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Abstract

In this paper we introduce left linear theories of exponent N (a set) on
the set L as maps L x LY 3 ([,A) — [ - XA € L such that for all [ € L
and A\, € LV the relation (I - A)p = [(A - p) holds, where A - p € LV is
given by (A-p)(i) = A(¢)p, ¢ € N. We assume that L has a unit, that
is an element 6 € LY with [-§ =1, forall Il € L, and 6 - X = ), for all
A € LY. Next, left (resp. right) L-modules and L-M-bimodules and their
homomorphisms are defined and lead to categories L-Mod, Mod-L, and
L-M-Mod. These categories are algebraic categories and their free objects
are described explicitly. Finally, Hom(X,Y) and X @ Y are introduced
and their properties are investigated.
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0. INTRODUCTION

The operations defining an RF-module X over a ring R, a monoid module over
a monoid, affine spaces, certain types of barycentric caculi, various convexity
theories etc. have in common, that they form certain ”linear combinations”
subject to such laws as distributivity, associativity, or action of a unit. The
general definition for such operations and their axioms can be derived in the case
of R-modules as follows.

Let X be any unital module over a given ring R. Let furthermore r, denote a
sequence (71,72, ...) of elements of R with finite support. Then we can associate
with r. the map o(r.) : XV — X that is given by

o(r.)(m™) = o(r)(m',m?,.. ) =Y rm', m* e X%,
1€IN



where this infinite sum is defined because the support of r, is finite. We interpret
o(r.) as "operation on X”. In particular, o(r.) operates on RN the set of all
sequences of elements of R with finite support; that is

U(r*)(si,si, )= Z risi.

1€IN
With these notations the following laws are satisfied:
52 are sequences as specified above and m* € X™ then

* 9 *9 °

o(o(r)(se 5% ))m7) = o(r)(o(s.)(m™), o (s2)(m7), ..,

(A) if &l = (5{, 8. .), with 55 the usual Kronecker symbol, then

(Ag) ifr., sl

o(6)(m*) = m?, m* e X,

In terms of the initial module structure, (Ay) is
Do myshm' = (Y] sim),
€IN jeIN JjeEIN €IN
a combination of the associative law, the commutative law for the addition, and

the distributive law.

Conversely, if a set X is given and if, for every r, as above, o(r.) : XT — X is
a map such that Ag and A; are satisfied, then X, equipped with the compositions

((1,1,0,...))(m",m2,...),
((r,0,0,...))(m"* m? ...),

m! + m? = o

rm! = o
is a unital R-module. A simple computation shows that the standard axioms for
unital R-modules are equivalent to the axioms (Ag) and (A;) (see 4.13).

(Ap) and (A;p) can be cast in a different way. The initially defined operation is
expressed as a map
o RN x XV X,

Hence it gives rise to a map
(RUMYIN o XNy XV,
In particular we have

(RPN o (RN (RUN)HIN,



Let us take this map as a "multiplication” on (RU™)™. Then associativity of
this multiplication is expressed by (Ap), for X = RUN) while unitality of the
multiplication is given by (A;), for X = RN, Thus (RUN))™ is a monoid.

Moreover, (Ag) and (A;), for X, state that X™ is an (RU™)N_module.

This view of our axioms suggests that RUN) be replaced by an arbitrary set £

and that a monoid structure on £ be derived from a map £ x LN — L.
Then, of course, the monoid module structure on XV has to come from a map
L x XN — X. It should be noted that this requirement puts a non-trivial
restriction on the monoid structure on £V, and similarly on the module structure
on X™ namely the following:

the ith » component” of a product of two elements in £ under the multiplication

LN x LN — LIV depends only on the jth» component” of the first factor and
in general on the full second factor.

Several instances of this very general scheme have appeared in the literature. The
Barycentric Calculus in [4] and [14] is a variant of case where R is a suitable ring
and the elements of £ are those 7. € RUY) for which Y;cpv 7 = 1. This theory
of "baryzentrischer Kalkiil” was later elaborated in [5]. The theory of ”Affine
Raume” developed in [1], [2] is closely related to the barycentric calculus. In
addition, various convexity theories (see [8], [9], [10], [12], [13], etc.) are special
cases. In [3], applications to various physical problems are discussed. Additional
examples are listed in 1.4.

We call left linear theory £ the special type of monoid structure we described
above on the set £V, where now the set IN of natural numbers is replaced by an
arbitrary set N of cardinality greater than two. Furthermore a left £-module is,
by definition, a set X together with an operation £ x XV — X subject to the
laws (Lox) and (£ x) that are obtained from (Ag) and (A;) by replacing IN by
N. So we obtain a category of left £-modules. We study this category in order
to see which further structures on X can be derived from it. The category of
L-L-bimodules turns out to be (almost) monoidal with a specific tensor product.
One thing we could not find out is, whether the associativity homomorphism
a: (X®Y)@cZ — X @ (Y @¢ Z) is an isomorphism in general (cf. 6.17);
however, it satisfies the usual coherence conditions for monoidal categories. Fur-
thermore there is a right adjoint, i.e. an inner hom-functor for this tensor product.

In the first section we will give the general definition of a left linear theory and an
extensive collection of examples. Then we introduce left, right, and bi-modules.
In the third and forth sections we study properties of zero element, scalars, and
addition derived from the given operations. We obtain that certain properties



carry over from the left linear theory £ to left £-modules such as zero elements
or some kind of additive structure: for example, if £ becomes an abelian group
by its operation, then every module over £ carries the structure of an abelian
group as well. It is interesting to see how free modules arise and how they can
be embedded into £ (section 5). In fact we will see, that the category of modules
is an algebraic category. In the final section we study tensor products and inner
hom-functors. The inner endomorphism monoid of a module will turn out to be
again a left linear theory.

1. (GGENERAL LEFT LINEAR THEORIES

In the following let N always be a fixed set of cardinality greater than two. For
any set X let £, n,(, ... denote elements of the set XV of maps from N to X and
let the members of these families be denoted by £(¢),n(7), (1) € X, where ¢ € N.
The constant map or constant family N — X sending each 1 € N to a fixed
z € X will be denoted by z%.

