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ABSTRACT. The category of group-graded modules over an abelian group G is
a monoidal category. For any bicharacter of (G this category becomes a braided
monoidal category. We define the notion of a Lie algebra in this category gener-
alizing the concepts of Lie super and Lie color algebras. Our Lie algebras have
n-ary multiplications between various graded components. They possess universal
enveloping algebras that are Hopf algebras in the given category. Their biproducts
with the group ring are noncommutative noncocommutative Hopf algebras some of
them known in the literature. Conversely the primitive elements of a Hopf algebra
in the category form a Lie algebra in the above sense.

Keywords: Graded Lie algebra, braided category, braided Hopf algebra, universal
enveloping algebra.

1. INTRODUCTION

With the appearance of quantum groups the study of Hopf algebras has taken an
important turn in recent years. Many families of quantum groups are known. Here
we will add some new families by means of a construction which might eventually also
help to develop a structure theory of quantum groups. In classical structure theory
a formal group is decomposed into a smash product of an infinitesimal part with a
separable part. The separable part is often a group algebra, whereas the infinitesimal
part is often a universal enveloping algebra on which the group algebra operates. The
infinitesimal part then is generated by the primitive elements of the formal group.

However, for quantum groups or noncommutative noncocommutative Hopf alge-
bras this kind of decomposition seems to be much more complicated. We will use the
following approach.

Let x : G x G — k* be a bicharacter of the abelian group G. Then the monoidal
category of GG-graded vector spaces or kG-comodules is a braided monoidal category.
By forming a biproduct with the group algebra kG, each Hopf algebra in this category
generates an ordinary Hopf algebra. This process was studied for Hopf algebras with
a projection by Radford in [R] (or as the process of bosonization by Majid in [M94a]).
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We will give some general techniques for constructing Hopf algebras in the cate-
gory of GG-graded vector spaces. Our special interest lies in Hopf algebras that are
generated by primitive elements in the proper sense, that is A(x) =2 ® 1 +1 @ «.
In the biproduct these elements become skew primitive elements.

There is a generalized notion of a Lie algebra in symmetric monoidal categories
under the name of Lie color algebra (or Lie super algebra). An appropriate definition
of a Lie algebra in a braided monoidal category should have specific properties. In
the classical situation the primitive elements of a Hopf algebra form a Lie algebra.
Also the set of derivations of an algebra is a Lie algebra. So a more general definition
of a Lie algebra should pass a test with respect to the set primitive elements of a
Hopf algebra and with respect to the set of derivations of an algebra. We propose a
definition of generalized Lie algebras in the braided monoidal category of G-graded
vector spaces. These generalized Lie algebras have n-ary bracket multiplications that
are only partially defined, but certain symmetry and Jacobi identities still hold.

Lie color and Lie super algebras as well as ordinary Lie algebras are special cases
of our generalized Lie algebras. We will show that the set of primitive elements of
a Hopf algebra is such a generalized Lie algebra. Every associative algebra is also a
generalized Lie algebra by the same definition of the bracket multiplication. And the
set of derivations of an algebra will turn out to be a Lie algebra.

Starting out with a generalized Lie algebra we will construct a universal enveloping
algebra that turns out to be a Hopf algebra in the category of GG-graded vector spaces.
Thus we have obtained a method for constructing new Hopf algebras in this cate-
gory. By forming biproducts we obtain many old and new ordinary noncommutative
noncocommutative Hopf algebras or quantum groups.

Ordinary Hopf algebras over a field of characteristic zero that are generated by
their primitive elements are either trivial or infinite dimensional. In fact they are
universal enveloping algebras of Lie algebras.

Hopf algebras in braided monoidal categories in characteristic zero that are gen-
erated by their primitive elements, however, do not share this property. In certain
cases they are similar to universal restricted enveloping algebras of restricted (p-)Lie
algebras.

A simple example of such a Hopf algebra is Clz]/(2™) with A(x) =2 @1+ 1@«
considered as an object in the braided monoidal category of €, -graded vector spaces,
where ), is the cyclic group of order n and the braiding is given by a primitive n-th
root of unity. It is generated by the primitive element x as an algebra in the given
category, but it is finite dimensional. Such a Hopf algebra cannot exist as an ordinary
Hopf algebra (in the category of vector spaces).

We will restrict our considerations to group graded vector spaces over a fixed
abelian group (G. A consequence of one of our main results is that for primitive
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elements zq,... ,x, of degree 1 in a C,-graded Hopf algebra H the expression
[X1,...,2,] := Z To(1) -+ Lo(n)
ogESK

is again a primitive element (of degree zero) in H (where S, is the symmetric group).

By now the reader should be interested to see the definition of a generalized G-
graded Lie algebra. Let G be an abelian group with a bicharacter y : G x G — k.
For every primitive n-th root of unity ( we consider certain n-tuples (¢g1,...,¢,) in
(G associated with (. We will call them (-families. Furthermore we construct factors
plo,(g1,...,0,)) € k* for each permutation o € 5, and each (-family (g1,... ,gn).
These factors generalize the sign of a permutation. Details will be given in Definition
2.1. A generalized (G-graded Lie algebra is a G-graded vector space P = @ e Iy
that has multilinear bracket operations for all ¢ and all (-families (g1,... ,¢n)

[“‘]:Pgl ><---><Pgn—>Pg1+...+gn

satisfying the following generalizations of the symmetry and Jacobi identities
o [vy,...,1,] = {O(U’ (Grs-- 5 90)) [Zoq)s - s Ta(m))s
o S (I X095, 90)) [ [, i 2] =0,

¢ [l’, [y17y27 s 7yn]] = Z?:l (H;;ll X(g]7h)) [ylv R [xvyi]v s 7yn]7
whenever the bracket products are defined. In particular we require z;,y; € P, and
T € Ph.
The set of primitive elements of a G-graded Hopf algebra is an example for a
generalized Lie algebra, and so is any G-graded algebra if we define the bracket
operation by

[1’1, s ,l’n] = Z p(O’, (917 s 7gn))x0(1) Teeet To(n)-
ocESy

A Lie super algebra (Fo, P1), where Py is an ordinary Lie algebra with operations
[,.]: A®@ P — Pyand [.,.]: P ® P, — Py, is an example for this definition. Lie
color algebras are also special cases of our concept.

