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Abstract

We develop the deformation theory of hyperbolic cone-3-manifolds
with cone-angles less than 2, i.e. contained in the interval (0,27).
In the present paper we focus on deformations keeping the topologi-
cal type of the cone-manifold fixed. We prove local rigidity for such
structures. This gives a positive answer to a question of A. Casson.

Contents

1 Introduction 1
2 Analysis on manifolds with conical singularities 4
3 A vanishing theorem for L?-cohomology 16
4 L?-cohomology and the variety of representations 28

1 Introduction

Let X be a closed, orientable hyperbolic cone-3-manifold. Recall that X is
a path metric space homeomorphic to a closed, orientable 3-manifold with
certain local models prescribed, cf. [BLP] or [CHK]. More precisely, for
x € X the metric ball B.(z) C X is required to be isometric to a truncated
hyperbolic cone over a space S;, which in turn is required to be a spherical
cone-surface homeomorphic to the 2-sphere, see below. The space S, is
called the link of z. Let M denote the open subset of X consisting of
those points z € X with the property that S, is actually isometric to S?,
the standard smooth round 2-sphere. This subset M carries a smooth but
typically incomplete hyperbolic metric ¢”™ and is called the smooth part of
X. The complement ¥ = X \ M is called the singular locus of X.



Now a spherical cone-surface S is again a path metric space, homeo-
morphic to a surface in this case, with certain local models prescribed: A
metric ball B.(z) C S is required to be isometric to a truncated spherical
cone over S}lz = R/a,Z for some number o, > 0. The number o, > 0 is
called the cone-angle at . The smooth part N consisting of points z € S
with o, = 27 carries a smooth, but typically incomplete spherical metric
g™ and the singular locus is just a finite collection of points {p1,...,pm},
also called cone-points in the following. This concludes the description of
the local structure of a hyperbolic cone-3-manifold.

From the description of the local structure of a hyperbolic cone-3-manifold
it is evident that the singular locus > C X is a geodesic graph. Let e1,...,en
denote the edges and vy, . . ., v the vertices contained in 3. Note that 3 may
be disconnnected and that some edges e; may be closed singular geodesics.
For each vertex v; let m; denote the number of egdes meeting at v;, or
equivalently, the number of cone-points contained in S;, the link of v;. To
each edge e; we attach a number «a; > 0, the cone-angle along e;, in the
following way: For each point x in the interior of e; the link S, is isomet-
ric to a spherical suspension S; = S?(a;, a;), i.e. a spherical cone-manifold
structure on S? with two cone-points and both cone-angles equal to o.

If the cone-angles are assumed to be less than or equal to 7, then the list
of possible links is short: S, may either be the smooth round 2-sphere S2, a
spherical suspension S?(a, «) as above or a cone-surface of type S?(a, 3,7),
i.e. the double of a spherical triangle with interior angles /2, 3/2 and /2.
All these cone-surfaces are rigid in the sense that their isometry type is
determined by the cone-angles. On the other hand, if the cone-angles are
allowed to lie in the interval (0,27), then there is a much larger choice of
possible links. Moreover, these links are in general more flexible, i.e. their
isometry type is not determined by the cone-angles alone. More precisely, as
a consequence of [Tro] and [LT], see also [MaW], one has that for m > 3 the
space of spherical cone-manifold structures on (S2, {p1,...,pm}) is locally
parametrized by 7o, x (0,2m)™, where 7, is the Teichmiiller space of
the m-times punctured sphere. One part of the original motivation for this
present work was to understand how this additional flexibility of the links
affects the deformation theory of hyperbolic cone-3-manifolds.

Now let C_1(X,3) denote the space of hyperbolic cone-manifold struc-
tures on (X, ), i.e. hyperbolic cone-manifold structures on X with singular
locus precisely given by ¥. The pair (X,Y) is called the topological type
of the cone-manifold structure in question. The space C_1(X,X) carries a
topology such that the map

a:C_1(X,%) - RY

mapping a hyperbolic cone-manifold structure to the vector of cone-angles
a = (aq,...,an) € RY is continuous.



In [HK], C.D. Hodgson and S.P. Kerckhoff showed that if the cone-angles
are less than 27 and the singular locus is assumed to contain no vertices,
i.e. X is a disjoint union of circles, then « is a local homeomorphism at the
given structure.

After the appearance of the results of Hodgson and Kerckhoff, A. Casson
asked in a conference talk, if « is a local homeomorphism in the case that
vertices are present and the cone-angles are less than 27. At the same time
he presented a counterexample in the case that some of the cone-angles are
larger than 2m. Moreover he asked, if « is at least always open.

In [Wei], the author showed that if the cone-angles are less than or
equal to m and ¥ is allowed to contain vertices, then again « is a local
homeomorphism at the given structure. Under the same condition on the
cone-angles the spherical case is also treated in [Wei], whereas the Euclidean
case is treated in [PW]. In both of these cases an additional non-degeneracy
condition has to be imposed; the Euclidean case involves deforming into
nearby hyperbolic and spherical structures. For details we refer the reader
to [Wei| and [PW].

The aim of this present work is to bridge the gap between the results
contained in [HK] and [Wei|, namely we prove the following:

Theorem 1.1 (Local Rigidity) Let X be a hyperbolic cone-3-manifold
with cone-angles less than 2w. Then the map

a=(a1,...,ay): C1(X,%) — RY
is a local homeomorphism at the given structure.

In fact, we show slightly more, namely that the deformation space Def (M)
of incomplete hyperbolic structures on M, the smooth part of X, is smooth
near the given strucuture and of complex dimension N + Z?zl(mj - 3).
We identify the deformations which correspond to cone-manifold structures
preserving (X,Y), i.e. C_1(X,X) C Def(M), together with a good local
parametrization of these deformations. This essentially yields Theorem 1.1,
which in particular gives a positive answer to the above mentioned question
of Casson.

What remains to be done is to find a good local parametrization for the
whole of Def(M) and a geometric description of those deformations which
are transverse to C_1(X,>). We will return to this issue in a joint work
with G. Montcouquiol, cf. [MoW].

Let us finally mention that R. Mazzeo and G. Montcouquiol have de-
veloped an alternative approach to these questions using the deformation
theory of the Einstein equation, cf. [MaM] and [Mo].

The author would like to thank Steve Kerckhoff and Rafe Mazzeo for
useful conversations during the preparation of this article.



2 Analysis on manifolds with conical singularities

2.1 L?-cohomology

Let (M™,g™) be a Riemannian manifold and (£, V¢ h¢) a flat vector
bundle over M, where we do not assume h¢ to be V&-parallel. In our main
instance of such a situation, M will be the smooth part of a hyperbolic
cone-3-manifold and £ the flat bundle of infinitesimal isometries equipped
with its canonical metric.

Let Q°*(M;E) denote the smooth differential forms on M with values
in € and let Q%,(M;€) = {w € Q*(M;€) : w € L? dw € L*}, where d¢
is the exterior differential associated with the flat connection V¢. Clearly
Q3,(M;€) is a complex with differential d® and its cohomology H?,(M;E)
is by definition the L?-cohomology of M with values in &.

If we view d® as an unbounded operator acting on compactly supported
smooth forms, we consider the closed extensions d¢,  and d¢ Let H?

max min’ max
denote the cohomology of the d,,,-complex and H? . the cohomology of

in

the dfnm—complex. If the L2-Stokes theorem holds for £-valued forms on M,
then dS,,, = d., . Let
E E E E
Adf,“w = 5mindmax + dmax(smin
and
E &£ & E
Ad‘g = 5mawdmin + dminémtw‘

Both Adfn,ax and Age are selfadjoint extensions of Age = 6¢de + df6¢,
the latter considered as acting on compactly supported smooth forms. We
denote by

H:naz max (w) = 57§Im (w) = O}

= {w € dom A:lfmm - df

the d¢

¢ ax-harmonic (or L2-harmonic) and by

Hopin = 1w € dom A%+ d5,;,(w) = 65, (w) = 0}

min

=6

min

and (d€ =6

*
min ) max*

the d, -harmonic forms. Note that (d5

*
max)
The d&,,,-complex computes the L?-cohomology:

Theorem 2.1 The inclusion of the subcomplex Q3,(M;€) C dom(d%,,,)®
induces an isomorphism in cohomology H3,(M;&) = Hp ...

Furthermore, one has the following L?-Hodge theorem:

Theorem 2.2 There is an orthogonal decomposition

Lo (M; AT M © ) = Hygp @ im(dS,,)* 1 @ im(85,,,)°

max



Corollary 2.3 If the range of d5,,, is closed, then there is an orthogonal
decomposition

C2(M; AT M @ &) = Hopr ® im(dS

max max).il EB im((sg ).

min
and there is a canonical isomorphism H?, .= H?

max max*

If in addition ¢ € T'(M;E* ® £*) is a fiberwise non-degenerate symmetric
bilinear form which is V¢-parallel, then the map a +— ((h¥)™! 0 b%) x a

induces an isomorphism HE = Hfg;f and the bilinear pairing

HF < H™F LR

max min

(lo, [8]) — /Mb5<aAﬂ>,

is non-degenerate, where A : A¥T* M @ E x A'T*M @ £ — AMHT* M @ E®E.
In our main instance, b will be the Killing form on &, = sly(C).