We are going to consider sets X, Y, Z together with operations

XxYV 3 (a,n)—ane”Z
called a multiplication. This multiplication induces an operation
XN x YN 5 (6n) &y e ZV.
where (n)(1) :=€&(i)n € Z, i € N.
1.1 Definition: A set £ together with a multiplication
Lx LY S5 (LN —=INeL
is called a left linear theory if
Vie Lop,ve LN (lp)y = l(u). (Lo)
A left linear theory £ is called unital if there is a § € LV, called unit, such that
VieLxelV:i5=1, §x=A\ (L1)
1.2 Remark: The first condition for £ to be unital is equivalent to Ad = . The

second condition is equivalent to 6(i)A = A(¢) for all 1 € V.
The associative law (Lo) for a left linear theory is equivalent to (Ap)v = A(uv).



If £ is a unital left linear theory then LV together with the multiplication
LN x LN — LN is a monoid. The converse is not true, in general, because
-th

the ¢th component of Ay depends only on the :*" component of A and is inde-
pendent of the position of this component in the family A, i.e. if A(7) = v(j) in

the families A\, € £V then the ;th component of Ay and the jth component of
v are equal.

1.3 Lemma: Let £ be a unital left linear theory. Then

(a) the unit § is uniquely determined;

(b) ifVle L :lu=Ilv, then p = v;

(c) if L has at least two elements, then for all 1,7 € N with i # j we have
6(1) # 6(J).

PROOF: (a) From the above remark we have that £V is a monoid with unit &

which is unique.

(b) {p = lv implies §(i)pu = 6(¢)v for all i € N hence dpu = dv and p = v.

(c) Take I # " in £ and form g with components p(k) = [ if k # j and u(y) =1

Then 6(¢)p =1 # 1" =56(7)p hence 6(i) # §(7). O

We want to give examples for left linear theories. In the sequel semiring is meant
to be a quintuple (R,+,0,-,1) consisting of a set R, two distinguished elements
0 and 1 of R, and two binary compositions of R such that

() 041, 0-R=R-0=0,

(i) (R,+,0) is a commutative monoid with neutral element 0,

(i)

(iii) Ve,y,z€R:az-(y+z)=x-y+a-z and (y+z)-a=y-x+z-2x.

The multiplication of a semiring R will usually be written without the multipli-

(R,-,1) is a monoid with neutral element 1,

cation dot.

1.4 Examples: a) If IN is the set of natural numbers, R is a semiring, and £ is

a set of (infinite) sequences ¢* = (a',a?,...) with entries in R such that

(L1) Na e L,p*=(b,b},...) € LN ca*p* = (X, a'BL, 5, a'32,..) € L
then £ is a left linear theory, called a sequential left linear theory over R. We

assume that the infinite sums are defined and obey the usual laws of addition and
multiplication by requiring some weak kind of convergence. If, in addition,

(L2) Vj€IN:06%(j):=(},03,...) € L, where 5; is the Kronecker symbol,
then L is a unital sequential left linear theory with unit 6*. Observe, that this is
not a definition but a fact and that not every unital sequential left linear theory
will satisfy property (L2), as can be seen in example h).

If the following additional axiom holds



(L0) every a* € L has only finitely many non-zero entries,

then L is called a (unital) finitely sequential left linear theory.
An instance of what we have in mind in a) is the following

a’) Let R be a semiring and denote by R{{t}} the semiring of formal power
series in t. For s € R{{t}} we denote by ldeg(s) the lower degree of s, that
is if s = 5ot/ then r; = 0 for j < ldeg(s) and r; # 0 for j = ldeg(s);
obviously, ldeg(0) = 4o00. Let ® : IN — IN U {400} be a function such that
lim,, o, ®(n) = +00. Denote by L the set of all a € R{{t}}? such that

ldeg(a(n)) > ®(n), n € IN.

Then a simple computation shows that £ is a sequential unital left linear theory.

b) The set RN of all elements of RN with finite support over a semiring R is a
unital left linear theory. If the index set IN is the set of natural numbers then
RUN) is a unital finitely sequential left linear theory, called the semiring R.

¢) The set PRO(R) of all elements 2* of R™) with ¥,cy 2! = 0 is a left linear
theory, called the projective theory over R.

d) The set BAR(R) of all elements z* of R™) with Y,cy 2' = 1 is a unital left
linear theory, called the barycentric theory over R ([1],[2],[5])-

e) The set BAR.(R) of all elements 2* of RWY) with Y,cn 2’ = € is a left linear
theory.

f) The set TN of all elements of R™Y) with entries in a one-sided ideal I C R is
a left linear theory.

g) The set [S]™) of all elements of R™Y) with entries in the commutator of a
subset S C R is a unital left linear theory.

h) If IN is the set of natural numbers then the singleton set {o*} in RU™) with
Semw @ =1 is a unital sequential left linear theory.

i) If IN is the set of natural numbers then the set of sequences in RUV) with at
most one non-zero coefficient is a unital sequential left linear theory.

For the following examples let R be the ring of real or complex numbers and IN
the set of natural numbers.

j) The set Qp of all elements 2 of R™Y with 3",y 2] < 1 is a unital sequential
left linear theory, called total convexity theory [9].

k) The set €, of all elements z* of R™Y with 3;cpv2* = 1 and non-negative real
entries is a unital sequential left linear theory, called super convexity theory [11].



1) The set Qg i, of all elements a* of RUN) with Shew |7]] < 1 is a unital
sequential left linear theory, called finite total convexity theory [9].

m) The set Q. of all elements 2 of R™) with ;. ;v 2* = 1 and non-negative real
entries is a unital sequential left linear theory, called convexity theory [14].

n) The set P of all elements z* of R™ with ;v 2° < 1 and non-negative real
entries is a unital sequential left linear theory, called positive convexity theory

[8], [15].

0) The set PT of all elements 2* of RN with 0 < ¥ ;cpv 2 < 1 and non-negative
real entries is a unital sequential left linear theory, called strict positive convexity
theory.

p) Further examples arise from (6.15).

Most of these and other examples of convexity theories can be found in [12].

1.5 Definition: Let £ and M be left linear theories. A map o : L — M is
called a homomorphisms of left linear theories, if

Vie £,xe LN o(iN) = a(D)o™(N).
If both theories are unital and o satisfies in addition
Vie N:o(8(i)) = (),
then o is called a unital homomorphism of left lincar theories.

1.6 Remark: The left linear theories and the unital left linear theories form
categories. These categories are equationally defined or algebraic in the sense of
[6], hence the underlying functors from unital left linear theories to left linear
theories to sets have left adjoints. Thus there are free left linear theories, free
unital left linear theories, and the adjunction of a unit to a left linear theory can
be performed.