I would like to acknowledge helpful conversations with Edward L. Green, Frank
Halanke, Susan Montgomery, Martin Neuchl, Helmut Rohrl, Peter Schauenburg, and
Yorck Sommerhauser.

2. BICHARACTERS AND THE BRACKET MULTIPLICATION

Throughout let k be an integral domain, let G be an abelian group written ad-
ditively and let x : G x G — k* be a bicharacter, that is a group homomorphism
X : G @z G — k*. Then bicharacters on Z resp. Z/nZ have the form x(i,7) = ¢".

Definition 2.1. Let ( € k*. An n-tuple (¢1,...,9,) of (not necessarily distinct)
elements g; € G is a (-family of length n, if

x(gi,95)x (g5, 91) = ¢
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for all 7 # j.

If (g1,...,09n) is a (-family and o € S, then o(g1,... ,0x) := (go(1)s- -+ +Go(n)) 18
also a (-family. Thus the set G¢ of all (-families of length n is an S,-set. Observe
that there are (-families of varying lengths n.

Let X C G¢ be an S,-closed subset. We define a map p : S, x X — k* by

,0(0', (glv s 7gn)) = H (C_IX(gcr(j)vgcr(i)))
(¢,7)ER
where R is the set of all pairs (¢,7) with 1 <7 < j <n and o(¢) > 0(j), i.e. the set
of all pairs in o in reverse position.

Lemma 2.2. The map p satisfies the following relation

p(UTv (917 SR 7gn)) = p(Tv (90(1)7 SR 7ga(n)))p(0-7 (917 SR 7gn))
Proof. We have to show

I (X Gor)r 9ori))) =

1<j,o7(¢)>07(F)

= ( H (C_IX(QUT(J),QUT(k))))< H (4_1X(Qa(s)vga(r))))'

k<l,r(k)>7(I) r<s,o(r)>o(s)

We investigate the factors on the left hand side. If ¢ < j with o7(¢) < o7(7) then there
is no corresponding factor on the l.h.s. On the r.h.s. there are now two possibilities.
If s :=7(:) > 7(y) =: r (and thus o(r) > o(s)) then the first product contributes
a factor (7'x(gor(j), gor(i)) for the pair i < j,7(i) > 7(j) and the second product
contributes a factor (7' x(gor(i), gor(j)) for the pair r < s,0(r) > o(s). These two
factors cancel. If s := 7(¢) < 7(j) =: r then neither pair 1 < j,7(i) < 7(j) nor
r < s,0(r) < o(s) contributes a factor.

However, if i < j with o7(i) > o7(j) then there is a corresponding factor
(T'X(gor(j)> Gor(iy) on the Lh.s. On the r.h.s. there are again two possibilities. If
7(i) > 7(j) then the first product contributes a factor (7' X(gor(j)> gor(s)) for the pair
i < j,7(i) > 7(3). The second product does not contribute a factor for the pair
s:=71(1) > 7(y) = ryo(r) < o(s). If s:=7(i) < 7(j) =: r then the first product
does not contribute a factor for the pair ¢ < j,7(1) < 7(j), but the second product
contributes a factor (7' X (gor(1), gor(j)) for the pair r < s,o(r) > o(s). This argument
takes care of all factors on both sides of the formula. O

If g,¢' € G have order m resp. m’ and if n = ged(m,m’) then x(g,4')" = 1 since
X(9,9)™ = x(mg,g") = x(0,¢') = 1 and x(g,9)™ = x(g,m'g’) = 1. Hence x(g,¢') is
a primitive n-th root of unity for all ¢, ¢’ € & of finite order, with n chosen suitably.

Apart from this restriction on the choice of x(g,¢’) any combination of values can
occur. In particular let ( be an n-th root of unity. Then there are examples of groups
G and elements ¢g1,...,9, € G with x(g;,9;) = ¢ for all ¢ # j. Take for example
G=C,&...8C, =Zg & ...P7Zg,. Then a bicharacter y is defined as the group
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homomorphism y : G @ G = @7, Zg; © Zg; = D=, Z(g; ® g;) — k*, where the
images x(¢; @ g;) = x(¢i,9;) are chosen arbitrarily among the n-th roots of unity
(including 1).

If (g1,...,9n) is a (-family with at least one element g¢; of finite order, then
X(9i,9;)x(g;,9:) = * implies that ( is a root of unity.

Example 2.3. For ¢ € G we define |g| := x(g,9). If g has order m then |g| is a
primitive n-th root of unity where n divides the order m of ¢g. Furthermore (g, ... ,g)
is a |g|-family in GG. Observe also that any pair (0,¢) or (g,0) is a 1-family and a
(—1)-family.

The map p : 5, x X — k* reduces to a well known map in the following situation.

If (g1, ,92) = (9,---»9), lg| = 1, and ¢ = —1 then p(o,(g,... ,g)) = sgn(o) is the
sign of the permutation.

Now we turn to the category of interest for us. By [FM] Remark 3.4 the category
MFE of G-graded k-modules (or the category of kG-comodules) is a braided monoidal
category with the tensor product

(X@Y), =D Xn0 Yy

heG
and the braiding
T:X®Y 32y y(deg(z),deg(y))y@z e Y @ X

where 2 and y are homogeneous elements of degree deg(x), deg(y) € G.

Algebras, coalgebras, bialgebras, and Hopf algebras in the braided monoidal cat-
egory M* will be called ((, x)-algebras, ((, x)-coalgebras, (G, x)-bialgebras, resp.
(G, x)-Hopf algebras.

Let A, B be (G, x)-algebras in the category M*“. Then A @ B is also a (G, x)-

algebra in MG with the multiplication A BA® B 1e7gt ARAQBRB mAdYE AR B
(see for example [M94b]).

