Algebra 2

Exercise Sheet 8

Prof. Markus Land Summer Semester 2023
Dr. Maksim Zhykhovich 21.06.2023

Exercise 1. Let K be a field. Show that a finite subgroup G of the multiplicative
group K* is cyclic.

Hint: Consider the abelian group G as a Z-module and use Corollary 6.76 from
the lecture.

Exercise 2. Let R be a PID and M a finitely generated R-module. Recall that
by Corollary 6.76 we have

M~M e é R/(a;)

where M’ is free of finite rank and a; € R are non-zero and non-units with the
divisibility relation a; | az | ... | am. Show that the ideals (a;), ¢ = 1,...,m, are
uniquely determined by M.

Exercise 3. Consider the following Z-module

M= 1] z/.
p € Spec (Z)
(1) Describe the submodule Tors(M) of M.
(2) Show that Tors(M) is not a direct summand of M (that is M does not de-
compose as Tors(M) @ M’ for some submodule M’ of M).
Remark: Note that the Z-module M is not finitely generated and is not isomor-
phic to a direct sum of simple modules (compare to Corollary 6.76).

Exercise 4. Let R be a commutative ring and f an element in the intersection
of all prime ideals of R. From the lecture we know that f is nilpotent (see Propo-
sition 4.5).

Give another proof of this statement using localization.

Hint: Consider Ry.

Exercise 5. Let R be a Noetherian ring and S any multiplicatively closed subset
of R. Show that S™!R is Noetherian.
Remark: The converse in general is not true.

1



| a.,

7 fmf Sotice (ntegers
F = Ty € - € e N
. « \ Q{LlaZ\ L
ol MM{:((%V? W('H/twf_ [ossc‘fj;cccu‘aﬂ{ﬁ,
qrowy Assuw a.->1.

Clenrt ) £, cvery xe G

[€1= a,-___a_ ] ¢ e’
o e pelyrennial X" 4 e kOxT s
at &M‘f [(}| :qq\__'_QLH > a, = M ( X““L/l\ veo fs

E@ﬂ. 1t mws rgfrs\w\ pf(‘j/f/é’“fq 1 Lectene )

Tat  IGl=an = w-q = (s cyelic

({?osflr\/e)v

i K



gx&ﬂo{s& 2

(/('S/)\ L'Lg CZ/IA lweke E&vmcv,‘ ta JZ(/K W w¢ Ca,
MS’M/M«/Z "‘/Lttuf : oxe fawe/g S LVX ‘VV/'W/S .

[}‘3 talet e ZR ; :
Wg 41\)) witt, b’j 0/'4«0«3/(« Y,

W . S
‘ ‘ SCtn \fee@u@ the ryr -&v@r&/«\,‘ “‘0 {’Cu( Car’

all \
= i e powers % e  Sacee ()V/‘M I

e leane to preve

U e

o —_— < R
R/ @ s R/ = Ry ®_ _ e kgr
"o ® fey® - © ™ %) b

b GS <o | oclys . <ly

T “A

. Tokiics 6 Ry we et - v
(Tukeed, e © Ve = %)

MW Cuda o 7% v

ASsune e, 2 ¢,
R4 NeM ar Roncdelss  fru PN = ¥
. .
We ‘};‘k K ® ®© K - K/. ¢ -e@—"@/k‘f‘
o™ ® Ha ™ e

1t gzu@(icws kyce, & «—a Tuducbien Wﬂ«m&
Qé:kLMﬁ L’V i:zl“~)1"’1~



W e (W“)‘\GN e Wors M

2&%6/\1 e
- N %
€N /F‘)

| L% for Sewe  a¥o  ac Y/
| ?f &é(\‘ WQCM
Tl gcp( (a,p) =1
Aq,,\y( Qo =0 It Z{F‘,)
K("’\ it = Un
- = () N
=) T Z
noe :C?N (m
(‘2// M W é @ ?
e N (/(h7

(2)

Sefuacuace

Wi,

}

M‘Hw privee et begs |

s - & 4.
ORS M e N \f.)

ﬁ“r £>/£ we /(_at/z

€M

|
;
|



(1) .
ASﬁwauz lbvg M LS a O(/l‘ﬂ,gcf gt(w‘momof &§ M
e, o — Jors M —5 M g —3 O |
TWSM !
s = M= Topsu @ M/ |
lovs pq

Nﬂte b PP ding et X € M/ s divisible

I
Tudecd x = Xa, %o, —ony X, King ) —o- )
\l tu M%‘_WSM

(O/O/ —’—/O/ Z(l\(”() XKigg gm=r
/

&

TR O i B iag
X f (s twvenh ble I {FK) (

Bk ) plioaiadl  din A bas  sucde o f”f”#@"
Lt wme M if mepy R e gen
then  (wd -0

Bosrix ?g v 15 diwisi bl L’?f ol pr et /M thew -0

B



Exercise 4 £t | |
féf’Qf"CKf ) Coandir T pip fp |
gy COTO (igﬁ.ﬁg ? O ) l
j & wi § = }
S'oéc Rﬁ = Z Sf /f( S/gec )Q t; /00 ol }/
¢ = i
W[\l/ré e 538 is/\/

o = _ '
ft L+ g ST witn (6L = (= Gt r Ay
S

¢ Lt a 3 g b "
N
z S T L«J (1 :
=" €y
gy FEEE¥ =