In 1.2 we observed that each unital left linear theory is a monoid. This defines a
functor from the category of unital left linear theories to the category of monoids
which is not quite an algebraic functor in the classical sense [6], but it still has a
left adjoint.

2. MODULES

Let £ be a unital left linear theory. We can define various different types of
modules over £. We will only consider unital modules.



Given a set X together with a multiplication
Lx XN (1,6 —16eX.
As in section 1. we can define
LY %x XN 5 (N6 = ae XV

by (A§)(1) = A()¢.
2.1 Definition: The set X together with the given multiplication is called a left

L-module if
VieL,de N e XV (INE=1(N¢) and (Lox)

VEe XV o6 =¢. (L1,x)

The multiplication of a left £-module induces an multiplication £V x XV — XV,
So a left £-module X induces an £V-set XV over the monoid £V. The converse

is not true. The remarks of 1.2 apply in a similar way.

2.2 Definition: Let X and Y be left £L-modules. A map f: X — Y is called

a homomorphism of left L-modules if
VieL£,&e XN f(le) =1fN(E).
Let £-Mod denote the category of left £L-modules.

2.3 Remark: The category £-Mod is an algebraic category. The underlying
functor to the category of sets is an algebraic functor, hence has a left adjoint,
the "free” left L-module over a set. We will come back to the explicit construction
of free modules in section 5.

The homomorphisms of £-modules induce homomorphisms of £V -sets, so we get
a functor from £-modules to £V-sets.

2.4 Definition: A set X together with a multiplication
XxLVo (@ N)=areX
is called a right L-module if
Vee X, p e LN (el =a(Au)  and (Ro.x)

Ve € X 126 = x. (Ri,x)



Again this multiplication induces a multiplication X x £V 3 (£,A) — &\ € XV,
where EX(7) 1= £(0)A.

2.5 Definition: Let X and Y be right £-modules. A map f: X — Y is called

a homomorphism of right L-modules if
Ve e X, A e LN f(ad) = f(x)A
Let Mod-£L denote the category of right £L-modules.

2.6 Definition: Let £ and M be left linear theories. A left £- and right M-
module X is called an £-M-bimodule if

VieL£,&e XM e MY (1€ = 1(En).

2.7 Definition: Let X and Y be £L-M-bimodules. A map f: X — Y is called
a homomorphism of L-M-bimodules if f is a homomorphism of left £- and right
M-modules.

Let £L-Mod-M denote the category of L-M-bimodules.

2.8 Examples: a) £ is a £L-L-bimodule with the canonical operations.

b) If Ris aring, £L = R™) and M a left R-module, then M is a left £-module
by
lp = Zo//,c(i) eM

for I = (o') € RN) = £, u(i) € M, and u € MN. This defines a functor from left
R-modules to left £- modules. Similarly commutative R-monoids over semirings

R define modules over £ = R,

c) If R, £ and M are as above then MW the set of all elements of MY with
finite support, is a left L-module by I := Y, a'é(i) € MW with | = (') € L,
¢(7) € MW with componentwise operations and ¢ € (M™))N . Again this defines
a functor from left R-modules to left £-modules.

d) If R, £, and M are as above and M is an R-bimodule. Then M®™) is an
L-bimodule by the additional right operation zA = >, mA(j) € M™) where
r = (m') € M) and A(j) = (oz;) € £ = RN, This defines a functor from
R-bimodules to £-bimodules. In 4.14 we show this functor to be an equivalence

of categories.

e) For any index set I the product £! is an £-bimodule.



f) For N the set of natural numbers and £ := RW) the set X of infinite se-
quences of power series ;7 z¢ (X C R[[z]]"Y) such that (r!);en has finite sup-
port for all : € N is an L-bimodule. The left multiplication is defined by I§ =
() (1l at) = (Yix ofrd a');. The right multiplication is (3 rf:z;l)(ozf) =

(i rfoz?:z;i)keN. In fact there is a bimodule isomorphism X = £V by (2, r!z")

— ((r{)jen)ien-

g) Let £ be the unital sequential left linear theory of 1.4 example i) consisting of
sequences in R™) with only one non-zero coefficient. Then X := RUR/(0 = 0)
is a left £-module, where (0,...,0,a;,0,...)(2;);erv = oix; viewed as element in
the same component of X as x; is from.

3. ZERO ELEMENTS

3.1 Definition: Let £ be a left linear theory.
a) Let X be a left L-module. X has a right zero if there is a unique element
0 € X such that

Vie £:10N =0 (where 0V is the constant family). (1)

b) Let X be a right £L-module. X has a left zero if there is a unique element
0 € X such that
vae LN 0x=0. (i7)
c) Let X be an L-bimodule. X has a zero if there is an element 0 € X such that
(i) VieL£:10N =0,
(i) YAe LN :0x=0.

3.2 Lemma: Let X be an L-bimodule.

(a) If X has a right zero then VA € LY : 0\ = 0.

(b) If X has a left zero then VI € L : 10V = 0.

PROOF: (a) By associativity we have VI € £,A € LN : [(0N)N = [(0V)) =
(10™M)X = 0X hence by uniqueness 0\ = 0.

(b) By associativity we have Vi € £, A € £V : (10M)X = 1(0MX) = 10V hence by

uniqueness [0V = 0. 0

3.3 Corollary: Let X be an L-bimodule. If X has a right zero or a left zero,
then X has a zero.

3.4 Lemma: The following are equivalent for the L-bimodule L:



(a) L has a right zero.
(b) L has a left zero.
(c) L has a zero.

PROOF: (c¢) = (a): We have to show uniqueness of the zero. Let 0/ € £ such
that VI € £ : 10N = 0/, then 0/ = 00N = 0 by (ii).

(¢) = (b): We have to show uniqueness of the zero. Let 0’ € L such that
VA e LN 0N =0, then 0/ = 0'0Y = 0 by (i).

The converse is the previous corollary. 0
3.5 Lemma: Let L have a zero 0 and let X be a left L-module. Then we have
Ve e XN 06 = 0.