Definition 2.4. Let A be a (G, x)-algebra (associative with unit) in M*“. We define

(21, aa) = D p(0, (915 1 90))To(t) - To(n)
ogESK

for all ¢ € k=, all (-families (g1,... ,9n), and all 2; € A,,.
A special exampleis ( = —1, n = 2 and x(g1,92) = x(¢92,91) = 1. Then
[21, 22] = 122+ p((2,1), (g1, 92) ) x2x1 = T129 — T271.
If ¢ =-1,n=2and x(g1,92) = x(¢2,91) = —1, then

(21, 29] = w122 + p((2,1), (g1, 92)) 2221 = 2122 + 2921,
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Hence we obtain Lie algebras resp. Lie super algebras as a special case of (2.4).
Similarly if ( = —1, n = 2 and (g1, g2) is a (-family then x(g1,92) = x(g2,91)~" and
(21, 23] = 2122 — X (g1, g2) w21,

rendering Lie color algebras as another instance of (2.4). For Lie color algebras
the assumption x(g2,91) = x(g1,92)7" for all g, 92 € G leads to a totally defined
multiplication [.,.] : A X A — A since [, 23] is defined for any pair x;, 2, € A of
homogeneous elements. A special new operation is the following bracket product. If
g € G satisfies y(g,9) = ¢ # 1 then we have the product [...] : @"A — A

[X1,...,2,] = Z To(1) -+ Lo(n)-

ogESK

Theorem 2.5. (Symmetry) Let ( € k* and (¢1,... ,gn) be a (-family. Let x; € A,
and o € S,. Then

[1’1, s ,l’n] = P(Ua (917 s 7gn))[xcr(1)7 s 7xcr(n)]'
Proof. We have
,O(U, (917 SR 7gn)) [xcr(l)v SR 7xcr(n)] =

= ZTESn P(Ua (917 s 79n));0(7'7 ( R 7ga(n)))xm’(1) Tee Tor(n)
= ZTGSn p(UTv (917 s 7gn))x07 ot xch(n)- O

In the case of Lie algebras this amounts to

[21, 2] = —[22, 215
in the case of Lie super algebras this is
(X1, 22] = [22, 2]
(for ¢ = =1, n = 2 and x(¢1,92) = x(92,91) = —1); and in the case of Lie color
algebras (cf. [FM] 3.11) this is
[21,22] = =x(g1. 92)[72, 1]

1) _ ( 1,2, 40041, ,nt1

In the following theorem let (7. .. N

) denote a cycle in S, 41.
Theorem 2.6. (Jacobi identities)
(1) Let (g1, ygnt1) be a (-family with ¢ a primitive n-th root of unity. Then
n+1

Zp g1y s Gy [0y oo s Ty s Tng]] =0

for all x; € Ay,
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(2) Let (g1,...,9x) be a (-family with ( a primitive n-th root of unity and let
h € G such that all (h,g;) are (—1)-families. Then

n i—1

(. sy wal) = 30 (T X 2)) [y ol

forall x € Ay and y; € Ay,.

Proof. (1) Let 7 € S,,. Construct 7 € S,41 by 7(1) = 1 and 7(j) = 7(j — 1) + 1.
This defines a bijection between S, and the set of all o € 5,41 with (1) = 1. Using
hi == g1 we get

/0(7—7 (927 ce 7gn+1)) = 10(7—7 (hlv e 7h71))
= [T (X he)

1<i<j<n,7(i)>7(5)

- H (g_lx(gT(j—1)+17gT(i—l)-I—l))

2<i<j<n+1,7(i—1)>7(5j-1)

= II (¢ x(gr() 97(1)

1<i<j<nt1,7 (1) >7(5)
- p(%7 (917 s 7gn+1))

So we get forall e € {1,... ,n4+ 1}

p(Tv (glv"' 7gi—17givgi+17"' 7gn+1)) = p(%v(givglv'"7gi—17givgi+17"' 7gn+1))'

Now let 0 = 0; € S,41 with ¢ := o(1). Let 7 := (1...7)o;. Then 7(1) =1, so 7
comes from some 7 € S,,. Furthermore o; = (¢...1)7. By Lemma 2.2 we get

p(o-iv(glv"' 7gn+1)) = p(%v(givglv"ivgiv"' 79n+1))/0((@1)7(917 7gn+1))
= 'O(T7 (917"' 1 Gy 7gn+1))lo((l“‘1)7(917"' 7gn+1))‘

Given T € S, we define 7 by 7(n + 1) :=n + 1 and 7(j) := 7(J) else. This defines
a bijection between S, and the set of all o € 5,41 with o(n+ 1) = n+ 1. Then we
get

p(Tv (glv' .. 7gn)) = p(%v (glv' .. 7gn+1))
and
p(Tv (glv"' 7gi7"' 7gn+1)) = p(%v(glv"'vgiv"' 7gn+lvgi))'

Now let o = ¢ € S,41 with ¢ := o(n+1). Let 7 := (n + 1. ..i)ai. Then 7(n+1) =
n + 1, so 7 comes from some 7 € S,,. Furthermore o' = (i...n 4+ 1)7 and we get

p(o-iv(glv"' 7gn+1)) = p(Tv (glv"' 7gi7"' 79n+1))/0((@n‘|‘ 1)7(917"' 7gn+1))'

To prove the Jacobi identity we observe that since ( is a primitive n-th root of
unity

X(gn+ .. g+ Fgr) X+ G+ F Gar1,9) =
= [T x(9i95)x (g5, 9:) = ¢** =1,
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hence we have a (—1)-family (gi, g1 + ...+ ¢ + ...+ gny1) and

7 S TP T i |
=ailr, . Ry Tpy] — (H#ix(gi,gj))[xl,... SRy Tyt T

Furthermore we use (" =1 to get

p((i 1) (s s Gust)) Hj;,ézx(g“g]) =
]<2C ngvgz )( ];éz§ ngagy)))

=TLs(C'x(gi,95) = p((E .+ 1), (g1, -+ 5 Gnt1))-

With these notations we can now evaluate
S (e 1) (g1 s Gua )T [T1s e s Ry Taga]] =
= E?:"'ll P 1), (g1s e s Gngr )Ty e oo s Tiy oo Ty ]
—p((i...1), (g1, - - 79n+1))(H]‘¢¢X(giagj))[l‘l,--- s Tiy e T2y
Zn“ Yores, P 1), (g1, s Gar1))p(Ts (15 oo 3 Gis oo s Ggr))-
“Toi(1) -+ - Loi(nt1)
—p((i...n+1), (gl, s Gt )P(T (G1s e 5 iy e s Gn 1)) T i1y + - Toi(ng)
= D r€Snt1 P(o, (g1 s Gat1))To(1) -+ - Ta(nt1)
—6)(0, (G155 9n41))To(1) - - - To(n1)

(2) Since x(h, gi)x(gi, 7)) = (
9)X(g1 + ...+ gu,h) = 1 and x
defined.

