On Braiding and Dyslexia

Bodo Pareigis

ABSTRACT. Braided monoidal categories have important applications in knot
theory, algebraic quantum field theory, and the theory of quantum groups and
Hopf algebras. We will construct a new class of braided monoidal categories.

Typical examples of braided monoidal categories are the category of modules
over a quasitriangular Hopf algebra and the category of comodules over a coqu-
asitriangular Hopf algebra. We consider the notion of a commutative algebra A
in such a category. The category of (left and/or right) A-modules with the tensor
product over A is again a monoidal category which is not necessarily braided. How-
ever, 1f we restrict this category to a special class of modules which we call dyslectic
then this new category of dyslectic A-modules turns out to be a braided monoidal
category, too, and it i1s a coreflexive subcategory of all A-modules.

The easiest way to obtain a braided monoidal category is to consider all modules
over a quasitriangular Hopf algebra or all comodules over a coquasitriangular Hopf
algebra [1, 8, 14]. In particular representation theory of quantum groups is braided.
There is a converse to this theorem.

Consider a symmetric monoidal category M (which is cocomplete such that the
tensor product preserves arbitrary colimits in both variables) such as K-Vec. Given
a diagram D of finite objects in M (objects having right duals, finite dimensional
vector spaces) then there is a universal coalgebra C' in M such that all objects of
D are comodules over C. If the diagram is closed w.r.t. tensor products (or the
corresponding functor w : D — M together with D are monoidal) then the associ-
ated universal coalgebra is a bialgebra [11]. Furthermore if the category D is braided
(w will not preserve the braiding) then the associated bialgebra is coquasitriangular.
The bialgebras obtained in this way may be of special interest [12].

Our main object in this paper is to construct a new interesting braided monoidal
category.

The property of symmetry of a monoidal category M easily carries over to many
other categories constructed over M. So for example the category of algebras in M
under the same tensor product is symmetric, the category o(monoids)f modules over
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a cocommutative Hopf algebra in M is symmetric, or the category of A-modules for
a commutative algebra A in M with tensor product over A is symmetric.

This is not the case for braidings. If M is only braided, then algebras in M do
not form a braided category, or modules over a commutative algebra A will not form
a braided category. This is remedied by a new concept of dyslectic modules over a
commutative algebra A.

We will show that the category of dyslectic modules over a commutative algebra
A, i.e. right modules that do not "see” if the multiplication has been twisted around
the module via (a twofold application of) the braiding or not, is a braided monoidal
category with tensor product M @4 N taken over A. Furthermore this category is a
coreflexive subcategory of all A-modules.

1. MODULES OVER A COMMUTATIVE ALGEBRA IN A BRAIDED MONOIDAL
CATEGORY

As base category we consider a cocomplete braided monoidal category C such that
the tensor product preserves arbitrary colimits in both variables. Using coherence we
may assume without loss of generality that C is a strict monoidal category. A braiding
of a monoidal category (C,® : C x C — (') consists of a natural isomorphism of
bifunctors opyny : M @ N — N @ M such that

ounNepr = (idy @ oy p)(omy @ idp)

and
omen.p = (omp @idy)(idy @ onp).

We do not require oy pop v = idygy. If this also holds, then o is called a symmetry
for C. Observe that the first two conditions generate representations of the braid
groups on objects M @ M ... ® M; if in addition the last condition holds then we
have representations of the symmetric groups.

To obtain an example of such a category one can start with a cocomplete symmetric
monoidal category M such that the tensor product preserves arbitrary colimits. As
an example consider M = K-Mod, the category of K-modules over a commutative
ring K. (The reader may assume throughout, that M = K-Mod. Otherwise he
should view the calculations as calculations with generalized elements in the sense of
9],

Let H be a Hopf algebra in M with the structure morphisms Ay, g, Vi, nmg, S.
Then the category of right H-comodules M* is known to be a monoidal category
with tensor product as in M. Observe that colimits in M# exist and are formed in
M with a uniquely defined suitable comodule structure. If we assume furthermore
that H is coquasitriangular or braided, then M is braided [14]. All in all we have
a cocomplete braided monoidal category M such that the tensor product preserves
arbitrary colimits.
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Many examples of braided monoidal categories can be found in the literature e.g.
[3, 6, 7].

In the base category C we consider now an algebra A and the category of right
A-modules C4.

