DOUBLE QUANTUM GROUPS

DANIELA HOBST AND BODO PAREIGIS

ABSTRACT. The construction of the Drinfeld double D(H) of a
finite dimensional Hopf algebra H was one of the first examples of
a quasitriangular Hopf algebra whose category of modules Mp s
is braided. The braided category of Yetter-Drinfeld modules D)/g
is the analogue for infinite dimensional Hopf algebras. It uses a
strong dependence between the H-module and the H-comodule
structures.

We generalize this construction to the category MG (¢) of en-
twined modules, that is A-modules and C-comodules over Hopf
algebras A and C' where the structures are only related by an en-
twining map ¥ : C ® A — A ® C. We show that M (¥) is
braided iff there is an r-map r : C ® C' — A ® A satisfying suit-
able axioms that generalize the axioms of an R-matrix. For finite
dimensional C' there is a quasitriangular Hopf algebra structure on
Hom(C, A), the quantum group double, generalizing the construc-
tion of the Drinfeld double.
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INTRODUCTION

Let A be an algebra and (' be a coalgebra. If one considers modules that
are simultaneously right A-modules and right C'-comodules, then it is
reasonable to ask for compatibility conditions of these two structures.
In [3] and [4] Brzezinski introduced a compatibility which he called
an entwining structure and which consists of a certain homomorphism
p:C @A — A@C. The category of such (entwined) modules will be
denoted by M (v). Special cases will be Yetter-Drinfeld modules and

Doi-Hopf modules.

The conditions for the entwining map as introduced in [3] have for long
been known among category theorists under the name of distributive
laws. In our situation they can be described as follows. An algebra A
defines a monad over the category M and the category of A-modules
is the associated FEilenberg-Moore category. Analogously a coalgebra
(' is a comonad with Filenberg-Moore category C'-Comod. The com-
patibility condition for the entwining structure ¢ : C @ A — A ® C
turns out to be a mixed distributive law between the monad A and the
comonad C'. In [2] the distributive laws are given for two monads, in
[1] they are given for two comonads. In our situation we find mixed
distributive laws between a monad and a comonad. Thus part of the
theory described in this paper can be extended to more general pairs
of monads and comonads with mixed distributive laws. In particular
conditions for mixed distributive laws with a monoidal structure have
recently been studied in [11, 12].

In this paper we study necessary and sufficient conditions for M9 (3)) to
become a monoidal and a braided monoidal category. For that purpose
we are going to assume that C' and A are bialgebras. The monoidal
structure of MG (1) will depend on additional compatibility conditions
for the homomorphism .

The braiding of MY () will be given by an r-map r : C @ C —
A @ A that generalizes the well-known R-matrix for quasitriangular
Hopf algebras and the r-map r : €' @ ¢' — k for coquasitriangular
Hopft algebras.

In the special case of Doi-Hopf modules this has already been done
in [5]. However, we will show more, even in this special case, namely
that every braiding for M9 () is given by such an r-homomorphism.
Furthermore we give conditions for an inverse of r. An inverse has
already been considered in [5] but the somewhat different conditions
there could not be verified with our calculations.
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As mentioned above, special cases of our construction are the category
of Yetter-Drinfeld modules and the category of Doi-Hopf modules [5],
[6]. Since in the case of Yetter-Drinfeld modules YD there is an
equivalence of categories yDE = Mpm), where D(H) is the Drinfeld
double of H (if H is finite dimensional), we give a similar crossed
product construction for a Hopf algebra structure on Hom(C, A) so

that Mg(@/)) = MM(C,A)-

1. THE CATEGORY OF ENTWINED MODULES

Let M be a symmetric monoidal category with unit object /. Our
main interest lies in M = k-Vec, the category of vector spaces over a
field k. We can assume that M is strict.

Let A be an algebra and C' be a coalgebra in M. We will study the cat-
egory of objects that are simultaneously A-modules and C'-comodules.
If Pis aright A-module and a right C'-comodule, then P @ C' becomes
an A-module by the A-module structure of P and P @ A becomes a
C-comodule by the C'-comodule structure of P.

In both cases factors from A and €' have to be interchanged in a certain
way for which we are not using the usual twist mapo: C®@A — AR C
but a new map ¢ : €' ® A — A ® C satisfying the axioms given below.
We will use the same morphism ¢ : €' @ A — A @ C for all objects.

The compatibility of the A-module and C-comodule structures shall be
given by the diagram

PA P A
= :
%

rPC P C

or

Sppp = (pp @ C) (P @ ¢)(0p @ A)

Throughout we will use extensively a graphic notation that was orig-
inally suggested by Penrose [18]. By [8] and [17] we may perform our
computations with this notation.