PROOF: Let £, € XV and j € N. Define ¢ € XV by

L e, fori=)

(i) = { n(e), for i # j.
Then with k # 7 we get 06 = (05(7))€ = 0(6(5)NE) = 06(7)N = 0(5(1)N¢) =
3GIV)C = (05(R)V)C = 0(S(R)VC) = On(k) = DO(R) V) = (03K )y = 0. O

3.6 Corollary: Let £ have a zero 0.

(a) If X is a non-empty left L-module then X has a right zero 0' € X and
VEe XNV 06 =0

(b) If X is a non-empty L-bimodule and has a left zero 0’ then 0" is also the
(unique) right zero of X and

VEe XV 06 =0,

Ve e X :z0V =0,
(c) If f: X — Y is a homomorphism of left L-modules, then f(0) = 0.
PROOF: (a) For some ¢ € X define 0/ := 06 € X. Then 10N = [(06)Y = 10V¢ =
0 = 0/ and uniqueness is obtained as follows. Let 0” € X be a right zero. Then
O/IZO‘OI/NZO‘OINZOI.
(b) X has a right zero 0” by part (a) which is a zero by 3.3 hence by uniqueness
of the left zero we get 0/ = 0” = 0£. Thus z0Y = z(0V)) = (20™)X implies by

uniqueness 0V = ('

(¢) f(0) = f(0€) = 0fV(&) = 0. 0

A non-empty right £-module, however, will in general not have a left zero. The
element 0" € X satisfies (ii), but it will not be unique, e.g. X = {0,0'} where
both elements satisfy (ii).



4. (SEMI-)ADDITIVE THEORIES AND SCALARS

The elements of £ can be considered as operators which produce allowable linear
combinations of elements in a left £-module. This is the essence of all the ex-
amples of convexity theories. In some sense the multiplication of elements in the
module by certain elements (which we will call scalars and which will be discussed
later on) and the addition in the module are hidden among these operators. Ob-
serve, however, that the addition proper is very often not allowable in convex
sets.

In some cases, however, there will be a structure of an addition on the module.
In section 3 we saw that a zero is carried over from £ to modules over £. We
will study now how much of an additive structure will be transferred in a similar
way. Throughout this section we shall assume that £ is a unital left linear theory
which has a zero: 0 € L.

For i, € N with ¢ # j and for elements x, y in a left L-module X let e(x,y|i,7) €
XN be given by

07 ifk % i?j?
e(x,ylt, j)(k) =< «, if k=1,
Y, if k=y.

4.1 Definition: L is semi-additive, if there are 1,7 € N, 1 # j and a € £ with

as((4),(7))t,7) = a. We call a an addition for L.
For a left £-module X we define an addition by « + y := ae(x,y|i, 7).

4.2 Lemma: Let £ have an addition «. Then

(a) a=0(i)+6(y) in L.

(b) If f: X — Y is a homomorphism of left L-modules then Va,z' € X :
F 4 ) = fl2) + £,

(c) For every L-bimodule X we have Va,y € X, A € LN : (z + y)A = 2 + y).

(d) af = ae(£(2),€(5)7, 7).

PROOF: (a) is clear from the definition of = + y.

(b) f(z + ") = flas(z,2')i,7)) = afN(e(z,2'|i, 7)) = ac(f(x), f(2")]i, 7)) =

flx) + f(2).

(c) follows from (b) since right multiplication by A € £V is a homomorphism of

left modules.

(d) a€ = az(8(2),6(5)1, 7)€ = ae(€(2), £()7 7). D

4.3 Lemma: Let £ have an addition a. Let i',j' € N be two elements with
i # 3. Put d = 6(0) + 6(5"). Then a’¢(6(¢'),0(3")|i',7") = ¢ and @ +4 y =
a'e(x,yli'y ") = ae(x,yli,7) = * + y. In particular the addition does not depend
on the choice of 1,5 € N with 1 # j.



PROOF: Since

we have

o), 0 7) = (8F) +8(7)e(3(7), 817, 1)

= ag((S(ll), (S(]
= ae(8(i"),8(5")]i, )

and

a'e(z,yli',j") = ac(6(d),6(5") )i, 7)e(z, yli's ') = ae(z,yli, j) = v + .

From now on addition is written by means of the initially chosen ¢ and j.

4.4 Definition: An addition a in £ is called

associative if there are i,7,k € N, mutually distinct, such that §(i) + (5(J) +
d(k)) = (6(2) + (7)) + 6(k) holds,

commutative if (i) + 6(j) = 6(j) + 4(2),

with zero element if 6(¢) +0 =0+ (i) = (1),

with inverses if there exists (=4(7)) € £ with 6(¢) 4+ (=6(¢)) = (=6(2))+6(z) = 0.

4.5 Proposition: Let £ be a unital left linear theory with an addition a. If
a is associative, commutative, with zero element, or with inverses then so is the

addition of an L-module X.
PROOF: For x € X denote by (z|i) € XV the map

0, ift#i,

x, if t =q.

()= {

For z,y,z € X and mutually distinct 4,7,k € N denote by &(z,y, 2|1, 5, k) € XV

the map
0, ift£1,7,k,

o x, if t =1,
5($,y,2|l,],k>(t> = y ift:j
z if t = k.



(x+y)+z =(50)+6())e(x +y, 2], 7)
= (8(1) 4+ 8(5))e((8(2) + 6(4))e(, y, 214, 5, k), 6 (k)e(x, y, 2[4, 5, k)7, 5)
= (6(1) +0(7))e(8(1) + 6(5), 6(k)|2, 7)e(w, y, 2]i, 5, k)
= ((6(1) +6(5)) + &(k))e(z., y, z[t, 5. k)

and similarly @+ (y+2z) = (6(¢)+(6(J) +(k)))e(x,y, 2|1, 7, k). Thus associativity
is inherited by the modules.

Furthermore x +y = (6(1) 4+ 6(j))e(x,yli,j) and y+a = (6(¢) +6(5))e(y, x|i, 7) =
(3(0)+ 5(7))e(507)> 806 s el ) = (5(7)+ 8()e (e, yli ) show that commu-
tativity is inherited.

