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Abstract
On the space of positive 3—forms on a seven—manifold, we study a natural functional whose
critical points induce metrics with holonomy contained in Go. We prove short—time existence
and uniqueness for its negative gradient flow. Furthermore, we show that the flow exists
for all times and converges modulo diffeomorphisms to some critical point for any initial
condition sufficiently C°°—close to a critical point.
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1 Introduction

A central problem in Riemannian geometry is the construction of metrics with prescribed
properties of the Ricci tensor. In this context the metrics we refer to as special are partic-
ularly interesting. These metrics are induced by a differential form 2 of special algebraic
type subject to the non—linear harmonic equation

dQ:O, d*QQZO, (1)

where xq is the Hodge operator associated with the induced metric go. A prototypical
example are so—called Go—metrics. A theorem of Fernandez and Gray [II] asserts (1)) to
hold if and only if the holonomy of gq is contained in Go. This, in turn, implies go to
be Ricci flat [3]. Other metrics of this type are Spin(7)—metrics (which are also Ricci flat)
or quaternionic Kéhler metrics (which are Einstein), but more exotic examples such as
PSU(3)-metrics [14] (satisfying a less standard condition on the Ricci tensor) also fit into
this setting.

In the Go—case we consider positive 3—forms {2 over an oriented 7-manifold which are special
in as far they give rise to a complementary 4—form O(f2) so that the volume form volg :=
QA O(Q)/7 induces the chosen orientation. In fact, once the metric has been constructed
from € one has O(2) = Q. If M is compact, is equivalent to the non—linear Laplace
equation AqQ = 0, where Ag is the Hodge Laplacian associated with go. In this sense,
Q is “self-harmonic”, but we shall stick to the usual Go—jargon and refer to positive forms
satisfying as torsion—free. For closed 2, Hitchin [14] interpreted the second condition as
the Euler-Lagrange equation for the functional on positive 3-forms Q — [, volg restricted
to the cohomology class [2]. Existence of critical points, however, is a delicate issue. Since
Joyce’s seminal work [I6] we know non-trivial compact holonomy Go-manifolds to exist,
but a Yau—Aubin type theorem which guarantees a priori existence is yet missing.



A natural idea for proving existence of Go—metrics is to look for a geometric evolution
equation on the space of positive 3—forms, which could evolve forms towards a torsion—free
Q, cf. [I7] for a rather general perspective. A first candidate for a flow equation has been
proposed by Bryant in [5], namely the “Laplacian flow”
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Restricted to closed positive 3-forms, we can think of this flow as the (L?-)gradient flow of
Hitchin’s functional. However, as we are going to show, the resulting flow equation is not
even weakly parabolic so that standard parabolic theory does not apply directly (though
Bryant and Xu, resp. Xu and Ye have managed to establish short—time existence for the
Laplacian flow for closed initial conditions, cf. [0, [25]). This is reminiscent of the Einstein—
Hilbert functional whose negative gradient is difficult to deal with on the same grounds,
a fact which subsequently led to the definition of Ricci flow. We therefore consider the
negative gradient flow of the “Dirichlet energy” functional

1
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whose critical points, as we will show, are precisely given by torsion—free forms. In principle,
the definition of D makes sense for any special metric. The reason to focus on Gy is twofold.
The set of positive 3—forms € is an open subset of Q23(M), and Ga acts transitively on the
sphere (as do all reduced holonomy groups of manifolds which are not locally symmetric).
Both these features greatly simplify technicalities.

Our first result is short-time existence and uniqueness.

Theorem. Let M be a closed, oriented 7—manifold. Given a positive 3—form Qg on M,
there exists € > 0 and a smooth family of positive 3—forms €(¢) for t € [0, €] such that

%Q = —grad D(2), Q(0) = Q.

Furthermore, for any two solutions Q(t) and €' (¢) we have Q(t) = /(t) whenever defined.

Hence we can speak of the Dirichet energy flow for some initial condition €2y defined on
a maximal time-interval [0, T)42), 0 < Tinar < 00. We emphasise that for the Dirichlet
energy flow the initial condition does not have to be assumed to be closed. The proof is
based on DeTurck’s trick as introduced in_[8], namely to consider a geometric perturbation
Q of the negative gradient of D. Then @ is strongly elliptic and the standard theory of
quasilinear parabolic equations applies. Of course, one cannot expect longtime existence
and convergence in general as the existence of Go—metrics is topologically obstructed. For
instance, if M is compact then 2 cannot be exact, hence the third Betti number b3 must be
greater or equal to 1. However, a meaningful negative gradient flow is certainly expected to
exist for all times and to converge near a critical point. Indeed we will prove the subsequent
stability result (cf. Theorem and Corollary for the precise statement).

Theorem. Let M be a closed, oriented 7-manifold and let Q be a torsion-free Go—form on
M. For initial conditions sufficiently C*°—close to €2 the Dirichlet energy flow exists for all
times and converges modulo diffeomorphisms to a torsion—free Go—form.



The theorem resembles Sesum’s corresponding stability result for Ricci flat metrics under
Ricci flow |2I]. Nevertheless, two major differences occur: For stability of the Ricci flow
one needs to assume that (a) the Ricci flat metric g (which corresponds to the torsion—
free © in our setting) is a smooth point of the moduli space of Ricci flat metrics (b) the
linearisation at g of the quasilinear elliptic operator involved (corresponding to our @) is
non—positive. Both conditions are difficult to check in practice unless one makes further
assumptions such as special holonomy. In our situation, however, these assumptions are
automatically satisfied. In particular, we can show that near ), the set Q~1(0) provides a
slice for the action of diffeomorphisms isotopic to the identity on the space of torsion—free
Go—metrics. Consequently, the moduli space of torsion—free Go—forms is smooth. This has
been proven previously by Joyce (see [16]), but our approach is rather different and based on
the specific geometry of the zero sets of grad D and Q. Secondly, we note that on a technical
level, the linearisation Ly of Qq at Q does not admit a Weitzenbdck formula as does the
Lichnerowicz Laplacian which appears in the Ricci flow case. However, we can prove the
Garding type inequality

(~LaQ, Q)12 = ClIQUF1.2 — 1272,

where Q € Q3(M) and C is some positive constant. With this coercivity condition we can
invoke a result of Lax—Milgram type in order to establish longtime existence following ideas
developed in [15]. Finally, convergence follows from a careful analysis of the remainder term
Rq = QV — Lg. The flow is thus, in principle, capable of finding torsion—free Go—forms on a
7—manifold if they exist.

2 Gag—structures

Here and in the sequel, we let M be a connected, closed, oriented manifold of dimension 7.
We first recall some basic features of Go—geometry to fix notations. Good references are [4]
and Chapter 10 in [16].

The group GL(7) acts on A’R™ and has an open orbit @ diffeomorphic to GL(7)/Ga. In
fact, O is an open cone, for c¢-Id € GL(7), ¢ # 0 acts on any 3—form by multiplication with
c3. Since Gg is a subgroup of SO(7), any € O induces an orientation and a Euclidean
metric go on R7. We denote by A3 those Q € O which induce the standard orientation on
R7 and refer to its elements as positive forms. They are acted on transitively by GL(7),
the orientation preserving linear isomorphisms of R”.

Let 3 (M) denote the open set of sections of A3 M, the fibre bundle associated with A:j_.
Then a section 2 € Q3 (M) (which exists if and only if the second Stiefel-Whitney class
of M vanishes) induces a reduction of the frame bundle to a principal Go—bundle. We also
refer to the pair (M, Q) as a Go—structure. Such a structure singles out a principal SO(7)—
bundle whose associated metric, Hodge star operator and Levi-Civita connection we denote
by ga, *q and V@ respectively. Locally, there exist so—called Go—frames, i.e. local frames
(e1,...,e7) of TM for which © has “normal form”. In our convention, we can write © with
respect to a Go—frame as

Q0= 6127 4 6347 + e567 + 6135 . 6146 _ 6236 _ 6245

with €% shorthand for e’ A e? A eF. Note that a Go—frame is orthonormal for the induced
Go—metric gq.



The holonomy of g is contained in G (implying that gq is Ricci-flat [3]) if and only if
the underlying Go—form €2 is parallel, i.e. V9202 = 0. In this case we shall say that the
Go—structure is torsion—free while we call (M, Q) a holonomy Ga-manifold if the holonomy
of gq is actually equal to Go. (This convention is by no means universal in the literature.)
A torsion—free Ga-structure has holonomy Gy if the fundamental group (M) is finite (M
being compact). By a theorem of Fernandez and Gray [11]], torsion—freeness is equivalent
to dQ = 0 and 6of2 = 0, where dg = (—1)P xqd xq is the induced codifferential on p—forms.
We shall therefore refer to any such €2 as a torsion—free Go—form. The latter equation can
be viewed as the Euler-Lagrange equation of a non-linear variational problem set up by
Hitchin [I4]. Consider the smooth GL(7),-equivariant map

¢: AL = AT, Qs volg = xol = 1Q A xQ,
whose first derivative at Q evaluated on Q € A3 is
Dad() = % QA 2)
Integrating ¢ gives the functional

H:Q(M) =R, Q= /M H(Q). (3)

In analogy with Hodge theory we can restrict H to a fixed cohomology class and ask for
critical points. From it follows that a closed €2 is a critical point in its cohomology class
if and only if 02 = 0 [I4]. In particular,  is torsion—free and thus harmonic with respect
to its induced Laplacian Aq = ddq + dod. In passing we note that modulo a constant,
H(2) can be viewed as the norm square of the Euler vector field 2 — 2 on the “prehilbert”
manifold Q3 (M) with induced L?* metric

(©0,0)1 1= [ ga(h ) vola = [ Ao
M M

for elements €, Q in the tangent space ToQ3 (M) =2 Q3(M). We will drop the reference to
2 whenever this can be safely done and simply write (-,-)z2 and g. The associated norms
are then denoted by || - || and | - | respectively.

