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Abstract

We give a new and detailed proof of the variation formulas for the
equivariant Ray-Singer metric, which are originally due to J.M. Bismut
and W. Zhang.
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Introduction

TM hF and the flat connection V¥ are preserved.

Let M be a closed n-dimensional smooth manifold and (F, V') a flat complex
vector bundle over M. Let further g7 be a Riemannian metric on M and h”
a hermitian metric on F. We will not assume h” to be parallel with respect
to VZ. Let G be a compact Lie group acting smoothly on M such that the
metrics g

To this data one associates the equivariant Ray-Singer analytic torsion

(M, F; g™ h%) and the equivariant Ray-Singer metric

| aet(zre (v, 7).6) = |+ laescms (v, 7,6 - 7(M, Fy g™ b7



on the equivariant determinant of H*(M,F), where | - |get(me (M, 7),¢) is the
equivariant L?-metric on det(H® (M, F),G). For details we refer the reader to
Section 2 and to the original work of J.M. Bismut and W. Zhang as published
in [BZ1] and [BZ2].

An obvious question is to what extent these quantities depend on the ge-
ometric data, i.e. the metrics g7 and k7. The aim of this article is to give
a detailed proof of the following result, which is the differential version of
Theorem 2.7 in [BZ2]:

Theorem 1.1 (J.-M. Bismut, W. Zhang) For~ € G one has for the vari-
ation of the equivariant Ray-Singer metric:

(1) e — g™ (e):
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(2) e — h7 (¢):
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Here V = (h}-)’lhf and M7 denotes the fized point set of v € G.

For the defintion of the Euler form e(TM7Y, VM) the transgression form
&(TM7) and the 1-form 6(v, F,h”) we refer the reader again to Section 2.
Note that the fixed point set M is a compact submanifold without boundary,
cf. [Kob].

In [BZ1], J.M. Bismut and W. Zhang prove the non-equivariant version of
Theorem 1.1 using a variant of the Getzler rescaling technique, whereas they
do not give details in the equivariant case. Our proof is modelled on the proof
of the (local) equivariant index theorem by N. Berline and M. Vergne in [BV],
see also [BGV].

Acknowledgements. This article is based on the author’s diploma thesis
written under the supervision of Prof. Dr. Ulrich Bunke. The author would
like to thank Ulrich Bunke for his support.

2 The equivariant Ray-Singer metric

Let A*(M,F) =T(M,A*T*M ® F) denote the differential forms on M with
values in F. Let further

d(F): A*(M,F) — A*TL(M, F)

denote the exterior differential associated with the flat connection V7. The
Hodge Laplacian is given by A(F) = d(F)d(F)* + d(F)*d(F), where d(F)*



denotes the formal adjoint of d(F). For t > 0 let exp(—tA(F)) denote the heat
operator.
For v € G and s € C let

1 o0

— / 1 Tr{ (=1)N Ny exp(—tA(F))(1 — Py) }dt,

I'(s) Jo

where N : A*(M,F) — A*(M,F) is the number operator, which multiplies a
homogeneous form with its degree, and Py is the harmonic projection. Hence
6(v, s) is the Mellin transform of f(t) = Tr{(—1)N Nvyexp(—tA(F))(1— P)},

i.e.

9(’77 5) =

1 > 1
MIFIGs) = i [ £ (o
I'(s) Jo
Using the asymptotic expansion of the heat kernel one shows that s — 6(, s)
is a meromorphic function on the complex plane which is holomorphic about
s = 0. Therefore the equivariant Ray-Singer analytic torsion

10
(M, F; g™, h7) (v) == exp<—§ B

0(7.5))

s=0

is well defined.
Let V be a complex G-representation. Let det V' denote the highest exterior
power of V. We consider the isotypical decomposition

V= Homg(W,V) @c W.
wed

Let V(W) = Homg(W,V) ®c W denote the W-isotypical component. Then
one clearly has det V = @)y, det V(W). Let

det(V,G) = €D det V(W)
wed

denote the equivariant determinant of V. For a G-invariant metric on V we
define the corresponding equivariant metric on det(V, G) as the formal sum

Xw
log| - fewviey = Y, log| Eict”””ﬁ’
W elrr(G,C) ¢

where xw is the character of W.

All this applies as well to the graded representation V* = H*(M,F). The
L?-metric on H®*(M,F) (viewed as harmonic forms inside A®*(M,F)) is a G-
invariant metric. Let | - [qet(zre(ar,7),c) denote the corresponding equivariant
metric on det(H®(M,F),G), which we will refer to as the equivariant L2-
metric.

Finally, the equivariant Ray-Singer metric is defined as the formal sum

|- Naescee (ar,7),6) = | * ldes(re (ar, 7).y - T(M, F; g"M 7).



We will be interested in the dependence of the equivariant Ray-Singer metric
on the metrics g™ and h”.
We give ourselves 1-parameter families of G-invariant metrics

(1) € — g7M(e) with g7M (0) = g7
(2) & hF () with hF(0) = hF

and we will study the variation of the equivariant Ray-Singer metric

2
9 o log || ITaet e (11,7),0)
in each case.

Proposition 2.1 Fory € G one has for the variation of the equivariant Ray-
Singer metric:

(1) €= g™ (e):

0
EL:O 108 || - 210t s1e (1.5, (1) = LIMTr{ (~1)NCy exp(—tA(F))) }

t—0

(2) e — R (e):

0

%L:o 10g || et 172 (a1, (V) = LIM Te{(-1)"Vy exp(—tA(F)) }
Here C = x % and V = (hF) " h”7 and LIM,_q f(t) denotes the t°-coefficient
of the asymptotic expansion of f ast — 0 (assuming there exists such).

Proof. We use the obvious equivariant generalization of [BGV, Prop. 9.3§],
namely:

Proposition 2.2 Let ¢ — H(e) be a 1-parameter family of G-invariant gen-
eralized Laplacians with H(0) = H. Let further

0(e,v,8) =M [ Tr{(—l)N N~yexp(—tH(e))(1 — PO(E))} ] (s).
Assume that dimker H (€) is constant. Then one has

9
Oe

9
e=00s

_fEs) =—1IM Tr{(-)NNyHH ' exp(—tH)(1 - P)}.

The assertion of Proposition 2.1 follows by substituting the formulas
A(F) = —Cd(F)*d(F) + d(F)*Cd(F) — d(F)Cd(F)* + d(F)d(F)*C
0

ol 18| [faew e (a2, (7) = Tr{(=1)¥ Oy o}



in case (1) and

A(F) = —VA(F)*d(F) + d(F)*Vd(F) — d(F)VA(F)* + d(F)d(F)*V

0
dele=o 10g |+ [faet 10 (11.7).6) () = Te{ (=) VP }
in case (2), whose verification we leave to the reader. -

Therefore Theorem 1.1 is implied by:

Theorem 2.3 For v € G one has:

(1) hmTr{ DNC exp(— tA(.?—'))}:—/9(7,]—'7hf)/\é’(TM7)
(2) }E%Tr{ DNV exp(— F)} = /Tr [V V]e(TMY, v
MY

In the following we will explain the terms, which appear on the right-hand side
of the variation formulas:

Let or(T'M) denote the flat line bundle associated to the orientation cover
and Pf the Pfaffian polynomial. Then

e(TM, VM) = Pf[i

2 RTM}

is the Euler form of TM associated with V7™, where V7™ is the Levi-
Civita connection on (M, gT™) and RTM its curvature. The Euler form is
a closed form and represents via Chern-Weil theory the Euler class e(TM) €
H™(M,or(TM)).