For the other two laws we have « + 0 = (§(¢) + 6(7))e(x,0]7,5) = (6(z) +
8(7))e(6(4),0]¢, 7)e(x,0]d,5) = (6(2) + 0)e(x,0]z,5) and & = §(¢)e(x,0]i,7) resp.
T+ (=) = (6(i) +6(5))e(z, —xli, j) = (8(z) +6(7))e(8(2), =0(2) |2, 5)e(, 0]z, 5) =
(6(2) + (—=9d(2)))e(x,0[i, 7) and 0 = 0e(x, 07, 7). a

4.6 Example: Let £ be a unital sequential left linear theory as defined in
example 1.4.a) with 0 = (0,0,...) € L. Any element of the form (a1, a2,0,0,...) €
L defines an addition. The addition is commutative if and only if a1 = ay. It is
associative if and only if a? = a; and ajay = asa;. The addition is an addition
with zero element if and only if @y = ay = 1. If £ is defined over a ring R then
the addition is an addition with inverses if and only if (—1,0,0,...) € L.

Now we study somewhat more in detail sequences in £~ with entries §(7), where
4 is the unit in L.

4.7 Definition: Let 0 : N — N be a map. Then we define §° := d o 0, i.e.
§7(i) = 6(o(7)). A map o: N — N is called an (i,7)-map if o' ({j}) = {¢}.
We call b € £ an i-scalar if

Vj € N V(i,7)-maps 0,7 : b6” = bd".
A little calculation for a sequential left linear theory £ with zero over the semiring
R shows that the i-scalars are of the form (0,...,0,7;,0,...).
4.8 Lemma: (a) For o,7: N — N we have §°7 = 6767 € L.

(b) If o is an (1,7)-map and T is a (j, k)-map then 7o is an (i, k)-map.
(c) 6(1) is an i-scalar for all 1 € N.



(d) Let 1 € L. Then 16(:)" is an i-scalar.
(e) If b€ L is an i-scalar and o is an (i, 7)-map then b7 is a j-scalar.
(f) Ifb is an i-scalar and £,n € XV with (1) = n(i), then b¢ = bn. In particular

b¢ depends only on the ;th component of £.

PRrROOF: Straightforward substitutions of the definitions and simple calculations.
O

4.9 Definition: For v € X and an i¢-scalar b € £ we define bz := be(x]7).

Now we want to study elements in X¥* and in XN for a set X, where a and
b are non-negative integers. Let y : N* — N’ be a map. For = ¢ XN we
define =X := Zo y € X", Then we have = = (Z)X for y : N* — N’ and
J: Nb — N©.

Now let a map £ x XV 3 (1,¢) — £ € Z be given. We observe that XN
(XN)Nb_1 and define

LV % XN 5 (A, B) s AZ e 2N

by
(AE)(@l, ceey ia+b—1) = A(il, Ce ,ia)E(—, ia+1, ceey ia+b—1)-

For a left £-module X one checks 2% = §X=¥ which is a generalization of Lemma

4.8 (a).

4.10 Lemma: Let X be a left L-module. If A € LN, M € £N', and Z € XN

then
(AM)Z = A(ME).
PRrROOF:
(A(ME)) P1y0e ey ia+b+c—2)
— A(il, ey Za)(ME)(—, ia+1, ey ia+b+c—2)
— A(il, ey ia)(M(—, ia+1, ey ia+b_1)E(—, ia+b, e 7ia+b+c—2))

— (A(ll, ey ia)M(—, ia+1, ey ia+b_1))E(—, ia+b, e 7ia+b+c—2)
= (AM(Zlv s 7ia+b—1)E(_7 ia+bv SRR ia+b+c—2)
((AM)E)(ZM SRR ia+b+c—2)‘



We fix maps 0 : N — N x N and 7: N x N — N with 7o = idy and o7 =
idyxn. Furthermore let 7 : N x N — N x N be the map with 7(i,7) = (J,1).

4.11 Corollary: Let [,m € L. If {(mdé”) = m(l677) then [(m=Z=) = m({=") for
all Z € XNV,

PROOF:
[(mZ) = (mZ"7) = I(m(§"27)) = I((md")27) = (I(md"))27 = (m(1577)=" =
m((1677)2%) = m(I(§77E7)) = m(IZ777) = m(I=Z7). 0

4.12 Lemma: Ifbe L is a k-scalar with b(6(¢) + (7)) = b6(z) + bé(j) then for
all L-modules X and all x,y € X we have b(x + y) = bx + by.

PROOF: This is a special case of Lemma 4.11 but can also be obtained by simply
multiplying the equation

be(8() +6(3)Ik) = b(8(2) + 4(5))
(7)
8(1) + 6(j))e(be(d(i)[k), be(o(7) k)], 1)

from the right by e(x, yl, j). a
In view of this result Lemma 4.11 can be seen as a general distributive law.

The tools developed by now let us construct some interesting examples of certain
right modules and bimodules. For this purpose let A = {4(:)]i € N} C L.
Then by the unitary law (L£y) §(i)A = A(¢) it is clear that A is a unital left
linear subtheory of £. By Lemma 1.3.(c) there is a bijection between AY and
D = Map(N, N). We observe that D is a monoid under the composition of maps.
We will consider sets M, which are (left) D-sets, i.e. on which D operates, such
that the unital and associative laws hold: 1(m) = m and 7(o(m)) = (70)(m).
If M is a left £-module, then an operation of D on M is called £- linear, if all
o € D define £L-module homomorphisms o : M — M, i.e. lo™ (1) = o(lu). Now
we can prove

4.13 Proposition: (a) A set M is a D-set if and only if M is a A-right module.
(b) A left L-module M is an L-A-bimodule if and only if there is an L-linear

operation of D on M.

PROOF: We identify the D and the A operation by o(m) = mé”. Then by Lemma
4.8 (a) we have mé™ = (md?)d™ if and only if (7o)(m) = 7(o(m)). Furthermore



we have md = m iff 1(m) = m. For the L-left operation we get [(d7) = (Ip)d°
iff (o™ (u) = o(lp). 0

4.14 Theorem: Let £ = R"™) be the semiring. Then the functor from R-Mod
to L-Mod (as defined in example 2.8.b) is an equivalence of categories.

PrOOF: We describe the inverse functor. Let M be a left £L-module. Since the
addition in £ is described by a = (1,1,0,0,...) and the addition is associative,
commutative, with zero element and with inverses, M is an Abelian group by
Prop. 4.5. Clearly (r,0,...) is a l-scalar in L. For m € M and r € R we define
rom := (r,0,...)-m = (r,0,...)e(m|l). By 4.12 we get r o (my; + my) =
(r,0,...) - (my + ma) = (r,0,...)e(my + m2|l) = (r,0,...)ac(my,mz|1,2) =
(r,0,...)ae(d(1),8(2)|1,2)e(me,mo|1,2) = ac(ré(1),rd(2)|1,2)e(m,mz|1,2) =

romy + romy. Further by 4.11 we have

(ri4+re)om = (ri4+r2,0,...) om=ae((r,0,...),(r2,0,...)[1,2)e(m|1)

= rpom-—+rgom.
The associativity follows from

(rs)om = (rs,0,...)-m=(r,0,...)e((s,0,..)]1)e(m|1)
= (r,0,...)e(som|l) =ro(som).