Theorem 2.4 If the L?-Stokes theorem holds for £-valued forms on M,
then Poincaré duality holds for L?-cohomology, i.e. the bilinear pairing

HPo (M3 €) x HF(M;6) — R
() 18) = [ ¥(anp)

is non-degenerate.

Most of these results are due to J. Cheeger and can be found in [Ch1],
see also the references in [Wei]. A more recent reference is [BL], which we
found especially useful.

2.1.1 The Hodge-Dirac operator

First we calculate the Hodge-Dirac operator near a vertex v: Let (N7, g7™V)
be the spherical link of v. Then the hyperbolic metric has the form

Ghyp = dr® + sinh(r)? g™

on Uy (v). We identify triples [¢o, ¢1, 2]’ with ¢; € T(U(v); mix A'T*N) with
either even or odd forms on U, (v) as follows:

561) = sinh(r)_l ((;50 —+ sinh(r)¢1 Adr + sinh(r)2¢2)

and
¢ = sinh(r) " (¢o A dr + sinh(r)¢1 + sinh(r)?pa A dr).

This induces isometric isomorphisms

L2((0,&), T2 (N; AT*N)) 2 T p2 (Us(v); A T* M)



and
L*((0,€),T2(N; A°T*N)) 2 T p2(Us(v); AT M).

Then with respect to these identifications

Po 1 -100 Po

D | g1| = |0 + sinh(r) Dy +cosh(r) | 0 0 0 o1
inh(r

P2 0 01 b2

The corresponding operator in the Euclidean situation will serve as a model
operator and is given by

1
PB:ar—F*B
T
with
-1 0 O
B=Dx+ 1|0 0 0
0 0 1

acting on triples [@o, 1, po]! as above. Similarly we get

%o -1 00 b0
Do g | = —8T+m Dy +cosh(r) [ 0 0 0 o)
b2 0 01 b9

and the model operator is given by
‘ 1
Py =—-0,+ ;B =—P_p

acting on triples [¢o, @1, ¢2]' as above. Note that B is a symmetric first
order differential operator on N of conic type. It was shown in [Wei] that
any self-adjoint extension of B has discrete spectrum.

For purposes of exposition we give a detailed treatment for the model
operators P and Pj in the following. The necessary modifications for the
actual operators D’ and D°% are straightforward and left to the reader.

From [Wei] we know that B is essentially selfadjoint if the cone-angles
are less than 27. We denote by B its closure, which is then a selfadjoint
operator with dom B C L?(N). Furthermore we know from [Wei] that under
the same assumption on the cone-angles one has

spec BN (—3,3) =0,

N[

and hence for a cut-off function ¢ € C§°[0, 1)

SO(PB)ma:c = (PB)mzn

Note that C§°(N) C dom B and C§°((0,1) x N) C dom Ppg,,;, are dense
with respect to the corresponding graph norms.



Recall from [Wei] that the solution to the homogeneous equation P, f = 0
is given by

flr)=r7"f(1),

whereas the solution to the inhomogeneous equation P, f = g is given by
'
£0) =17 (1) + [ a(p)dp)
1

As in [Wei] we set following [BS]

(Tyag)(r) = r~ /1 " Palp)dp

for b € R and ,
(Ty09)(r) = r~ /0 Pg(p)dp

for b > —%.

We are mainly interested in the case that b ¢ (—%, %), on which we will
focus from now on. We will use Tj 1 for b < —% and Tj, o for b > %

Let now f € L?(0,1) and g € »7L?(0,1) for v > 0, i.e. ¢ = g for
g € L?*(0,1): For b < —% we get as in Lemma 2.1 in [BS], resp. Lemma 4.6
in [Wei:

PTI2b 4+ 2y + 1172 ||Gl 200y ¢ b+ < —3

2

- 1._
(Tha9)(r)] <" [log r|21g]] 20,1 D bty=—1
(2b+27+1)72||gll12(0,1) Dbty > —3

For b > % we get

r

1
(Tho9) ()| < 7557042y + )73 ([ lg(p)dp)”.
0
The following is the analogue of Lemma 4.7 in [Weil:

Lemma 2.5 Let f € L?(0,1) and g € r"L?(0,1) for v > 0, i.e. g = r7g for
g € L2(0,1). Then forr € (0,1) and with g = P,f we have for b > %

r 1
£0) < e 2y + 07 [ g Pdp)’
0
< P20+ 2 +1)73 gl 20),

and for b < —%

1 U
|f(1)|—|—rb+2+71|2b+27+1\ 2|9/l 20,1y bty <—3

FE =™ 3 1F W]+ [ogr|2]gllz2y bty=—1
|fF(D)]+ (20 + 2y + 1) 2|9l L2 (0,1) Cobty> -3



Remark 2.6 For 7 = 0 we recover the estimates in Lemma 4.7 in [Wei.

As a consequence of these estimates we get the following:

Corollary 2.7 Assume that B is essentially selfadjoint and furthermore
that spec BN (—3,3) = 0. Let f € dom(Pg)mas. Then f(r) € L*(N) for all
€ (0,1) and

17 () 2y = { E

\ogr!é) : —3 €specB
) : —%%specB

w\»—t m\»—a

asr — 0.

Proof. Let ¢ € C§°[0,1) be a cut-off function satisfying ¢ = 1 in a
neighbourhood of 0. Then with f € dom(Pp)maes we also have f=¢fe
dom(PB)maz- According to [Wei] we even have fe dom(Pg)min, but we will
only make use of f(1) = 0 in the following. We set § = Pgf € L*((0,1)x N).
Let (¢b)bespec 5 be an orthonormal system of eigenfunctions of B on N.
Writing f b fb ® vy and g = Y, Gp ® Yy with fb,gb € L%(0,1) we get
beb = gy for all b € spec B. The estimates of Lemma 2.5 with v = 0
(i.e. Lemma 4.7 in [Wei]) now reduce to

1 1.
) 7’? (20 + 11) 211l 2 (0,1) b> %
[fo(r)l < r2[log7[2|gsll L2(0.1) b=—3
1 1.
72120+ 1172[gb | L2(0,1) b< —3
By summing over b € spec B we get
17 ()72 Z | fo(r)
- 7| logr\HgHL2 ODxN) —% € spec?
o T”g”]ﬁ ((0,1)xN) : *% ¢ spec B’
hence that f(r) € L?(N) and the desired estimate. @

The transversal regularity as well as the decay rate can be improved, if
VS dom(PB)max(Pg)maz:

Lemma 2. 8 Assume that B is essentially selfadjoint and furthermore that
spec BN (—3,3) = 0. Let f € dom(PB)maw(PE)maz. Then f(r) € dom B
for all r € (0,1) and

1F () ldom 5 = O()
3

asr — 0, Where_5 > 0 may be any number satisfying both 6 < 35 and
§ < min{b € spec B:b > i}.



Proof. Let ¢ € C§°[0,1) be a cut-off function as in the proof of Corollary
2.7. If f € dom(PB)max(P}g)max, then we set as above f =fand g = P}gf.
Again, f € dom(P%)maz and f(1) = 0. Since § = —(0rp)f + @Pgf, we
ﬁnd that also § € dom(Pp)maes and g(1) = 0. Finally we set h = Pgg €

((0 1) x N). Integrating the above estimates, now applied to the equation

Ppg = h, we get that § € 77L?((0,1) x N) for any 0 < v < 1. More precisely,

‘2b+1’ 1||hb||L201 : b#_
||hb||L201) b=

N[ N[

||7“_7§b||%2(0,1) <C- {

We will choose ~ disjoint from the set —5 + spec B but arbitrarily close to 1
in the following. Then the estimates in Lemma 2.5 applied to the equation

PLf = —(P_p)f = § yield:

1F ) o 5 —Zu + )| fo ()2

1+b2
26 2
Z \zb+27+1y’ ROUZICRY

1+ b?
< 25( h )
Cr Z |26 4 2y + 1||2b + 1|H bHL201)+H 1\|L201)

1
2

SC’T’%HhHL%(o,UxN)

for any 0 > 0 satisfying d < % and § < min{b € spec B : b > %} This proves
that f(r) € dom B and the corresponding estimate. @

The spectrum of B has been determined in [Wei], namely

_ 1 1
spec B ={-1,1} U {iii”TM : A € spec AN, pr, A > 0}

where Ay g, is the Friedrichs extension of Ay = AgN on functions. Fur-
thermore —1 corresponds to ker Ay, 7, on functions and 1 corresponds to
ker A4, rr on 2-forms. Note that the set

1 1
{:|:§ + \/; : A € spec AN pr, A > 0}

does not intersect the interval [—1, 1] if the first positive eigenvalue of Ay py
is strictly greater than 2.