Let o € S, with o(j) = i. Then we have

—1)* and x(gi,9;)x(95, ;) = ¢* we have x(h, g1 +. ..+
(gish + g;)x(h + gj,9;) = (* so that all terms are

P(U (glv"' 7gi—17h+givgi+17"' 7gn)) =

27( I X aow))( T Xaowm)( TT (b gow))

k<l,o(k)>o(l) Jg<l,i>o(l) k<j,o(k)>i
:p(O', (glv"' 7971))( H X(gcr(l)vh))( H X(hvgcr(k)))
e=1(i)<li>a(l) k<o—1(0),0(k)>i
We abbreviate zj, := uy := yy, for k # 1, z; := xy;, and u; := y;x. Then we get

n i—1

Z (H X(hvgr))[ylv cee ,[l’,yi], cee 7yn] =

=1 r=1

n i—1

X
= Zn: (( H X(h,g,,))p(a, (G1s s h 4 Gise o s 90))20(1) - - - Zo(n)

10€ES, r=1
i—1
_( X(h gr))X(hvgl)p(o-v (917 s 7h + Gio- - 7gn))ucr(1) s ucr(n)) -
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n o o(j)-1
= > Y ( II xtha))oto (g, g TT xlgow:h)-

0ESK j=1 r=1 i<lo(5)>a(l)

S
( (hvgcr(l)))ycr(l) XY (G) - Yo ()
I<jo(l)>o(5)
n g ])—

=3 3 (I xhg)x(hego)o(o (grseg)) (0 TT Xgowsh))-
oc€Sy j=1 r=1 i<te(j)>eo(l)
II X(hvgcr(l)))ycr(l) Yo ()T - Yo(n)
I<g,o(l)>0(5)
= Z ,O(U, g1, .- 7gn))xycr(1)--'ycr(n)

ogESK
— > (TI x(h9))p(0. (g1 2 9u)Wott) - - Yty @
oc€eS, r=1
= [l’, [ylv st 7yn]]

if we can show that the coefficients reduce appropriately. For the first term (5 = 1)
of the first sum and the last term (5 = n) of the second sum this is easy to see. The
other terms cancel for all o € S, and all j. In fact, let ¢ := o(y) and p = o(j — 1).
We have to show

o(j)-1
(1:[1 xhoa)) (T o) TT xhgow)) =

i<l (5)>a(l) I<g,0(l)>o(5)
o(j—1)—-1
= ( X(hvgr)) (h, 9o (i 1))( II X(gg(z),h))
r=1 i—1<l,o(i—1)>0(l)

We change parameters by 7 = o~! with 7(p) + 1 = 7(¢) and have to show

(ili X(h,gr)) ( I x, h)) ( 11 (h,gz)) —

g>1r(q)<T () I>q,7({)<7(q)

)
(1;[ X)) (I xgem)( TI x(ha).

p>L7(p)<7(l) I>p,7(1)<7(p)

This can be easily checked if one considers the cases p < ¢ and p > ¢ separately. [

3. PRIMITIVE ELEMENTS

We come to the main technical theorem of this paper which has applications to
primitive elements in Hopf algebras.
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Theorem 3.1. Let A be a (G, x)-algebra in M*. Then the following hold in A® A
(1 @14+ 1@z,...,2, @1+ 1@, =[e1,...,2,] Q1+ 1R [x1,...,2,]

for all primitive n-th roots of unity (, all (-families (g1,...,g,), and all x; € A,.

Proof. We have to evaluate

@1+ 1Qa,...,2, @1 +1®@x,] =
=2 0es, P05 (g1, 9)) (@) @ L+ 1@ ao(1)) - (To(n) @ L+ 1@ 25(my)-

Observe that

(i @ 1)(z; @1) = (v2; @ 1),

(z: @ )(1 @ ;) = (; @ 2j),
(l@z)(l @)= (10 mw)),

(1@ x)(x; @1) = x(gi,9;) (7 @ )

We collect all terms of the form ¢, ; - 2,1y ... Zo@i) @ To(ig1) - - - To(ny With o € 5, and
want to show that they are zero for all 1 < ¢ < n.

By Proposition 2.5 [z @ 1 +1® z1,...,2, @ 1 + 1 ® z,] and [:1;0(1) R1+1®
To(1ys- - > To(n) D1 +1@ 2,(,)] have (generically) proportional terms, in particular ¢ ;-
To(1) - To(i) D To(itl) - - - To(n) = ,O(U, (gl, . ,gn))cu' “To(1) - To(i) O To(itl) - - - To(n)-
So we may just consider the case 0 =1 or the term ¢; ;- 21 ... 2; @ Tiqq ... 2,.

The term ¢1,, - @1 ... 2, @ 1 occurs only in the product (zq @ 1+ 1 @ ay)(2s @ 1 +
l®@ay)... (v, ®1+1® x,) with the factor ¢;, = 1. The same holds for the term
111 ®@ay...2, Now we consider exclusively terms ¢y ;- 21...2; @ 241 ... 2, with
0<i<n.

We study which terms of the expansion of

Yo (o, (g1 90))(@oy @ L+ 1@ 251)) - (To(n) @1+ 1@ ()
ogESK

contribute to ¢y ;- @y...2; @ 2441 ... 2,. This will be those products of factors z; @
I...,z;®1land 1 ®xi4q,...,1 ®x, where the terms x1 @ 1,... ,2; ® 1 occur in the
given natural order possibly interrupted by factors from the second set and similarly
the terms 1 @ ;11,...,1 ® x, occur in the given natural order possibly interrupted
by factors from the first set. Such a product will occur in the expansion of

P (g1 9n)) 2oy QL+ 1@ 2om)) - (To(n) @1+ 1@ 25()

whenever o € S, is a shuffle of {1,... ¢} with {t+1,... ;n},ile ifl <j<k<ior
i+1<j<k<nthen a7'(j) < o7 (k).