Finally 1 om = (1,0,...)e(m|1) = §(1)e(m|l) = m. We leave to the reader to
check that this describes an inverse to the functor of example 2.8.b).
g

5. FREE MODULES

In this section we will explicitly construct free modules. Their existence is actually
clear from the fact that we are considering algebraic categories and that the
underlying functors are algebraic functors in the sense of [6] so they have left
adjoint "free” functors. But we are also interested in the actual size of free
modules and in their computational rules.

Let Sety be the category of non-empty sets of cardinality less than or equal to
the cardinality of N. We first want to construct free left £L-modules £ F'(Y) over
sets Y in Sety. They will all turn out to be submodules of L.

Let Y be an object in Sety. Then by the cardinality assumption there are maps
c: N — Yand 7:Y — N with o surjective and 7 injective. We call o,7 a



pair of matching maps for Y. For each Y in Sety we choose a pair of matching
maps. We can choose the matching maps in such a way that o7 = idy holds. We
use elements §” as defined in 4.7 and write £67 := {l§”|l € L}.

5.1 Lemma: If (Y,o0,7) and (Y',0’,7') are sets in Sety with matching maps
and if f:Y — Y’ is a map, then there is a map p : N — N with pT = 7'f.
Furthermore we have a homomorphism of left L-modules

CF(f) L6775 167 v 167767 € L6577,

which is independent of the choice of p.

PROOF: Since o’ is surjective there is a map w: N — N with ¢'w = fo. Since
7 is injective there is a map p : N — N such that pr = 7'f:

N % Y H N
w 7 o d

N 2y I N

Hence we have 167767 = [§777 = [§717 = [§77' = [§«67'7" € £57'7" so multiplica-
tion with §” from the right is a well defined map and indeed an £-homomorphism.
But according to the second description of (67767 = [§67'7" the product is inde-
pendent of the choice of p (and also independent of the choice of w). 0

5.2 Corollary: The construction in Lemma 5.1 defines a functor F : Sety —
L-Mod.

PROOF: Let o F(Y) := L£67. The independence of the map »F'(f) of the choice
of p and w lets us use pp’ resp. ww' for composites ff' of maps and p = w = id
in case of an identity map. 0

The functor F' certainly depends on the choice of the matching maps for the
various sets. It is clear, however, with the same considerations as above that
another choice of matching maps does not change the isomorphism type of the

L-module £ F(Y') obtained.

5.3 Proposition: The functor £F : Sety — L-Mod defines free left L-
modules, i.e. given Y € Sety, M € L-Mod, and a map f : Y — M there
is exactly one homomorphism of L£-modules f : cF(Y) — M such that the
diagram
Y —— F(Y)
>~ V7

M



with y := 67 commutes.

PROOF: Since o7 = idy we have 677677 = §77. So we get x(y) = §"(y) =
0777 (y) = §7(y)d™” € L677 = F(Y). Now let us define f(lé”) = 16"(f o
o). In order to show that f is a homomorphism of £-modules we compute

f(Mé”) =X (foo) = lfN()\(S”). The universal diagram commutes since

Ixty) = f(07(y)) = [(67(y)d™) = 67(y)fo = for(y) = f(y). In order to show
the uniqueness of f let g be given with gy = f. Then g(l677) = 1577gN(677) =

[677(Ggod"00)=16"(goxoo))=17(fooc)= f(l677) hence f = g. O

Now let X be an arbitrary set and let X{V) be the category of those subsets
0 #£Y C X which are in Sety, with inclusions as morphisms. (If N is infinite,
this is a directed set.)

5.4 Proposition: The free left £L-module ;F(X) over the set X is

Proor: Observe that
X = h_f{lyeXW)Y-

Since £ F' was a functor on Sety the following diagram shows the claim

Y 2 (F(Y)

Now we consider the construction of free right £-modules.

5.5 Proposition: Let X be a set. Then X x LV is the free right L-module
over X.

PROOF: X x LV carries a componentwise right L-structure. We define a map
x: X — X x LY by y(x) := (2,d). Let f: X — M be a map into a right £-
module M. We define f: X x LY — M by f(:z;,)\) := f(x)A. This is obviously a
homomorphism of right £-modules and satisfies fx = f. For any homomorphism
G: X x LN — M with gy = f we have g(z,\) = g(z,8) = gx(z)l = f(2)l =
f(:z;,)\) hence f = g. O



5.6 Proposition: Let X be a set. Then the free L-M-bimodule over X is
cFm(X) = cF(X x MY,

PRrROOF: In the following universal problem diagram

X X x MN —— F(X x MV)
- \ \f”
M
the map f” is a homomorphism of right M-modules since f’ is compatible with
multiplication from the right with elements of M. 0

5.7 Definition: Let X be a left, a right, or a bi-module. A subset Rel C X x X
is called a (left, right, or bi-) congruence relation if Rel is an equivalence relation
and a left, right, or bi-sub-module.

5.8 Proposition: Let X be a (left, right, or bi-) module.
(a) For each subset U € X x X there is a smallest (left, right, or bi-) congruence
relation Rel with U C Rel.

(b) For any (left, right, or bi-) congruence relation Rel the set of equivalence
classes X/Rel is a (left, right, or bi-) module.

PROOF: (a) Take Rel as the intersection of all congruence relations containing
U.
(b) The proof of the module properties is straightforward. 0

6. 'TENSOR PRODUCTS
Foramap f: X x YV — Z we define f¥=: XV x YN — ZN by

Y m6) = f(E(i),m), i€ N.