For a 1-parameter family of Riemannian metrics ¢ — g7 () we set

S =V — %[VTM, (g™ g™ ] € A(M,50(TM)).

We define the transgression form

&(TM) : (RTM 4 bs)] e AN (M, or(TM))

5b‘b 0 [27r

and via Chern-Weil theory one obtains the transgression formula

0

3 e(TM, V™ (&) = d&'(TM) € A"(M,or(TM)).

e=0

Note that for dim M odd, e(T'M, VTM) and & (T'M) vanish by the usual prop-
erties of Pf. Note further that all this applies as well to the fixed point set
M7, which is a smooth manifold.



Since h” is not necessarily parallel w.r.t. V¥, we may define a second flat
connection (V7)T on F by the formula

(V}_)T _ (h]:)_l ° v]:* ° h}_7

where V7 denotes the connection induced by V7 on F* and h” : F — F*
the isomorphism induced by h”. Observe that (V7)?T = V7 if and only if
VZh? =0. As in [BZ1] and [BZ2] we set

w(F, b)) = (V5T - v € AY(M,End(F))
and for y € G
0(v, F,h7) == Tr[y" w(F,h7) € AL (M7).
Proposition 2.6 in [BZ2] shows that 6(v, F,h") € A (M?) is closed and that

its cohomology class does not depend on h”.

3 Proof of the variation formulas

3.1 Clifford algebras and exterior algebras

Let (V,q) be a finite dimensional real vector space equipped with a quadratic
form. Let C(V,q) the associated Clifford algebra, i.e. the associative algebra
generated by V' with the relations v - w + w - v = —2¢(v, w) for v,w € V. The
Clifford algebra is a Z/2-graded algebra (a.k.a. superalgebra), i.e. C(V,q) =
C(V,q)* @ C(V,q)~ with

CT(V,q) = {(vy-...-v :v; €V, [ even)

and
C (V,q)=(v1+...-v v, €V, odd).

Recall the filtration C*(V, q) of C(V,q) given by
Ck(V»Q) =Wy-...ov v € VLK)

for k € Z. The associated graded algebra Gr® C(V,q) is isomorphic to the
exterior algebra A®V via the symbol map

c:Gr*C(V,q) — A°V
where the k-th symbol is given by

o : CM(V,q)/C* 1 (V,q) — AV
'U1'.~.'Uk+ck_1(‘/,q) — U1 A A Vg



Since as a vector space C(V,q) may be identified with Gr®* C(V,q), we may
also interpret the symbol map as a linear isomorphism o : C'(V,q) — AV. In
particular dim C(V, q) = dim AV = 24mV,
Let in the following
14 :(Rna< ) >)
-V :(Rn’ _< ) >)
(V,*V) :(Rn @Rn7< ’ > @ 7< ) >)

where ( , ) denotes the standard inner product on R"™, i.e. (e;,e;) = 0;; for

the standard basis {e;}. We will denote (e;,0) € V @ V again by e; and
(0,e;) € V@BV by é;. One has the isomorphism of superalgebras

CEWV)RCE(-V) — CE(V,=V).

Furthermore, the tensor product of the symbol maps o : Gr* C(V) — A*V
and 6 : Gr* C(—V) — A°®V yields the symbol map

c®6:Gr*C(V,-V) — A*(VaV),

which we will also denote by o.

Using interior multiplication ¢(e;) : A*V — A®*~1V and exterior multiplica-
tion e(e;) : A°V — A*FT1V we define representations of C(V') and C(—V) on
the exterior algebra:

¢ : CF(V) — End* AV
e; — c(e;) :=e(e;) — ue;)
and
¢: CH(=V) — End* AV
e; — é(ei) = E(ei) + L(ei)

The tensor product of these representation yields an isomorphism of superal-
gebras
c®é: CH(V,—V) — EndT AV

which we will also denote by ¢. We obtain a supertrace (i.e. a linear functional
vanishing on supercommutators) on C(V, —V') by setting

Str(a) = Strend avlc(a)]

for a € C(V,—=V), where Strgnqav is the canonical supertrace on End AV.
Let the volume element w € C(V, —V') be defined by

w:W”/Q(—l)"(”H)/Qel-...-en-él-...~én.

The proof of the following lemma is elementary and left to the reader:



Lemma 3.1 One has:
1. Str vanishes on C?*"~1(V,-V).
2. c(w) = 72(=1)N, in particular Str(w) = (4m)"/2.
Here N denotes the number operator, which multiplies a homogeneous form

with its degree.

We will also denote the image of the volume element in A(V @ V) by w. For
a € A(V @ V) let Ta be the coefficient of w in a. The linear functional
T:A(V®V)— R is called Berezin trace.

Corollary 3.2 For a € C(V,V) one has Str(a) = (47)"/?(Too)(a).

3.2 A Lichnerowicz formula

In general, neither of the connections V7 and (V7)? will preserve the metric
h”. As in [BZ1] we define a third connection V7+¢ = (V¥ + (V7)T) on F.
This connection will preserve A7, but it will in general not be flat.

In the following we will write £ = AT*M ® F. We will also denote by V¢
the tensor product connection VAT M @ 14+ 1 ® V¢ on &, where VAT M s
the connection on AT*M induced by VI, Let A®¢ denote the connection
Laplacian on & associated to the connection V¢, i.e. w.r.t. a local ON-frame

{e;} one has
8% = =3 ((V5)* = Vi)

Since V7€ is a metric connection on &, the operator A%¢ will be formally

selfadjoint.

Proposition 3.3 ([BZ1]: Lichnerowicz formula for A(F)) One has
A(F)=A%°+E

with E € T'(M,End €) which w.r.t. a local ON-frame {e;} is given by

E=- é Z (RTM(eZ-, ej)ex, el)c(ei)c(ej)é(ek)é(el)
05,k

_ % Zc(ei)c(ej)w(f, h")2(eiy ;) + éZé(ei)é(ej)w(}', h*)2(eis ;)

2%}
1 * 1
— 5 D clen)le) {VE M T L(F, 1) (e;) + 5wl FhT ) e es) }
4,J

+ i (W(F. 1) (e)” + irM,

i

where v™ denotes the scalar curvature of (M, g"™™).

Proof. We refer the reader to [BZ1]. 5



3.3 Geometry of the frame bundle

Let us first assume that M is oriented. This assumption will be removed
later. Then we can consider the bundle of oriented ON-frames SO(M), i.e. for
x € M the fiber SO(M), consists of all orientation preserving isometries g :
V — T, M. With the right action ¢ — ¢-h, (gh)(v) := ¢(hv), the frame bundle
acquires the structure of a SO(V)-principal bundle. If ¢ : M D U — SO(M)|y,
x +— q(x) is a local ON-frame and {e;} a (positively oriented) ON-basis of V,
then {ge;} will be local ON-frame for T'M, which we will often also denote
by {e;} for simplicity. Finally, note that TM may be recovered as associated
bundle
TM = SO(M) Xs0(V) V.