Corollary 2.9 Assume that B is essentially selfadjoint and furthermore
that spec B N (— 2, 2) () and that the first positive eigenvalue of Ay g, is
strictly greater than 2. Let f € dom(Pg)maz(Pg)maz-



1. If f corresponds to an odd form, then
1f (") llaom B = O(7).
2. If f corresponds to a 1-form, then there exists v > 0 such that

1 () laom 5 = O 7).

Proof. The first assertion follows directly from Lemma 2.8. If f corresponds
to a 1-form, then in the decomposition f =), f, ® 1} the term correspond-
ing to b = 1 does not occur (since f does not involve a 2-form part on the
cross-section). @

A conic differential operator P on N of order m > 0 acts as a bounded
operator between weighted “cone” Sobolev spaces

P HFmAE(N) — HEY(N) k€ No, v € R

These spaces are nothing but weighted b-Sobolev spaces in the sense of
Melrose’s b-calculus, but defined with respect to the measure coming from
the cone metric g7 on N; more precisely

HEON) = {f € LA(N) : Vi -...-Vjf € L*(N) for all j < k
and b-vectorfields V;}

and
HEY(N) = p HPO(N)

for v € R, k € Nyg. Here p € C°°(N) denotes a positive function, which
close to a cone point equals the distance to that cone point. In particular,
we have HO?(N) = L?(N) and H*7(N) = p7L*(N) for v € R.

Lemma 2.10 Asssume that B is essentially selfadjoint and that 0 ¢ spec B.

Then dom B is continuously contained in H''(N).

Proof. Tt follows from [Le] or from [GM] that dom B C H?(N) for any
0 <~ < 1. We claim that for such a choice of 7 the map

B:HY(N) — "~ L3(N)

is invertible. Indeed, since 0 ¢ spec B the L?-kernel of B is trivial, hence so
is the kernel of B on HY7(N) C L*(N). On the other hand, by duality the
cokernel of B on H(N) is identified with the kernel of B on HY1=7(N),
which is trivial for the same reason. Now since B is elliptic, there exists a
(generalized) inverse

G=DB"":r"'LAN) - HY(N),

10



inducing continuous maps
G : HEM(N) — HFHLREL ()

for all p € R, k € N. This follows from the existence of a parametrix,
cf. [MeM] or [Sch], see also [Ma] or [Me]. Now let f € dom B C HY7(N).
Then we get f = GBf € HYY(N), since Bf € L?*(N), and

1 £l vy < CUBfllz2vy < Cllfllaom B>

which proves the claim. El

Remark 2.11 It follows from [GM] that actually dom B = HY1(N).

We summarize what we have achieved so far:

Proposition 2.12 Let f € dom(Pg)max(Ph)maz correspond to a 1-form.
Under the assumptions of Corollary 2.9 there exists v > 0 such that

£ ()22 () = O'7)

asr — 0.

A direct consequence is the following:

Corollary 2.13 Let f € dom(PB)max(PfB)mm correspond to a 1-form and
let P be any first order conic differential operator on N. Then under the
assumptions of Corollary 2.9 there exists v > 0 such that

IPf(r)l 2y = O

asr — 0.

In the following we mean by a local solution close to a vertex a solution
on an open set of the form (0,e) x N for N the link of a vertex v € X.

Corollary 2.14 Let & be a real-valued 1-form, which is a local solution of
Ag€ + 4€ = ¢ close to a vertex v with € in L?, D¢ in L? and ¢ in L?. If the
first positive eigenvalue of Ay p, is strictly greater than 2, then there exists
~v > 0 such that

1€ z2(ny = O(r7)
and
1(Ve,) () 2wy = O(r7 )
fori=2,3.

11



Proof. If ¢ satisfies Agé + 4¢€ = 0 with ¢ in L?, D¢ in L? and ¢ in L?,
then this is equivalent to D¢ + 4¢ = ¢ with & in L2, D¢ in L? and ¢ in L2
It follows that D¢ in L2, i.e. £ € dom D2,

Let ¢ € C§°[0,1) be a cut-off function satisfying ¢ = 1 in a neighbour-
hood of 0. Then by the explicit form of D and D°% close to an edge, we
get

D((r)€) = (9,9)(r)€ + o(r) DE

and hence that also ()¢ € dom D2,,,. Furthermore clearly p(r)¢é = ¢ in
a neighbourhood of the vertex. Now the result follows from Corollary 2.13,
resp. the corresponding statement for D¢ in place of Pp. @

Next we calculate the Hodge-Dirac operator along an edge e: Let (r, 6, z)
be cylindrical coordinates along e. Then the hyperbolic metric has the form

Ghyp = dr’® + sinh(r)?df? + cosh(r)?dz?
near e. We write

& = sinh(r)*% cosh(r)*% (¢1 + @2 sinh(r)dd A dr + @3 cosh(r)dz A dr
+ ¢4 sinh(r) cosh(r)dé A dz)

and

godd — sinh(r)_% cosh(r)_% (¢1dr + @a sinh(r)df + 3 cosh(r)dz
+ 4 sinh(r) cosh(r)dr A df A dz)

for even resp. odd forms. Let P = D®. Then

1
P=0,— = coth r)+tanh

0 0
Oy 0
s1nh 0 cosh( ) ;c% .
0 I cosh(r(;z)s—}&l-(s:r)lh(r)
0 -0, 0
0 smh 0 9,
cosh 0, 0 0 0
0 -0, 0 0

acting on quadruples [©1, 2, @3, 4]t Hence

—1 -8 0 0 0 0 -0. 0

B 119 -3 0 0 o 0 0 0.
Fo=o+00 o Lol Tlo. 0o 0 o
0 0 05 3 0 -0, 0 0



0 0 9 0 0 0 5 -0
0 0 0 -0 0 0 -9 -3
=M% e 0 0 o Tl o8 0 o0
0 o 0 0 d -3 0 0
with
0 0 -1 0
100 0 1 2
J = 1 0 o ol J=—id
0 -1 0 0
Similarly for Pt = D°%;
= —0, + (coth(r) + tanh(r
__cosh(r)?+sinh(r)?
cosh r) — 0 0
—cosh(r) 0 0
smh 0 0 —0p
0 d O
0 0 -0, 0
0 0 0 0.
cosh 0, 0 —sinh(r) 0
0 -0, 0 0
acting on quadruples [p1, 2, @3, p4]'. Hence
[—2 -8 0 0 0 0 -0. 0
119 -+ 0 0 o 0 0 2
t__ - 0 2 z
Bo==0t10 o Lol Tlo. 0 0 o
0 0 05 3 0 -90. 0 0
[0 0 9 O 0 0 5 -0
B 0 0 0 -0 0 0 -9 —3
=M% 15, 0 0 olTr 1 9% 0 0
[0 & 0 0 d -2 0 0

with J as above.
As before we give a detailed treatment for the model operators Py and P}
and leave the necessary modifications for the actual operators to the reader.
Let ¢ € C§°[0,1) be a cut-off function satisfying ¢ = 1 in a neighbour-
hood of 0. We consider the operator

0 0 9 0 0 0 3 -0

_ 0 0 0 =0 p(r) 1=9)\ |0 0 -0 —3
A=%) 5 0 0 o0 +<7‘ M- 8% 0 0
0 9 0 d -3 0 0

13



with domain C§°((0,1) x SL,R*) < L?((0,1) x S}, R%). Note that Ay is
symmetric and

-3 =9 0 0

_ p(r) 1-9)\ |0 -5 0 0
JAi—j:&,—i—( r + 1—7r 0 0 % —0p

0 0 0 3

Close to » = 0 and r = 1 this operator is of Fuchs type. We calculate its
indicial roots at r = 0, i.e. we consider

PB:&"—F}B
r
with .
p=|% 3 0 0 : C(S),RY) — L*(SL,RY)
0 0 5 —0|° * vl
0 0 0 3

An easy calculation shows that

_ 1 2 1 2
speCB:{—f:I:—Tm:neZ}U{fi—ﬂn:neZ}
2 « 2 a

and we clearly get the same set of indicial roots at » = 1. Hence we get by
the analysis in [Weil:

Lemma 2.15 If the cone-angles are less than 2w, then AL is essentially
selfadjoint. The unique selfadjoint extension AL has discrete spectrum.

We may hence decompose

L?((0,1) x S} x (20, 21), R ) = € L*((20,21),R?)

aEspecAi
with r € (0,1), § € S. and 2 € (29, 21). Note that dom A, = dom A_.