To evaluate such a product we have to interchange factors according to the rule
given above, namely,

(1@ )(2121) = X(Gms 9)(210T0) = X(Gm, g)(21@1)(1@ 7, ) for 1 <1 <i<m <.
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This rule has to be applied for every pair in the product (and in ) in reverse position
J < kand m:=o(j) > o(k) = [ thus producing a factor x(gs(j), go(r)). So the total
contribution of

P (g1 9n)) 2oy QL+ 1@ 2om)) - (To(n) @1+ 1@ 25()

tocr; @1 0, QTigr ... 2,18

P(0, (9155 90)) Ticho(y>otry X(9o(), Gor)) = t
= H]<k a(g)>o( (C X(gcr (k)>» ga(j)))X(gU(j)vga(k))) = §

where t is the number of pairs in reverse position in o. Here we have used that
(g15- -+, 0n) is a (-family.

To determine the number t of pairs in reverse position for a fixed o we observe
that the ordering of 1,... )7 and of ¢ + 1,... ,n must be preserved in the product.
We count how many steps the factor 1 ® z;11 has been moved to the left or how
many terms from x; @ 1,... ,2; ® 1 in the product are to the right of 1 ® x;4; and
call this number A;. Observe that 0 < Ay < 7. Similarly Ay denotes the number
of terms from =y @ 1,... ,2; @ 1 in the product that are to the right of 1 ® x;15.
We have 0 < A; < Ay, In a similar way we continue to define the numbers A; with
0 <A <...< Xy < A <1 The evaluation of the selected product then gives a
term

Mt An
¢ Ty Ty @ Tigq .- Ty

To get the number of terms 'z ... 2;@x4y ... 2, In [ Q1 +1Qy,. .. ,2,Q1+1®
x,] we have to count all possibilities to represent t = Ay +... 4+ A,_; with 0 < \,_; <

. < Ay < Ay < or the number p(i,n —1,t) of partitions of ¢ into at most n — 1 parts
each <. Thus we can now determine the factor ¢;; for ¢1; a1 ... 2, @ 241 ... 2, In
the expansion of [ @ 1 + 1 @ 29,... ,2, @14+ 1R z,] as

C1i = Zp(iv n— ivt)gt'

>0

By a theorem of Sylvester ([A] Theorem 3.1) we have

_1=g)( =g (1 =g
;p S (I-=¢)(1—=¢"Y...(1-q)

hence ¢;; = 0 for 0 < ¢ < n since ( is a primitive n-th root of unity (see also [T] p.
2632).

So we have shown

(121 4+ 1®@a,...,2,@1+1®x,] =
= ZcrESn ,O(U, (glv"' 7gn))xa(1)---$g(n) ®1+1®$g(1)$g(n)
=21, 2, ) Q1+ 1@ [21,...,2,]. O
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Now we will study Hopf algebras in the category M* and their primitive' ele-
ments. An element « € H is primitive if A(x) =2 ®@ 1 4+ 1 ® x. The set of primitive
elements of an ordinary Hopf algebra forms a Lie algebra. This is not true for Hopf
algebras in M*C.

Let P(H) denote the set of primitive elements of H and P,(H) the set of primitive
elements of degree g in H. Then

P(H) = D F,(H)

g€G
since for any x =} ¥, we have
ZA(xg):A(x):x®l+l®x: (ng) R1+1® (ng),
geG g€eG geG

so by comparing homogeneous terms we get A(z,) = z, ® 1 + 1 ® x,. Thus the
homogeneous components x, of & are again primitive hence in P,(H) which shows
P(H) C @®,cc Py(H). The converse inclusion is trivial.

Theorem 3.2. Let H be a (G, x)-Hopf algebra in M*S. Then for all primitive n-th
roots of unity ¢ # 1 and all (-families (g1,... ,gn) the following is a linear map

[' . ] : PQI(H) ® et ® Pgn — Pgl+~~~+9n(H)

(21, an) = Y p(0,(G1s e 2 90))To(1) - - - Ta(n)-
ogESK

Proof. 1t is clear that the degree of each product z,(1)...25(n) 18 g1 + ...+ ga. So
we only have to show that [zy,...,x,] is primitive. But that is a consequence of

Theorem 3.1. O
Observe that we have special multiplications
[[..]: P(H)®...@ P,(H) — P,,(H)
for all ¢ € G with |¢g| # 1 a primitive n-th root of unity.

Definition 3.3. Let A be an algebra in kG-comod. A derivation from A to A of
degree g € (7 is a family of linear maps (dj, : A, — Apq,y|h € G) such that

d(ab) = d(a)b+ x(g, h)ad(b)
for all @ € Ay, b€ Ay, all by h' € G.

It is clear that all derivations from A to A of all degrees form an object Der(A) in
kG-comod and that there is an operation Der(A4) @ A — A.

Corollary 3.4. Der(A) is a (G, x)-Lie algebra.

IThis notion of primitivity is not related to the notion of primitivity for roots of unity.
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Proof. Let m denote the multiplication of A. An endomorphism z : A — A of degree
g € G e ap: Ay — Apyy for all b € G is a derivation if m(z @ 1+ 1®@ ) = a2m
where © @ y)(a @ b) = x(deg(y),deg(a))x(a)y(b) for homogeneous elements a and b
in A.

To show that Der(A) is a Lie algebra it suffices to show that it is closed under Lie
multiplication since it is a subobject of End(A), the inner endomorphism object of
A which is known to be an algebra in the category kG-comod. Let ( be a primitive
n-th root of unity and let (¢1,...,¢,) be a (-family. Then

m([xe,... 2] @1+ 1@ [x1,...,2,]) =
=mlr1Q1l+1@a,...,2, 01 +1® a,]

= mZUESn P(Ua (917 s 7gn))(xcr(1) & 1 + 1 & xo’(l)) et (xcr(n) & 1 + 1 @ xcr(n))
= Yoes, P (915 gu))m(@o) O L+ L@ o) v (To(n) O L+ 10 To(n))
= ZcrESn ,O(U, (917 SR 7gn))xa(1) et Tgn) M
= [z1,... ,2,]m
for all derivations xy,...,x, of degrees ¢1,... g, respectively. Hence [z1,... ,2,]

again is a derivation. [

4. LIE ALGEBRAS AND UNIVERSAL ENVELOPING ALGEBRAS

Definition 4.1. An object P = @ P, € M*“ together with operations

[ ] Py @ @ Py — Pyigtg,

for all n € N, all primitive n-th roots of unity ¢, and all (-families (g1,...,g,), is
called a (G, y)-Lie algebra if the following identities hold:

(1) for all primitive n-th roots of unity ¢, all (-families (g1,...,gn), all o € S,
and all z; € P,

[1’1, s ,l’n] = P(Ua (917 s 7gn))[xcr(1)7 SR 7xcr(n)]7
(2) for all primitive n-th roots of unity (, all (-families (¢g1,... ,¢nt1), and for all
T; € Pgi(H)

n+1
o) (grse ey g @i [, iy oo @] = 0,
=1

(3) for all primitive n-th roots of unity ¢, all (-families (¢1,...,gn), all h € G
such that all (h,g;) are (—1)-families, all y; € P,,, and all = € P,

n i—1

s lysyaswall = X2 (TD X9 0) s Loyl ol

=1 =1
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The (G, x)-Lie algebras form a category in a straightforward way and the construc-
tion given in section 3 defines a functor P : (G, y)-Hopf — (G, x)-Lie as can be
easily verified.