3 Representation theory

Next we recall some elements of Go—representation theory. Most of the material is standard
(mainly taken from [5], [7] and [18]) or follows from straightforward computations.

The group Gg acts irreducibly in its vector representation A' =2 R” (in presence of a metric,
we tacitly identify vectors with their duals). This action extends to the exterior algebra in
the standard fashion, though AP, the Go—representation over p—forms, is no longer irreducible
for 2 < p < 5. More precisely, we have orthogonal decompositions

A =AaA, N=AMoA oA},

where the subscript indicates the dimension of the module. We denote the corresponding
components by [a],. For p = 2,3 they satisfy

A2={a €A xq (e AQ)=2a}, A}, ={aecA?|*q(aA)=—al,

4
A‘;’:{*Q(X/\Q)\XEAl}, A§’7:{a€A3\(*QQ)/\a:O,Q/\a:O}. 4)
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The Lie algebra of gs sitting inside s0(7) ¢ A? corresponds to A2, while A$ simply consists
of multiples of Q. Note that by equivariance, o induces isomorphisms A} = Ag_p from
which an analogous decomposition of A* and A® follows. This and the characterisations
are obtained from a routine application of Schur’s lemma. For illustration, we derive for
n € A? the identity

()L = 3[n]7. (5)

Here, L denotes the extension of the metric contraction to L: AFV* @ AlV* — AI-FV* eg.
el 12345 — 345 otc. Now 1 — 1L is a Go—equivariant map taking values in the irreducible
module A' = A} so that by Schur A2, C ker.Q, whence n.Q = [n]7.Q. Therefore, the
identity needs only to be checked for one nontrivial element in A% (again by Schur).
Fixing a Go—frame as in the previous section, we find e1. = ea7 + €35 — €46 € A%, hence

(e1.2)LQ = 3eq. In the same vein, we can prove

(ko (@AQ))AQ = —dxqa,
(*Q (Oz /\*QQ)) Axfl = 3*qa, (6)
(*Q (Oé/\*QQ)) AQ = 2a A *xqfl.

If the manifold M is endowed with a Go—structure €2, all these decompositions and iden-
tities acquire global meaning. In particular we can speak of Qf-forms, where Qb(M) =
C>(ADT*M) are smooth sections of the bundles with fibre A}. As in the case for Kéhler
manifolds, this decomposition gives rise to Go—analogues of the Cauchy—Riemann operator,
provided the Gao—structure is torsion—free. The subsequent formulae were derived by Bryant
and Harvey and can be found in [5]. We briefly describe their results. First, we fix reference
modules for the irreducible Go—representations occuring in the exterior algebra A*, namely
0 = QVUM), Q7 = QLY (M), Q14 = Q3,(M) and Qg7 = Q3-(M). Any form a € QP(M) can
be written in terms of Go—equivariant maps applied to elements of these reference modules.
For instance Q = [Q]1 & [Q]7 @ [Q]ar € Q3(M) can be written as Q = fQ @B xq(a A Q) @ v
for f € Q1, a € Q7 and v € Qo7. There exist first order differential operators dg 1y, —
such that the identities of Table [I] hold.

df = drf

a(fQ) - dbf A

d(fxqQ) = dif AxQ

do = $xq (dla AxQ)  +d]o

d*o (a A*f) = —%d{a -Q — 2 %q (dfa A Q) +d5-a
d*q (aANQ) = %dza - %0} +%d$a AQ + % d;7oz
dlaNQ) = 2dla A xoQ —xq di,a

d(a A *QQ) = *Q) d;a

d(xqa) = —dja-volg

ag = 1 xq (A8 A Q) +diip
d(xqf3) = *Q d%45

dry = %d?v AQ + % d3Ty
d(*g’y) = —%d%7'y A *QQ — *Q dﬂ’y

Table 1: Exterior derivative formulae



That such a table must exist follows from the torsion—freeness which is equivalent to finding
coordinates z1,...,x7 with 0;,Q(x) = 0 around any x € M. Put differently, the Go-
structure (M, Q) locally osculates to first order to the flat structure on R7. Therefore, the
exterior derivative of expressions such as xo(aA€2) only depends on the 1-jet of the reference
forms involved, e.g. a. The operators d} are obtained by compounding d with suitable Go—
equivariant maps. As an example, da = *q(& A xq2) @ B for & € Q7 and B € Qq4, where
& = q(da A o) /3 and B = [da]is. Working out the identities of Table [1]is then a matter
of computation using the algebraic formulee @, and . Our precise definition of the
operators di can be found in Appendix

Remark: The operators dj and d} are formally adjoint to each other, i.e.
<dgapvaq>L§2 = <Upadg0q>Lg
for any o, € 2, and 04 € Q4.

Example: With Tableat hand we compute the (co-)differential of O = fQa*q (aNQ)dy €
Q3(M) and find

A} = 3diaxaQ® (d%f + 3did + 1d379) A Q@ xa(dgré + d3t)
502 = *o((—dif — §did + §d374) Axf) @ di,d + di15. (7)

Using Table |1} d? = 0 implies the following second-order identities of Table

didi =0 di,dt =0

djd? =0 d¥d], = 2did} dj,dt + 2d%ds, = 0 3d3Ad, + db,dl =0
d27d27 = d7d7 12d%d{ d d —d 7d7 =0
3d14d27 + d;c@? =0 di,d27 + 4d?7d3E =0

27— dhd =
Table 2: Second order identities

We will also need the Laplacians Aqoy, 0, € €)),. These are given in Table .

Aof = didif

Moo — (] + dbd])o

AoB = (Fdiydi" +diids7)B

Aoy = ({gd5df" +dyzdi] + (d3)))y

Table 3: Laplacians

Example: If Q = fQ @ xq(& A Q) &4, then

AQQ = Agf QP *Q(AQ@ A Q) d Aqy.

We finish this section with some material on SU(3)-representation theory. This will become
relevant later, when we compute the symbols of various differential operators on a manifold



equipped with some fixed Go—structure. The finer SU(3)-representation theory will enable
us to derive properties of these symbols such as invertibility and definiteness.

We pick a unit vector & € Al in the vector representation of Gy. Since the unit sphere S°
is diffeomorphic with Go/SU(3), £ gives rise to an SU(3)-representation over £, namely
the real representation underlying the complex vector representation C3. In particular,
¢ carries a complex structure. In terms of forms, the group SU(3) can be regarded as the
stabiliser of a non-degenerate 2-form w € A6+ and a complex volume form ¥ = o, +it)_ €
A0¢L . These forms relate to Q and o via

Q = WAL+, (8)
*02 = w_Aé—i—%wQ.

In terms of a Go—frame with € = e7 we find w = e!2 + €34 +%6, 1), = 135 — 146 _ 236 _ 245
and 1)_ = e130 4 145 4 235 _ 246 They satisfy the algebraic relations

wAYL =0, Py AP = 3w, (9)
The decomposition of the exterior algebra over £+ into irreducibles is given by
=&, M=Mo o, M¥=x e o o, (10)

where A := AL, As above the numerical subscript keeps track of the dimension. We also
use these subscripts to denote the corresponding components of a form, e.g. v € A3 can be
decomposed into the direct sum v = v+ © y1— ® 76 ® y12. The two trivial representations
)\:{’i are spanned by ¥, and 1_ respectively, while )\g corresponds to the Lie algebra of
su(3) sitting inside s0(6) =2 A2. More importantly for our purposes we can consider the
decomposition of the exterior algebra over R” into SU(3)-irreducibles. Here, we shall denote
by (n)} the n-dimensional irreducible SU(3)-representation inside Ag. Then

A= (1)@ (6);, A*=(1)7a(6)70(6)7, @ (8)1
A=) e 1) (6)a (1)@ (6)3;d (8)3; @ (12)3;,

so that no confusion shall occur. The decomposition of A3 is of particular importance for
the sequel. The occuring modules can be characterised as follows:

1)} = {alwA&+yi)laeR},

(1)? = {by-|beR},

(1)3; = {c(—4wAE+3¢y)|cERY),

(6)7 = {(Xed )A€+ (Xw) Aw|X €€},
(6)37 {(Yipo) A€ = (Yw) Aw|Y € 1)
(8)3; = {BsAn&lBs €A}

For instance, Y € &+ — A(Y) = (YLyp_) A€ — (YLw) Aw € A3 is a linear isomorphism
onto its image. Further, (Yiy_) Ay = —(YLy) A1 so that the algebraic relations @D
readily imply that A(Y)AQ =0, A(Y) Axe2 =0, i.e. imA C A3;. Summarising, we can
write any 2 € A3 as
Q = [ Qe[
= [awAé+yp)] @ [y + (X ) AN+ (Xiw) Aw]
Be(—dw A E+ 31 ) + (Y )N E— (Yiw) Aw+ Fg A&+ (11)



for constants @, b, ¢ € R, vectors X, Y € ¢+ and forms fBs € A2, 412 € A3y, In particular,
decomposing ) = ﬂ AN €&+ 4, where 5 and 4 are the uniquely determined 2— and 3—forms in
A*€L such that &5, = 0, we obtain

B = (a—4)wd (X + V) @ bs (12)
o= (a+3)Yr @by @ (X - YV)w) Aw ® 2. (13)

Thus 31 = (@ — 4¢)w ete. For later applications, we need for X € &1 the identities
*Q ((XL¢_)AQ) =Xy +2X A€ (14)

and
go(Xp—, Xep-) = 2g0(X, X). (15)

We prove along the lines of , while uses the transitive and isometric action
of SU(3) on S°. Hence, up to a rotation we may assume that X = |X|e;. Similarly, the
transitive action of G on S% implies

(EAQENQD) =4(,8), (EA*Q,EAxQ)) =3((,§) (16)
for all £ € A'. Furthermore, in conjunction with and @ we note the useful formulae
(12 A%, 72 Axfl) = 3(r2,72),
(P AQTAQY) = Arf,7), (17)
(TBAQTEAQ) = 43, 73)

for all 75 € AL.