We want to impose conditions on 1) such that ép : P — P ®C becomes
an A-module homomorphism for every A-module P. P ® C becomes
an A-module (functorially in P) and dp an A-module homomorphism
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if and only if
CAA C(CAA o o

P

We also want that pp : P @ A — P becomes a C'-comodule homomor-
phism for every C-comodule P. P @ A becomes a ('-comodule and up
a ('-comodule homomorphism if and only if

CA CA

AR -

ACC ACC A
Definition 1.1. The triple (A, C,v) satisfying (1) and (2) is called an

entwining structure with entwining map  ([3] and [4]).

Let MY(3)) be the category of objects that are simultaneously C-
comodules and A-modules (P,ép : P — P@ C,up : P®@ A — P)
such that with respect to an entwining structure (A, C, )

Sppp = (pp @ C) (P @ ¢)(0p @ A)

holds. These objects will be called entwined modules. Morphisms shall
be A-module and C'-comodule morphisms.

Remark 1.2. Observe that both A® C and C' ® A are entwined mod-
ules in MY (1) due to the axioms for 1». The A-module structure on
A® Cis given by (V4 @ C)(A ® ) and the C-comodule structure is
A ® Acq. The axiom for entwined modules in Mg(;/)) is satisfied since

A@CA LA ACA 4ooa
IE%{ ;_
ATCO

Apce —=LL Ucc

i.e. the axiom (2) for ¢ holds. The proof for C' @ A with A-module
structure C @ V4 and C-comodule structure (C @ ¢)(A¢ @ A) is dual.

More generally, we get objects M @ A in MY (1) for each M € M.
This defines a left adjoint functor for the underlying functor U : MG (¥)
— MY to the category of right C-comodules. Furthermore M @ C is
an object in M (v) for each M € M. This defines a right adjoint
functor for the underlying functor U : MY (1)) — M4 to the category
of right A-modules.
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Using (1) and (2), it is easy to see that the entwining map ¢ : C@ A —
A® C itself is a morphism in Mg(;/)) Furthermore, u@C : M@ A C
—>M®Cisin./\/lg(;/)) aswellas 6 : M — M @ C.

2. ENDOMORPHISMS OF THE UNDERLYING FUNCTOR w

Let w : MG(¥) — M be the underlying functor. Observe that MG ()
is a (left) M-category (or M-actegory, a terminology due to R. Street),
i.e. there is a functor @ : M x MG(¢) — MG () with coherent
associativity and unit conditions, and that w is an M-functor, i.e.
there is a coherent isomorphism X @ w(P) = w(X @ P) with X ¢ M
and P € M4(%) in the sense of [14]. Let Nat(w,w) denote the set
of natural M-transformations. A natural transformation ¢(P) : w(P)
— w(P) is an M-transformation if X @ p(P) = p(X @ P) where we
identified along the coherent isomorphism X @ w(P) = w(X @ P).

It M = k-Vec, then every natural transformation ¢ : w — w is
an M-transformation by [16] Theorem 6.4. So in that case we have
Nat(w,w) = Nat p(w,w).

Theorem 2.1. There is an isomorphism

Nat pm(w,w) =2 M(C, A).

Proof. We define I : Natp(w,w) =2 M(C, A) by
)

M(g) = (ADe)p(A ) e C) o
C
() = :
A

The inverse map ¥ : M(C, A) — Naty(w,w) is defined by
S(f)P,dp,pp) =pp(P@ f)op  or

e
=
I
I~
A=y

P

We first check that ¥(f) is a natural M-transformation. Let g : P
— P’ be a morphism in MG(¥)). Then the commutativity of the
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diagram
p (f)(P) p
1) Iz
g g
PaC rel / P A
P (F)(P) P
geC gRA
s w
ProcC Pe) P'oA

proves that X(f) is a natural transformation. The (graphical) definition
of ¥(f) shows immediately X(f)(X @ P) = X @ (f)(P).

Now we have

C
c ¢ c
s() = Bwi= | (= ==f
A A
= A
and
p P P
S(I(p)) = | I@ = | =T =
’ E=n:
P P P
i P
— p
©
2 P
B P

where we used in the following order that ¢ is an M-transformation,
that ¢ @ C' is a morphism in MG(z)), and that § is a morphism in
MG () (see Remark 1.2). O

The isomorphism of the theorem can be easily expanded to an isomor-
phism
Natpm(w @ Liw@ M) =2 M(C o LLAQ M)
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that is natural in L, M € M. Also the rest of our considerations can
be expanded to this situation. Since we do not have an application
for this generalized situation we do not pursue it further. Furthermore
there is a close relationship between natural M-transformations as used
here and natural transformations in enriched category theory where a
similar theorem is known.