The theorems 3.2, 2.5, and 2.6 show that this notion of generalized Lie algebras
passes its test on the set of primitive elements of a Hopf algebra:

Corollary 4.2. Let H be a (G, x)-Hopf algebra in M*9. Then the set of primitive
elements P(H) forms a (G, x)-Lie algebra.

Lemma 4.3. Let A be a (G, x)-algebra in M. Then A carries the structure of a
(G, x)-Lie algebra AT with the operations

(21, aa) = D p(0, (915 1 90))To(t) - To(n)
ogESK

for all (roots of unity) ¢ € k*, all (-families (g1,...,9n), and all x; € A,,.
Proof. This is a rephrasing of theorems 2.5 and 2.6. [
This lemma defines a functor (G, y)-Alg > A — ALY € (G, x)-Lie.

Theorem 4.4. Let P be a (G, x)-Lie algebra. Then there is a universal associative
enveloping algebra U(P) in M*G.

Proof. We define U(P) := T(P)/I where T(P) is the tensor algebra and [ :=
([1, .o s 2n] = Zoes, PO, (g1, 200))To(1) - -+ To(n)) Is the ideal generated by all
terms formed for all (roots of unity) ¢ € £*, all (-families (¢1,... ,¢,), and all ; € P,,.

The tensor algebra is constructed in M*“ with the natural grading. Since the
relations are homogeneous, the algebra U(P) is also in M*Y.

By the universal property of the tensor algebra any (G, y)-Lie homomorphism
f: P — AL extends uniquely to a (&, y)-algebra homomorphism g : U(P) — A,
so that U(P) is the universal associative algebra generated by P. [

Corollary 4.5. The functor -L : (G, x)-Alg — (G, x)-Lie has the left adjoint func-
tor U : (G, x)-Lie — (G, x)-Alg.

Observe that the identities for ((7, y)-Lie algebras play no special role in the con-
struction of the universal enveloping algebra. Its construction depends only on the
given operations, which must be homogeneous so that the residue class algebra is
G-graded again.

If we consider the set P(H) of primitive elements of an arbitrary (G, y)-Hopf
algebra H then there are many homogeneous partially defined common operations
in all P(H). We used the most basic ones in our generalization of Lie algebras. We
would like to know if the bracket-operations and identities given in the definition of a
(G, x)-Lie algebra are a generating set for all possible operations and relations for the
G-graded module P(H) for every Hopf algebra in M*“  every abelian group G, every
bicharacter y and every integral domain k. This should be true for the identities if all
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maps from (G, x)-Lie algebras into their universal enveloping algebras are injective.
To prove this, some kind of generalization of the Poincaré-Birkhoff-Witt theorem is
needed.

Now we show how to construct Hopf algebras in the braided category of G-graded
vector spaces using universal enveloping algebras.

Theorem 4.6. Let P be a (G, x)-Lie algebra. Then the universal enveloping algebra
U(P) is a (G, x)-Hopf algebra.

Proof. We define a homomorphism & : P — (U(P) @ U(P))* in M*¥ by §(z) :=
T® 1+ 1®T where T is the canonical image of @ € P in U(P). Then we have

[6(21), - 8(2n)] =
[:1;1®1—|—1®:1;1,... T, 214+107T,]

= [Ty,.. ]®1—|—1®[:1;1,... ,Tn] (by Theorem 3.1)
= [z1,... ,l’n] @14+ 1®[x1,...,2,] (by definition of U(P) )
=6([x1,. .., x0]).

Hence § : P — (U(P)@U(P))' is a (G, x)-Lie homomorphism that factors uniquely
through A : U(P) — U(P) @ U(P), an algebra homomorphism. So for all € P
we have A(T) =T@ 14107

Since ( A@1)§(z) =711l +10701+1®107 = (1 ®A)j(z) and since
(A®1)d = (1 @A) is a (G, x)-Lie homomorphism, it factors through a unique
algebra homomorphism (A @ 1)A = (1 @ A)A so that A : U(P) — U(P)@U(P) is
coassociative.

The counit € : U(P) — k is defined by the zero morphism 0 : P — k. Thus
U(P) is a bialgebra.

The definition of the antipode is somewhat more complicated. We consider U(P)%
the opposite algebra of U(P) where the multiplication in U(P)? is defined by ag01y =
X (g2, g1)x 172 for homogeneous elements z; € U(P),, hence xyx5 = \(g2,91) ‘a2 0 2.

Define a homomorphism S : P — U(P)°? by S(z) := —%. To show that this is
a (G, x)-Lie homomorphism let ¢ be a primitive n-th root of unity, (¢1,...,¢9,) be a
(-family, and x; € P,,. We first consider the permutation 7 € S, with 7(:) = n4+1—1.
Then 72 =1 and

p(T, (G151 9n)) H<](C "X(Gnt1-j> Gny1-)) = [Lici (Cx (95, 91)7")
= ("D x(g, 907 = (=) 1HZ x(gi,9:)7"

Using lemma 2.2 we get for all o € 5,

1

) e X(9a (i) 9o () ™' =
"ol (G129 )T (Goys - + Gotoy)

( (917--- 7gn))‘

p(. (g1,
= (-1
= (-1)

n—
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Thus we have

Sty .y an]) = =[x, s x0] = =[T1y .., Ty
= —Yoes, PO, (915 1 00))T0() - - - T ( )
= _ZUESn p(0-7 (917 s 7971))( 2<] ( ) l)fg(n) o... Ofg(l)

= (=1)"Yes, P(OT, (g1, 1 90))To(n )
= (—1)"Y,es, plo, (g1, ... 79n)) a(1) ©-
= [T, .., =T,)7P = [S(21), ..., S(x )]

Thus S can be extended to an algebra homomorphism S : U(P) — U(P)°P
We show now that S is the antipode for the bialgebra U(P). Let @ € Py, @; € P,,.
We observe first that

S(@T ... T) =5@) 0 S(@T1...Tn) =x(hyn + ...+ 90)S(T1 ... Tn)S ()

since S is a (G, x)-algebra homomorphism. We now prove V(1 @ S)A(a) = ¢(a) for

homogeneous terms a = 1, a = T resp. ¢ = Txy...T, in U(P) by induction.