4 The Dirichlet energy functional D

In this section we introduce the Dirichlet energy functional and study some basic properties.
In particular, we compute its first variation.

Definition 4.1 The Dirichlet energy functional D : Qi(M) — R>q is defined by

1

D(Q) = 5 /M (1dQ[2, + 1dO(Q)[2,) volg .

Remark: Using the L?-inner product and integration by parts we may also write
1 9 9 1
D(Q) = 514Ul + 60207z ) = 5(AaQ,2) 2

Proposition 4.2 (i) The functional D is invariant under orientation preserving diffeomor-
phisms, i.e. D(¢*Q) = D(Q) for all p € DI(M), Q € Q3 (M).

(ii) For A € Ry, D(AQ) = /\gD(Q), i.e. D is positively homogeneous.

Proof: The first assertion follows directly from xyq = ¢* xq ¢ 1* for ¢ € Dif(M).
Secondly, we recall that = A\Q € Q3 (M) if A > 0 and Q € Q3 (M). Now a Go-frame
{e;} for  gives the Go—frame {f; = \"1/3¢;} for Q. Its dual basis is {f? = A\/3¢;}. Hence,
volxg = fEA...AfT = As volg, while for the metric gg induced on AP, we find grg =
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2 ~ 2 ~
firoip ® fir.ip = )fﬁpgg. Hence |dQ|521§ = )fﬂdQ\fm. To compute ](559@@ = |d*x\q AQ@W
we observe that considered as an operator QP(M) — Q7~P(M),

7T—2p
*A\Q af =)\"3

*q aP,

whence [dxa AQJZ, = A5 |d %02, m

Corollary 4.3 The space X of critical points of D is acted on by Diff( M)y and is given by
X ={Qe Q3 (M)|dQ2=0, o0 = 0},

the torsion—free positive 3—forms on M, which are the absolute minima of D.

Proof: The first claim follows from diffeomorphism invariance. Secondly, we can apply
Euler’s formula for homogeneous functions to get

5 5
DaD(Q) = gD(Q) = 6<AQQ,Q>L% > 0. (18)
Equality holds precisely if AqQ2 = 0, i.e. d2 = 0 and 62 = 0. Hence, if Q is critical, then
in particular DoD(€2) = 0 and therefore 2 is torsionfree. [

Next we compute the first variation of D. To that end we introduce the following piece of
notation. Let E be some vector bundle and A : Q3 (M) — C*°(E) a differential operator.

We write Ag for the linearisation of A at Q € 03 (M) evaluated on some 3-form Q tangent
to 2, i.e. . .
Aq := Do A(Q).

We illustrate this convention by two examples which will be needed later.
Example: (i) Consider the non-linear, homogeneous map
0: 03 (M) = QY M), Q%O
Further, for a fixed Go-structure € Q3 (M) we define the linear, self-adjoint isomorphism
po: QB3(M) = Q3(M), Qe 2+ [Q7 — [Qor
With the concrete Go—structure in mind we shall simply write p. By Prop. 10.3.5 in [16],
Oq = *apafl. (19)
In particular, Q = Q gives Og = 40(Q)/3.

(ii) In continuation of the first example we consider the map F : Q3 (M) — Q3(M) defined
by F(Q) = AqgQ. Then

Fq = JqdxqdQ+ xqdkqdQ + *qd xq dQ) — diqdO(Q) — d xq dO(Q)

= *qd*q dQ —d *0) d *0 pQQ + terms of lower order in
= §adQ + dégpQQ + terms of lower order in .

Proposition 4.4 We have
Do — / Q A %0 (50dS) + padioQ + 4o(VEQ))
M

for some quadratic form qq whose coefficients depend smoothly on €.



Proof: As in the previous example,

) 1 ) )
Dq = B / dQ A\ xqd€2 + d2 N (%QdQ + *QdQ)
M

+% / dOq A xdO(Q) + dO(Q) A (kadO(Q) + xdOg)
M
= / dQ A +qdQ + dOg A +dO(9)
M
1
+5 / A A +qdQ2 + dO(Q) A +qdO(Q). (20)
M

Now I(dQ) : Q — %qdQ is a bundle endomorphism of AST*M depending on d in a
fibrewise linear fashion, so we can consider its fibrewise adjoint (I'q(dQ2))*. Thus

/M 49 A kd = (o (dQ)(), xad®) 1 = (2 (Ca(d9)" (xad®) 12

We deal with the second term of in a similar manner. The last line is therefore of the
form [, QA qa(V¥Q) with gq quadratic in the first derivatives of Q, as asserted. On the
other hand, Stokes implies

/ AN *qd) + dOg A *qdO () = / QA dxqdQ — g A dxg dO(Q)
M M

= <Q, 6QdQ>L% + <*Q®Q, Cl5QQ>LS22

= (Q,00dQ + pa(dénQ)) 2,

whence the assertion. [}

5 Short—time existence

Let

Q: (M) — Q¥ (M), Q() = —grad D()
denote the negative L2-gradient of D in the sense of Definition 4.10 [2], i.e. (Q(f), Q>L?2 =
—Dq. In view of Proposition we find

Q(Q) = —0adQ — pa(diaR) — ¢a(VQ). (21)
The goal of this section is to prove the existence part of

Theorem 5.1 Given Qy € Q3 (M), there exists € > 0 and a smooth family Q(t) € Q3.(M)

fort € [0, €] such that

%Q =Q(Q), Q(0) = . (22)

Further, if Q(t) and Q' (t) are solutions to ([22), then Q(t) = ' (t) whenever defined. Hence
Q(t) is uniquely defined on a mazimal time—interval [0,T) for some 0 < T < oo.

Remark: We emphasise that, in contrast to the corresponding results for the Laplacian
flow in [6], [25], the initial condition 2y is not assumed to be closed.
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Definition 5.2 We call the negative gradient flow of D defined by the Dirichlet energy
flow with initial condition Qg € Q3 (M).

We will prove short—time existence and uniqueness by invoking the standard theory of quasi-
linear parabolic equations which we briefly recall, see Chapter 4.4.2 [I]. Further useful refer-
ences are Chapter 7.8 in [I9] and Chapter 7.1 in [22]. Consider a Riemannian vector bundle
(E,(-,-)). Let Q¢ : C*(E) — C*®(E) be a family of quasilinear, second order differential

operators, that is locally, Q:(u)(z) toc (agij (t,z,u, Vu)@iajuﬂ—kba(t, T, U, Vu))sa for smooth

functions agfij and b and a local basis {s,} of E. We say that the induced flow equation

0

pri Qi(u), u(0) =up (23)

is strongly parabolic at ug if there exists a constant A > 0 such that the linearisation D,,,Qo
of Qg at ug satisfies

— (0(DuyQ0) (. )v,0) = A€ o2 (24)

for all (z,§) € TM, £ # 0, and v € E,. Here, the minus sign in stems from our
definition of the principal symbol. Namely, for a k—th order linear differential operator Q
we define

o(Q)(,&v = {QR(fu)(x)
for an f € C*°(M) with f(z) =0, d,f = £ and u € C*(F) with u(z) = v.

Theorem 5.3 If equation 18 strongly parabolic at ug, then there exists € > 0 and a
smooth family u(t) € C*°(E), t € [0, €] such that

0

au = Qt(u)a U’(O) = Uuo.

Further, if u(t) and u'(t) are solutions to ([22)), then u(t) = u'(t) whenever defined.

Next we investigate the operator @ as given in (21).
Lemma 5.4 The second order non—linear differential operator Q is quasilinear.

Proof: For instance, up to composition with the linear map p whose coefficients depend
solely on €2, the second term on the right hand side of can be locally written as

- déQQ I%C 81 ( *?2571;;1) (Q)aj (*?Zégtuv(Q)Qabc))dxipq'

Here, «2¢, () denote the coefficients of xg : Q3(M) — Q*(M) with respect to local

Q,stuv
coordinates x1, ..., z7 etc. Hence @ is linear in its highest (i.e. second) order derivatives. l

Lemma 5.5 The principal symbol o(DqQ)(z,&) : A3TFM — A3TFM of the linearisation
of Q at Q € Qi’_(M) s given by

o(DaQ)(z,€)Q = —€6L(§ A Q) — pa(E A (Eepa(()).

Moreover, the symbol is negative semi—definite.
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Proof: As the principal symbol involves highest order terms only, we only need to linearise
the expression

— 00dQ) — pa(dinf) = Q(2) — terms of lower order in .