The following Corollary and its generalizations is a central tool of this
paper. It will be used to describe natural M-transformations by mor-
phisms f: ' — A and we will compare morphisms from C' to A by
comparing their associated natural transformations.

Corollary 2.2. For every natural (left) M-transformation ¢ : w — w
there is a unique [ :C — A such that

P P
P P

We write the composition-multiplication of natural transformations in
the natural order

por) = (wiwiw).
Remark 2.3. Nata(w,w) is an algebra by the composition of natural
M-transformations.

Actually Nata(w,w) is only a monoid. But we prefer to view it as
an algebra in the monoidal category of sets. If M is the category of
vector spaces, then Nat(w,w) also has a vector space structure and
is an algebra in the ordinary sense of the word. The same holds for the

set M(C, A).

The set M(C, A) is an algebra with the following multiplication, called
the entwined convolution

C
g*x f= gﬂ

A
and unit ne. This entwined convolution corresponds to the convolution
multiplication on Hom(C®?, A) if ¢ = o the symmetry of M.

Proposition 2.4.
Y M(C,A) = Nat pm(w,w)
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is an isomorphism of algebras.

Proof. We have

L
P r
CRN-RE
Ygefl=| & =] X = = X(g) o X(f).
= P F
P
Obviously we also have ¥(ne) = id,. O

Corollary 2.5. A natural M-transformation ¢ : w — w is an iso-
morphism iff r =1(p) is a *-invertible element in M(C, A).

3. TENSOR PRODUCTS OF w AND NATURAL TRANSFORMATIONS

Let w : MG(¥) — M be the underlying functor. Let w? = w @ w =
O (w,w) : MG (¥) x MG(¥)) — M denote the tensor product of w with
itself. The category MG (¥)? := MG () x MG () is an M? = M x M-
category by (X,Y)®@ (P,Q) := (X @ P,Y @ Q). The category MG (¢)
is also an M*-category by (X,Y)®@ P = X @ Y @ P. Furthermore the
functor w? is an M?-functor since (X, Y)@w(P)2w(Q) = w(X @ P)®
w(Y @ Q).

Let 7 denote the switch functor 7 : MG () x MS(¥) > (P,Q) —
(Q, P) € MG () x MG (x)). We will also consider the functor (w@w)T :
MG () x MG () — M defined by (w @ w)7(P,Q) := Q @ P. This
functor is an M2functor since M is symmetric. In a similar way we
have M"-functors " : MG(¥)" — M and w"o : M§(Y)" — M

where o is any permutation.

We are going to consider natural M?-transformations between functors
of the type w? and/or w?7. First we turn to natural M?*-endomorphisms
of w.

Again if M = k-Vec, then every natural transformation ¢ : w? — w?
is an M*-transformation by [16].

Theorem 3.1. There is an isomorphism

Nath(wz,wz) MO @C,ARA).
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Proof. As before A ® (' is an object in MG (¥)). We define an isomor-
phism II as follows

I Nath(wz,wz) = MCOC@C, AR A)

() =(A0e@AQe)p(AR C, A0 C)neCaneC)

C C

The inverse map is defined by

EMOCC,ARA) — Nath(wz,wz)

Z(f)((Pv 5P7/~LP)7 (Qv(SQ?MQ)) =
(P @ p)(P 2o @ C)(POQ fI(P@o2Q)(dp©dg)

Y

A similar proof as in section 1 shows that Y(f) is a natural M?*-
transformation. Now we have

C C
c C cc
s
(S(f)) = [0 = Fl=[71="f
RN N
A A AA
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P

O

2

Corollary 3.2. For every natural M?*-transformation ¢ : w? — w?

there is a unique f:C @ C — A® A such that

Remark 3.3. Asin section 1, Nat y2(w®@w, w®@w) is an algebra by the
composition of natural M?*-transformations (written as composition in
the natural order).

The set M(C®C, A@A) is an algebra with the following multiplication

and unit ne.

Proposition 3.4.
L MOC,A2 A) = Naty(w @ w,w @ w)



DOUBLE QUANTUM GROUPS 11

is an isomorphism of algebras.