6.1 Definition: Let Xuy, mYre, and Zx be bimodules. A map
f: X xYN — Zis called bilinear if for all x € X, 6 € XV, n € YN[ ¢
Lope MY keV:

fU&m) = 1" (&n),

flap,m) = flxz,pum),

f(l’aﬁ’f) = f(xvn)/i'



An L-K-bimodule X @ Y together with a bilinear map
QX xYVs () roun e X oMY

is called a tensor product if for every L-K-bimodule 7 and for every bilinear
map f : X x YNV — Z there is exactly one homomorphism of £-K-bimodules
g: X @m Y — Z such that the diagram

X xyN 2

XomY
T~ s
VA
commutes.
As is customary we speak of X @Y as the tensor product of X and Y and
omit reference to the map X x YV — X @ Y. For £ € XV, n € YV let
EQmn € (X Om YN)N be defined by (£ @amn)(i) := &) @mn € X X YN, The

following rules of calculation follow immediately:

() omn = UEB@mn),
(xp) @mn = = @m (),
rQm(nr) = (zQmn)k,
(M) @mn = AMEQmn),
e @mn = EQum pun,
£ A (nK) (£ @mn)k.

Observe that [(£@mn) = (1)@ mn, but that expressions of the form I(2;@mmn;: )ien
are defined as well (cf. Proposition 6.16).

6.2 Proposition: For any bimodules ; Xy and s Yy the tensor product X @Y
exists.

PROOF: Let Fic(X x YV) denote the free £L-K-bimodule over X x Y. We
form the smallest congruence relation (Rel C Fie(X x YN) x o Fie(X x YV)) on
cFic(X x YV which contains the elements

((1&m), 1(&m)),
((zpsm), (2, ),
((z.nk), (z,n)k).
Then the diagram
X xynN - cFe(X x YNV) — (Fe(X x YV)/Rel

f bl g

7



provides a universal solution for the universal problem of tensor products. The
details are straightforward to check. 0

6.3 Corollary: The tensor product is a covariant functor
L-Mod-M x M-Mod-K — L-Mod-K.

PROOF: The claim follows immediately from the fact that bimodule homomor-
phisms f: X — X'and g: Y — Y'induceamap fxg" : XxY N — X'xY'V
which commutes with the operations in a way as to preserve bilinear maps, i.e.
the map @um(f x ¢") is a bilinear map:

FU&) @mg™(n) = (1N (6) @ n) =1(N(&) @m g™ (),
Jap)omgV(m) = fla)p@mg™(n) = f(z) Qmpg™(n
= f(x )®M9 1),
fle)@mgN(nr) = fle) om (¥ (n)r) = (flx) @am g™ (n))k.

So f x ¢~ induces a unique bimodule homomorphism

i

o

2

2/—\

f®M92X®MY—>X/®MY/,
which defines the functor. Observe, that (f @um g)(x @Qmn) = f(z) Qm g™ (n). O
6.4 Definition: For bimodules ; Xk and (Y define

Hom(X,Y) = {: XN — Y]vx € KV, & € XV ¢ f(ex) = [(6)n).

6.5 Lemma: Hom(X,Y) is a M-L-bimodule by the operations

(Y NIE) = A(f(§)
(SAE) = (A9

and a bifunctor contravariant in X and covariant in Y in M-Mod-L.

PRrROOF: Straightforward. 0

6.6 Proposition: Let ; Xy, mYx, cZx be bimodules. Then there is a natural
isomorphism

L-Mod-K(X @m Y, 7Z) =2 L-Mod-M(X, Hom(Y, Z)).



PROOF: We define o : L-Mod-K(X @m Y, 7Z) — L-Mod-M(X,Hom(Y, 7)) by
o)) == f(z St ). Then

o()@)nr) =z Om(r)) = [z @mn)e = o(f)(@)(n)k,
o(f)(@)(un) = f(x @p pm) = flep @an)

o(f)(zu)(n),
(Le(HNE) () = LN (E@mn) = fUE@mn) =a(S)LE)(n).

Thus o is well-defined. The inverse map is defined by

~—~
Q
~—~
~=
pa—
~—~
S
S’
=
pa—
~—~
=
pa—
I

o' L-Mod-M(X, Hom(Y, 7)) — L-Mod-K(X @m Y, Z)

by o7 (g)(x @) = g(x)(n). Since g(xp)(n) = g(x)(um), g(l&)(n) = Lg™ (€)(n),
and g(z)(nk) = g(z)(n)k, the map a7'(g) is a well-defined bimodule homomor-

phism on X @ Y. Obviously 7! is the inverse map to o. It is easily seen that
these maps are natural transformations. 0

6.7 Proposition: Let X, mYx, xZ7 be bimodules. Then the map

a:(XomY)@xZ3@0mn) Ok (—r0m(nax()eXam(Yar )

is a bimodule homomorphism, which is coherent in the sense of monoidal cate-
gories.

PrOOF: We first show that the map in the proposition is well defined. For that
purpose we consider the map

with B(x @m 1)) := 2 @m (n @k ). The map 3 is well-defined since

(1) @mnex¢) = UEOm(nax (),
T Om (@ Q) = x@m (un @k ),
TOm (e @k () = @wm(n Ok K(),
T@m(n Ok V) = (2@m(n@x ().

The adjoint mapisa : (XQmY )@xZ — XOm(Y@xZ) with a((z@mn)@k() =
T @m (n@x ().

The coherence diagram is
(TUoX)oY)oZ 2 Ua(XaY)eZ —2-Ua(XoY)a Z)
ozi la@l
UoX)o(YoZz) o Ua (X (Yo Z)).




By elementwise computations it is easy to see that this diagram commutes. 0O
We will see in Cor. 6.17 that « is surjective.

6.8 Remark: We cannot show that « is an isomorphism. In fact we conjecture
that it is not in general. However, how close it is to being bijective, can be seen by
propositions 6.16 and 6.17. Nevertheless £-Mod-£L behaves like a closed monoidal
category. The above pentagon diagram suffices to generate coherence. And the
inner hom-functors have the usual properties. Before we prove this, we show that
there is a two-sided unit for the tensor product.