In our convention, o(d)(z,&)Q = ié A Q and o (6q)(x,£)Q = —iLQ. Hence, from and
the standard symbol calculus we get the asserted symbol. Further,

—90(0(DaQ)(2,£)2,Q) = ga(&c(éAQ) +pa(EA (Epa())), Q)

€A QU + [ELpa(Q)]3
0

v

so that o(DqQ)(x, &) is negative semi—definite. [
Remark: For ¢ € Diff( M), we have

9" Q) = Q(p* Q) (25)

since D o * = D and (€, QI>L2¢*Q = (o0, @71*QI>L§2- Because of this diffeomorphism
invariance we cannot expect the principal symbol to be negative definite. Indeed, using the
decomposition = B A £ + 4 as in Section 3| gq (J(DQQ)(w,f)Q,Q) = 0 implies ¥ = 0.
From. we deduce a = —3¢, b= 0, Xo = Yp and 412 = 0. Consequently, one then gets
that B = —&p(Q2) = 0, whence

ker 0(DaQ)(x, &) = {(iw+ Vi )AE|veR, V e &1}

by .

In order to apply Theorem [5.3] we use so—called DeTurck’s trick which was orginally invented
for Ricci flow [§]. Given a family of diffeomorphisms d;p; = X; o ¢y induced by a (time—
dependent) vector field X; on M, differentiating yields the intertwining formula

Lx(Q(Q) = DaQ(Lx Q). (26)

Here Lx denotes Lie derivative with respect to X. While the left hand side of is of
first order in X, the right hand side is of third order. Passing to symbol level implies

o(DaQ)(x,§) o o(X — LxQ)(x,8) = 0. (27)
In this way, we can conceive the symbol of the map
Qe QL (M)~ X(Q) € C®(TM) — AQ) = Ly )2 € (M) (28)

(where the vector field X (€2) depends non—trivially on the 1-jet of Q) as a kind of projection
to the kernel of o(DqQ). One therefore expects the symbol of the modified operator

Q) = Q) + AQ) (29)
to have trivial kernel for a suitably chosen vector field. For a fixed Q € Q3 (M) we take

Xg : QB3(M) = QL (M), Xg(R) := —(65Q).Q, (30)
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where we contract and dualise with respect to the metric gg5. We think of Xg as a first
order, linear differential operator. Subsequently we write Ag and Qg in to emphasise
the choice of Q.

To give some motivation concerning the definition of Xg we introduce the operator
NG C®(TM) — Q¥(M), X — LxQ. (31)

We consider AF to be the formal L?-adjoint with respect to (-, >L§z of A\g, i.e.

R0, 05 = (XedQ+d(X0), )
= —<dQ,Q/\X>L%+<Q,5QQ/\X>L%
= <—Q|_dQ + (5QQ|_Q, X)L%?

whence . . . . ‘
Ag(Q) = —Xa(2) — QLdQ = —X5(Q) + terms of lower order in (). (32)

In analogy with the decomposition of symmetric 2—tensors into a divergence free part and
a part tangential to the Diff( M) —orbit of some given Riemannian metric we have:

Proposition 5.6 For any QO € Q¥(M) there exist X € C®(TM) and Qo € Q3(M) with
Aq(20) = 0 such that we have an Léforthogonal decomposition

0= Q[) ) ,fo_l. (33)
Proof: Put L = A\gAg, : C°(T'M) — C°(TM). If we can solve Ag(Q) = L(X) for some
X € C°(TM), then taking Qo = Q._ L x ) yields the desired splitting. Since L is symmetric,
such an X exists if and only if A\q(Q2) € (ker L)*. But L(Y) = 0 implies A5(Y) =0, whence

(Aa(),Y),2 =0 for all Y € ker L. u

Remark: (i) The condition Ag(2) = 0 should be viewed as a gauge-fixing condition, i.e. a
choice of a local slice to the Diff( M), action near Q. If Q is torsionfree, then \g(2) =
X5(9) = (620, hence Ag(2) = 0 if and only if [652)7 = 0. This is precisely the gauge-
fixing condition considered by Joyce in [16], see also the remark following Corollary

(ii) The vector field X in the decomposition is unique if there are no non-trivial in-
finitesimal automorphisms of €, i.e. vector fields X such that £x = 0. This holds for
holonomy Go—manifolds as Ricci—flatness implies any Killing field X to be parallel, so that
the holonomy is contained in SU(3) unless X = 0. Note further that a generic Gy—form
has no infinitesimal automorphisms as these are automatically Killing for g and a generic
metric has no Killing vector fields [9]. An example for a non—generic 3—form is provided by
the direct product M = S' x CY® of S with coordinate vector field X = 9; and an almost
Calabi-Yau manifold (CY% w,v,) (i.e. w is a non-degenerate 2-form and v, is a 3-form
of special algebraic type). By , Q=dt Aw+ 1, is a Gg—form and LxQ = 0.

Coming back to the mainstream development, we establish strong parabolicity for the flow
equation

%ﬁ =Qa(Q), Q(0) = Q. (34)
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Lemma 5.7 The equation is strongly parabolic for Qg sufficiently C?—close to Q.
Proof: Since Xg is linear in 2, we find for the linearisation
Ag = d(XQ(Q)I_Q) + lower order terms in
by virtue of Cartan’s formula, whence
o(DoA)(z, ) = i€ A (0(Xgq)(z,£)Q0)
= —&A((E).

Assume without loss of generality that |{|g = 1. Decomposing QO=BNE+ ~ as above we
deduce from

o (Do) (2,)Q = £ A ((BLQ)LQ) = =3¢ A [B]7.
Bearing in mind, the projection of 8 onto A% is given by

Bl = 3(B+*a(BAQ)
= B1®i(Bs+*q(Bs A Q)

B 5, 0 2((Xo + Yoo + (Xo +Y0) A€).
Consequently £ A [B]7 = €A (61 + %(XO + Yo)up_) so that using
En1G = 1vE and go(€A[Blr,EAB+7) =Bl
the computation from Lemma [5.5] implies
90 (0(DaQ) (. ). Q) = 1§, — [6epa(D)l — 3181l — 21(Xo + Yo)w-[g. (35)
Now §|_pQ(Q) = 0 ® —Ps with gg(0, 53) = 0 in view of the decomposition in (L), while
by (10), |83 = 15113 + 16613 + |8s]3. But gives |B63 = [(Xo + Yo)ov— |3, whence
— 9a(0(DaQ)(w,)2,9) = (183 + Iv13) = 1213
by . |

Definition 5.8 We call the flow associated with , the Dirichlet-DeTurck flow at Q
with initial condition Qq. If the Go—form Q we use to perturb the Dirichlet energy flow is
understood we simply speak of the Dirichlet—DeTurck flow with initial condition .

For Qg € ﬁ(M ) consider the Dirichlet-DeTurck flow at €y with initial condition 4. By

Theorem the flow €(t) exists on some time interval [0,¢]. Let ¢ be the family of
diffeomorphisms determined by

Apr = —Xay (A1) 091, o = Idus. (36)

Then Q(t) = ¢ Q(t) is a solution to the Dirichlet energy flow with same initial condition
Qg for

0

* 8 A ~
(129) % ~
FEQ()
(125))
QQ).

Moreover, the initial condition is satisfied as ©(0) = Id};2¢ = Qo.
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Corollary 5.9 (Existence) For any Qo € Q3 (M) there exists an € > 0 such that the
Dirichlet energy flow exists for t € [0, €].

Remark: (i) The idea of DeTurck’s trick is to break the diffeomorphism invariance by
modifying the flow along the Diff( M) —orbits via the additional term Aq,. To see this
happening in a geometrical way, assume for simplicity that g is a torsion—free Go—form.
By (), Ag, = d(XQO(Q)I_QO) = —3d[00, Q7. In particular, Ag, = 0 if and only if [6o, Q)7 =
0, for o .
(dl00, 7, )z = [0, ll72 -
0 0

On the other hand, the tangent space at Qg of the Diff( M) —orbit Oq, is given by {Lx | X €
C>®(TM)} (cf. also Lemma [7.3| below). Since

(= Q0, LxQ0) 2, = {[d0 27, X0z, ,
0 0

the form Q — Qg is perpendicular to To,0q, if and only if AQO =0.

(ii) To become strongly parabolic after perturbing with Aq, is a particular feature of the
Dirichlet energy flow. In contrast consider the gradient flow of the Hitchin functional H
restricted to the cohomology class [Qg], cf. . Upon rescaling H, the resulting flow is

0
aa = (5Q0+da(90 + dOé), OJ(O) =0

for o in a suitably small open neighbourhood of 0 € Q?(M) so that Q + do € Q3 (M). The
solutions are in 1-1 correspondence with solutions to the Laplacian flow

th =F(2) = A, Q(0) = Q.
Now o(DoF)(x,£)S2 = €32 + € A (£0([1/3 — 2[2]27)) and one can easily compute that
the kernel is also given by

K =kero(DoF)(x,&) = {(tw+ Vi )AE|D e R, V e ¢t

Since by , the symbol of X +— Lx takes values in K, DeTurck’s trick cannot modify the
component pry1 oo (DoF) k1 K* — K. However, the eigenvectors 2 = fgA& and Qy =
Yo in K+ give go(Qu,0(DaF)(z,§)h) = —|¢[313s4 < 0 and go (S, 0(DaF)(x,€)S) =
4|§]%2 > 0 respectively. Hence, the linearisation of F = F + A will be indefinite no matter
how the vector field X in (28) is chosen (though the linearisation of F might have trivial
kernel). We therefore deal with a heat equation of mixed forwards/backwards type for which
short—time existence is in general not expected unless further conditions are imposed. For
the Laplacian flow this has recently been achieved in [6] and [25] for closed initial conditions.