Lemma 2.16 Let f € dom(9, + A4 )hax for some ¢ € N. Then
1. f(z) € L*((0,1) x SL, RY) for all z € (29, 21),
2. f(z) € dom Ay for all z € (29, 21) if ¢ > 2,
3. 0.f(z) € dom AL for all z € (20, 21) if ¢ > 4.

Proof. Let f € dom(9, + A+ )maz- By multiplying f with a cut-off func-
tion ¢ € C§°(20, z1) we may assume w.l.o.g. that f € dom(9,+ A+ )mn inside
L2((0,1) x SL x (20,21),R*). Recall that C$°((0,1) x SL x (20,21), R%) is
graph-dense in dom(9, + A+ )min. Let now f € C°((0,1) x SL x (20, 21), R%)
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and g = (0 + Ax)f. Let (Ya)aespec 4. De an orthonormal system of eigen-
functions of Ay on (0,1) x SL. Writing f =", fa®¥s and g =Y, o @4
we get 0., fa+af, = g, for all a € spec A. Solving this ODE with f,(z9) = 0,
resp. fa(z1) = 0 we get

(2.1) fa(z) = e_az/ €Y gq(w)dw,
resp.
(2.2) fa(2) = —e“'z/ 1 €Y gq(w)dw.

We use (2.1) for a € spec A+ with a > 0 and (2.2) for a € spec A+ with
a < 0. We thus obtain using the Schwarz inequality

_1
Ca) Hgallo oy 5 a>0
(23) |f(l(z)| S (Zl - 20)5 ”gaHLQ(Zle) Y a = 0 Y
_1
|2(I| 2 HgaHL2(z0,zl) , a<0

ie. |fu(2)? < C(1+ a2)*%||ga\|%2(20 .,)- Summing over a € spec Ay we get
£ 72 0.1xsn) = D al)P < CllglZao.1)xstx z0.))
a
and by integrating over z € (2o, 21)

1
||fa||%2(20,21) <C(1+a%)2 ||9a‘|%2(zo,zl)-

Iterating these estimates we get f(z) € domfi(j[/2 for all z € (z0,21) if
f € dom(9, + A4 )az, hence assertions 1. and 2.
Finally, if f € dom(9, + A+)* .., then 0,f(z) + ALf(z) € dom A4 and

f(2) € dom A% for all z € (20, 21). Therefore Ay f(2) € dom A+ and hence
0.f(z) € dom Ay for all z € (29, 21). This finishes the proof. ©

Lemma 2.17 Let f € domAs+. Then ||f(r)| 251 = O(r%|logr|%) as
r— 0.
Proof. This follows from Corollary 2.7. Note that —% € spec B in this

case. ]

In the following we mean by a local solution along an edge a solution
on an open set of the form (0, ) x S. x (29, 21) corresponding to cylindrical
coordinates (1,0, z) along an edge e € .
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Corollary 2.18 Let £ be a real-valued 1-form. If & is a local solution of
Agé + 4€ = 0 along an edge with ¢ in L? and D¢ in L?, then

1
1M 22(51 x (20,21)) = O(|log r[2)

and )
[(Ves&) (M)l 2(52 x (20,21)) = O(| log [2).

Proof. If ¢ satisfies Agé + 4¢ = 0 with € in L? and D¢ in L?, then this
is equivalent to D%¢ + 4¢ = 0 with ¢ in L? and D¢ in L2, It follows that
D?¢ in L?, and further by applying powers of D to this equation, that D¢
in L? for any q € Ny, i.e. £ € dom Dj,4, for any ¢ € Ng.

Let ¢ € C§°[0,1) be a cut-off function satisfying ¢ = 1 in a neighbour-
hood of 0. Then by the explicit form of D¢ and D°% close to an edge, we
get

D(p(r)§) = (0rp)(r)€ + ¢(r)DE
and hence that also ¢(r)¢ € dom Dj,.,. for any ¢ € Ng. Furthermore clearly
p(r)§ = € in a neighbourhood of the edge. Now the result follows from
Lemma 2.16 and Lemma 2.17, resp. the corresponding statements for P in
place of F. El

The estimates given in Corollary 2.14 and in Corollary 2.18 will turn
out to be sufficient to control the boundary term when integrating by parts
later in the main argument.

3 A vanishing theorem for L?-cohomology

We begin by reviewing various facts from [HK] and [Wei|, where in case of
conflict we prefer to use the notation of [Weil.

Let now (M, g™ ) be the smooth part of a hyperbolic cone-3-manifold
and let &€ = s0(T'M) @& T'M denote the bundle of infinitesimal isometries. It
carries a canonical flat connection given by

V&%(B,Y) = (VxB - R(X,Y),VxY — BX),

where V denotes the Levi-Civita connection on £ and R the Riemannian
curvature tensor on M. Note that since M has constant sectional curvature
—1, one has R(X,Y) = X'®Y —Y!® X, where as usual X? and Y are the
1-forms dual to X and Y with respect to the metric ¢g”™. Let h¢ denote
the metric on & induced by ¢”™. Note however that VEAE #£ 0, whereas
of course Vh® = 0. Furthermore, the splitting & = so(TM) & TM is h-
orthogonal and parallel with respect to V.

For x € M the fibre £ may be identified with sl3(C) and hence has the
structure of a Lie algebra. The Lie bracket is given by

(A, X),(B,Y)] = ([A,B] - R(X,Y),AY — BX),
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in particular one has
V&%(B,Y) =Vx(B,Y) + ad(X)(B,Y).
Note further that ad(X) switches the subbundles so(T'M) and T'M: One

has ad(X)(B,0) = (0,—BX) and ad(X)(0,Y) = (-R(X,Y),0).
The cross product induces an isomorphism

X:TM — s0(TM), X — (Y — X xY),

such that we may write &€ = & @ &£” with £ = £” =2 TM. In fact, since
sl3(C) is a complex Lie algebra and the adjoint representation is C-linear,
& carries a parallel complex structure. Furthermore, £ is a real form of the
complex vector bundle £ and £” = i&’. This corresponds to the fact that
su(2) is a real form of sly(C).

Let 6¢ denote the formal adjoint of d¢. Then with respect to a local
orthonormal frame eq, e9, e3 one has

3

3
d° =D _e(@)Ve, = 2 () (Ve + ad(en)
i=1

i=1
and

3
6¢ = — Z t(€;)(Ve, —ad(e;)).
i=1

Let further

3
D= e()Ve, and T = e(eade)
i i=1

=1
whose formal adjoints are given by

3

3
Dl = — Z t(ei)Ve, and T'= Z t(e;)ad(e;).
i=1

i=1

Let Aye = d®6¢ +5%d® and let Ap = DD'+ DD the associated Laplacians.
Let further H = TT' + T'T. Then one has the following Weitzenbock
formula, which is of central importance for our arguments:

Proposition 3.1 Ay, =Ap+ H.

The Weitzenbock formula is due to [MM]. The following consequence of the
Weitzenbock formula was first observed in [HK]:

Corollary 3.2 A preserves the decomposition £ = &' ® E" in all degrees,

ie for w = (W, W") € Q*(M;E) with W' € Q*(M;&') and " € Q*(M;E")
one has Agew = (Agew’, Agew”).
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Proof. Since the decomposition £ = £ @ £” is h-orthogonal and parallel
with respect to V, this is clear for Ap. Since ad(e;) switches the subbun-
dles & and £”, the endomorphisms TT" and T*T again preserve the above
decomposition. @

It is easy to see that TT" +TT commutes with the isomorphism induced by
the cross product x : Q*(M;TM) — Q*(M;so(TM)), hence it is enough to
compute its action on Q°(M;TM). On 0-forms this was achieved in [HK]:

Lemma 3.3 TT! + T'T = T'T = 2 on T(M;TM).

The following is immediate:

Corollary 3.4 Ay (A, X) = (VIVA, VIVX) +2(A, X).
Note that if & denotes the 1-form dual to X, then VIVE + 26 = A€ + 4€,

since by the usual Bochner formula for real-valued 1-forms one has Agz& =
ViVE 4 Ricé = VIVE — 2¢€ and for a hyperbolic metric on a 3-manifold
Ric = —2.

