)Tim1---T1(2) = TjTic1 ... T1(2)
Tictew  TTip1Tj - T1(2)
Tict e Tjp1TiTjg1 - - - T1(2)
=Ti—1...T1Ti+1(2)
Tict ... (1 @ 75)(2) for y <1 —1;
TiTicTiet -+ - T1(2)

= TiTi—2...T1(2)

=Ti_g...T17i(2)

=Tig...T1(1 @ 1ic1)(2);
Ti@))Tie1 - - T1(2) = TiTig1Tiz1 - .. T1(2)

=Ti...T1Tit1(2)

=7...1(1®7)(2);

Tic1(i)Tie1 - - - T1(2)
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i@ T(2) = T (2)
=Ti...11Tj41(2)
=7...n(l®@7)(z) for j > 1;
T ---Ti(2) =TT T (2)
Tiw o TjTjp1Tj -+ - T1(2)
Ty Tjg1TiTib1 - - - T1(2)
Ti oo T1Tip1(2)
... 11 @75)(z) for j <@ —1;
Tic1()Tie1 - - T1(2) = TTiATiTic1Ticg ... T1(2)

= AT Tia ... Ti(2)

TicATiTic2 - .. T1(2)
Tic1Ticg ... T1Ti(2)

=Ti—1...11(1 @ Tic1)(2);
T Ti - --T1(2) = TiTigaTi ... T1(2)

= Tip1TiTig1 - T1(2)

= Tig1Ti - T1Tig1(2)

=Tit1...11(1 @7)(2)
where we used (17) in the 3. and 7. equations. O

Lemma 8.2. For all z € P (—1,() and all f : P* — P we have
(P~ @ f@ P )iy ...1(2) € P*(C).
Proof. For all p € B, and all k =1,... ,n we have
o (P! ®f® P”_Z’)Ti—y- LTi(2) =
— TI?(P]_l & f & Pé_])@(i)Tj—l . Tl(Z)
= (P fo P i T n(l @ 9)(z)
= (P e fo P ...n(l o))
=e(P'@f@ P )1ioy...11(2)
hence (Pi_l ®f® Pn_i)Ti—l ...71i(2) € PM(Q). U

Now we can give the

Proof. of Proposition 3.1:
We first show that P***(() C P@(P"(()) C P"'. Let 2 = 3, 241 ®
oo @ Zg py1 be in P"T(() with linearly independent z;.,. Let o, 7 € B,
be given. Define 1 ® ¢ € B,y resp. 1 @ 7; € B,11 by the operation of
@ resp. 7; on the factors 252 @ ... @ 25 p41, €8 1® Ti(n) = Ti(fil—l). Then
Sz @@ O 2k @ o @ Zhngr) = (1@ 7 70)(2)
= k%1 @ ¢ D22 @ O Zhpt-

Since the 2z are linearly independent, the terms )~ 22 @ ... @ 24 41
are in P"(() hence z € P @ P™(().
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Now we show that a factorization as given in the following diagram
exists

PrH(() P @ P()
1@1[.,] 1®[.,]
PY(—1) P®P.

The morphism 1®].,.] : P@P"(() — P@P isin C. Consider the braid-
ing 7: P® P*"(() — P*(¢)® P. Since it is a natural transformation
the diagram

P @ P™(() T PM¢)@ P

Po(P®...0 P) (P®...@P)@P
commutes with ¢ = 7,...7 = T(ppn), 50 T(X ) 281 @ (282 @ ... @
Zkm41)) = Tn oo T (g 281 @ Zk2 @ oo @ Zg g1 ). Hence we get
1o, DE) =[] )m...7(2) (18)

and similarly
([, Jol)z) =0, )m...7(2) (19)

for z € P"*(¢). This implieST (1@[ D) =7(., ]@1)Tn.. (]

Tl Dn . mm. nl(z) = (Lo [, )= ) = (=D al,
so that (1 @ [.,.])(2) is in P*(—1

1(2)
)(2);
)]

) and thus Y [zk1, [2k2y -« s Zknt1]] 18

defined.
The second claim of the Proposition is proved in a symmetric way.
O

We continue with the

Proof. of Proposition 3.2:
We use (18), (19), and (16) to get

)(2)

(1@ [, Ja)(2) =
=(1®[,Ju)m1. - TaTn...71(2)
=1 @[Tt T Ty T (2)
= (1@ )u)Tn. i b r i T T T Ti(2)
=1 @[ ) (Tn. i T (Tl iy ) (PR (2)
=&, ])(z)
for all z € P"*'(—1,¢) hence (1®[.,.].)(z) isin P?*(—1) and [.,[., .]a]2(2)

is defined.
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Now we prove that [.,[., o, JaTict .- .71 : PP (=1,{) 2 20y ®...®

Yn = (Y1, 5 [2,0i], oo ya] € P is well defined. Let z € P*H(—1,().

Then we have 727y ' ...77 (2) =m ' ...r7 (2) since iy 'L ..77 = 1@

7'1_1...7'2»__11. If we represent y = 7'2_1...7'»_1(2) =Y a; Qb € Pt pr!

K3

in shortest form, then the set {b;} is linearly independent, so 3~ a;®b; =
i (> a; @b;) = 3 7 (a;) @b;, hence 7E(a;) = a; and y € P?*(—1)@ P
Soweget 7 1...m7...7(y) =Ti_1...7(2) € P @ PYH—1) @ Pt
and (1®@...@[,.]@...@ )r_1...711(2) € P™ is defined.

By Lemma 8.2 we have (1®...®[.,.]2®...@1)(2) € P*((), so that
[, [y ]2y JnTict - .. 71(2) is well defined. O
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