In the following we will write @ = SO(M) for short. Let 7 : Q — M denote
the bundle projection.

Let w € AY(Q,50(V)) the 1-form of the connection on @ induced by the
Levi-Civita connection on M. The 1-form w is SO(V)-equivariant, i.e.

Rjw = Ad(h) 'w

for all h € SO(V). Further, if the fundamental (vertical) vectorfield A% asso-
ciated with A € so(V) is given by

d
(49), = =|  q-exp(tA),
t=0
then one has
w(A9)=A.

A choice of connection on @ yields an SO(V)-invariant splitting
TQ=VQ®HQ,

where the vertical bundle V@ is given by VQ = ker(n, : TQ — TM) and
the horizontal distribution HQ by HQ = kerw. For a vectorfield X on M let
X denote the horiziontal lift of X, i.e. the unique horizontal vectorfield on
@ which projects to X.

We define the fundamental 1-form 6 € AY(Q, V) by

0,(X) = ¢~ (M X,)

for X e T(Q,TQ). As the connection 1-form, # satisfies an equivariance prop-
erty, namely R} 0 = h='6. For v € V, let v denote the fundamental (hori-
zontal) vectorfield associated with v, i.e. the unique horizontal vectorfield on
Q which satisfies 0(v?) = v.

Let (-,-)v resp. (-,)so(v) denote the inner products on V', resp. on so(V').
Via the bundle isomorphisms

QxV — HQ, (g,v) — v9(q)



resp.
Q xs0(V) — VQ, (g, A) — A9(q)

we obtain a Riemannian metric g7? on Q.

Let Q € A%(Q,s0(V)) denote the curvature 2-form of w. Recall that Q is
SO(V)-equivariant, i.e. Rj; Q = Ad(h)~'Q for all h € SO(V), and horizontal,
i.e. L(AQ)Q =0 for all A € s0(V). For A € s0(V) we define (2, A) € A%(Q) by

(Q, A) (X7 Y) = (Q(X, Y), A)so(V)
for X,Y € I'(Q,TQ). Let further denote 7 : A2V — so(V) the unique iso-
morphism satisfying (v, 7(a)w)y = a(v,w) for all v,w € V. Applying this
fiberwise, we obtain 7(Q, 4) € I'(Q,s0(HQ)) = C*°(Q,s0(V)).

Lemma 3.4 One has the following commutator identities:

1. [A9 09 = (Av)@, A€so(V),veEV
2. [A9, B9 =[A,B]?, A,B € so(V)
3 w([v?,w?) = -Q9 w?), vweV

0([v?,w?) =0
4. [AQ XH] =0, X € I(M,TM), A € so(V)
5. X, YH] = [X, Y] — Q(XH,YH)Q, X,Y e [(M,TM)
Proof. We refer the reader to [BGV, Lm. 5.2] and [BV, p. 320]. @

This allows us to compute the Levi-Civita connection on (Q, g7?):

Lemma 3.5 For the Levi-Civita connection VT on (Q, g7?) one has:

1. VI8BQ = L[4, B|?

2. VISAQ = —1r(Q, A, ViGAQ =—1r(Q,4) X"

5. Vigu? = (An)? — 37(Q, 4@, VIEXH = —7(Q, A)X"

4 VIGwR = —10wQ,w@), VIGYH — (VEMY)" — 1o(xH yH)e
Here A,B € so(V),v,weV and X, Y e T'(M,TM).

Proof. Use the Koszul formula for the Levi-Civita connection together with
Lemma 3.4. Bl

Corollary 3.6 The trajectories of v@ and A% are geodesics for v € V and
A € s0(V). Horizontal lifts of geodesics are geodesics.

We record for further reference:

10



Lemma 3.7 For h € SO(V) one has:
1. exp,(X)H - h =exp,, (X"), X eD(M,TM)
2. (exp,v?)-h=expy, (K 10)?), veV
3. exp, A9 -h =q-exp(A)h, Aecso(V)
Proof. Use the fact that Ry, is an isometry for h € SO(V). @

Similarly, in the presence of the group action:

Lemma 3.8 For v € G one has:
1. yexp, XM = exp, ((d0)X)", X e D(M,TM)
2. yexp, 0@ = exp., e, vevV
3. yexp, A9 = exp,, A9, Aecso(V)

Proof. Use the fact that L. is an isometry for v € G. Bl

Let ¢ € SO(M). Let J(q,A) : T,Q — Tyexpa®@ denote the differential of
exp, at AqQ € T,Q. Clearly J(g,0) = 1. We may view J(g, A) as endomor-
phism of V @so(V). Moreover, J(g, A) respects this direct sum decomposition,
cf. [BGV, Thm. 5.4]. As usual, let d(qo,q1) denote the geodesic distance be-
tween points gg, g1 € SO(M). We define a quadratic form @ on V & V by

Q(A)(v,w) = (v, J(q, A)~'v) = 2(v, J(g, A) " w) + (w, J(q, A) " w).
Clearly one has Q(0)(v,w) = ||v — w]|?.
Lemma 3.9 For A € so(V) small and v,w € V one has
d*(exp, th,equ tw? - exp A) = || A||* + 2Q(A) (v, w) + o(t?) .

Proof. We refer the reader to [BGV, Prop. 6.17]. B

3.4 The heat equation

Let (M,g™) be a closed Riemannian manifold, (£,7¢) a hermitian vector
bundle over M and H a formally selfadjoint generalized Laplacian acting on
sections of €. For ¢t > 0, let (zg,x1) — ki(xo,x1) denote the integral kernel of
the heat operator exp(—tH).

One has the well-known asymptotic expansion of the heat kernel, which we
will describe below: Let us fix points zg, 21 € M and consider the exponential
map exp, : Tp,M — M. Let y = exp,'(z1) and consider the geodesic
T, = exp,, sy connecting xo to 1. As usual, let d(xo,z1) denote the geodesic
distance between xy and x;.

11



Proposition 3.10 There exist ®; € I'(M x M,E K E*) such that

ki(zo,x1) o (471'15)_0““”\4/2 exp(—d(zo, x1)%/4t) U pr(d(20, 21)?)
l‘o 1‘1 1/22t1 xo,l‘l

where jpr(xo, -) is the Jacobian of the exponential map at xo and Vs a suitable
cut-off function. The coefficients x — ®;(x) := ®;(xo,2) € E @ T(X,E*) are
inductively determined by the radial ODE along x

sV 40 (Rilws)s') = =553 H (g P ®im1) (25)

with initial condition
(I)o($07$0) =1d.

In particular, ®o(xo, 1) = 7(x0, 1), the parallel transport along x.

Proof. We refer the reader to [BGV, Thm. 2.30] and [BV, p. 329]. =

We may write AT*M as an associated bundle
AT*M = Q X(SO(V),A) AV

and hence identify sections over M with invariant sections over Q, i.e.