A 1-form n € QY(M;TM) may be decomposed into its pure trace, its
traceless symmetric and its skew-symmetric part. Clearly Ap and V!V
preserve this decomposition:

Lemma 3.5 Forn € QY(M;TM) one has

0o 1 pure trace
(DD' + D'D)p —V'Vn={ —3n : n traceless symmetric .
/I n skew-symmetric

Proof. If ey, ea, e3 is a local orthonormal frame satisfying Ve;(x) = 0 at
a point © € M and e',e?, e3 the dual coframe, then we compute at x

3
DD'+ D'D = — Z (e(e")e(es) + tlei)e(e;)) Ve, Ve,
i,j=1
3
== Ve Ve, = > (e(e)ileg) + le)e(e;)) R, e))
i=1 1<J

Here we have used that (e?)u(e;)+t(e;)e(e?) = d;;. Note that we generically
use the symbol R for the curvature tensor on any tensor bundle and that

RT*M®TM(61', ej) = RT*M(eZ‘, 6]‘) R1+1® RTM<6i, €j).
By the usual proof of the Bochner formula on real-valued 1-forms one has

= (ele")ule;) + ulei)e(e;)) Rles, e5) ® 1 = Rie ®1 = —2,

i<j
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since Ric = —2 for a hyperbolic metric on a 3-manifold. Further, using
R(ei,ej) = ¢’ @ e; — e @ e; for a hyperbolic metric, we obtain

— 3" (e(eMuley) + len)ele))1 @ Rere;) (e @ er)

1<J
l
; ; —e' ® eg : k#£1
=D (e’ — djpe’) @ (duej — djiei) = { T T
; iz ®e 1 k=l=]
Evaluating this on the various bits yields the result. El

It turns out that also 7T +T'T preserves the decomposition of Q! (M; T M)
into pure trace, traceless symmetric and skew-symmetric part:

Lemma 3.6 For n € QY(M;TM) one has

an 1 pure trace
(TT' +T'T)n = n : 10 traceless symmetric .
3n 1 skew-symmetric

Proof. One easily computes, cf. also [HK], that
3

3
TT' +T'T = Z ad(e;)? + Z e(e)u(e;)ad([e;, e;])

i=1 ij=1
with respect to a local orthonormal frame e1, s, e3 and dual coframe e!, €2, e3.

Now for a vector field X

ad(ei)QX = R(e;, X)e; = (e5,e:) X — (X, e))e;,

hence 5
Z el =2X and Zad eZ = 2.
i=1 i=1

Further [e;, ej] = — (¢! ® e; — ¢ ® ¢;) and hence

ad([e;, e;]) X = (X, ej)e; — (X, ei)e;.

If n= Z?,j:l nfei ® ej, then

3 3 3 3
Z e(e")u(ej)ad([e;, e;])n = (Z n) (Z e ®e) — Z nie' ® e;
ij=1 i=1 i=1 ij=1
= try-id —n'.
Evaluating this on the various bits yields the result. ©

The positivity of TT! + T'T on Q' (M; ), which is originally due to [MM],
follows immediately:
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Corollary 3.7 TT! +T'T > 1 on QY(M;€).

As a first step towards the proof of the vanishing theorem we show that
both the real and the imaginary part of the L?-harmonic representative of
a class in Hj,(M;E) are traceless symmetric, cf. also [HK]:

Proposition 3.8 Let w € Q'(M;€) be L*-harmonic. If w = (w',w") with
W' € QYM;E) and W € QY (M;E"), then W' and W are traceless symmetric.

Proof. Note first that d* = D+T and 6¢ = D' +T" with T and T* bundle
endomorphisms which are bounded on M together with all their derivatives.
Hence it is enough to show that a form n € Q!(M; T M) which together with
Dn, D'y, DD'n and D'Dn is in L? and which satisfies Agen = 0 is in fact
traceless symmetric.

For /) € QY(M;TM) skew-symmetric let ¢ be the real-valued 1-form
corresponding to 7. Then Age7n = 0 implies that £ satisfies the equation

Agf +4£ =0,

cf. Lemma 3.5, Lemma 3.6 and the remark following Corollary 3.4. We claim
that d¢, 5¢,dd¢ and dd¢ are in L?: Since Dfy € Q*(M;TM) is in L?, we find
that also xD7i) € QY(M;TM) is in L2. Now a direct calculation shows that
0¢ = —%tr(*Dﬁ) and that d¢ is essentially given by the skew-symmetric
part of «D7. Hence both of them are in L?. Again by direct calculation we
obtain that dd¢ is essentially given by the real-valued 1-form corresponding
to the skew-symmetric part of DD'j, hence dd¢ and dé¢ are in L2. (Note
that Agé = —4¢ is in L2.)

Now this implies that £ € dom dynaz0maz+0mazdmae and by the L?-Stokes
Theorem dy420maz + Omazrdmaz 1S @ non-negative operator. Note that the
L?-Stokes theorem for R-valued forms holds on M since H},(Nj;R) = 0 for
all links NV, cf. [Wei]. We conclude that & = 0, hence that 7 = 0, and in
general that the skew-symmetric part of n vanishes.

We now analyze the trace part of 1 assuming already that 7 is symmetric.
We find, again using Agen = 0 together with Lemma 3.5 and Lemma 3.6,
that the trace of n satisfies the equation

Agtrn+4trn=0.

We claim that dtrn is in L?: Using the symmetry of n we find by direct
calculation that dtrn is essentially given by the sum of two terms: The first
one is the result of applying interior multiplication ¢ : Q?(M;TM) — QY(M)
to Dn and the second one is simply the 1-form dual to Dn.

Hence trn € dom 8,,42dmas and by the L2-Stokes Theorem 8,,40dmaz iS
a non-negative operator. We conclude that trn = 0, hence that 7 is traceless
symmetric. E]
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For a vertex v; let m; denote the number of edges meeting at v;. Let
further U (v;) = B:(v;) \ . Let N; denote the smooth part of the link of
Vj.

Lemma 3.9 Let v; € X be a vertex and N; the smooth part of its link.
Then

~ 0 : k=0,2
Hk(Nj;g):{(C3(mj2) . E=1

and
~ 0 : k=0,2
H?P(Nj;g) = { C2(m;=3) . k=1

Proof. We drop the index j for convenience. Let N C N be a compact
core with smooth boundary dN. We use the formula

X(N; &) = rank(€) - x(N)

(which follows from a Mayer-Vietoris argument applied to a finite good cover
of N which trivializes £) and the elementary fact that x(N) = 2 —m. Since
m > 3 we have H’(N;E) = 0 and, since N is homotopy equivalent to a
bouquet of circles, H?(N;E) = 0. Hence it follows that dim¢c H'(N;&) =
3(m — 2). To compute the L?-cohomology groups, we use the formula

X12(N; €) ZXLQ €) + x(N; ) = x(ON;€)

from p. 607 in [Ch2], where U.(p;) = Be:(pi) \ {pi} for each cone-point p;.
(This formula follows from the Mayer-Vietoris sequence for L2-cohomology,
cf. Lemma 4.3 in [Ch1], since N C N is collared, and the Poincaré lemma
for collars, cf. Lemma 3.1 in [Chl].) Clearly HY,(N;E) = 0 (since al-
ready H°(N;E) = 0) and hence, by Poincaré duahty for L?-cohomology,
H?;(N;€) = 0. Note that the L?-Stokes theorem holds for £-valued forms
on N, since the links (which are just circles) do not have middle-dimensional
E-valued L2-cohomology. Furthermore, by Poincaré duality for the compact
manifold ON, we have x(ON;E) = 0. Since x2(U:(p;)) = 1, we finally
obtain dim¢ H},(N;E) = 2(m — 3). el

Lemma 3.10 Let v; € X be a vertex and N; the smooth part of its link.
Let furthermore Nj C N; be a compact core with smooth boundary ONj.
Then there exists a short exact sequence

0— Hj,(N;;E) — HY(Nj; ) — HY(ON;;E) — 0.

Prqof. We look at a part of the long exact cohomology sequence of the
pair (N,0N):

.. — HYN,0N;&) % HY(N; &) & HY(ON; &) —
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The map ¢ factors through Hb (N;E), hence dimgimg < 2(m — 3). On
the other hand, dim¢c H'(ON; &) = dim¢c HY(ON;E) = m, hence by exact-
ness dimg im g > 2(m — 3). Since img C im(H},(Nj;E) — H'(Nj;€)), this
proves the claim. @

The preceding lemma is saying that £-valued L?-cohomology may be
identified with the space of ordinary cohomology classes in degree 1, which
vanish on the boundary of a compact core.

We may now compute the E-valued L?-cohomology of singular balls cen-
tered at vertices of the singular locus:

Corollary 3.11 Let v; € ¥ be a vertex and U, (v;) = B:(vj) \ . Then

O : kj = 0,2,3
Hfz(Ue(Uj>;€) = { (CQ(mj*?’) : k=1 '

Proof. By the Poincaré lemma for cones, cf. Lemma 3.4 in [Chl], one
has

HE,(Nj;E) @ k=0,1

k . ~ ) ;
HLQ(US(Uj)’g):{ R

Now the result follows using Lemma 3.9. =

Note that due to the presence of middle-dimensional L2-cohomology of
the links Nj, the L?-Stokes theorem for £-valued forms on M does not hold.
This means that H3,,,. # H,;,, and in particular that Poincaré duality does

not hold for £-valued L?-cohomology on M.