Proof.

roQ roQ
Obviously we have ¥(ne @ ne) = id. O

Corollary 3.5. A natural M?*-transformation ¢ : WQw — WRAw is an
isomorphism iff r = Il(¢) is a *-invertible element in M(CRC, AR A).

We now turn to natural M2-transformations from w? to w?r resp. from
w?T to w?. We are in the following situation. With the composition of
natural M?-transformations we have algebras, bimodules, and bilinear
operations

M, := Nat 0 (w?, w?), M, := Nat e (w?7,w?T),
My, := p,Natpge (w2, w7 )ar,, My, = a, Nat e (0T, w? ), ,
My x My, — M, M, x M, — M;.

Let 0 : X @Y — Y ® X denote the symmetry of M. Then we have
an isomorphism s : M, 3 ¢ — po € M, compatible with the left
module structure over M,. We also have an isomorphism s" : M, >
¢ — op € M,;, compatible with the right module structure over M,.
Furthermore the isomorphism s : M, 3 ¢ — oo € M; is compatible
with the algebra structure.

These isomorphisms induce an isomorphism
I : Natppe(w?,w?r) 2 Natppe(w?,0?) T M(C 0 C,A® A)

with inverse ¥. Since ¢ is an isomorphism we get
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Theorem 3.6. For every natural M?*-transformation 7 : w(P)Qw(Q)
— w(Q) @ w(P) there is a unique r: C @ C — A®@ A such that

or equivalently

We also get an isomorphism
IT : Nat g (W', w?®) & Nat e (w0, w®) 2 M(C @ C,A@ A)

with inverse % that leads to the same condition

rQ

o
O

O
o

The induced isomorphism
IT : Nat e (w?r,w?7) & Nat g (w0, w®) £ M(C @ C,A® A)

is the same isomorphism as that of Corollary 3.2 and preserves the
multiplication.

Corollary 3.7. The action M, x M,, — M, induces a left module
action M(C @ C,LA@ A) x M(C @ C,A® A) 3 (g.f) — g [ €
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M(C @ C, A A) by

Proof. Let ¢ = ¥(g) € M, and ¢ = X(f) € M, be given. Then
P Q
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and the operation M, x My, — M, (as well as My, x M, — M) is
given by

C C

Similar equalities hold for higher tensor powers of w together with
permutations of the arguments.

4. TENSOR ProbDuUCTS OF ENTWINED MODULES

If A is a bialgebra, then the tensor product of two A-modules is again
an A-module by the diagonal multiplication. Similarly, if C' is a bial-
gebra, then the tensor product of two C-comodules is a C-comodule
by the codiagonal comultiplication. Furthermore [ is a unit object for
the tensor product if endowed with the trivial A-structure resp. the
trivial C-structure. We want to study conditions under which M (z))
becomes a monoidal category with the given multiplication and co-
multiplication on the tensor product of two modules. The underlying
functor will then preserve the tensor product, i.e. it will be a monoidal
functor.

Theorem 4.1. Let A and C be bialgebras. The category MG () is
monoidal iff the following additional compatibility conditions for the
entwining map ¥ : C @ A — A® C hold:

(A4 @ C)Yp(Vo® A) =
(AAQV) (AR C) (v ayv)(Cooa A)(CaC®A,)

ccA CC A

AAC AAC

and

(ea@CW(ne®@A)=ecq @nc



DOUBLE QUANTUM GROUPS 15
T

= (5)
X
c C

If these conditions are satisfied we call (A, C, ) a monoidal entwining
structure and v a monoidal entwining map. The tensor product P ©

Q of modules P,Q € MY (x)) becomes an object in MG(¥) with the

diagonal module and the codiagonal comodule structure.

Proof. Let b : C ® A — A® C be as above. Then we get for P, () €
MG(W) -

so that P ® () is an entwined module. The unit object [ is an entwined
module with structure maps py := I @ 4 and d; := I @ ne. Here the
second condition for v is used.

Now assume that M (?)) is a monoidal category with the tensor prod-
uct as in M and the diagonal action of A and codiagonal coaction of

C.

[ is the unit object iff the condition (5) holds. Condition (4) follows by
considering the tensor product of A®@ C and C'® A with the structures
defined in Remark 1.2. We use A @ C' ® C @ A as an object in Mg(@/})



16 DANIELA HOBST AND BODO PAREIGIS

and get by applying ec and 14

C C A
C C A
cC A CcCA
AAC AAC
A A C
A A C
i.e. condition (4). I

5. DOUBLE QUANTUM GROUPS AND BRAIDINGS

Now we want to introduce a braiding n(P, Q) : w(P)2w(Q) — w(Q)®
w(P) in MG(x). We consider only braidings that are natural M?*-
transformations. If M = k-Vec this is no restriction by [16] since
Nat(w?, w?T) = Naty2(w? w?7). By Theorem 3.6 such a braiding is
uniquely determined by a morphism r: C' @ ¢ — A ® A.