T(M,AT*M & F) = (AV @ T(Q, =* F))

s=a®pr— (fi1q— (Ag) o) ® p()) .

We wish to extend the action of H := A(F) on I'(M, AT*M ® F) to the action
of a generalized Laplacian H on AV ® I'(Q,n*F). We use the Lichnerowicz
formula A(F) = A% + E, cf. Proposition 3.3, and observe that the action of
FE trivially extends. In the following lemma we use the Casimir operator of the
representation A : s0(V) — End AV, which is given by

Cas\ = (AE;)?
i<j
with {E;;} an ON-basis of so(V).
Lemma 3.11 One has Af* = (A”*ﬁe + Cas )\)‘F(M £

Proof. For {e;} a local ON-frame one has
Ag,es - _ Z((VS,G)Q _ Vév‘,ze"_MEi>8
:_Z< er _vﬂv‘g:-l\/c}ei)H)fs~

12



Similarly, since {el?, Esz } is a local ON-frame for T'Q, one has

AT - Z(w:;fﬂ V- (VR - Vg )

1< zj

== (27 = Victho )~ DT
i<j
— NS5 — Z(/\Eij)Qfs :

1<J

Note that the second line follows from Lemma 3.5, i.e.

VISED = [E”,E 19 =0 and VTQ o= (VTMe)H
b
The third line follows from invariance of f,, i.e.
‘ﬂ' (S d
f Js= o fs(gexp Eijt) = —(AEij) fs -
t=0
Finally, substitute the definition of Cas A. El

We may now set ~
H=A"7*°4Cas\+E.

Proposition 3.12 (Lichnerowicz formula for fI) One has
H=A"7°}+E

with E € C(V,-V) @ I(Q, 7* End F) which w.r.t. an ON-basis {e;} of V is
given by

~ 1 . R
By == 3 S eleele e
-2 Z (Rz ™ (qeir geg)aens qer)elei)ele;)é(er)é(er)
i,7,k,l
—72 c(e;)e(ej)w(F, hf) (gei, qej) éz w(F, hf) (gei, qej)

I
- 72 clen)eles){ VI MO (F W) (ger) + 5wl F, hf>2(qez-,qej)}

F 2 ]. M 1 2
+ 1 ;(w(]—", h")(ges))” + e T
Proof. An easy calculation yields that
1 1
CasA=—7 > clei)ele)é(ei)é(e;) — Zn2

(2]

13



for {e;} an ON-basis of V. Now the formula follows with Proposition 3.3. @

Let (qo,q1) |—>~l;;t(q0,q1) € End AV ® Hom(F,,,F,,) be the heat kernel as-
sociated with H, and (qo,q1) — kt(go,q1) € End AV ® Hom(F,, , Fs,) the lift
of the heat kernel associated with H to Q. Fort > 0, ¢p,q1 € Q and h € SO(V)
one has

ki(qo, 1) = / ki(qo, qh) AR~ dh,
50(V)
hence for t > 0 and g € 7 ()
Strfky (2, 2)] = / Strfis (g, gh) Ah—"1dh
S0(V)
We fix ¢ = qo € Q and consider for A € so(V) the asymptotic expansion of
k:(qo, go exp(A)). We write ®;(A) instead of ®;(qo, go exp(A)) for short.
Proposition 3.13 For the coefficients ®;(A), A € so(V), one has:
1. &;(A) € C*(V,-V) @ End F,.
2. The sum of the highest symbols for A =0 is given by
n/2 1
Z(a4i(1>i)(0) = exp(g Z (RIM (qe;, qej)qer, qe)ei Aej A éx A&
i=0 ikl
1
+Zzei/\ej/\éi/\éj> .
(2]
Proof. 1. We look at the radial ODE determining the coefficients ®; along the
geodesic g, := exp, (sY), Y € Ty, Q, cf. Proposition 3.10:

svg;js’e (s@z(qs)) = —sijészl(jélﬂéi,l)(qs) )
We may divide by s to obtain
T FLe (4 i—1.1/2 750 .—1/2 %
Vo0 (5 Di(as)) = —s i H (o 2 ®im1) (as) - (1)

Clearly ®o(q1) = 7(q0,q1) € C%(V,~V) ® Hom(F,,, F,). Assuming by in-
duction that ®;_; € C*~4(V,-V) ® F,, ® I'(Q,7*F*) we obtain using the
Lichnerowicz formula H = A™ 7¢ + E with E € C*(V,-V) @ I'(Q, 7* End F)
that the right-hand side of (1) lies in C4(V, —V) ® Hom(F,,, F,,), hence so
by (1) the coefficient ®;(qy).

2. To calculate Z?:/ (2) (0‘4i(i)i) (0), we specialize our considerations to vertical

geodesics ¢s = qpexp(sA). Since the connection V™ e ig trivial in fiber
direction, (1) becomes very simple:

d/ds(s'®i(sA)) = —s"" L 2 H (jg 2 ®i1) (sA). (2)
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For the highest symbols we obtain:

d/ds(si (041-@)(5.4)) =~ (04 E) A (04i4®i1)(sA). (3)
We set ~
fi(s) = (04®;) (sA)
and oo
F(s)=>_s' fi(s)
i=0
such that using (3) we get:
d/ds F(s) = —(04E)(sA) A F(s). (4)

Observe that F(0) = (00®;)(0) = 1 ®Id and F(1) = S 2 (04;%:)(A). Recall
that (04E)(q) is given by

- 1 A s
(04E) (q0) = — 3 Z (ngM((Ioeu CIoej)(Ioek,QOez)ei NejNeg e
i,4,k,1

1 I
71261‘/\6J’/\61‘/\6]‘.
2]

The curvature term is equivariant w.r.t. SO(V'), hence

- 1 ~ ~
(04E) (sA) =— 3 exp(—sAA) Z (RgOM(qoei7 q0€;5)q0€k; qoel)ei AejNeégNé
ikl

1 PO
—ZZei/\ej/\ei/\ej,
.3

and we get in (4):

1 " A
d/ds F(s) =3 (exp(—s)\A) Z (REOM(qOeZ‘, q0€;j)qo€k, qoel)ei Nej A e A el)

©,9,k,l
1 .
A F(s)+ Z(Zei Aej A é Aej) A F(s)
Z7J

We deform this system of ODE into a system with constant coefficients. For
t € [0,1] we consider:

1 PR
d/ds Fy(s) =3 (exp(fstAA) Z (RIM (qoei, qoe;)qoer: qoer)ei A ej A éx A el)
igkl

1 PO
A Fi(s) + E(Zei Nej N é /\ej) A Fy(s).

,J
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For ¢t = 0 we can explicitly solve this:

1 A .
Fo(1) = exp{g( Z (RIM (goei, qoe;)qoer, qoer)ei A ej A éx A 61)
1,5kl

+i(§ewej/\éméj)}(l®1d)~

Using continuous dependence of the solution on the coefficients of the ODE
and the continuity of the ®; we get

n/2 n/2
2(0'42'(1)1')(0) = tli_f}(l)Z(Uzuq’i)(At) = lim F(1) = Fo(1).
i=0 i=0
This finishes the proof. Bl

In contrast to V = (h}—)_lh'f, the endomorphism C' = x~!'x contains Clif-
ford variables, more precisely one has:

Lemma 3.14 The endomorphism C =+~ is given in terms of Clifford vari-
ables by

Cq = _% D (™) g ™M eiseg) eleié(es) € CHV.=V).