Lemma 3.12 Let e; C ¥ be an edge and x in the interior of e;, let further
N, be the smooth part of its link. Then

C : k=0,2
k . ~ )
HLQ(Nx’g):{ 0 : k=1
Proof. We argue in the same way as in the proof of Lemma 3.9. The
only difference is that now m = 2 and HY,(N,,&) = H;,(N;,£) = C. @

Finally we compute the £-valued L?-cohomology of singular tubes con-
necting singular balls centered at the endpoints of an edge:

Corollary 3.13 Let e be an edge with endpoints v and w. For 0 < § < ¢
let Us(e) = UgeeUs(x) \ 3. Then

C : k=0

HEQ(Ua(e)\(Us(v)UUs(w))%g)%{ 0 : k=123 "
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Proof. The result follows from Lemma 3.12, the Poincaré lemma for
cones and the Mayer-Vietoris sequence for L2-cohomology, cf. Lemma, 4.3 in
[Chl]. Details are left to the reader. @

£

max

Lemma 3.14 H},(M;€) is finite dimensional and hence the range of d
is closed on M.

Proof. This follows from a Mayer-Vietoris argument as in [Chl] using
Corollary 3.11 and Corollary 3.13. El

Let vj be a vertex. Then the holonomy restricted to IV; preserves a point
pj € H?, i.e. hol ‘Wl(Nj) is conjugate to a representation into SU(2). Note that
the adjoint representation of SLg(C) restricted to SU(2) acts diagonally on
sl2(C) = su(2)@isu(2). Therefore we obtain a splitting &|y; = 5}695]2 as flat
vector bundles, the first summand corresponding to infinitesimal rotations
at p; and the second one corresponding to infinitesimal translations at p;.
Furthermore, Ad o hol \m( N;) breserves the metric hgj on

&y, = s0(T,,H*) & T, H?,

hence there exists a parallel metric h§ on | N, such that Sjl and EJZ are
orthogonal. We extend the bundles Sjl and EJZ as well as the metric h§ to
U.(v;) via parallel transport along radial segments.

The metrics h‘g and h¢ on U, (vj) may be compared in the following way,
cf. [Wei]: Let A be the unique field of symmetric endomorphisms of £ on
Uc(vj) such that

h(o,7) = h§ (Ao, 1)

for 0,7 € T(U-(v;);E). Let §§ denote the formal adjoint of d° with respect
to the metric h§ (where as usual 6¢ denotes the formal adjoint of d¢ with
respect to h¢). Then according to Lemma 4.2 in [Wei] one has

(3.1) 6¢ =05 — A7L(VEA),

where +(V€ A) denotes interior multiplication with the End(&)-valued 1-form
V¢ A. Furthermore, according to Lemma 5.7 in [Wei] one has

(3.2) ATY(VEA) = —24d,

which is a bounded End(&)-valued 1-form. This implies that h§ and h® are
quasi-isometric on U.(v;), cf. Remark 4.1 in [Wei]. Hence, when computing
H};(U:(v;);€), we may replace hf by h§. Note however that harmonic
forms for these metrics differ since 6§ # 6¢ in view of (3.1) and (3.2).

Let us drop the index j now for convenience. We describe certain stan-
dard representatives of H},(N;&) and H},(U-(v);€) in the following: Let
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c e H[1/2 (N; &Y for i = 1,2. Using Corollary 2.3 we may represent ¢! by an
L?-harmonic form, i.e. a form w' € Q},(N;E") satisfying

dfviwi =0 and 5]5\;wi =0.

Note that the range of d¢" is closed on N by Lemma 3.14. We denote the pull
back of this form to U.(v) = (0,e) x N by the projection ny : U.(v) — N
again by w’, i.e. w' is constant in r after identifying the fibers of £ using
parallel transport along radial segments. Computing d¢ and §§ on U.(v) we
get . ,

d®'w' =0 and 50'glwi =0,

hence, using (3.1) and (3.2), that
(3.3) 6wt = 2u(ad)w’.
We have now set up enough notation to state the main result:

Theorem 3.15 Let M be the smooth part of a closed hyperbolic cone-
3-manifold C' with cone-angles «; € (0,27). Let £ be the flat bundle of
infinitesimal isometries. Let ¢ € Hig (M;&) be a class with the property
that for all vertices v; the following holds:

C|Hi2(Nj;£]1) =0 or C‘H£2(Nj;£}) =0.
Then ¢ = 0.

Note that for a trivalent vertex v; one has H}E(Nj; €) = 0 by Lemma 3.9,
such that the condition on how c restricts to N; is empty. In particular, if
> is a trivalent graph, then we get H}JQ (M;E&) =0 by Theorem 3.15, so we
are in situation which is very similar to the one studied in [HK] and [Wei].
On the other hand, in the presence of vertices of valency at least 4, we will
see that indeed H},(M;E) # 0, cf. Corollary 4.16.

The strategy of the proof of Theorem 3.15 — which in fact is quite similar
to the one in [HK] — is as follows: For a class ¢ € H},(M;E) as above let
w € QILQ (M; &) denote its L?-harmonic representative given by Corollary
2.3 and Lemma 3.14, i.e. w € dom d&,,, Ndom 6¢,;,, and d°w = 6w = 0. In
order to apply the Bochner method, we wish to justify the integration by
parts

0:/ |d5w|2—|—|6gw|2:/ |Dw|?* + |D'w|? + (Hw,w).
M M

For this it is sufficient to show that the boundary term
B(r)=— / (id ®hE) (3 Tw A w 4 Thw A *w)
A(M\U- (%))
tends to 0 for a sequence r — 0.

24



We do this in 2 steps: First we show that the edges do not give rise to
an ”ideal” boundary term, i.e. we remove arbitrarily small balls centered at
the vertices and show that integration by parts can be performed on the
resulting manifold with boundary (retaining the boundary term of the new
boundary components). This is the content of Proposition 3.17.

Secondly we show that also the vertices do not give rise to an ”ideal”
boundary term, i.e. that integration by parts can be performed on the whole
of M. This is the content of Proposition 3.19 and this is where we use the
condition on how the class c restricts to the links Nj;.

Lemma 3.16 Let w = (w',w") € QY (M; &) be L*-harmonic. Then
B(r) = 2/ (id ®@g™™M) (W' A W").
I(M\U (%))

Proof. From Lemma 2.5 in [HK] it follows that for w = (W', ") €
QY(M; €) with both w’ and w” traceless symmetric one has T%w = 0 and
*Tw = (W”, —w’). Then use Proposition 3.8. @

Proposition 3.17 For all £ > 0 one has
O:/ |Dw|? + |D'w|* 4+ (Hw,w)
M\UE_ U (v))

49 / (id@g™) (W' A "),
D(M\U

kU (v))

i.e. the edges do not give rise to an ”ideal” boundary term.

Proof. This is the essence of the argument in [HK]. Let e be an edge
with endpoints v and w. Let V., (e) = Uy(e) \ (Ue(v) U Us(w)), the closure
taken in M. Note that V. ,(e) is a non-compact manifold with boundary.
We show that for a sequence » — 0 the boundary term

B(r) =2 / (id@g™)(w Aw")
Ve r(e)

tends to zero. We express the boundary term in terms of the orthonormal

frame ey = 0/0r,es = sinh(r)=10/00,e3 = cosh(r)=19/0z. We further

write w = Z?:1 e' ® w;, where el,e?, €3 is the coframe dual to ey, es,es3,

i.e. el = dr,e? = sinh(r)df, e3 = cosh(r)dz. Then we obtain

B(r) =2 / (& (e2), " (e3)) — (&' (e3), " (€2)).
Ve r(e)

Since by Lemma 3.13, H,(Us(e) \ (U-(v) U Us(w));E) = 0 for 0 < 6§ < ¢,

there exists an L2-section s such that w = d®s on Us(e) \ (U:(v) U Us(w)).
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Since w is coclosed, we find that Ayes = 6¢d€s = 0. If we write s = (s',5")
according to the decomposition & = & @ £”, then Corollary 3.2 implies that
Ages' =0and Ags” =0. If ¢ and £” denote the 1-forms corresponding to
s" and s”, then the remark following Corollary 3.4 implies that Agz&'+4& =0
and Ag&"” +4€” = 0. Let £ denote either £ or £’ in the following. Clearly
€ itself is in L2. We claim that also d¢ and 6¢ are in L?: Since w = dfs is
in L? and d° = D + T with T a bounded 0-th order operator, we conclude
that V¢ is in L? and hence also d€ = € o V€ and 66 = —1 0 VE.
We may estimate using the Schwarz inequality

1 1/2 1/2
—|B(r)| < / W' (e2)]? . / W (e3)|?
PO (f,  Wel) (W)

+(/ - wiea?)” - ( / - w(e) .