Proposition 5.1. Let 7(P,Q) : w(P) @ w(Q) — w(Q) @ w(P) be a
natural M?-transformation with associated morphismr =1Il(7) : C@C
— AQ A

a) m is a morphism of A-modules iff
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b) 7 is @ morphism of C-comodules iff

Proof. a) We use the diagonal action of A on the domain or the range
of the natural transformation 7 : w(P) @ w(Q) — w(Q) @ w(P) as in
the preceding Theorem. We consider the following two equations

r o 4

P

The right hand sides are equal if and only if (P, Q) is an A-module
homomorphism. By canceling the last symmetry of w ® w and by
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applying the uniqueness of Corollary 3.2 we get that the left hand
sides are equal if and only if

This is equivalent to (6). b) follows from the (top-bottom) dual calcu-
lation. The two equations

roQ

and




DOUBLE QUANTUM GROUPS 19

show that (P, Q) is a C-comodule homomorphism if and only if

This is equivalent to (7). O

Observe that if (6) and (7) are satisfied for r : C @ C — A ® A, then
T=3(r): P®Q — Q® P is a natural transformation in MY ().

Proposition 5.2. For P,Q € MY (¥), a natural M?*-transformation
T(P,Q)=X(r): w(P)Qw(Q) = w(@Q)Qw(P) forr: CC — AR A
is an tsomorphism if and only if there exists a map s : CRC — AR A
such that

c C

Proof. This is a consequence of the multiplication on M(C®@C, A® A)

described in (3). This multiplication corresponds to the map

Nat p2 (w?, w*T) x Natppe (w?r,w?) — Nat e (w?, w?).

The inverse of 7 : w? — w?7 lies in Nat yp2 (w?T, w?). O

Proposition 5.3. A natural M?*-transformation =(P,Q) = X(r) :
wWP)w(Q) = w@Q)@w(P) forr: CC — A® A, is compatible

with tensor products
(m(P,Q) @ R)o (Q@n(P, R))=7(P,Q& R)

(P @m(Q,R))o(r(P,R)©Q)=n(P®Q,R)
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if and only if the following hold for r :

(10)

Proof. The first condition follows from the fact that the natural trans-
formation w(P) @ w(Q) @ w(R) — w(Q) @ w(R) @ w(P) is given by a
unique morphismt¢: C @ C @ C = A®@ A® A and

(7(P,Q)® R)o(Q@n(P,R)) =




DOUBLE QUANTUM GROUPS 21
P Q R P Q R

e

W(P7Q®R): ]:

QO R P O R P

The proof for the second condition is similar. O

Now we use the notation (¢ ® a) := a, @ ¢ introduced in [3] for an
entwining map in M = k-Vec and write r(c @ d) :=r'(c®@d) @ r*(¢®
d):= R'(c®@d) @ R*(c ®d) for a morphismr : C @ C — A®@ A. For
the coalgebra structure and cooperation of €' we use Sweedler notation
Alc) 1= cqy @ ¢ for ¢ € C and 6(m) := mey @ mqy for m € M

respectively.

Definition 5.4. A pair of Hopf algebras C' and A together with a
monoidal entwining map 1 : C ® A — A @ C (such that MG(3)) is a
monoidal category) and together with a morphismr: C@C — A®@ A
is called a double quantum group if the following identities hold
1) r(c@d)Ala) = (a@ @ apyps)r(c” @ d*),
2) rleqy @duy) @ c@)de) =
rHe@) @ diz))a @ 17 (c2) @ d))s @ day" ey’
3) (A@A)r(CaV)codwe)=
RI(C(Q) & d) & Tl(C(l)a & 6) & R2(C(2) & d)aTQ(C(l)a & 6),
4) (AA)r(Vel)(crdxe) =
RYd @ e@))ar'(c® €ty © r*(c® €ty © R*(d @ e)),
5) there exists a map s: € @ C — A @ A such that
2 (e2) @ d))as (d)” @ €@)™) @ 1 e@) @ diz))ss*(dn)” @ ey
= ne(c) @ ne(d) =
s*(e(2) @ diz))ar (d(r)” © ey”) @ s (eqz) @ diz))sr*(dn)” © 1))

So in this section we have shown the following

Theorem 5.5. Let C' and A be bialgebras and ¢ : C @ A — AR C be
a monoidal entwining map such that MS(¥)) is a monoidal category.