(2%}
In particular one has

1

(020)(q) = -3 S (@™ g ™M e eg) e Aég e N(VBV).
.7
Proof. We refer the reader to [BZ1, Thm. 4.15]. @

This fact has to be taken care of in the evaluation of lim;_,o Str{Cy exp(—tH)}.
To facilitate the computations, J.M. Bismut and W. Zhang introduce an extra
even Clifford variable o, cf. [BZ1], which will also turn out to be useful in our
approach, cf. Proposition 3.27:

Let R(o) := R[o]/(0? — 1). We consider the trivial Z/2-grading on R(c),
i.e. o is even. If W is a real Z/2-graded vector space (a.k.a. superspace), then
W* @ R(o) is a R(c)-module. One has

Endg (o) (WF @ R(0)) — Endg W* ® R(0)
A4+0oB— A®R1+BQ®oc

and we can extend the trace by R({o)-linearity:

StI‘R<0> : Endmg)(Wﬁ: ® R<O’>) - R<O’>
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A+ 0B+ Str[A] + o Str[B].
In this situation we denote:
Str'[A 4 oB] := Str[A4],
Str?[A + o B] := Str[B].
We define
Hoaq := *% > C(ei)é(ey‘){ (Vew)(ej) + %WQ(% ej)}
2%}

and He, := H — Hy,qq. Then H,, + 0H,4q is a generalized Laplacian on the
vector bundle £ ® R(c) with heat kernel (zo,x1) — li(xo, z1).

We fix ¢ = g0 € Q and consider for A € so(V') the asymptotic expansion of
1:(qo, go exp(A)). We write ®;(A) instead of ®;(qo, go exp(A)) for short.

Proposition 3.15 For the coefficients ®;(A), A € so(V), one has:

1. &;(A) € C(V,-V) @ End F, @ R(0), i.e. ®;(A) = DL(A) + 0®F (A) with
1,7 € C(V,~V) ® End F,.

2. ®7(A) € C*2(V,~V) ® End F,.

8. The sum of the highest symbols for A =0 is given by

n/2

< 1
2(042»,2(1);7)(0) = exp(g Z (REM(qu-, qej)qer, qer)e; Aej A éx A é
i=1 .3,k

1 PO
+Zzei/\€j/\€i/\6]‘)

%

A (% Zel A éj{(vqeiw) (gej) + %wz(qei, qej)}) :

Proof. We proceed as in the proof of Proposition 3.13:
1. The initial condition of the radial ODE yields

®o(q1) = 7(q0,q1) € C(V,=V) @ Hom(F,,, Fu,) @ R{0) .

It is Eoy + 0Eogq € C(V,—V) @ T(Q, 7* End F) ® R(c). The assertion follows
by induction. R
2. The initial condition of the radial ODE yields ®l(q1) = 1(q0,q1) and
®3(q1) = 0. Observe that
(Eev + UEodd) (&)%71 + O'(i;ll) :Eev(i)il71 + Eodd(i);ll
+ U(Eoddi)/}_l + Eev(i)g_l) .
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Furthermore, recall that E., € CHV,—V) @ T(Q,7* End F) and that FEoga €
C?(V,—V) @I'(Q, 7* End F). Then the assertion follows by induction.
3. We obtain for the highest symbols:

d/ds (si (042»‘511)(514)) = _51—1(04177) A (041_4&)%_1)(314) ,
d/dS (Si (041',2&)?) (SA)) = —Si_l ((U4E) (SA) A\ (0'42’76&)?71)(5A>

+ (UQE) (SA) A (041‘_4&)11_1)(8/1)) .

We set
fi(s) = (042»&)})(514), 1>0,
f7(s) = (04i297) (sA4), i > 1
and
n/2 A
Fl(s):=Y s'fl(s),
i=0
n/2
Fo(s):= Zsz 7(s)
Then we have
n/2
FY0)=1®Id and F'(1)=> (0u®})(4), (5)
v
Fo(0) =0 and F7(1) = 2(04,;_2@;’)(,4) (6)
and we obtain
d/dsF'(s) = —(0’4E) (sA) A Fl(s), (7)
d/dsF?(s) = 7(04E~') (sA) NF°(s) — (UQE) (sA) A F(s). (8)

It is
~ 1 S
(04E) (sA) = — 3 exp(—sA\A) E (RZ;M(qei, qe;)qex, qel)ei NejNeék Né

,9,k,1
1 A
— 1261/\6]‘/\62'/\63‘
2]
and

(UQE) (sA) = —% exp(—sAA) Z e; N\ éj{ (Vge,w) (gej) + %wZ(qei, qej)} .

i,J
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As in the proof of Proposition 3.13 we set A = 0 and get in (7), (8):

1 R R
d/dsF" (s) :g( Z (RIM (qei, qes)qer, qer) ei A ej A ey A 61) ANFY(s)  (9)
By

1 PO
+Z<Z€i/\ej/\ei/\€j)/\Fl(5)§

i,J

1
d/dsF? (s) :g( > (RIM(qes, qej)qer, qer)es Aej A éx A él) ANF?(s) (10)

.5,k

1 5 5 o
+Z(Zei/\ej/\ei/\ej)/\F (S)

2%}

i % (Z “h éj{(vq%”) (ge;) + %wQ(qei, qej)}) AF(s).

4,7
From Proposition 3.13 we know the solution for (9), which yields the inhomo-
geneity in (10):
1
Fl(s) = exp{g( Z (RIM (qe;, gej)qers qer)ei Aej A ég A él>8

.3,k

+i(zeimj/\éi/\éj)s}(mld)-

4]

For (10) we obtain:

1 T
F7(1) = exp(g E (RfM(qeia qej)qer, qel)ei NejNexNe
1,5,k,1

1
+Zzei/\ej/\éi/\éj)

) (% Zei A éj{(quiw) (gej) + %wZ(qei, qej)}> (1®1d).

This finishes the proof. Bl

In the presence of the group action, let (zg,21) — ki(7,zo,x1) denote the
integral kernel of the operator vexp(—tH). For t > 0 and xg,x; € M one has

kt(’Y,.ﬁC(),l‘l) = 75kt(771x05 'Tl) )

hence for ¢ > 0

Str{yexp(—tH)} = /M Str[k: (v, z)]dx,
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where we write ki (v, z) for ki(v,z, x).

Since M is a closed manifold, the fixed point set M7 of the isometry -y is a
disjoint union of finitely many components M, which are compact subman-
ifolds without boundary, possibly of varying dimension, cf. [Kob, Thm. 5.1].
Since our calculations are local, we may assume that the fixed point set consists
of a single component.