Now w in L? implies that
/ wlez)? = o(r~log ™)
6V€7T(e)

for a sequence r — 0, see Lemma 1.2 in [Ch1]. Since ¢ and D¢ are in L2,
Corollary 2.18 applies. Taking further into account that the volume form
on AV, ,(e) is given by €? A e® = sinh(r) cosh(r)df A dz, we get

/ w(es)|? = O(r| logr).
Ve r(e)

For the boundary term we obtain

again for a sequence r — (. This finishes the proof. E

We need the following estimate of [MaW] for the first eigenvalue of a
spherical cone-surface, which in particular applies to the link of a vertex:

Lemma 3.18 Let S be a spherical cone-surface with singular locus the
collection of points {pi,...,pm} and cone-angles o; € (0,27), i =1,...,m.
Let N = S\ {p1,...,pm} be the smooth part of S and let A\; be the first
(positive) eigenvalue of Omindmaer on functions on N. Then Ay > 2 with
equality Ay = 2 if and only if S is a spherical suspension.

Note that by the L?-Stokes Theorem for N one has 6mindmar = Omaz@mins
which is the Friedrichs extension of Ay on functions.
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Proposition 3.19 One has
0= / |Dw|? + |D'w|* 4 (Hw,w),
M

i.e. also the vertices do not give rise to an ”ideal” boundary term.

Proof. Let v be a vertex. We show that for a sequence r — 0 the
boundary term

B(r) =2 / (id@g™ ) AW
PONU, ()

tends to zero. Let e, ez, e3 be a local orthonormal frame with e; = 9/9r and
let e!, €2, €3 be the dual coframe. Note that es, e are tangent to (M \U,.(v)).

If we write w = Z?:l e’ ® w;, then we obtain

B(r) =2 / (& (e2), " (e3)) — (&' (e3), " (€2)).
O(M\Ur(v))

We now use the assumption on how the class ¢ restricts to N to write

2 . —
w=dfs+ Wl ' C|Hi2(N;81) I
w . C|H£2(N;82) = 0

on Uy(v) with an L?-section s and a closed form w' € Qp,(U-(v);E") as
described before the statement of Theorem 3.15. Since w is coclosed, we
find that Ages = 6¢d®s = —6¢w’ for either i = 1,2, and hence, using (3.3),
that

Ages = —2u(ad)w’.

We write s = (s',8”) according to the decomposition £ = & & £” and let
& and £’ be the 1-forms corresponding to s’ and s”. Then Ay¢ +4& =
and Ag&" +4¢" = ¢" with &, ¢, €",¢" in L?. Furthermore, as above we have
D¢, DE" in L2,

Let us now assume that w = ds + w'. The other case is treated in the
same way. Then we have that

lirr(l) |(w—dfs) —w' =0 and liH(l) l(w—ds)"| = 0.

Furthermore (d¢s) = Ds' + Ts" and (d®s)” = Ds" + T's'. Therefore

lim B(r) = 2 lim (Ds' +Ts" +wh)(e), (D" 4 Ts')(e3))
=0 =0 Ja(M\U, (v)
— 21lim (Ds' + Ts" +wh)(e3), (Ds” 4+ Ts')(e2)).
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We estimate the first summand, the second one is treated similarly: We
have that |w!(eg)| = O(r~!). Assume that we have a pointwise estimate
s =0(r") and V,,s = O(r?~1) for i = 2,3. Since T is a bounded 0-th order
operator, we then have |T's| = O(r?). Taking into account the volume form
e? A e® = sinh(r)2dvoly on (M \ U,.(v)), we get

/ ((Ds' +Ts")(e2), (Ds" + Ts) (e3)) = O(r™)
(MU, (v)

and
/ (w'(e2), (Ds" + T's")(e3)) = O(17).
O(M\Ur(v))

We conclude that lim,_oB(r) = 0 if v > 0. Now using Corollary 2.14
together with Lemma 3.18 instead of the assumed pointwise estimates we
clearly get the same result. El

Proof of Theorem 3.15. By Proposition 3.19 we may integrate by parts.
The positivity of the Weitzenbock remainder on £-valued 1-forms, cf. Corol-
lary 3.7, yields w = 0. El

4 L*-cohomology and the variety of representa-
tions

Let ¥ =e;U...Uep, i.e. N is the number of edges contained in ¥. Let k£ be
the number of vertices contained in 3 and for each vertex v; let m; denote
the number of edges meeting in v; (i.e. the valency of the vertex v;). Then

one has i
2N = my.
j=1

Let S; denote the link of the j-th vertex and N; its smooth part. In the
following we assume for simplicity that ¥ is connected and contains vertices,
i.e. X is not just a circle.

Let (7,0, z) be cylindrical coordinates along an edge e and let [ be the
length of e. We define E-valued forms wie,, and wyys on Uz (€) = UzeeUs(2)\ X
as follows, cf. [Wei]: Let ¢ : [0,{] — [0,{] be a smooth function with

¢li0,73) = 0 and @[55 = I.

Then we set

Wien = dp ® 090
and

Wiws = dp @ 09)59-

We list some properties of wye, and wy,s known from [Weil:
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1. Wiepn and wyys are closed and in L2.
2. Wpys = twien, With respect to the parallel complex structure on £.

3. Wien and wyys infinitesimally do not change the trace of the meridian
around the edge e.

If defined along the i-th edge, we denote these forms by wi = and wf,,.

Lemma 4.1 Let U.(X) = UgexB:(x) \ £ and let N denote the number of
edges and k the number of vertices contained in .. Then

N k
Hy»(U-(%);€) = P Clwie,) @ €D Hia (Us(v)); €)
=1

j=1
and in particular dimg H},(U-(X);€) = N + Z;?:l 2(m; — 3).

Proof. This follows using the Mayer-Vietoris sequence for L2-cohomology,
cf. Lemma 4.3 in [Chl], together with Corollary 3.11 and Corollary 3.13. @

Lemma 4.2 The map H},(U.(X);E) — H'(OM; &) is injective.
Proof. This again follows using the Mayer-Vietoris sequence, now for

ordinary cohomology, together with Lemma 3.10 and Lemma 4.1. El

By the preceding lemma we may identify Hj,(U:(X); £) with a subspace
of HY(OM;&). This subspace is in fact precisely the space of cohomology
classes in H*(OM; ), which vanish on the meridians ju; for alli = 1,..., N,
cf. also Lemma 4.11.

Proposition 4.3 The map H},(M;E) — H'(OM;E) is injective.

Proof. By Theorem 3.15 a nontrivial class 0 # ¢ € Hiz(M ; £) restricts
to a nontrivial class in at least one of the groups H b (Nj; £), hence to a non-
trivial class already in Hj,(U:(2); €). Now the result follows from Lemma
4.2. ©

Corollary 4.4 The map Hj},(M;E) — H*(M;E) is injective.

We may hence identify £-valued L?-cohomology on M with a subspace
of ordinary cohomology in degree 1.

Lemma 4.5 dimc H'(OM;E) = 6(N — k).
Proof. We have
3-x(0M) = dim¢c H°(OM; £) — dime HY(OM; €)
and in our case HY(OM;€) =0 and x(OM) = 2(k — N). @
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Remark 4.6 1. In the case that m; = 3 for all j, one has 2N = 3k and
hence 6(N — k) = 2N.

2. In the general case one has 6(N — k) = 2N + Z?Zl 2(m; — 3).

3. If 7y, denotes the Teichmiiller space of the m-times punctured sphere,
then one has dimc¢ 7o, = m — 3.

Proposition 4.7 The natural map i : H'(M; &) — HY(OM;&) is injective
and dime H'(M; €) = % dime HY(OM; ) = 3(N — k).

Proof. We look at a part of the long exact cohomology sequence of the pair
(M,0M):
.. — HY(M,0M;€) % HY(M; €) & HY(OM;E) — . ..

Let now ¢ € HY(M; ) with i(c) = 0. By exactness at H'(M; &) there exists

be H'(M,0M;E) with q(b) = c. Since ¢ factors through Hj,(M;E), using

Proposition 4.3 we conclude ¢ = 0. This proves injectivity of i.
Furthermore, Poincaré duality yields the short exact sequence

0 —imq— HY(M;E) — HY(OM;E) — H' (M,E)* — imgq* — 0,

see [HK] or [Wei] for details. The result follows taking into account that
q = 0 since ¢ is injective. ©

Remark 4.8 1. In the case that m; = 3 for all j, one has 3(N —k) = N.