6.9 Proposition: There are natural isomorphisms
s LR, X=X and d: X@uM=X
which satisfy the coherence diagrams for monoidal categories

(XosL)aYy = X@p(Lagy) L@cL = L@cL

ALY \y v X@rs d "\ s
XosY L )

PROOF: We define s’ : £Lx XN — X by s'(1,£) := €. Obviously s is bilinear, so
it factors uniquely through a bimodule homomorphism s on the tensor product.
We define s™' : X — L @, X by s7}z) := (1) @, 2N, Then ssH(x) =
s(8(1) @ ) = §(1)z™ = 2 hence ss7! = id|x and s7's(l @, &) = s7H(E) =
S(1)@c (16N =6(1) @ IVE= SN @ € =1 @ £ Obviously it is sufficient to
show that s7's and id agree on elements of the form [ @&, if we know that d=1 is
an L-bimodule homomorphism. We have s71(1£) = §(1)@. (16N = §(1)@.1V¢ =
[@:E=100:E=1(6(1) 2 2N) =1(s7H)N(£), where we used

8(i) @ &€= 8(7)6(1)" e & =8(j) @ 8(1)VE = 8(j) D af

for all choices of i,7 € N. Furthermore we have s7'(z)) = §(1) @z ()N =
§(1) @z 2VX = s71(x)A. Consequently s and s~! are inverse to each other. They
are obviously natural transformations.

We define now d' : X x MY — X by d'(z, 1) := xu. d'is obviously bilinear, so it
factors uniquely through an £-bimodule homomorphism d on the tensor product.
We define d™' : X — X @pm M by d™(2) ;=2 @m 6. Then dd™(z) =26 =«
and d™'d(z Qpmp) = 2 Qpm 6 = x Opp . Again we must show that d=! is an
L-bimodule homomorphism: d=}(v€) = 76 @m 6 = y(d~H)N(¢) and d=zp) =
TUAMO =T Qpmpu =1 Qpmop =d Ha)u. 0



6.10 Definition: F € L-Mod-L together with £-bimodule homomorphisms
V:iE@sF— Fandn:L— Fis called a monoid, if the following diagrams
commute

(E@cE)or B Voel E@:E
o)
E@p(Eor F) v
19,V l
E@rFE v B
and B
E (1®L77)d E ®£ E
(n®,1)s™1 l h\ lv
EocE v E.

6.11 Proposition: An L-L-bimodule FE is a monoid in £L-Mod-L, if and only
if K is a left linear theory and n : L — FE is a homomorphism of left linear
theories inducing the L-bimodule structure on F.

PrROOF: Let F be a left linear theory and  : £ — E be a homomorphism
of left linear theories. Then the multiplication m : £ x EN — E defines a
homomorphism V : £ @, £ — E in £L-Mod-L since

mier, )= (eon™(N) o =eo (N (N) o) =mle, ),

m(le,e) = (nl)oe)oe)=n(l)o(eoe) = lmN(e, €,
m(e,éX) =co(on™¥(N) = (eoe)on™(A)=m(e, )

The induced map V is associative, since the multiplication is associative. We use
the same symbol for the units in £ and in £, hence n(d) = é. The unit property
for a monoid follows from §(1) o 2™ = §(1)2" = z and x 0§ = 26 = x. Hence

(E,V,n)is a monoid.

Conversely let £ be a monoid. Then there is a multiplication
m:ExEY S B0 BB

which obviously is associative. From the unit property of a monoid we get n(4(¢))o
c=V(n®:1)(8(0)@ce) =V(n@e1)(5(1) @cel) = e; = §(i)e, using an equality
from the proof of the previous proposition and e o™ (§) = V(E @z n)(c @z 6) =
¢ = ed, where we abbreviated n™(§) =: §. Then ¢ is the unit of £ and E is
a left linear theory. The map n preserves the unit and induces the bimodules

structure of F, since n(l) = n(l§) = In(d) = 14, hence n(l) o e = (Id) 0o € = [e and



con¥(A) = eo(\§) = e). Finally 5 is a homomorphism of left linear theories
since n(I\) = n(I6A) = 16X = (I6X\) 0 § = (1§) o (AS) = (1) o ™V (V). 0

6.12 Remark: Let X and Y be L£-bimodules. The evaluation
ev:Hom(X,Y)@, X — Y

with ev(f @, &) := f(£) is the counit for the pair of adjoint functors — @, X and
Hom (X, —).

6.13 Corollary: Let 1 Xa, mYx, cZx be bimodules. For each bimodule
homomorphism f : X @um Y — Z there is a unique bimodule homomorphism
g: X — Hom(Y, Z) such that the diagram commutes:

XomY
9®MY1 \
Hom(Y,Z) dm Y = Z.

PRrROOF: This is a standard consequence of the fact that — @ Y is left-adjoint
to Hom(Y, —). a

6.14 Corollary:  The evaluation ev : Hom(X,Y) @m X — Y defines a
composition of maps

Hom(Y,Z) @pm Hom(X,Y) S fOm Y — (x— f(¥(€)) € Hom(X, Z),
which is associative in the sense that the diagram

(Hom(Z,U) @ Hom(Y, 7)) @ Hom(X,Y) — Hom(Y,U) @ Hom(X,Y)

Hom(Z,U) @ (Hom(Y,Z) @ Hom(X,Y))

!

Hom(Z,U) @ Hom(X, 7Z) Hom(X,U)

commutes.

PrOOF: The map Hom(Y,Z) @m Hom(X,Y) — Hom(X,Z) induced by the
evaluation is uniquely determined by the following diagram
(Hom(Y,Z) @ Hom(X,Y)) @ X Hom(Y,7Z) @ (Hom(X,Y) @ X)
l 1®ev
g®1 Hom(Y,Z) Y

oo

Hom(X,7) @ X Z.




It is easy to see that the composition is described as given in the Corollary. O

6.15 Corollary: For a bimodule ;Xx; the set of inner endomorphisms
End(X) := Hom(X, X) is a left linear theory.

PrOOF: By Corollary 6.14 End(X) is a monoid in the quasi-monoidal category
L-Mod-L. The unitary law is given by the map £ 3 [ — (£ — [£) € End(X). By
Proposition 6.11 it is a left linear theory. 0

6.16 Lemma: Let N be an infinite set. Let (z; @mn:)ien € (X @m Y)N. Then
there are elements & € X, n' € YN such that

(2i @ ni)ien = (£(1) Qmn')ien

PROOF: Since N is infinite there is a bijection 7 : N x N — N with inverse map
o. We define A := §7 such that A(i, —) € MY, 5/ :=no,and £'(i) := £(1)A(, —).
Then we have £'(¢) @mn' = () A>, =) @mn' = £(1) Qam A, =)0 = £() Qmns,
since A(%J)U = 5T(i7j)77 = U/T(ivj) = 772(]) u

6.17 Theorem: The associativity map « is surjective.

PROOF: By 6.16 the generators @ @aq (7(7) @k (;)ien are in the image of a. O
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