The tangent bundle of M decomposes orthogonally over M7 as

TM‘M’Y :TM’Y@N7

where N denotes the normal bundle of M7 in M. Clearly TM?” is precisely
the eigenbundle of dvy corresponding to the eigenvalue 1. Let ng = dim M7
and n; =n —ng. We write V = Vy 4+ V7 with Vy 2 R™ and V; 2 R™.

Let ¢ € C°(M) be a function which is equal to 1 on M"Y and vanishes
outside a tubular neighbourhood U of M7. For V € T'(M, End F) we set

I(t,~,¢,x) = Str [th(’y, exp, qv)] ¢(exp, qu)dv .
Vi

Proposition 3.16 Forxz € M"Y there are ®; € C°(so(V),C(V, —=V)®End F,)
such that

I(t,7,6,2) ~ (dnt)(m—am@/23 g / exp(— || A|[2/41)
t—0 =0 s0(V)
- Str[(A)®;(A) exp(—AA)]dA
with ®;(A) € C*(V,—V) ® End F, and highest symbol
ou®i(A) = V’VW*}—(UM&)Z)(A)\IJEU(V)(A)jﬁo(V)(A) det Q1(A,v)~1/2.

Proof. Let ¢ € SO(M) such that ¢(V) C T, M" and q(V1) C N,. Let further in
the following denote z,, = exp, qu and ¢, = exp,, vQ. We then have 7(q,) = x,
and

I(t,7,6,7) = /V Ste[Vky (7, 20)] () do
:/V Str[V’y“*}-kt(vflqv,qv)](b(qv)dv
- / / Str[Vy™ F e (qus Yo i) AR ] 6(qu ) dhdo.
v Jsow)

Let ¥ = 4(q) € SO(V) be determined by the requirement that v¢ = ¢7. With
Lemma 3.8 and Lemma 3.7 we get y exp, 0@ = eXP.yq 0@ = exp, (7v)9¥, hence
YGv = @5v7- Upon substituting ¥h — h we obtain

I(t,y,¢,z) = / / Str[V’y”*ffft(qv,q%h)A(h_lﬁf)M(qv)dhdv.
Vi JSO(V)
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Asymptotically, as ¢ — 0, we may replace the integration over SO(V) by an
integration over the Lie algebra so(V) and substitute the asymptotic expansion
for ky, cf. Proposition 3.10. With A(exp(—A)7y) = exp(—AA)(AY) we get

Str[VA™ Fdy,(A)A(exp(—A)F)] = Str[(AF)VA™ TPy (A) exp(—AA)]

and further

t 77(257 / / StI‘ A’Y k‘ (qv7q7yv exp(_)\A)} ¢(qv)
: \Ilso(V) (A)]go (V) (A)dAdv

~ (4mt)” d‘mQ/2Ztk// exp —d(qv, g50 exp A) /4t)
50

t—>0
- Str[(AY) VA" FPr(A,v) exp( AA)](v) W (A, v)j (A, v)dAdv.

Let h(A,v) = d? (qv,q:w exp A). From Lemma 3.9 we obtain that v = 0 is a
critical point of v — ha(v) := h(A,v), and that Q1(A) := %Hess‘U:OhA(v) is
positive definite. The Morse lemma ensures the existence of local coordinates
w(v) = Fa(v) about 0 € V with w(0) = 0 such that ha(w) = ||A|? + |Jw]?.
We further have | det dF4(0)| = det Q1 (A)Y? and Q1 (0)(v) = ||(1 — 7)v]?.

Let m(a, w) be the Jacobian of the coordinate change, i.e. m(A, w)dw = dv.
Then it follows that m(4,0) = det Q;(A)~'/2. We may interchange the order
of integration and get

16:70,2) o, (et~ S [ exp(-(lAl® + i) 41)
k 50 1

Str[(AF) VY™ T i (A, w) exp(~AA)]
- p(w) (A, w)j (A4, w)m(A, w) dwdA

N — dim Q/2 ok <o (— 2 2
-~ (dm) > Lo, L oA + ol
- Str[(A) fr (A, w) exp(—AA)] dwd A,
where fi(A4,w) is given by
fe(A w) = ny”*fé)k(A,w)(;S(w)\II(A,w)j(A7w)m(A7w) :

We use the asymptotic expansion

party ™12 [ el 41) (A, o > gl

with

Fr0(A) = fi(A,0) = V™ 704 (A)Wso(v)(A)fiso(vy (A) det Q1 (A, ) 1/?
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and we set

l
Dy(A) = Z fioii(A).

From Proposition 3.13 we deduce that ®;(A) € C*(V,~V)® End F,, and that
the highest symbol is given by

ou®(A) = ou fi(A,0)
= V’YW*]:<U4l(i)l) (A)lllso(v) (A)jﬁo(v) (A) det QI(A7 '7)_1/2 :

Altogether we obtain

I(t7,6,3) ~, (47t) M2 5S04 [ exp(—(A]?) /a0

k=0 i=0 so(V)
- Str[(AF) fr,i exp(—AA)|dA

~ (m)*dim@/QZtl/ exp(—(||A]|*)/4t)
- =0 s0(V)

- Str[(A7)®i(A, w) exp(—AA)|dA,
which finishes the proof. E]

Similarly, for C € T'(M,C?(M,—M)) we set

I°(t,y,¢,x) = Str? [Clt(% exp, qv)] o(exp,, qu)dv
i

and we obtain in the same way as in the proof of Proposition 3.16 (using
Proposition 3.15 instead of Proposition 3.13):

Proposition 3.17 Forxz € M7 there are ®7 € C°(so(V),C(V,—V)QEnd F,)
such that

I7(t, 7y, ¢y z) ~ (dmt)(m— @/ Ztl/ exp(— | A||*/4t)
t—0 =0 s0(V)
- Str[(A7)®7 (A) exp(—AA)|dA
with ®7(A) € C*(V, V) ® End F,, and highest symbol

o0 ®] (A) =7 7 (02C) (A)A(0—2D]) (A)
. \Ilso(V)(A)jso(V)(A) det Ql(Aa 7)71/2 .
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3.5 Asymptotics of Gaussian integrals

Let us call a multiindex a = (ai,...,ay) € N even, if all o; are even
numbers. We call a multiindex a odd, if at least one «; is an odd number.