6 Uniqueness

We now settle the uniqueness part of Theorem along the lines of the uniqueness proof
for Ricci flow.

As shown by Corollary a solution to the Dirichlet-DeTurck ﬂ0W~S~)(t) with initial con-
dition Qg yields a solution to the Dirichlet energy flow Q(t) = ¢;Q(¢) with same initial
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condition by integrating the time-dependent vector field in . Conversely, substituting
Q(t) by @7 " Q(t) turns the ordinary differential equation into the partial differential
equation

d 1
51t = —Xay (pr Q1) o, o =Idu. (37)

A curve ¢, € Diff( M), which solves (37) for a Dirichlet energy flow solution Q(t) with initial
condition € yields the Dirichlet-DeTurck flow solution Q(t) = o7 7*Q(t) with same initial
condition. Indeed, let Y; be the time-dependent vector field defined by Y; o ¢, 1= Orpy L
Then differentiating the constant curve o; ' o @;(x) = z gives

Yi(x) = —dyy@yer | (= Xao (07 Q) 0 (@) = o Xay (07 Q) (), (38)

where for ¢ € Diff(M) and X € C*(T'M),

(P X)(2) = dypr @y (X (07 (@)
As a consequence, we get

= Qe "UL) + Lonvipy TAUL)
= ( 1*Q(t)) + ‘CXQ o Q) Pt 1*Q(t)

by . We can then deduce uniqueness of the Dirirchlet energy flow from uniqueness of
the Dirichlet-DeTurck flow, see Corollary

Remark: Equation should be considered as an analogue of the harmonic map heat
flow

0
5% = Tg(t),90 (1)

introduced by Eells and Sampson [10], albeit with a time-dependent tension field 7,y g, (¢1)-
We can think of 7,¢ 4, (¢) as a differential operator defined by Riemannian metrlcs g(t)
and go on M, taking a smooth map ¢ : (M,g(t)) = (M,go) to a section 7,4, () €
C>®(e*TM).

We need to prove short—time existence of a solution to (37). By and large, we proceed as in
the harmonic map heat flow case, cf. [10]. Let

Since Diff(M)4 is open in C*°(M, M), a solution to the flow equation

0
—ps = P, =1Id
5%t (1), @0 M

yields the desired solution to (37]).

To get formally in a situation to apply Theorem[5.3] we first choose an embedding fo : M —
R™ and identify M with its image under fy. In particular, all tensors on M pushed forward
to fo(M) will be denoted by the same symbol. Let N/ C R™ be a tubular neighbourhood of
M which we think of as an open neighbourhood inside the normal bundle 7 : vM — M, the
normal bundle taken with respect to the Euclidean metric on R™. By choosing a fibre metric
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h and a compatible connection V¥™ on vM we obtain the induced metric 7*gg, + h on N/
which we extend to R™ using a partition of unity. In particular, this makes fy an isometry.
Similarly, we extend Qg by 7*Qg to A and subsequently to R™. In this way, the restriction
f*Qo for f in a suitably small open neighbourhood & C C°°(M,R"™) of embeddings close to
fo is still a positive 3—form on M. Consequently, we can extend P; to an operator

P :U C C®(M,R") = C®(M,R"), [ —df (X, (Qt))).
Lemma 6.1 The operator P; is a quasilinear, second order differential operator.

Proof: Let e1,...,e, be the standard basis of R" and zb, ..., z" be local coordinates on
U C M. The components *ix, of *pry ¢+ Q3(U) = QYU) depend on the components of
F*Qq given by ngagvﬁmlfaﬁmmfﬁﬁxnf'y. Schematically,

loc 44 o opar
* Q0 Q(t) = *o%)l;r(x7 aa:lf )Q(t)ljkd$ pa

so that by the chain rule

d* ey Q1) loc ( i (t, 2, O, f*) 0,0, 7 + bopgrs (t, , O, f) ) daPI"

a
opgrs,

for smooth coefficients a:- and b_.. Applying once more x+q, and contracting the result
with f*Qq leads to

(%0 drpegy QD)L E (@) 4t , 00, f)0:0; £ + bua(t, @, 0, ) ) dac”.

Finally, dualising and contracting with df = 9, f7dz’ ® e, shows that P is a quasilinear,
second order differential operator. |

Lemma 6.2 There exists € > 0 and a smooth family of embeddings f(t) € C*°(M,R"),

t € [0,¢€] such that

250 = R(W), 10) = fo (10)

Furthermore, f(t)(M) C fo(M) for all t.

Proof: As above let Y € C°°(M,R™) be an open neighbourhood of fy. By transversality of
fo(M) to the fibres of the normal bundle we may assume that f is an embedding for f € U
with ¢y := mo f € Diff(M), shrinking ¢/ if necessary. We put os(x) := f(z) — ps(x) €
Ve, ()M so that f(z) = ¢f(x) +of(x) with . In the following we view oy as a section of the
pull-back bundle ¢}vM. Observe that oy = 0 if and only if f(M) C M.

The operator P, considered as acting on R"—valued functions on M is not elliptic as the
computation of its symbol shows below. In order to complement it to an elliptic opera-
tor we proceed as follows: For ¢ € Diff(M), consider the connection Laplacian A¥ "M =
(Ve vMyxg#'™vM on the pull-back bundle p*vM. Here V¥ ™ denotes the pull-back con-
nection on ¢*vM. Its formal adjoint is taken with respect to the metric go, on M and
the pull-back metric p*h on ¢*vM. Then, reasoning similarly as above, f — A@VMUJ: :
U C®M,R") — C>®(M, @’}VM) C C*°(M,R"™) is a quasilinear, second order differential
operator, and so is

P, U C C®°(M,R") = C=®(M,R"), fws P(f) — A% Mo,
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We wish to establish short—time existence and uniqueness of the associated flow equation
0 ~
5/ =FR(f(®),  f(0) = fo. (41)

To compute the linearisation Dy, Py(Y) we take a curve f; C U through fo with

d
Y(2) = 7 fi(@)ls=0 € T,R" = R".

We write Y (z) and Y1 () for the projections of Y (x) to T,M and v, M. By design of
the extension of Qg to R™ (cf. our convention above), ¢, := 7o fs € Diff( M), satisfies
fiQo = ¢iQo. Furthermore, one clearly has

d
ds%
for o5(x) :== fs(x) — ps(z) € Vsos(I)M‘

First we compute the linearisation of Fy. Using the naturality of the vector field Xgq,
Le. puXpra, (1)) = Xa, (¢~ 1*Q(t)) for ¢ € Diff(M),, we obtain

(@m0 =Y1(@) and Loy(@)lomo =Y (2) (12)

LRl = s (Xpz00(90) o

ds
d - “1x
= _dsde((ps*lXQo((psl QO))‘SZO'

For Y tangent to M, i.e. Y (z) = Yl(z) for all z € M, we may in view of assume that
fs = s € Diff( M), for all s and we get

d d —1x
%PO(fs”s:O = _gXﬂo(QDs QO)’8=0
X0y (Ly o)

= —(00,d(YLQ0)).Q + terms of lower order in Y.

For Y perpendicular to M, i.e. Y(z) = Y+ (x) for all 2 € M, we may assume that ¢, = Id
for all s, again using . Hence

d

SER(Fm0 = 5o Xy (90) = dY (Xo, (),

which is of lower order in Y and hence does not contribute to the symbol. For general
Y =Y I + Y1 we therefore find

Dy Py(Y) = — (00, d(Y1.00)) Q0 + terms of lower order in Y.

For the linearisation of f +— A“’j‘”Maf we again assume Y to be tangent to M first. For
a curve fs = s € DIiff(M)4 as above we have in particular that o5 = 0 for all s. Hence
d%AS":”MUAS:O = 0. For Y perpendicular to M we have os(z) = fs(x) — z for a curve f
with ¢z = Id as above. Hence d%A@:”MaS]S:o = AYMY . For general Y = YIi+vL we get

Dy, (f = A% Mop) (V) = AMYE
It follows that the symbol of the linearised operator D fOJSO is

o(Dyy Po) (@, €)Y = — (e (6 A (Y1LQ0))) 0 — [€[3, Y.
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To check strong parabolicity we assume [£|q, = 1 and write vl = a+Yy, a €R, Yy €&t
and Qo =w A€+ 1y. Then

—(m g0, + 1) (0(Dg Po) (@, YY) = gay((€c(€A (Y1L00))) 0, Y1) + [V
= gay (0, (EL(EA YT AYT) + V42
= g0, (Y10, 60 (6 A (YIL00))) + Y3
90 (aw + Yortp + (Yorw) A €, aw + Yoripy )
+HY [
3lald, + [Yors 3, + Y13

3lal® + 2|Yo* + [V 7
(m" g0, +h)(Y,Y).

v oE

Theorem applies once again to yield short—time existence and uniqueness of . Last
we show that a solution f(t) to satisfies f(t)(M) C M for all t. As in this case o
is just the zero section of ¢(¢)*vM, we obtain the desired solution to . We proceed as
in the harmonic map heat flow case, see for instance Part IV in [13]: Consider the bundle
endomorphism r : vM — vM which is multiplication by —1 in each fibre. We claim that
P;or =dro P;. This is clear for P; since (r o f)*Qq = f*Qp. Furthermore, .y = ¢ and
Orof = T 00y, such that by linearity of the connection Laplacian one has

A“’f’of”Mamf =ro A“Df”MUf =dro A‘PfVMaf,

where the last equality follows by viewing a section of v M as a vertical vector field on the
total space of that bundle. This proves our claim and implies that for a solution f(¢) to
the composition 7 o f(t) is again a solution with initial condition fy. Now if f(¢)(M) were
not contained in M for some t, then 7o f would yield a second, different solution with same
initial condition, contradicting uniqueness. |

A solution f(t) € U to yields a solution ¢, = fy * o f(t) € Diff(M), to for a given

Dirichlet energy flow solution €2(¢). From there, uniqueness easily follows:

Corollary 6.3 Suppose that Q(t) and Q' (t) are two solutions to fort € 0,¢], e>0. If
Q(0) = Qo = Q(0), then Qt) = Q' (t) for all t € [0,€].