Then MG () is braided with the braid map
T(PQ): PRQ — Q&P p®qr (q0) @ poy))r(pa @ qu))
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iff the associated morphismr: C @ C — A® A satisfies the axioms 1)
to 5) in Definition 5.4.

Proof. Indeed, conditions 1) to 5) of Definition 5.4 are the same as the
conditions derived in Propositions 5.1, 5.2, and 5.3. O

6. QUANTUM GROUP DOUBLES

For finite-dimensional Hopf algebras H one knows that the category of
Yetter-Drinfeld modules is equivalent as a braided monoidal category
to the category of modules over the Drinfeld double ypg = Mpm).
In this section we want to generalize this result to the braided monoidal

category MG (¥).
Let (C, A, ) be an entwining structure. Assume furthermore that the
functor M(C @ V, A) : M — Set (as a functor in V') is representable
by an object D = M[C, A] € M:

M(C oV, A)= M(V,M[C, A]).
This is obviously true for M = k-Vec, take D = Homy(C, A). Then

there is a universal action C' @D — A, the counterimage of the identity
idp € M(D, D)

Theorem 6.1. D := M[C, A] is an algebra with a (smash product)
multiplication uniquely defined by

cop L DD
; _ . (11)
A A

Furthermore there is a functor MG(¢) — Mp compatible with the
underlying functors to M.

Proof. Since D represents the functor M(C @ V, A) we have a unique
morphism ¢ : V' — D for every morphism f:C @ V — A such that

cv

cVv

holds.
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Thus diagram (11) of the theorem uniquely defines a multiplication on
D. Since the right hand side of the diagram represents the multiplica-
tion on M(C, A) (Remark 2.3) the associativity of M(C, A) holds also
for D = M[C, A]. The unit of D is defined by the diagram

C
_ja_j -
i _T_
A A
If Pis a module in M9 (3)), then it is also a D-module by
PD P D
P P
since
P DD
£ DD p pp
P DD ]
P i
i P F
P
and .
P7T P —;1 P
: 2w
P P P
hold.

If f: P— Qisin MY(¥), then f is also a D-morphism since
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If M = k-Vec, then M(C,A) = M[C, A] = Hom(C, A) as algebras.
In fact we have two multiplications on Hom(C, A), the entwined con-
volution on M(C, A) used in Proposition 2.4 and the induced (smash
product) multiplication on M[C, A] in Theorem 6.1. The universal op-

eration of Hom(C', A) on C is given as evaluation map C' @ Hom(C, A)
— A. Thus the multiplication defined in (11) on Hom(C, A) is de-

scribed by
C
C
= 1
A
A

and turns out to be the entwined convolution.

Assume now that C' has a (right) dual in M, i.e. there is an object
(™ and there are morphismsev: C @ C* — [T and db: [ — C*® C
such that (ev® C)(C @ db) =ide and (C*®@ ev)(db @ C*) = idex. For
M = k-Vec this means that C is finite dimensional.

Lemma 6.2. C* @ A = M[C, A] represents the functor M(C @V, A).
The induced operation of C* @ A on a module P € MG (3)) is

_P C*A
P
Furthermore the induced multiplication on C* @ A is
C*AC*A
C* A

Proof. The universal operation C' @ (C* ® A) — A is given by
CC*A  CC*A

Ej :U

A A
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Then we have for the definition of the multiplication on C* ®@ A
C crAcrA G CTACTA

CC*AC | g
A

C C*AC*A
- (12
A
which proves the assertion by the uniqueness of the multiplication as
shown in Theorem 6.1. O

So we have seen that C*®@ A and M[C, A] are canonically isomorphic as
algebras with the multiplication from Theorem 6.1 resp. from Lemma

6.2.
Corollary 6.3. The categories MG(¥) and Mcsya are equivalent.

Proof. Let P be a O™ ® A-module with the operation
PC"A

—

P
Then it becomes an A-module by

Pjé"ﬁ

P

and a C'-comodule by

P_ =

"
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since A — C*® A and C* — C* ® A are homomorphisms of algebras.
The compatibility condition for objects in M (¢) follows from

P A
P A
r _g:
= _
C P C
P C
P C

where we applied the smash product multiplication from Lemma 6.2 in
the second step. Now it is easy to check that the two structures from
MG () resp. Merga are in l-1-correspondence and that the same
holds for morphisms. O