Lemma 3.18 Let a = (ay,...,ayn) € N). Then one has:

tlel/2_aleif o is even
4 t_N/z/ el /4D 2 — @/2)
(4mt) exp(—||z(|/4t)x" dx 0 if a is odd
RN
Proof. One has

(63

0
—N/2 ERTTP) g
(4mt) /exp( l||*/4t)x*dx 25 lp_

esp(t]b]?).
RN

To evaluate this expression, we look at the power series expansion

0 k(N 12k

(=1 b7)
exp(t]p]?) = Y e

k=0
The coefficient of b* = b7 -...- b} in this expansion is 0, if « is odd, and it
is /2 /(a/2)!, if « is even. @

Corollary 3.19 Fori € Ny one has:

0 o odd
. _N/2.—i 0 a even, i < |a|/2
N/2,—1 2 a >
thrr(l)(47rt) t /exp(—chH /4t)x%dx = (a%)! o even, i = |al/2

RN 00« even, i > |al/2

Let p € C°(RY). The Taylor expansion about z = 0 is an asymptotic expan-

sion as x — 0:
(p(x) w:0 Z Z onéira y

where the coefficient ¢, is given by

1/0¢
o= o1 (5 2) @)
From this we obtain, using Lemma 3.18 term by term, an asymptotic expansion

ast — 0, cf. [BGV, p. 73]:

(dmt) ~N/2¢ / exp(— o] /4t)p(x)da

RN
o0

-~ —N/2 —i a2 o

o~ () NS ST / exp(—|z||2/4t)2* dx
k=0 |a|=k RN

S ol g
~ s@a t
o g 2, # o)

aeven
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Lemma 3.20 If the coefficients @, vanish for all even a with |a| < 2i, then
one has

|
lim (dort)—N/2 —i/ 1zl /4 = .
fim (4t) %4 [ exp(fol at)ola)ds = 3 enry
BN o oven

Proof. We apply Corollary 3.19 to the above expansion term by term. The
conditions on the ¢, ensure that the singular terms vanish. The formula for
the limit is also obtained from Corollary 3.19 as the sum of the nonvanishing
terms. [

Let us now set N = n(n — 1)/2 and identify RY with so(V). Let further
¢ € CX(s0(V),C(V,=V)) be given. We will further assume that ¢(A) is an
element in C?%%*(V, V) for all A € so(V). We claim that under these condi-
tions the limit

lim (4mt)~ dimQ/24i / y exp(—||Al|?/4t) Str[(A) exp(—AA)]dA
50
exists.

We introduce some further notation. The space of polynomial functions on
so(V) may by fixing the basis {E;;} be identified with the ring of polynomials
in n(n — 1)/2 variables, which we will denote by R[A;;]. Let E =}, , E;; €
so(V). Evaluation of a polynomial p € R[A;;] at E yields the sum of the

coefficients:
PE) =) paA*(A=E)=> pa.

We define a formal power series Q(A) with coefficients in the Clifford alge-
bra by
Q(A) = exp(=AA4) € R[4;;] @ C(V, =V).
Recall that —AA = > icj Aij(c(ei)c(ej) —é(e;)é(e;)) and hence by taking the
highest symbol 0'2(—/\A) = % Zi<j Az‘j (ei A €; — éi A éj)
Let the formal power series P(A) with coefficients in the even part of the
exterior algebra be defined by

P(A) = exp(02(—AA)) € R[A4;;] @ A*(VaV).
One clearly has the identity
o 1 5 5
P(A) = Z(O’Q‘MQQ)A = exp(§ ZA” (Bi A 6]‘ —€; A 6j)> .
«@ 1<J
Lemma 3.21 One has the identity

a! 1
Po—oq A% = —=N"A2e;nejNe e ) € R[A] @A .
Z “laj2)! exp( 2; z]el/\e]/\ez/\ej) eR[A, ;@A (VaV)

o even
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Proof. The assertion follows by comparing coefficients. Details are left to the
reader. B

We have to look at a slightly more general situation. Let F' be a finite dimen-
sional, trivially graded vector space. We extend the trace, resp. the Berezin
trace, in the obvious way

StreTr: C(V,-V)®@End F — R
TTr:AVaeV)EndF — R

and we will in the following also denote these maps by Str, resp. by T. Similarly,
we will also denote the map

o®1d: C(V,~V)®@EndF — A(V & V) @ End F .

by o in the following.

Proposition 3.22 For ¢ € C°(s0(V),C*(V,—V) ® End F) one has

lim (4t) = @12 / exp(—[|Al12/4t) Str[6(A) exp(—AA)] dA

so(V)
1 PO
= T(exp(—i Z e; ANej A é; A ej) (04Z-¢) (0)) .
i<j
Proof. We look at the Taylor expansion of ¢(A) = Str[¢p(A) exp(AA)] about
A=0

o0

p(A) ~ DY paA” e R[Ay]

k=0 |a|=k

and we wish to apply Lemma 3.20. Therefore we have to show that the coefhi-
cient ¢, vanishes as long as « is even with |a| < n — 2. But this is clear since
P(A) 5 (=AA)* € C*H+R)(V, —V)®End F, such that Str[¢(A) 4 (—AA)*] van-
ishes for k < n — 24, cf. Lemma 3.1. Now Lemma 3.20 gives us the following
expression for the limit:

lim (47t)~ 4im Q/24 / exp(—||A[?/4t) Str[¢(A) exp(—AA)]dA
50(\/)

t—0

=(4m) ™ Z 7o la/2)l a/2

=n—21i
a even

Observe that

(4m) —n/2 Z <pa /2 (4%)7"/28tr[ Z Qa a/2 }

lo|=n—2i =n—2i
a even a even
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since all other monomials in the A;; of total degree n — 2¢ do not have trace.
To see this use that ¢(4) € C*(V,—V) ® End F for A € so(V) and that
Qo € C?1°l(V, —V) @ End F. Continuing with the calculation, we get:

(471)_"/28‘51“[ Z Qa a/2 }

al=n—2i
«@ even

:(TOU( Z Qo2 a/2 )

|a|=n—2i
o even

T( 74i9) (0 m . 2'“‘QO‘( /2) )
:T( 4i6) (0 ‘ > Pa(ao/‘;)!Aa)(A —E)
T( 04:9) (0 e;VQ:ZAweLAeJ A e Aej))(A:]E)
i<
=T(exp(~5 D ei Ay Aéi 1 é5) (020) (0))

i<j

In the second last line, we may substitute the full power series, since the
monomials of degree # n — 2i do not contribute to the Berezin trace. In the
last line, we use that A2*(V @ V) is commutative. @

Corollary 3.23 For a formal power series ®(t, A) =Y = t'®;(A) with coef-
ficients ®; € C°(s0(V),C*(V,-V) @ End F) one has

lim (47t)” dmQ2N "y / exp(—||A||? /4t) Str[®;(A) exp(—AA)]dA

i—0 so(V
1 n/2
= T(exp(—§ Z ei Nej N\ é; N\ éj> Z(U4iq)i (0)) .
i<j i=0
Proof. Use Proposition 3.22 term by term. El

3.6 Evaluation of the asymptotic terms
With V =V, & Vi as above we have
C(V,=V) = C(Vy, —Vo)RC(V1, - V1)
AV V) =AVo® Vo)AV ® V1)

and for the volume elements w = wq - w1, resp. w = wo A wi. We write Strg
and Stry, resp. Ty and T4, for the trace, resp. the Berezin trace, on the corre-
sponding spaces. Let py denote the orthogonal projection V' — V4.

26



We define:
o) CPUV, V) — A (Vo @ Vo)
a— ((Apo) o Uk)a

Note that monomials e;,. 4, - €;,.. 5 are killed by 02 if at least one index is
larger than nyg.