2. In the general case one has 3(N — k) = N + Z;?:l(mj —3).

Let now v € ¥ be a vertex and N the smooth part of its link S. Let
further pi,...,pm € S be the cone points. Hence N = S\ {p1,...,pm} is
homeomorphic to the m-times punctured sphere S?\ {p1,...,pn} and

TN =V Ym |71 Ym),

the free group of rank m — 1. Here the ~; are the obvious loops around the
punctures p;. It follows that

R(ﬂ'lN, SLQ(C)) = {(Al, .. ,Am) € SLQ(C)m AL Ay = 1}

Clearly the map f : SLa(C)™ — SL2(C), (A1,...,4m) — A1 -...- Ay is a
submersion, such that R(mN,SL2(C)) = f~1(1) C SLy(C)™ is a smooth
submanifold of complex dimension 3(m — 1). Furthermore, as done in [Wei]
for the case m = 3, one shows that the map

by R(m1N,SLa(C)) = €™, p = (b, (0)s- - 1, (0)
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with ¢, (p) := tr p(v;) is a submersion at the holonomy representation, which

we will also denote by pg in the following. Equivalently this means that the

differentials dt.,, ..., dt,, are C-linearly independent in 7 R(m1 N, SL2(C)).
We consider the map

by R(MAML,SLa(C)) = €V, p > (tuy (), (),
where the p; are the meridian loops around the edges e;.

Lemma 4.9 The representation pg is a smooth point in R(m0M,SLa(C)),
furthermore the differentials {dt,,...,dt,,} are C-linearly independent in
T, R(m0M,SLy(C)). The local C-dimension of R(mdM,SLy(C)) at the

representation py equals 2N + Z§:1 2(m; —3)+3.
Proof. Using the above facts about R(m N, SL2(C)) the glueing proce-

dure goes through as described in [Wei] for the case m; = 3 for_ 7=1,...,k
A careful dimension count yields the formula for dim¢ R(m10M,SLy(C)) at
po- Details are left to the reader. ©

Since the holonomy representation of a hyperbolic cone-manifold struc-
ture is irreducible (see [HK] or [Wei] in the presence of vertices) and the
action of SLa(C) on the irreducible part of R(m M, SLy(C)) is proper (see
for example Lemma 6.24 in [Wei]), we obtain as in Corollary 6.25 in [Wei]
the following statement:

Lemma 4.10 The equivalence class g of the representation pg is a smooth
point in X (m0M,SLy(C)). The local C-dimension of X (m10M,SLy(C)) at
Xo equals 2N + Z;?:l 2(mj — 3). The tangent space Ty, X (m10M,SLy(C))
may be identified with H(OM; ).

Since the traces are constant on the orbits of the action of SLa(C) on
R(m0M,SLy(C)), the differentials {dt,,,...,dt,, } remain C-linearly inde-
pendent in T% X (m10M,SLy(C)) = H'(OM;E)*. Hence the level set

V={ty =tu(x0), - tuy =tuy(x0)}

is locally at xo a smooth submanifold in X (710M, SLa(C)) of C-dimension
N + Zle 2(m; — 3) and with tangent space

T,V = {dty, = ... =dt,, =0}.
Lemma 4.11 T\,V = H},(U(%); E).

Proof. By Lemma 3.10 and Lemma 4.1 and the fact that dt,,, ([w],,]) = 0
we get that H},(U-(X);€) C Ty,V. Now a dimension argument yields the
result. @
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As in [Wei], using a construction of M. Kapovich, cf. Lemma 8.46 in
[Kap], and the irreducibility of pg, we get:

Lemma 4.12 The equivalence class xo of the representation pg is a smooth
point in X (mM,SLy(C)). Its tangent space Ty, X (m1M,SLa(C)) may be
identified with H'(M;E).

Together with Proposition 4.7 this yields the following statement:

Corollary 4.13 The local C-dimension of X (w1 M,SLy(C)) at xo equals
N+ b (mj—3).

Using the holonomy theorem of Ehresmann-Thurston we obtain:

Corollary 4.14 The deformation space Def(M) of hyperbolic structures
k
on M is locally homeomorphic to CN+Xj=1(mi=3)

Recall at this point that Def(M) is the space of all deformations into
incomplete hyperbolic structures, which are not necessarily cone-manifold
structures. The space of cone-manifold structures C_;(X,¥) C Def(M) of
fixed topological type (X, ) is a proper subspace.

Proposition 4.15 The differentials {dt,,,...,dt,,} are C-linearly inde-
pendent already in T} X (m1 M, SLy(C)) = H(M; E)*.

Proof. By what has been said above, it is enough to show that the
subspaces H},(U:(X);€), HY(M;E) € H'(OM; &) meet transversally in the
sense that

H},(U.(X);€) + HY(M;E) = H' (OM;€).

Recall that
dime H}»(U(2);€) = N+ ) _2(m; — 3)

and

k
dime H'(M;€) = N+ (m; —3),
j=1

whereas dimc HY(OM; &) = 2N + Z§:1 2(m; — 3). It follows that

k
(4.1) dime Hp»(Ue(S);E) N H' (M;€) > (m; — 3).

j=1

On the other hand, by Theorem 3.15 the space H},(U-(X);E) N HY(M;E)
is contained in @?:1 H};(U:(vj);€) and intersects EB;?ZI Hig(Ua(vj);Ejl)
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trivially. It follows that

k
(4.2) dime H},(Uo(2); €) N H' (M;€) <) (m; — 3).

J=1
Now we compute dime (H}, (Us(2); £)+H (M; €)) = 2N+Z§:1 2(m;—3) =
dimc H'(OM; E) which proves the assertion. @
Corollary 4.16 dimc H},(M;€&) = Z;?:l(mj —3).

Proof. Clearly H},(U.(2); E)NHY(M; €) = im(H},(M; E) — HY(M;E))
and by Corollary 4.4 this map is injective. Hence we get

Hi,(U(%);E) N HY(M;E) = H} (M;E).
From (4.1) and (4.2) we obtain the result. @

Consider the map
ty=(tuys s tuy) s X(71M,SLy(C)) — CV

and its differential (dt,)y, : H(M;&) — CN. Proposition 4.15 says that
t, is a submersion at xp, i.e. thﬁat Ly tuy is part of a local coordinate
system. Note that dim¢ X (7w M,SLe(C)) — N = Z?Zl(mj — 3), which is
the number of missing coordinates. It remains to construct these missing
coordinates. We will return to this question in [MoW].

Corollary 4.17 ker(dt,)y, = Hj.(M;E).

Proof. This follows from Lemma 4.11. El

Let Xo(m10M,SLy(C)) denote the space of equivalence classes of repre-
sentations p : 1 OM — SLy(C) such that for all vertices v; the restriction
] n; fixes a point p; € H3, i.e. p| N; Is conjugate to a representation into
SU(2).

Lemma 4.18 xq is a smooth point in Xo(m0M,SL3(C)) and furthermore
dimp Xo(mdM, SLy(C)) = 3N + 35_, 2(m; — 3) at xo.

Proof. This is done using the same constructions as in Lemma 4.9 and
in Lemma 4.10. Details are left to the reader. E

The preceding lemma relates nicely to the deformation space of a cone-
tube: The 3N real parameters correspond to 3 real parameters for each edge,
namely the cone-angle, the length and the twist of the edge. Furthermore,
the 2(m; — 3) = dimg 757mj real parameters for each vertex correspond to
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the conformal part of the deformation space of the link, cf. [Tro] and [LT],
see also [MaW].
Continuing our main argument, we observe that

k
dimg Xo(m0M, SLy(C)) + dimg X (w1 M, SLy(C)) = 5N + > 4(m; — 3)
j=1
= dimg X (m M, SLy(C)) + N

such that Xo(m0M,SLy(C)) and X (71 M, SL2(C)) meet transversally at xo
and the intersection

Xo(m1 M, SLy(C)) := Xo(m0M, SLy(C)) N X (71 M, SLa(C)).
is locally a smooth submanifold with dimg Xo(m M, SL2(C)) > N at xo.
Theorem 4.19 dimg Xo(m1M,SLs(C)) = N at xo and the map
ty = (tuss-- - tuy) : Xo(mM,SLy(C)) — RN

is a local diffeomorphism at xg.

Proof. We claim that (dt,)y, is injective. Indeed, let ¢ € H'(M;E) be a
class with dt,(c) = 0. Then we get using Corollary 4.17 that ¢ € H},(M;€)
considered as a subspace in H!(M;€). Now since c is also tangent to
Xo(m10M,SLy(C)) we obtain that C|Hi2(Nj ) = 0 for all vertices v;. Hence

Theorem 3.15 applies to yield ¢ = 0. B

Finally, injectivity of (dt,)y, yields dimg Xo(m1M,SLy(C)) < N, hence
dimg Xo(m1M,SL2(C)) = N and further that ¢, is a local diffeomorphism
at xo- E]

As a consequence we obtain our main result:

Theorem 4.20 (Local Rigidity) Let X be a hyperbolic cone-3-manifold
with cone-angles less than 2w. Then the map

o = (061,...,0(]\[) : C_l(X,E) —>Rf

is a local homeomorphism at the given structure.

Proof. We just have to apply Theorem 4.19 and the Ehresmann-Thurston
holonomy theorem together with the usual relation between the trace of the
meridians and the cone-angles. @
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