For the special example C = M*, with H a coquasitriangular Hopf algebra in M,
we take A an H-comodule algebra in M with structure morphisms V4 : A® A — A
and 04 : A — AQ H, §(a) = 3 a@) @ ag). We study the category of right (H, A)-
Hopf-modules Mif with structure morphisms dp; : M — M®@H and ppy : MRA —
M i.e. of right H-comodules and right A-modules M such that

Sm(ma) =Y myagp) @ mayag)-

They are the right A-modules in the base category MH.

Since tensor products in C preserve colimits, C4 is cocomplete with colimits formed
in C with a uniquely defined suitable module structure.

Remark 1.1. The category 4C4 of (A, A)-bimodules in C is a monoidal category with
the tensor product M @4 N the cokernel of

M®AQN M@N — M®a N.

To show this one can apply arguments similar to [10], 1.8 and 1.10, in particular the
fact that the tensor product is right exact, to prove the associativity M @4(N®4 P) =
(M @4 N)@a4 P.

Since colimits preserve colimits (in our case the tensor product over A) the category
4C4 1s cocomplete and the tensor product preserves arbitrary colimits.

Assume now that A is commutative in C, i.e. the following diagram commutes

ARA—"—A® A

N

Remark 1.2. Let M € C4. Then it is easy to see that the morphism

My AOM s Mo AL M

defines an (A, A)-bimodule structure on M. The compatibility of the left and right
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A-structures follow for example from the commutative diagram

Ao Mo A DAQA—2 L oA

”\/\

1®par M ® P
W@l W
A M M®A M

PM

The category of right A-modules C4 thus can be viewed as a full subcategory of A-
A-bimodules 4C4. Actually this is possible in two distinct ways, namely by defining

the left structurebyA@MéM@A#MorbyA@MU—_;M@A#M.

So we get the two full embeddings ¥;: C4 — 4C4 and X, : C4 — 4C4. We shall
restrict our considerations to ¥; : C4 — 4C4 defined by the left action as in remark
1.2.

We now investigate the tensor product over A in 4C4. A straightforward calculation
gives

Lemma 1.3. Let M, N € C4. Then the left module structure on M @4 N as defined
in 1.2 coincides with the induced left module structure of M @4 N in 4C4, hence Cy
is @ monoidal category with tensor product over A and ¥y : Cy — 4C4 defines a full
monoidal embedding.

We see that for a commutative algebra A the category C4 is a full monoidal sub-
category of 4C4. Actually we have more.

Proposition 1.4. If A is commutative in C then C4 is a cocomplete monoidal cate-
gory such that the tensor product M @4 N preserves arbitrary colimits in both vari-
ables.

2. DYSLECTIC ALGEBRAS AND MODULES
Definition 2.1. Let C be as before. We call an algebra A in C dyslectic [4] if

A A Ao A

\ ﬁ
A
commutes or equivalently if (Vo: A@ A — A)= (Vo™ ': A A — A).
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A module M in C4 is called dyslectic if the following diagram commutes

MoOA—" Mo A
\ /
M .

A commutative algebra A is clearly dyslectic. However, not all A-modules over
a commutative algebra A are dyslectic. In fact the category of dyslectic A-modules
dysCy4 is the equalizer of the two embedding functors ¥;, %, : C4 — 4C4.

For a commutative algebra A there is a braiding morphism for the tensor product.

Proposition 2.2. Let A be commutative and M € C4 be dyslectic. Then the follow-
ing is a commutative diagram of difference cokernels

pp®1
M@AQN Mo N—2L—~M4 N
J 1®0 MaoN®A 1®pn 4
1®0
M@N®A o ~
ch,N@AJ . N M A Lopas
NoAoM __ NVOMIA— > Nno v . Ng, M,
pN®1

Proof. The lower left hand "square” (pn @ 1oy nega(l @ o) = o(1 @ pn)(1 @ o)
commutes by functoriality of o. Furthermore if M is dyslectic then the following
diagram commutes

MOAONSEMaoN@ A

par®1 NoMoOAYNoAoMENoMo A
ll@)/)M 1®pnr
MoN—2—-+NaoM ! NoM

which is the upper left hand "square”. [

Remark 2.3. There is a second way to define a quasi-symmetry map in C4, namely
with UMN instead of o y. A similar proof as for Proposition 2.2 gives:

Let A be commutative and N € Cy4 be dyslectic. Then UMN induces a morphism
on the difference cokernels: ¢ : M @4 N — N @4 M.