Proof: Solving for (37) with () and Q'(¢) gives two flows ¢; and ¢} which without loss of
generality we assume to be defined on [0, €]. By design Q(t) = iQ(t) and Q/(t) = Y (t)

define a solution to at . Uniqueness of the DirichletheTurck flow implies Q(t) =
V(t). Hence ¢, and ¢} are solutions of the ordinary differential equation

jtwt X0, (1)) o . (13)

By uniqueness of the solution to , we conclude ¢; = ¢}, whence Q(t) = Q'(¢). [

7 The second variation of D

In this section we compute the second variation of D at some fixed Q € X = Q~1(0) (ct.
Corollary [4.3). Further, we show that X is a Fréchet manifold whose tangent space at (2 is
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precisely ker D%D. All metric quantities, projections on Go—invariant modules etc. will be
taken with respect to this 2.

For a given vector bundle E — M we denote by W*2(E) the space of sections whose local
components have square integrable derivatives up to order k. The associated Sobolev norm
will be written | - ||yyr.2. Further, we simply write L?(E) for W%2(E). More generally, we
consider the Hilbert manifolds W*2(¢) for a fibre bundle £ — M in order to deal with non—
linear differential operators. The integer k& will be chosen appropriately when required, but at
any rate big enough so that all sections involved are at least of class C° and the corresponding
function spaces W*?2(M,R) are Banach algebras under pointwise multiplication. According
to the Sobolev embedding theorem we therefore need k£ > 11/2 for @ to extend to a smooth
map

Qr : WH2(AST*M) — WF22(APT*M).

Lemma 7.1 The space Xk = Q;I(O) 1s a smooth Banach manifold whose tangent space at
Qe X s given by

ToX* = {0 e WF2(APT*M) | dQ = 0, dOq = 0}.

Proof: We have X% = {0 € WF2(A3T*M) |dQ = 0, dO(£2) = 0}, so it remains to show
that the extension IV of

N : Qe QL (M)~ (d2,dO(Q)) € QY (M) x Q*(M)

to W*2(A3T*M) has 0 as a regular value. By the first example of Section {4 (Ny)q =
(dQ,d*p(Q)). Since the range of (dy);, : WF2(APT*M) — WHFL2(APHIT*M) is closed,
(BPTHE=1 = im(d,), is a Banach space. Hence for a given (do,dr) € (B*)*~1 x (B%)k~1, we
need Q € Q3(M) such that dQ = do and d%p(Q) = dr. The Hodge decomposition theorem
of [, gives H(Q,) ® dé, @ 85,, where ¢, € WFL2(A2T* M), B, € WFHL2(AYT* M) for ¢ =
1, 7, 27, and ‘H denotes projection on the space of harmonic forms. Similar decompositions
hold for o and 7. Taking £, = [8,], yields

dr= P dép, = dép, = do.
qe{1,7,27}

On the other hand,
Cl*p(Q) = d*(%dal + dO[7 — dd27) = déﬁT = (;l'r7

provided we put ¢y = 3% [8,]1/4, &7 = *[B;]7 and oy = *[B;]27. Consequently, (Ni)g is
surjective, whence the result by the Banach space implicit function theorem. |

Consider the closed linear subspace V(’; = {Q € WFZ(AST*M)|[697 = 0} < A~1(0)

(cf. (32)) and let
Sq = VS—]; Nk,

Note that Sg C @51(0), whence Sq C Q3(M) for @Q is a quasilinear, elliptic operator by
Proposition

Proposition 7.2 Near Q, the space Sq is a smooth submanifold of X*. Its tangent space at
Q is naturally isomorphic with the space of Q-harmonic 3—forms. In particular, dim Sg = bs.
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Remark: In Section [8| we actually show that near €, @51(0) coincides with Sg (cf. Corol-

lary [8.11]).

Before we can prove Proposition we need a technical result first. Consider the Hilbert
manifold Diff( M )IS‘H obtained from completion of the identity component of Diff( M) with
respect to || - ||lyyr+12. Then Dif (M) is a smooth Banach manifold and a topological
group which acts continuously on X* via pull-back. We denote by Ig the subgroup of
Diﬁ”(M)’g+1 fixing , i.e. p*Q = Q for all ¢ € Ig; in particular g = ¢*g which by [23] implies
¢ € DIiff(M)g since any ¢ € Diff( M )’8“ is of class C!. Hence Ig is contained in Diff( M ).
Let (’)éﬁ2 denote the Diff(M)5+1—orbit through Q in X* and put

GEY! = Dif{(M)§ ™ /1.

As in Section 5 of [9] one can prove that Ggﬂ endowed with the quotient topology is a
smooth manifold.

Lemma 7.3 If k > 11/2, then [¢] € G]S%H = ©*Q € XF is an injective immersion with
closed tmage. In particular, (’);“—2 is a closed, smooth submanifold of X* with tangent space

TaOh = {LxQ| X € WHLA(TM)}.

Proof: We can argue as in Ebin’s proof of the corresponding result for the moduli space of
Riemannian metrics, cf. Section 6 in [9]. The only remaining issue to check is the injectivity
of the symbol of \* : C*°(T'M) — Q3(M) defined in (this ensures that the extension to
a map WHKTL2(TM) — WH2(A3T* M) has closed range). Indeed,

o(A)(@,8)(v) = i& A (vL9), (44)

and this vanishes if and only if vLQ is of the form 7 A ¢ for some n € Q1 (M). But v.Q € A2,
so that in this case 0 = [N A &J1a = 2n A E —*x(n AEAQ))/3. Since on the right hand side
the first term contains £ while the second does not, this can only hold if n A & = 0, i.e. if
n = 0 or equivalently, v = 0. |

Proof: (of Proposition Since (9 C X, the tangent space TQ(’)éf2 is contained in
ToX*. By extending Proposition to Sobolev spaces, we deduce ToX* + TQV(’; =

WH2(A3T*M). Hence, the intersection is transversal near Q so that Sq is a smooth sub-
manifold of W#2(A3T*M) in a neighbourhood of Q. The tangent space at € is

ToSq = ToVE NToX* = {Q € Q3(M) |dQ2 =0, dOg = 0, [6Q]7 = 0}.

Next, the map Q € TpSq — [Q] € H?(M,R) is an isomorphism. For injectivity, assume
Q = dn so that [6dn); = 0. By Lemma 10.3.2 in [16], this implies 6[dn]; = 0 and d[dn]7 = 0,
whence 6[dn]a; = 0 for dxp(dn) = 0. Consequently, Q@ = dn is A-harmonic which is
impossible unless Q = 0. For surjectivity, recall that the projections on irreducible Go—
components AJT*M commute with the Hodge Laplacian A since Q is torsion—free (cf. for
instance Theorem 3.5.3 in [16]). Hence, a p—form is A-harmonic if and only if its irreducible
components in QF(M) are A-harmonic. So, given a cohomology class ¢ = [Q] € H3(M,R)
with unique A-harmonic representative €2, we have d*p(Q) =0 and thus Q € T6Sq. |
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In particular, we deduce in conjunction with Proposition [5.6| that
TaX" = ToOk ® ToSq. (45)
Next consider the map
F: ([¢], Q) € GEM x Sq = [¢]" Q2 € X*

on a suitable neighbourhood Sg of Q in Sq. Following [16] " is well defined: Indeed,
near ) we can linearise the action of I on Sq via the exponential map expq : ToSq =
H3(M,R) — Sg induced by (-,-);2. The linearised action must be trivial as any element
in I is homotopic to the identity. Hence Ig acts trivially on Sq close to . The Banach
space inverse function theorem and imply that ®* is a diffeomorphism onto its image

near ([Ida],$2). Hence, shrinking Sq possibly further, we have shown that Sg defines a slice
for the Diff( M )lgﬂfaction on X* near Q). The same statement holds for the C*~topology
instead of the Sobolev topologies, whence the

Corollary 7.4 (i) The space X is a Fréchet manifold whose tangent space at §) is given by
ToX = {Q € Q3(M)|dQ =0, dOg = 0}.

(i1) (Joyce) The space of torsion—free Go—structures modulo diffeomorphisms isotopic to the
identity is a smooth manifold of dimension by = dim H3(M,R).

We can now prove the central result of this section.

Proposition 7.5 Let Q € X.
(i) We have

D2D(, Q) = /M (12 + |dOg?) vol, -
In particular, the second variation of D at Q is a positive semi-definite bilinear form with
ker DED = T X.
(ii) The linearisation Lg := DQ@Q of @Q s a symmetric, non-positive and elliptic operator

given by _ ' . '
LQQ = —0df) — pd(SpQ - 3d[(5Q]7.