Lemma 3.24 For a formal power series ®(t, A) = > 72 t'®;(A) with coeffi-
cients ®; € C*(s0(V),C*(V,-V)®@ End F) and a; € C(Vy1,—V;) one has

lim (4rt)(m—dim Q2N "4 / exp(—||Al|%/4t) Str [a1 ®;(A) exp(—AA)]dA

i—0 so(V
1 no n0/2
= Strl(a1) TO (exp{—z e; N\ €; A éz A é]} Z (0’21(1)1)(0)) .
i,j=1 =0

Proof. Since C(Vy,—V3) is contained in C?"1(V, V), it follows that a;®;(A)
is an element in C?™1+44(V, —V). In particular we have

O2ny +4i (alq)i(A)) = Oan,01 N 04;P(A)
for A € s0(V). Hence we may apply Corollary 3.23 to the formal power series
O'(t, A) = Z;";nlm tka®y_,, /2(A) and we obtain

o0
Jim (47)™ /2 (4rt) = 0 Q2N t’“/ exp(—[|A||?/4t)
so(V)

t—0 P—
- Stra1 ®p_n, 2(A) exp(—AA)]dA
n/2
:(4#)”1/2 T(exp{—i Z €; A €4 A éz A éj} A (O'inal)
i,j=1
A Z (04k—2n1‘1>k—n1/2)(0))
k:n1/2
1 n/2 no/2
:Strl(al) T(exp{fz Z €; A\ €j A\ éz A éj} N w1 A Z (0’41©1)(0)> .
i,5=1 i=0

In the last line we have used that o9,,a1 = (4%)’”1/2 Strq(aq)wr. Since wq
annulates monomials, which contain e; or é; with ¢ > ng, the assertion follows
from the definition of o9, Gl

Proposition 3.25 Let x € M7. Then the limit 1(v,z) = limy_q I(t,v, ¢, )
exists and one has

I(y,x) =Tr[y] Vz]
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no

1 PO
- Ty (exp{g Z (RTM (qei, qej)qer, qer)ei A ej A éx A el}) .
ijkl=1

Proof. We wish to show that the asymptotic expansion in Proposition 3.16
converges as t — 0. To that end, we first observe that 7 acts as the identity
on Vp, which in turn yields Ay € C(V;1, —V1). Now we apply Lemma 3.24 with
a; = Ay and ®;(A) as given by Proposition 3.16. Besides convergence, we get
for the limit

1 &
I(’)/7 CL’) = Strl(A'?) TO (exp{—z Z e; N\ €j A éz A éj} Z (OSZCI)Z) (0)) .
i,j=1 i=0
Proposition 3.16 also yields
(09:9:)(0) = Vo (0%,®:)(0) det Q1(0,7) /2.

Next, Proposition 3.13 gives us for the sum of the highest symbols

no/2 1 no
Z (Ugi@i)(O) :eXp{Z Z e; Nej Né; A ej}
=0 i,j=1
1 &
v ~
A exp{g Z (RfM (qei, qej)qek,qel)ei ANejNex N el} .
i,4,k,1=1

Altogether we obtain
I(v,2) =det Q1(0,7) /2 Str[A7] Tr[Vin]]

no

1 . .
- Ty (exp{g Z (Rva(qehqej)qek,qel)ei Nej N e /\el}) .
ik, l=1

Observe now that on the one hand Stray, [A7] = dety, (1 —4) > 0, since 1
is not an eigenvalue of 4|y,. On the other hand we have already seen that
dety, Q1(0,7) = dety, (1 —4)T(1 — 7)) = dety, (1 — 7). Hence theses terms
cancel and we get the result. @

We will use Lemma 3.14 in the proof of the following proposition, which cor-
responds to Proposition 3.25:

Proposition 3.26 Letx € M. Then the limit I° (v, x) = limy_o I°(t, v, ¢, )
exists and one has

L[ Y .
I7(y, @) = — To(g{ Z ((QTMW) 1gTquei, qej)xei A ej}
ij=1
1 "0 TM"/ ~ A~
/\exp{g Z (Rx (qei,qej)qek,qel)ei Nej N e /\el)}
i,k =1
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no

A %{ 1 ei Né; Tr[vL (Vge,w) (gey)] } ) .

4,J=

Proof. We proceed as in the proof of Proposition 3.25. Using Proposition 3.17
(instead of Proposition 3.16) we get

no no/2
19 (y,z) = Str1(A%) Ty (exp{—i Z eiNej Né; N éj} Z (Ugiéf)(O))
ij=1 i=0

and
(09:29)(0) = 72 F (63C)(0) A (0 _5®:)(0) det Q1(0,7) /2.

Next, Proposition 3.15 (instead of Proposition 3.13) gives us

n0/2 ~ 1 o
2 (7h2%7)(0) = eXp{Z Do eineg NéiA ej}
1=0 )
1 & . )
/\exp{g Z (REM (gei, qej)qer, qer)ei A ej A éx /\el}
,5,k,1=1
12 X
" {5 1,2 €N ((qufw) (ge5) + §w2(qei, qej)) } .

Use Lemma 3.14 and Trly] w?(qei, ge;)] = —dO(y, F, h7 ). (qei, qej) = 0. @

Proposition 3.27 Let M be oriented. Forn = dim M even and v orientation
preserving, orn odd and ~y orientation reversing, one has forx € M andt > 0:

Str [C’mkt('y,x)] = Str? [let(’y,x)] .

Proof. The proof of the corresponding non-equivariant result in [BZ1] applies
with the obvious modifications to the equivariant situation. E

We have assumed up to this point that M is oriented. Finally, for the eval-
uation of the asymptotic terms, we can remove this assumption since we can
embed a v-invariant neighbourhood of z € M” into a closed oriented Rieman-
nian manifold such that the flat bundle F with its hermitian metric extends
and so does the diffeomorphism -y, preserving the geometric data. The inte-
grand I(v,-), resp. I?(7,-), only depends on local geometric quantitites.

Proof of Theorem 2.3. We consider a tubular neighbourhood U > M?7.

LetUy be a cut-off function with support in U. Since the integral over M \ U
does not contribute asymptotically, we may write

Str{V~yexp(—tH)} = /M Str[Vk (7, z)] |dz|
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=0 /U Str[Vke(v,2)] Py () |dal

Ko /MV /ng0 Str[th('y,expgg0 U)]

Wy (exp,, v)ju (v, zo) |dv||dxol
where jy is the Jacobian of the exponential map, i.e. |dx| = jy(xg,v)|dv]||dzo|,

and |dxo| is the Riemannian density M”. We set ¢(zo,v) = ¥(exp,,, v)jv (v, zo)
and we get

/ Str[kt(%x)]|d$| ~ / I(t7’77¢7x0) |d$0|7
M t—0 M~

in particular

2lgir% Str{Vyexp(—tH)} = / I(~,z0) |dzo| .

In the same way we get

tlin(l) Str{Cvexp(—tH)} = / 19 (v, o) |dxo] -

Assertion (2) of Theorem 2.3 now follows directly by substituting the formula
for I(~y,z0) from Proposition 3.25 and the definition of e(T M"Y, VTM"):

lim Str{V~yexp(—tH)} = / Tr[y” V]e(TM7,vTM"y .

e M,Y

Essentially the same calculation as in the non-equivariant case, cf. [BZ1], yields
lim Str{Cvyexp(—tH)} = — / 0(y, F,h7) NE(TMY),

M

which proves Assertion (1). @
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