Theorem 6.4. Assume that (C,A,¢,r) is a double quantum group
and that C has a dual C*. Then M[C, A] is a quasitriangular Hopf
algebra, the quantum group double of ' and A, and

M%) = Mo

as braided monoidal categories. The multiplication of M[C, A] is given
in Theorem 6.1 resp. Lemma 6.2. The comultiplication for C* @ A =
M[C, A] is

c* A
C*A C*A
The antipode Spc,a) 15 given by
C*A
®
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r defines a braiding on M () and therefore gives the R-matriz

t
ol
C*AC*A
Proof. The algebra structure of M[C, A] = C*® A was discussed above.
The equivalence of the two categories is compatible with the underlying
functors to M. The tensor product of M (v)) is carried over by the
equivalence to a tensor product in M aqc, 4] that is compatible with the
underlying functor. Thus we know that M[C, A] is a bialgebra [15].
Furthermore M[C, A] is quasitriangular since M yq¢ 47 is braided. It is
a straightforward computation to check the properties of the antipode
and the R-matrix. O

We should mention here that the requirements that the A-module
structure is diagonal on the tensor factors and that the C-comodule
structure is codiagonal amount to saying that the underlying functors

MG () — M4 and MG () — MY are monoidal functors.

7. EXAMPLES

Example 7.1. Let (H, A, C) be a right-right Doi-Hopf datum, i.e. H
is a Hopf algebra, A a right H-comodule algebra and C' a right H-
module coalgebra. As observed in [3] the category of Doi-Hopf modules
M(H) [7] whose objects are right A-modules and right C-comodules
with the compatibility condition

(ma)) @ (ma)q) = me)ap) @ mmaq)

is equal to M (¢)) with the entwining map ¢ : c®a — a(g)®cag. Our
results on the unique form of the braiding extend the computations
done in [5] for the left-right case. We proved that every braiding in
M(H)Y is given in the explicit form
T(P,Q): PRQ — Q@ P, p@qr (qo) @ po)r(pa) @ qaq))

where r satisfies the conditions from Definition 5.4.

Example 7.2. Let A be a bialgebra, C' := k, ¥ := 1d4, and consider
the monoidal category M4 = MG (¢) of right A-modules. The above

equations show that M4 is braided if and only if there exists an invert-
ible element R = R' @ R? =r =r! @ r? € A ® A with the properties

R(A(a)) = (TA(a)) R
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(A® A)R)=R' @r' @ R**
(A® A)(R) = R'r' @1 @ R?
and that the braiding is given by applying the twist map and multi-

plying with R. This means that (k, A,id4) is a double quantum group
iff A is a quasitriangular bialgebra with R-matrix R.

Example 7.3. In a similar way by setting A := k and ¢ := id¢ for
a bialgebra C' we see that the category MY of right C-comodules is
braided if and only if C' is coquasitriangular.

Remark 7.4. We want to compute the conditions for the existence of
a braiding on MY (2)) given by a map r := 460 @A for A € Hom(C, A).
In this special case the conditions for A-linearity and C'-colinearity from
Proposition 5.1 can be simplified to

x

2 6’ and : 7
<> :' 1' (7)
A A A A G A C

If A is twisted convolution invertible, that is there exists a map p €

Hom(C, A) such that

then the condition (8) in Proposition 5.2 is satisfied by taking s :=
@ naec for the inverse braiding. The compatibility conditions in
Proposition 5.3 turn out to be equivalent to A being multiplicative and
comultiplicative :

c C o C C C
: ) and =. (10)
A A A A A A

Example 7.5. An example for the above considered simpler situation
is the category of right-right Yetter-Drinfeld modules YDE over a Hopf
algebra H with bijective antipode S. As we can derive from [9] and [6]
YD is equal to the category of Doi-Hopf modules M (H? @ H) where
the right H°? @ H-module structure on H is given by h-(f @ g) := fhg
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and the right H°? @ H-comodule structure is §(h) := h(2)®5(h(1))®h(3).
So with the entwining map v» : H @ H — H® H,g ® h — h(z) ®
S(hq))gh) we have YD = M () (see also [3]). It is well-known
([20]) that y@g is braided by (M, N): M @ N - N @ M,m @n
n(0) @ mn) which corresponds to the map r := g @ h — ne(g) @ id(h)
[5]. Since the inverse of the antipode S~' is the twisted convolution
inverse of the identity map and the above conditions are satisfied by
) we see that the inverse of the braiding is given by S™' @ ne, that is
T M,N)(m @n) = nS‘l(m(l)) @ myg).