V(1 ®S)A(1) = 15(1) = 1 = (1),

Lo(1)

O
© To(n)

V(1@ S)A@) =74 5(z) =0 =<(7).

Since we can write A(a) = Y, a;1 @ a; 2 with each of the terms a; ; homogeneous and

deg(a; 1) + deg(a;2) = deg(a) (U(P) is a kG-comodule coalgebra) we get
V(1®S)A(SL‘)— ( Sz @1 +1@x)(Tai @ a;y)

)(Z a1 @ a0+ Y x(h,deg(a;1))a;1 @ xa; 2)

= Z $G2715(G272) + > x(h,deg(aiq))a; 1.5(xa; )

= 04+ 5 x(h, deg(ain))x(h, des(a:))aiy S(ain)S(2)

= x(h,deg(a)) > a;15(a;2)S(x) = 0 = e(xa).

Analogously we get V(S @ 1)A = ¢, so that S is an antipode and U(P) is a (G, x)-
Hopf algebra. O

We come to an interesting consequence for a universal enveloping algebra. There is
a new multiplication on U(P) defined by a-b:= x(h, g)x(g, h)abfor a,b homogeneous
with deg(a) = h, deg(b) = ¢g. This algebra is U(P)°? % which in general will be dif-
ferent from U(P). The map P 3 x — & € U(P)° °? is a Lie homomorphism (similar
to the proof that S was a Lie homomorphism). Thus it induces a homomorphism
U(P) — U(P)? °?. Since U(P)% P is also generated by P it is easy to see, that
it is also a universal enveloping algebra hence U(P) and U(P)°? ° are isomorphic
under the given homomorphism.

Corollary 4.7. The functor U : (G, x)-Lie — (G, x)-Hopf is left adjoint to the
functor P : (G, x)-Hopf — (G, x)-Lie.
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Now we give some examples of braided monoidal categories of G-graded modules
together with the associated (G, x)-Lie structures. Let k be an algebraically closed
field of characteristic zero.

Example 4.8. (1) Let G = {0}. Then we have y(0,0) = 1 and hence y(0,0)x(0,0) =
1 = (—1)? so that (0,0) is a (—1)-family. Thus we have a bracket multiplication

[.,.] : P0®P0 —>P0,
which for associative algebras A is defined by

[z, y] = zy — yz.

This is the example of ordinary Lie algebras. The Lie identities of definition 4.1
reduce to

[1}1,1‘2] = (( ) )7 0,0))[1‘2,1'1] = —[1’2,1‘1],
S p((...1),(0,0,0) @i, [21y vy @iye e, 23]
= [1'17[1'27 w3)] + p((2,1),(0,0,0))[xe, [x1, 25]]
+ p((3,2,1),(0,0,0))[xs, [x1, x2]]
= [z1, [22, 23]] = [22, [21, @3]] + [23, [21, 22]] = 0,
and

[z, [y, v2l] = ([, 1], ya] + X(0,0) [y, [, wa]] = ([, w1], w2l + [y, [, 2]

(2) Let G = Z /27 = {0, 1} with the bicharacter x(7,7) = (—=1)¥. We have x(0,7) =
1 and hence x(0,1)x(1,0) = 1 = (—1)* so the following are (—1)-families: (0,0),
(0,1), and (1,0) that induce bracket multiplications

[.,.] : P0®P0 —>P0,

[.,.]:P()@Pl —>P1,

[.,.]§P1®P0—>P1,
which for associative algebras A are defined by

[z,y] = 2y — ya.

Furthermore we have y(1,1) = —1 and hence y(1,1)x(1,1) =1 = (—=1)* so (1,1) is
another (—1)-family that induces a bracket multiplication

[.,.]:P1®P1 —>P0,
with

[z.y] = zy + p((2,1), (1, 1))yz = zy + ya.

This is the example of Lie super algebras. The Lie identities of definition 4.1 reduce
to

(w1, @5] = p((2, 1), (deg (1), deg(ws)))[w2, 21] = —(— 1) 9 0y ],
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[21, [wg, ws]]— (—1)deel)des() g, o) aq)]+
(1)) HAR () A8 [y ] = 0,

[l‘, [yh yZ]] = [[l‘, yl]v yQ] + (_1)deg(x)deg(y1)[y17 [l’, yQH'

(3) Let GG be an arbitrary abelian group with a bicharacter y such that x(g¢1,¢2) =

X(g2,g1)7" for all 1,92 € G. Then we have x(g1,92)x(92,91) = 1 = (—1)*. This
defines (—1)-families (g1, ¢2) together with bracket operations

['7'] : Pgl ®Pg2 — P91+927

[z,y] = 2y + p((2,1), (91, 92))yx = 2y — X(g1, 92)y.
This is the example of Lie color algebras for an abelian group. The Lie identities of
definition 4.1 reduce to

[xlv 1’2] = ,0((2, 1)7 (deg(xl)v deg(l’z)))[l'g, 1’1] = _X(deg(xl)v deg(l’z))[l'g, xl]v
[21, [w2, 3] — x(deg(x1), deg(x2))[x2, [21, 73]
—|—X(deg(:1;1) + deg(xQ)v deg(l'g)) 3, [xlv 1’2]] =0,
[l’, [ylv yQ]] = [[l’, y1]7 y2] + X(deg(l'), deg(yl))[ylv [l’, yQ]]

(4) Let G = Z/3Z = {0,1,2} with the bicharacter x(i,7) = (@ where ( is a
primitive 3rd root of unity. Then x(0,7)x(:,0) = 1 = (—1)* so that we get (—1)-
families (0,7) with