Proposition 2.4. If M and N in Cy are dyslectic then so is M @4 N.
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Proof. We have to show that

(M@AN) @A~ (M@ N)© A
M

commutes. Since the following diagram commutes

M@N@A:%:M@N@A—@M»M®N
lu@l vR1 v

(M @4 N)@ AZx (M@ N) @A N 6, N

and the left most v @ 1 is an epimorphism it suffices to show that v(1 @ ,oN)02 =
v(1 @ pn). Observe that tensor products preserve difference cokernels. If we expand

0% we get a commutative diagram

MONOATZ Mo AN LA Ao Mo NS Mo Ao N2 Mo N A

1®0
M w M %
M N M & N M@ N

M @4 N

where the left quadrangle commutes by definition of v and since N is dyslectic. The
center triangle commutes since M is dyslectic. The right quadrangle commutes by
definition of v. [

It is now clear that the monoidal structure of C4 restricts to a monoidal structure

on dysCy4 and that 6 : M @4 N — N @4 M defines a braiding of dysC4.

Theorem 2.5. Let C a cocomplete braided monoidal category such that the tensor
product preserves arbitrary colimits. Let A be a commutative algebra in C. Then
the category of dyslectic right A-modules dysCy is a cocomplete braided monoidal
category such that the tensor product M @4 N preserves arbitrary colimits.
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Proof. With the help of the commutative diagram

XioA=Z X, 04— X,

h_H;XZ@A?h_H;Xi @ A—0- lim X

and the fact that tensor products in C preserve colimits it is easy to see that the
colimit in C of dyslectic right A-modules is again dyslectic, so dysC4 is cocomplete,
the embedding dysC4 — C4 preserves colimits, and the tensor product M @4 N in
dysC4 preserves arbitrary colimits. It is an easy exercise to check that the morphism
o from 2.2 is functorial and is a braiding for C4. [

Observe that any commutative algebra A is dyslectic as an A-module. Since dysCy4
is cocomplete any colimit of a diagram with objects coproducts A" of A is dyslectic.
So there are many dyslectic modules over a commutative algebra in C.

Remark 2.6. There is an interesting relation between the notion of dyslectic modules
and the center of a monoidal category (we owe this remark to the referee). Since each
object M € dysC4 comes with a natural transformation a(M): M @4- — - @4 M
of functors on C4 as defined in 2.2 the category of dyslectic modules is also a braided
monoidal subcategory of the center of C4 in the sense of [5]. Unlike the center,
however, it is a full subcategory of C4.

3. COFREE DYSLECTIC MODULES

The purpose of this section is to show that there are many examples of dyslectic
modules. To this end we have to study inner hom-functors. So we assume now that
the cocomplete braided monoidal base category C has difference kernels (equalizers)
and is right closed, i.e. there is a right adjoint functor [M,-] : C — C for every
functor "tensor product with M on the right” - @ M : C — C.

To get examples of such categories we start, as in section 1, with a symmetric
monoidal category M (which is cocomplete such that the tensor product preserves
arbitrary colimits). Assume that M is closed and has difference kernels.

If H is a Hopf algebra in M and has a dual (see [14] Chap. 2) then we call H a
finite Hopf algebra.

Lemma 3.1. If H is a finite Hopf algebra then M™ is right closed.

Proof. Let 3° h* @ h; be a dual basis for H (with Y- hX(h)h; = h).
For N, P € M define the structure of an H-comodule on Hom(N, P) by

¢ : Hom(N, P) — Hom(N, P)o H, §(f) =D f(=©) o) i (f(=©)a)S(—@)@h:.
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Then the canonical morphism M(M @ N, P) = M(M,Hom(N, P)) given by
f(m @n) = g(m)(n) restricts to

MP(M @ N, P) = M”(M,Hom(N, P))

since let f satisfy 3> f(m) @ n@y) @ maynay = 2 f(m @ n)e) @ f(m @n)q). Then

Y g(mey)(n) @may = 3 flme) @n) @ ma)
= Y f(m) @ nw)) @ mue(na))
= X f(m) @n)) @ mayna)S(ne)
= L f(m @ n)o) @ f(mne)wsnag
= X J(m @ n))o) @k (f(m @ nw)a)S(nm))h
= X fm@nwy)o) - hi(fm @ ne)nS(na)) @ h
= 2 g(m)(n©))o) - i (g(m)(n@©)a)S(nam))) @ h
= Y g(m)e)(n) @ g(m)q).