Example 7.6. Besides Doi-Hopf modules there is another category of
modules which can be considered as entwined modules. For an algebra
A and a coalgebra C' in M simply take the symmetry o as trivial
entwining map. A right A-module and right C-comodule M becomes
an object in MG (o) if

d(ma) = mo) - & @ m)

Modules with this property are called dimodules and were studied by
Fred Long [10]. An example can be obtained by considering a group
algebra kG =: A =: (' and the category of G-graded modules M =
@gEG M, such that each M, is a G-module. This is equivalent to a
kG-comodule structure on M with §(m) = m @ g for all m € M,,
g € G, and we get 6(m-h) =m-h®@gfor all m € M, since m-h € M,.

Recently P. Schauenburg [19] showed that for infinite dimensional A
there exist entwining structures which do not come from a Doi-Hopf
datum. So our results on monoidal structures in M () apply to a
larger variety of categories. We should point out, however, that in this
example the connecting Hopf algebra is just the base field k, that is
A-C-dimodules are Doi-Hopf modules over (k, A, C).

Now let A be a quasitriangular bialgebra with R-matrix R = R' @ R?
and inverse S = S' ® 5% and C be a coquasitriangular bialgebra by
r: (C @ C — k with convolution inverse s. Then it is easy to check
that the map c®@d — r(c® d)Rl © R? satisfies the above equations and
therefore defines a braiding on the category M9 (o) with inverse given

by c@d > s(d ®¢)S? @ St
Example 7.7. If (C, A, 4, r) is a double quantum group and the equa-

tions
A A CA CA
W=l -]
AC AC c C

hold for ¢, then (A, r(nc @ ne)) is a quasitriangular Hopf algebra and
(C,(e4®@e4)r) is a coquasitriangular Hopf algebra. This is easily seen
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by directly applying the conditions for a double quantum group. In
particular the category of A-modules as well as the category of C-
comodules is a full, braided subcategory of M (v) by using the trivial
coaction with C' resp. the trivial action with A. The additional con-
dition on 1 is essential and the category of Yetter-Drinfeld modules
is an immediate counterexample. The trivial entwining structure o
fulfills this condition and so we find that the category of dimodules
from the previous example is monoidal and braided if and only if A is
quasitriangular and ' is coquasitriangular.

The following proposition can be used to obtain many examples of
monoidal entwining structures.

Proposition 7.8. Let A,C be Hopf algebras and let ¢ : A — C be a
bialgebra homomorphism. Then ¢ : C @ A — A ® C with Y(c® a) :=
Y- a) @ S(elany))eplas)) is a monoidal entwining map.

Proof. We check the axioms

(la) The entwining map is

Observe that S commutes with ¢, since ¢ is a bialgebra homomor-
phism. Thus we have
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C c A

If o : A — (C'is a bialgebra homomorphism then C' is a right A-module
by the adjoint action and A is a right C-comodule by the coadjoint

action.
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Proposition 7.9. Let A : C — A be a twisted convolution invertible
bialgebra homomorphism, such that

and

A A
Thenne @A : C ®@C — A® A is an r-map.

Proof. The conditions of the proposition say something similar to the
fact that A : ' — A is an A-right-module homomorphism with respect
to the adjoint actions and a C-right-comodule homomorphism with
respect to the coadjoint coactions, both up to the extra middle factor
of A resp. C that is preserved.

By Remark 7.4 we only have to show that that conditions (6’) and (77)
are satisfied. This can be easily checked by using the entwining map
of Proposition 7.8. O

Example 7.10. We apply these propositions to a group homomor-
phism ¢ : H — G with G a finite group and the group rings ' = kGG
and A = kH. This defines the quantum group double with multiplica-
tion as in Proposition 6.2

(e"®@a)(e¥ @b) = 5@(a_1)x<p(a),y€x ® ab,

where x,y € G,a,b € H and ¢” are in the dual basis for £G*. The
comultiplication is

Ale® @a) = Z(ey @ a)®@ (e”_l @ a).

yeG

Observe that H is a right H-group by the adjoint action and that G is
a right H-group by z - a := ¢p(a ™ )zp(a). Assume that A : G — H is
a homomorphism of H-groups, also satisfying y™'zy = pA(y™!)zpA(y)
(i.e. @A(y)y~' is central). Then A induces a (twisted) convolution
invertible homomorphism of bialgebras with inverse u(x) := A(a™)
and the induced homomorphism satisfies the conditions in Proposition

7.9. Hence the quantum double C*#A = kG*#kH is quasitriangular
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with R-matrix
R=Y e @l4®cc @ ().

zeG
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