[.,.] : P0®PZ —>Pi7
[.,.] : PZ®P0 —>Pi7
[z,y] = 2y — ya.
Furthermore we have x(7,7)x(J,7) = (¢¥)* with a primitive 3rd root of unity (%
for all 4,5 # 0. This gives (-families (1,1,1) and (2,2,2) and no (*-family. The
associated Lie structure is
with

(21, 22, 03] = Y To(1)To(2)To(3)
0'653

since p(o, (1,4,1)) = [1(¢"*x(7,7)) = 1 for all o € S3. The Lie identities of definition
4.1 for these ternary brackets reduce to

[1’1, Lo, $3] — [xcr(l)v xcr(?)v xcr(S)]v

(w1, [w2, w3, 2a]] + [w2, [0, 3, 2a]] + 23, [w1, w2, wa]] + [, [w1, 22, 25]] = 0,
for xy, x5, 23,24 € P;, 1 =1 or 1 = 2. Here we also find a first example where the two
Jacobi identities mean different things. The second Jacobi identity for x € F, and
Y1,Y2,y3 € P, 1 =1 or 1 = 2 reduces to

[l‘, [y17y27y3]] = [[xvyl]vy%y?)] + [ylv [l’,yz],yg] + [y17y27 [l',y:g]]-
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(5) Let G = C,, x ... x C, (r-times) with generators t1,... ,t.. Since later we will
take the biproduct of a (G, x)-Hopf algebra with kG, we will write ¢ multiplicatively
in this example. Let y be given by v(¢;, ;) = (, a primitive n-th root of unity. Then
(t1,...,t,) is a (-family. A (G, y)-Lie algebra will have a bracket operation

[., ] . ®TP751 — Prtl
with
[X1,...,2,] = Z To(1) -+ Lo(n)-
ogESK

(6) The last example of this kind comes with G = Z/3Z x Z/3Z and generators
g1, g2 each of order 3. Define y by x(¢1,01) := ¢, a primitive 3rd root of unity,
X(g1,92) = ¢%, x(92,91) = 1, and x(g2,92) = (. Then there are several (-families,
among others (g1, 91,92) and (g1, g2, g2). They define brackets

["']:P91®P91®P92 —>P291+927

[] : Pgl ®Pg2 ®Pg2 — P91+2927
with
[xlv T2, $3] — 20653 p(0-7 (91791792))51?0(1)51?0(2)51?0(3)
= 212973 + Tox 13 + (X737 + CHox37y + CPaswiry + (Carsver

resp.

[xlv T2, $3] - 20653 P(Ua (91791792))51?0(1)51?0(2)51?0(3)
= 2 2Lax3 + T12382 + (ox 125 + CrsriTy + sy + Casrany.

We close with some examples of (7, y)-Lie algebras and of (G, y)-Hopf algebras
generated by them. We also examine some of the biproduct Hopf algebras one always
obtains from (G, y)-Hopf algebras. If H is a (G, y)-Hopf algebra then H @ kG is a
Hopft algebra by

(z @ g)(y @ h) = x(g,deg(y))zy @ gh,
Allag)=(1ag) @ (1ag),

and

Alz@1) = D> (Y0 @b) @ (2, @ 1),
a+b=c
where A(x) = Y 0pme 2o Ya,i @ 2z with deg(z) = ¢, deg(yq,i) = a, and deg(z;) = b
(see [FM] Corollary 3.5).
Most of the (G, x)-Hopf algebras are infinite-dimensional. In fact, the only finite-
dimensional Hopf algebras generated by their primitives we know, are given in the
following example under (1) and (2).
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Example 4.9. (1) P = P, = ka with [z,2] = 0 defines a “commutative” (Cy, \)-
Lie algebra with y as in example 4.8 (2). It generates the (Cy, x)-Hopf algebra
H = k[z]/(z?), the universal enveloping algebra of P. The biproduct H x kCjy is
the well known smallest noncommutative noncocommutative Hopf algebra. ([FM]
Example 3.9)

(2) Let (G, x) be as in example 4.8 (5). P = P;, = ka with [x,... ,2] = 0 defines
a “commutative” (G, y)-Lie algebra with x(¢1,¢1) = (, a primitive n-th root of unity.
It generates the (G, x)-Hopf algebra H = k[z]/(2"), given in the introduction (for
r = 1). The biproduct U(P)* kG is the free algebra generated by the elements «,
l1,...,t, subject to the following relations ¢7 = 1, #;1; = ¢;t;, and 2™ = 0. Thereis one
more set of relations that is obtained from the multiplicative rule for the biproduct
(I @t)(x®1) = x(ti,t1)r @ t; or — identifying  ® 1 with  and 1 ® ¢; with ¢; —
the relations t;x = (at;. Hence the biproducts form the family of noncommutative
noncocommutative Hopf algebras given in [T].

(3) P = @?:Opiv B = ka P = kl’@ky, Py = 0 with [l’,x,l‘] = [yvyvy] =
[x,y,y] = 0, [x,2,y] = z, and [z,2] = [z,y] = 0 defines a (Cs5, y)-Lie algebra with
x(1,1) = (, a primitive 3rd root of unity. It generates the (Cs,y)-Hopf algebra
H = k(z,y)/(2®, y*, 2y? + yry + y*z) (we have z = 2(z*y + zyx + yx?)), the universal
enveloping algebra of P. The biproduct U(P)  kC5 has generators x,y,? with the
relations 2% = 3> = 0, 3 = 1, ay®* + yay + y?x = 0, 2t = (tx, and yt = (ty.

(4) Let G = (3, and Y be as before. Then P = @7, P, Py = ky, P, = kux,
P, = 0 with [2,2,2] = y, and [y, 2] = 0 defines a (Cs, x)-Lie algebra. It generates the
(C3, x)-Hopf algebra H = k[z,y]/(y — 62%) = k[z], the universal enveloping algebra
of P.

(5)For GG, x as before let Py = ky, P, = kx, and P, = 0 with [z,2,2] = 0 and
[y,2] = x. Then P is a (U5, y)-Lie algebra. It generates the (Cs, x)-Hopf algebra
H = k{z,y)/(z®, 2 — yx + zy), the universal enveloping algebra of P.
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