More precisely, writing Q = ff_l S x(& A Q) @7, we have
— LoQ=AQ+ 3didtf - Q+ *(didia A Q) + doyd? 'y — ZdidF4 - Q — 2d5;dhf  (46)
for the Go—differential operators db introduced in Section @ In particular

(Lo, Qs = —|d202, — 1698212 — 360012, and ker Lo = TS,

Proof: (i) We compute the second variation of D at a critical point { by differentiating
equation (20) once more. Thus we obtain

D3D(Q,0) = /M dQ A +dQ + dOg A xdOg = /M (1d2? + |dOg|?) vol > 0,

22



for the remaining terms involve either dQ or dO(Q). But these terms vanish since Q is a
critical point and hence torsion—free. Furthermore, the kernel D%D is precisely TqX by

Corollary
(ii) Since DéD(Q,Q) = (Hessg D, Q)2 and DgQ = —HessgD, it follows from (i) that
DqQ = —§dS2 — pdépS). On the other hand, using again that (2 is torsion—free, we get

Bearing (§) in mind, we obtain Ag = —3d[6€2]7, whence
La(Q) = —6dQ — pddpt — 3d[6)] .

This operator is clearly symmetric and non—positive. Ellipticity was proven in Lemma [5.7]
To compute (46]) we start from ([7)) and use Tables 1] I and [2) I Then

0dQY = 1(4didyf +did7’y) - Q@ *((didid + gdidic + [didFH) A Q)
© dyrdi f + ddice + *d57d27ﬁ + dygdry
d6Q = %(3d7d% f—dld%%) - Qe (% (dhdia — Ldld2™y) A Q)
— didi f — dfpdfa + §d3;d3T + dygdily
from which follows by applying Table |

Let D denote the associated Hodge—Dirac operator with respect to the metric induced by
QeX, ie. . ‘ ‘
bQ =dQ + 69Q.

In particular, P is symmetric and B? = A. In view of longtime existence to be established
in the next section we note the following corollary.

Corollary 7.6 (Garding inequality) For all Q € Q3(M),

(Lo, Q)2 > P2,

In particular, we have

(Lo, Q)2 > ClI9[Fn .2 — 272
for some constant C' independent of §).

Proof: Writing Q as in Proposition the first inequality follows from

(~Laf. )2 = DA + 3 dbf 2, + 4lldlal 3, + 27432 — 4(275. db fpe (47)
> D3 + kIR + 137315 — 2(Id 13 + 1a27315)
> (IO

The second inequality is just the elliptic estimate HQH‘Q/V12 < C_l(||QH%2 + HBQH%Q) for some
constant C 1. |
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8 Stability

We continue to fix a torsion-free Go—form Q € X. From now on, we let W2 and Wf’2
be shorthand for the Sobolev spaces W*2(A3T* M) and WH2(A3 T* M) with respect to the
metric gg. The induced norm will be denoted by || - |[yyr2. Again, k is an integer strictly
greater than 11/2 which for simplicity we assume to be odd (this avoids using fractional
Sobolev spaces below). In particular, W¥*?2 embeds continuously into C2. The goal of this
section is to prove the subsequent stability theorem.

Theorem 8.1 (Stability) Let Q2 € Q3 (M) be a torsion-free Go-form. For all € > 0 there
exists some § = 6(€) > 0 such that for any Qo with |Qo — Qlyyre < 8, the Dirichlet-DeTurck
flow Q¢ at Q with initial condition Qq

1. (longtime existence) exists for allt € [0,00),
2. (a priori estimate) satisfies the estimate ||Q; — Q|2 < € for all t € [0,00), and

3. (convergence) converges with respect to the Wk2 norm to a torsion—free Go—form
Qs as t — 00.

Since the Dirichlet energy flow exists as long as the Dirichlet—DeTurck flow exists we imme-
diately obtain:

Corollary 8.2 Let Q) € Qi(M) be a torsion—free Go—form. For initial conditions suffi-
ciently C>®—close to Q the Dirichlet energy flow Qy exists for all times and converges modulo
diffeomorphisms to a torsion—free Go-form Qu, i.e. there exists a family of diffeomorphisms
ot € Diff( M)+ such that ©fQ; converges to Qo with respect to the C°>°—topology.

The proof of Theorem [8.1] will be subdivided into a sequence of intermediate steps.

First, we tackle existence of the Dirichlet—DeTurck flow together with the a priori estimate on
arbitrary, but finite time intervals for initial conditions sufficiently close to 2. Here we use the
Banach space inverse function theorem, following the approach of Huisken and Polden [15]
for geometric evolution equations for hypersurfaces. Let 0 < T < oco. If m: M x [0,T] — M
denotes projection onto the first factor, let C°°(M x [0, T], 7*A3) denote the space of smooth
sections of A? pulled back to M x [0, T]. For any non-negative integer s we define the Hilbert
space V*[0, 7] as the completion of C>°(M x [0,T],7*A3) with respect to the inner product
given by

T .. ..
(1, Q)vsppr = D / e (0], 0] a) oo 2 dt.
0

Jj<s

In particular, ||QH%/0[O,T} = fOT e~2||2||2,dt. These spaces are also known as anisotropic or
parabolic Sobolev spaces, where a time derivative has the weight of two space derivatives.
The density e~? is introduced for technical reasons, see below. Similarly, we can consider
the Hilbert manifold V[0, 7] consisting of sections of 7*A% of class V*. Define the map

F:VE[0,T] = W22 5 v, T],  F(Q) = (Qo, 8:8% — Qa (). (48)

As usual, restricting to the boundary is tantamount to invoking a trace theorem, which in
this context is stating that the trace map  ~ g is continuous from V[0, T] to W21 see
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[15]. We wish to show that F' is a local diffeomorphism near Q. Consider the linearisation
at ) of the map , namely

Do F : V30, T] —» W2 12 x V710, T], DgF(Q) = (Q0, PSY), (49)

where P§) = 8,0 — LQQt. Let H be the completion of C°°(M x [0, T], 7*A3) with respect
to the inner product

T T
<Ql, QQ>H = / 672t<91, QQ>W1,2dt + / e*2t<8t91, 8tQQ>L2dt.
0 0

Note that the quadratic form O (—LQQ,.Q> 12 is defined on W12 in view of equation @7,
so that we can say that Q € H satisfies PQ) = ® for ® € V[0, T| weakly, if

T
(02, W) yop0. 7 +/0 e (Lo, W) padt = (@, W) o 1

holds for all ¥ € C§°(M x (0,T),7*A?), the space of smooth sections of 7*A3 which vanish
near the boundary M x {0,7T'}.

We first show that for & € V0 [0, T'] there exists a unique weak solution in H to the equation
DgF(Q) = (0, d). (50)

Following [15], we use a refined version of the Lax—Milgram lemma, cf. Lemma 7.8 and
Theorem 7.9 in [I5] or Theorem 16 in Chapter 10 of [12]. As explained in [15], the main
point is to check coercivity of the bilinear form

T T
A(Ql, QQ) = / e 2 (87591, 8tQQ>L2 dt + / 672t<—LQ§21, atQ2>L2 dt
0 0

on C°(M x (0,T),7*A%) C H, i.e. to establish an estimate of the form A(f, ) > C’||Q||%{
for some positive constant C'. This will be a consequence of the Garding inequality for the
operator —Lg of Corollary First note that  is a solution to P2 = & if and only if e Q)
is a solution to (P + 1)e~*Q = e~*®. Hence by replacing —Lg by —Lg + 1 we may assume
that —Lg satisfies a strict Garding inequality of the form (—LgQ, Q)2 > C’||Q||%V12 with
C' as in Corollary Since fOT (e 2 (—La, Q) 2)dt = 0 by assumption, we obtain

T T T
/ 2 (_ L0, 0,00 padt — / e 2 (L0, () padt > C / 2|2 adlt,
0 0 0
whence
. . T . T . .
AQ0) 2 C [ R adi+ [ e o3t > Cle,
0 0
establishing coercivity and the existence of a weak solution.
In order to improve regularity of this weak solution one needs the following estimate:

Lemma 8.3 (Hqisken—l?olden) Let s > 0. If QeHisa weak solution to the equation
D F(2) = (Q0,®) with Qo € W?TL2 and & € V*[0,T), then Q € V5H[0,T] and there
exists a constant C = C(£2,s) > 0 such that

1207 10,77 < C 102z + 1911Fs0,77)-
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Proof: See Lemma 7.13 in [15]. |
For later use we state and prove the ensuing interior estimate:

Corollary 8.4 (Interior estimate) Let s > 0. For all 6 > 0 there exists a constant
C = C(6,9,5) > 0 such that for Q € VS0, T] one has

10152 < CULAT 0.7 + 1P 107
Proof: Since ® = P} is of class V*, Lemma gives
121 w4107 < C(Q, 8) (I1Q01Fp20 1.2 + 1 PQU e 1)

Put ' := ¢ - Q, where ¢ : [0,7] — R is a smooth cut—off function satisfying ¢(t) = 0 for t
close to 0 and ¢(t) = 1 for t € [¢,T]. Then PQ' = dyp - Q + ¢ - PQ and Q) = 0, whence

. _ 1 . .
10 verier) < N9 lvsrrpor < CQ,8)2]10kp - Q2+ @ - PQlysior

— l . .
C(€,5)2 (supyejo 7y 100 (t)] - [[QUlvs 10,27 + 1PLUvs0,17) -

IN

Induction on s yields the result. |

Mutatis mutandis one proves along the lines of Theorem 7.14 in [I5]:
Theorem 8.5 (Huisken—Polden) The map DgF in is a Banach space isomorphism.