In a similar way one shows that the inverse map also restricts to morphisms in

ME O
Remark 3.2. In general M* will not be left closed.

If M = K-Vek then M has kernels. So for a finite coquasitriangular Hopf algebra
H over a field K the category of H-comodules M satisfies the properties for C as
required at the beginning of this section.

We return now to the general case. If C is right closed and has difference kernels
then 4C4 is also right closed with [M, N]4 the difference kernel in

[M,N]y — [M,N]|———= [M ® A, N].

Techniques as in [9] can be used to prove this.

We consider the pair of adjoint functors - @ A and [A,-]. Let n: M — [A, M ® A]
be the unit and ¢ : [A,M] ® A — M be the counit of the adjoint pair. Then
the isomorphism More(M @ A, N) = Morc(M,[A, M]) is given by f — [A, f]n and
g+ €[lg @ 14], in particular we get e([A, fln @ 14) = f.

Let M be a right A-module with structure morphism pas: M @ A — M. Let

% LKA [4,pnr]n

[A, M]

[AvaUMVA]U

be a difference kernel (equalizer). (We abbreviate 0]2\47A ‘= OAMOM,A-)

Lemma 3.3. K is an A-submodule of M.
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Proof. We have

c([A, parlnpu (e @ 14) @ 14)

= e([A, pumln @ 1a)(pm @ 1a) (e @ 14 @ 14)

= pmlpv @ 14) ek @14 ® 14)

=pm(1la @ V) (g @14 @ 14)

=pm(la @ V)1 @oaa)te @14 @ 14) since A is commutative
=prmlpv @ 14) ek @14 @ 14) (1 @ 04,4)

= pmlpm @ 1A)(0']2\47A @ 1)tk @14 @14)(1ps @ 04,4)  (by definition of ()
= pu(la @ V)l @ 04,4) (0374 @ 1a)(Ias @ 04,4) (e @ 14 @ 14)

= pu(pamr @ 14)03pga 4l @14 @ 14)  (property of o)

= pMa-jz\LA(pM @ 1a)(tk @14 @ 14)

= 6([A7PMUJ2\4,A]77 @ 1a)(pm @ 1a)(ex @14 @ 14)

= ¢([A, pyoipalnpmlix @ 14) @ 1a)

which implies [A, pap]npm(ex @ 14) = [A, ,oMU]QW’A]an(LK @ 14). So there is a unique
morphism pg : K@A — K such that txpr = py(ex @14), since i is the difference
kernel of [A, py]n and [A, pyroiy 4]n. O

Lemma 3.4. K s dyslectic.

Proof. We have LK,OKO'%(A = ,OM(LK®1A)O'%(7A = ,OMO'JQ\LA(L](@lA) = [A,,OMU]Z\LA]U@
La)(ee @ 1a) = e([A, puaipalnee @ 1a) = e([A pulnix @ 1a) = pulix @ 1a) =
tkpPr- U

Lemma 3.5. If P € dysCy4 is dyslectic, M € C4 and f: P — M an A-homomor-
phism, then f factors uniquely through v : K — M.

Proof. We have to show that [A, pa]nf = [A, pyoiy alnf. This follows from

e([A punf @ 1a) = e([A, puln @ La)(f @ 1a) = pu(f @ 1a) = fop = fppot 4
= pu(f @ 1a)op s = proisa(f @ 14) = €([A, proisaln @ 1a)(f @ 14)
= e([A, puoigalnf @ 1a). O

Theorem 3.6. Let C be as in Theorem 2.5, be right closed and have difference ker-
nels. Let A be a commutative algebra in C. Then the category of dyslectic A-modules
dysCy4 is a coreflexive subcategory of C4.

Proof. We have to show that the construction of K as in the previous Lemmas defines
a right adjoint functor to the embedding of dysC4 into C4. But this is demonstrated
by the universal property given in 3.5. O

We remark, that we only needed a right adjoint functor [A,-] for - @ A in the proof.
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4. EXAMPLES OF SUITABLE BRAIDED BASE CATEGORIES

We close with some special examples of braided monoidal categories C (cocomplete
such that the tensor product preserves arbitrary colimits), that may be used as base
categories. One special example is the category of Yetter-Drinfel’d modules YD
over a Hopf algebra H. By [14] it can be viewed as a category of comodules over a
coquasitriangular Hopf algebra.

For an arbitrary cocommutative Hopf algebra H such a category can also be ob-
tained in the following way. Consider the category of right H-modules which is
a cocomplete symmetric monoidal category such that the tensor product preserves
arbitrary colimits.

Observe that H acts on itself by the adjoint action

Oz:H@HSh@ki—}ZS(k(l))hk(g) € H.

H is a right H-module Hopf algebra by the adjoint action as can be easily checked.
Thus H is a Hopf algebra in the category My and the category M+ of H-comodules
in My is a monoidal category. A K-module M is in M iff

a) it is a right H-module p: M @ H — M ,

b) it is a right H-comodule § : M — M ©@ H, and

C) 5(mh) = 5(m)h or 5(mh) = Zm(o)h(1)®m(1)-h(2) = ZM(O)h(l)®S(h(2))771(1)h(3).

In view of the cocommutativity of H the last condition is equivalent to

Z(mh1)o @ ho(mhy )y = Zm0h1 @ mqhg

which is the Yetter-Drinfel’d condition [13]. Thus MH+* = YD is a braided monoidal
category [2, 15], the braiding morphism being defined by

U:M®N9m®nl—>2n(o)®mn(1)€N@M.

Obviously Mg is not symmetric since - mg)na) @ neymayne) = m @ n does not
hold in general.

A special case for this structure is obtained by choosing H = K, a group algebra
with a finite group G. In this situation the name of dyslectic algebra was first
introduced by Haran [4].

Now we can give an example of a module which is not dyslectic. Let G = Cy x (5
be the Klein four group. Let char(K) # 2. Then the Hopf algebra H := KG =
K[s,t]/(s* —1,t*—1) is coquasitriangular with r : H @ H — K defined by r(s@s) =
rt@s)=rt®t)=1,r(s@t) = —1. Observe that r(st@t) =r(s@t)r(t@t) = —1.
Let A=Kl & Ke with 6(1) =1® 1, §(z) =2 @t. Then A becomes a commutative
algebra in M by 22 = 1. Let M = Ky & Kz with §(y) = y @ s and §(2) = z @ st.
Then M becomes an A-module in M by yr = » and z2 = y. In particular we get
oly@z) = —2Qy, c*(y@x) = —yQrand 0(2Q@x) = —2 @2, 0*(2@x) = —2@z. The
maximal dyslectic submodule K of M turns out to be zero, since py((ay+52)@x) =
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az + fy and pyo?((ay + B2) @ ) = —az — By. In particular M is not dyslectic. Tt
is easy to check that the diagram in Prop. 2.2 with N = A has a non-commutative
upper left hand square so it induces no braiding for M. If there was a map &
induced by o, then 6(y @4 2) = —2 @4y = 2 @4y = 0. So there is no induced
braiding on M1,

We close with another example of a suitable monoidal category. Let GG be a group
and X be a (right) G-set. @ itself can be considered as a G-set by the (right)
adjoint action. The Freyd-Yetter category Cr((F) of crossed G-sets consists of pairs
(X, ].]) with a G-set X and a G-morphism |.| : X — G as objects and G-morphisms
f X — Y such that |.|y f = |.|x. By [3] Thm. 4.2.2 this is a braided monoidal
category with (X,|.]) @ (Y,].]) = (X x Y,|.|), such that |(x,y)| = |z||y|, and the
braiding ox y(x,y) = (y,x|y|). The unit object I of this category is the one point
set being mapped into the unit of G.

An algebra in this category is a set A with maps |.| : A — G, A x G — A,
AxA— Aand {1} — A such that

a(gg') = (ag)g’,  ac=a,
|ab| = |al[b], 1] =e,

(ab)g = (ag)(bg),  1lg=1,
(ab)e = a(be), la=a=al,

lag| = g7 "ag.

The algebra is commutative iff
ab = b(albl).

So A is a commutative algebra in Cr(G) iff A is a crossed semi-module [6]. (We thank
the referee for drawing our attention to this fact.)

An A-module is a set X with maps [.|: X — G, X xG — X and X x A — X
such that

x(gq’) = (zg)d, re =1z,

|za| = |z[la],  (za)g = (2g)(ag),
z(ab) = (za)b, rl = x,

lzg] = g7 " |2g.

A module X over a commutative algebra A is dyslectic iff
va = (z(alalz]))lal.
In particular the dyslectic part of an A-module X is

K={rc X|Vac A:za=(x(aa]™"|2]))|al}.
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