As a consequence we obtain existence of the Dirichlet—DeTurck flow together with the a
priori estimate on a finite time interval [0, 7] for initial conditions (depending a priori on 7T')
sufficiently close to :

Corollary 8.6 For alle >0 and 0 <T < oo, there exists § = (5(9 €,T) > 0 such that for
Qo e Wk2 with ||Q0 — QUWk 2 < 0, the Dirichlet—DeTurck flow Qt at Q with initial condition
Qo exists and satisfies || — Q|yyre < € for all t € [0,T).

Proof: Since k is odd, s := (k + 1)/2 is an integer. Let  also denote the pull-back to
M x [0,T]. Then Q € V*[0,T] and F(Q2) = (Q,0). By virtue of the previous Lemma
and the Banach space inverse function theorem, the map F' in is a local diffeomorphism
near (). The trace maps Q € V*[0,T] — €, € W¥?2 are continuous with a uniform bound
on their norms since ¢ varies within a compact interval. Hence there exists C' > 0 such that
19 — Qllyre < C|IQ — Qllys[o,r holds for all ¢ € [0,T]. For suitably chosen § > 0, the

condltlon ||Q0 — Qllyyre < 6 implies that (€,0) is close enough to (,0) to ensure that
Q = F~1(Qp,0) satisfies |Q — Q|- s < €/C. [ ]

Remark: Using Theorem [8.5] it is also possible to give an alternative proof of short—time
existence for the Dirichlet-DeTurck flow, cf. [15] for details.

As in Section (7| let Sg C @51(0) denote a suitably chosen slice around 2. For a positive

3—form Q' close to 2 we write ; = Q' + w}. Let now
Lg = DQ/@Q
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and o
Rey (w}) :== Qa(Q4) — Laywy.
Then we can recast the flow equation into

0 ~

The basic idea is that the behaviour of the Dirichlet—DeTurck flow should be dominated by
the linear term Lg,. To obtain precise results, we need to control the remainder term Rg,.

In order to analyse Ry we introduce the following notation: Let Ey, Es, E and F' be tensor
bundles over M equipped with the bundle metrics induced by €. Denote by V the covariant
derivative associated with 2. Let Q be a further positive 3—form of class C? and let ' € Sg.
Put o’ = Q — ' and assume that ||w/||c2 < €1 and || — Q||c2 < €. For s € ['(M, E) we
will generically write &;s for sections of the form A(s) € I'(M, F'), where A € I'(M,E*® F)
is a section of class C! possibly depending on w’ and €’ such that ||Al|c < C(e1, €2). Using
this convention, we have for instance

® RS = @S
for k <1 and, by the product rule for V,
V(®s) = ®_15 + ® Vs.

Similarly, for a section
Bel'(M,Ef® E5®F)

with ||Bljct < C(e1,€e2) and s; € I'(M, E;) we write generically s; ®; so for the section
B(s1,s2) € (M, F). For instance we have

(®1y50) @k (®y,51) = 51 ®p 52, and @y, (51 @) S2) = 51 B, S2

for k <1, lp, I1. In all cases we set ® := ®¢. As we will differentiate at most twice we take
[ to be smaller or equal than two even if we have C'~control for higher I.

Example: Since the exterior differential d is obtained by anti-symmetrising the covariant
derivative V, we have dw’ = ®2Vw'. Hence x5 dw’ = ®;Vw' and we get

d *qy dw' = @2@(@9260)/)
= ®2(®1 VW + @ Vi)
= @1?(»/ + ®2?2w’.

The following result gives a rough description of the structure of the remainder term, which
however will turn out to be sufficient for our purposes.

Lemma 8.7 Let Q be a positive 3-form of class C? and Y € Sq. Let further o' = Q — (V.
Assume that |W'||cz < €1 and | — Q|2 < €2. Then

Ry (W) =w @ +w @V +u ® Vi + V' ® Vu'. (52)
In particular, there exists C = C(e1,€2) > 0 such that

|Roy ()] < €1 C(Jw'| + [Vw']).
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Remark: In particular we absorbed into ® any term in of order strictly higher than
two in w'.

Proof: Recall that Qg(Q) = Q(Q) + Ag(Q) where
Q) = — (Mg + %[d(sgml 2 dbor + 4o (V)
projections being taken with respect to €, and
Ao () = Lx(0)

with X (Q) = —(059).Q. In the following we will calculate the difference between Qg and its
linearisation at ' term by term. First write = /4w’ and observe that mapping a positive
3—form () to the corresponding Hodge operator xq gives rise to a fibre—preserving smooth
map * : A3T*M — End(A*T*M). Hence there exists a fibrewise linear map Ag (w') :
APT*M — End(A*T*M), depending smoothly on Q' and «’, such that xg = x5 +Ag (w')w';
in particular (Dg/*)(w') = Ag/(0)w’. Using d§¥ = 0, we get
50dQ) = *qd*q dw'
= xgd*xq dw' + g d(Ag (W)w')dw' + (Ag (W )w')d g dw’
+(Ag (W)W )d(Ag (W)W )dw'.

Subtracting the linear term in w’, we get

5QdQ — *Qld *Q dw'
*xqyd(Ag (W)W )dw' + (Ag (W)W’ )d xgy dw' + (Ag (W w')d(Ag (w")w')dw'
= eV +u ® \varnd + V' ® V'

Similarly, using 65/ = 0, we get

d(SQQ = *d*Q d*Q Q
= —d *q d*Q/ w/ — d*Q/ d(AQ/ (w/)w/)Q' — d*Q/ d(AQ/ (w/)w')w/
—d(Ag (W' )d gy ' — d(Ag (W )w')d(Ag (W)Y
—d(Ag (W)W d(Ag (W)W
Again, subtracting the linear term in w’, we get
doaQ) +d *@ d*Q/ W +d *Gy d(AQ,(O)w')Q’
= —dxq d((Aq (W) — Agq (0))w)Q — dxq d(Ag (W)W’
—d(Ag/ (W)W )d gy W' — d(Ag (W) d(Aq (W)Y
—d(Ag (W)W d(Aq (W)W
= JOU+W OV +uw @V + Vi ® V.
This takes care of the first three terms in @) (note that the linear projections onto irreducible
components are absorbed into ®). Furthermore, the term coming from the quadratic form
gq contributes a remainder term of type Vw’ ® V. Finally, in order to deal with the
term Ag(2), we observe that X (Q') = 0 since ' € Sg which implies [5Q];=0. Hence
X(Q) = X (') and
Lyxw =uw ® V' +u' ® Vi + Vo' ® V'
This finishes the proof. |
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In the following we need some standard results from perturbation theory of linear operators.
This is summarised in the following statement:

Lemma 8.8 For all € > 0 there exists § = 6(e) > 0 such that if | — Q|lyr2 < 8, then
(~Low,w)z > (1 - €){~Low,w) 2 — e|wll72
for all w € W22,

Proof: We apply Theorem 9.1 in [24] to the operators T := —eLg and V := Lg — Lgy.
Without loss of generality we may assume that Lg, is symmetric; otherwise we replace it by
the_symmetric operator %(LQ, —i—L;‘—)/), where * denotes the formal adjoint taken with respect
to Q. Then by elliptic regularity for the operator T the estimate

Vawllze < allwllze + b Twll 2

holds for arbitrarily small a,b > 0 if Q' is sufficiently close to  with respect to the W2
norm. In particular, V' will be T-bounded with T—bound less than 1. Since 7' is non—negative
we obtain with 7'+ V = —Lg, + (1 — €) Lg that

— Ly + (1 —¢)Lg > —¢

or equivalently
(~Low,w)pz > (1 - €)(~Low,w) 2 — el|w]7

for all w € W22 and ' sufficiently close to Q. |

The family (Lg/)q/e Sq is a smooth family of elliptic operators, and hence gives rise to a
smooth family of Fredholm operators Lo : W22 — L2. Since Sq is a smooth (finite—
dimensional) manifold and Sg C @51(0), we have T, Sq C ker Lg,. Furthermore ToSg =
ker Lg by Proposition . Usual Fredholm theory implies that T, Sg = ker Lg, for €
sufficiently close to €2, and hence the kernels and ranges of Lg, form smooth vector bundles
(the latter infinite-dimensional). Interpreting (ker Lg/)* as the fibre at ' of the normal
bundle of Sg with respect to the L?>~metric, we obtain the following statement:

Lemma 8.9 (Orthogonal projection) There ezists € > 0 such that if | — Qlyre < e,
then there evists a unique Q' € Sq such that w' = Q — ' € (ker Lg,)*, the orthogonal
complement being taken inside L?.

Remark: In the situation of Lemma [8.9 we obtain using the continuity of the embedding
WH2 < C? that there exist constants er,ea > 0 such that || — Qyyx2 < € implies that
W' |lcz < €1 and ||Q — Q||c2 < €2 with €1,e2 — 0 as € — 0.

Proposition 8.10 For all k > 0 there exists € > 0 such that if | — Q||yyr2 < €, then
[Rey (w2 < Kl Loyl 2

with ' € Sq and w' = Q — ' as in Lemma/[8.9.
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Proof: Elliptic regularity implies that
Ly ¢ (ker Lg)) " N W22 — im Lg, C L?

is a Banach space isomorphism, the orthogonal complement being taken inside L?. In
particular, there exists C' > 0 such that ||w||y22 < C||Lgw||f2 for all w € (ker Ly, )t NW22.
This constant C can be chosen uniform in €', since Lg, is a smooth family of elliptic operators
parametrised by a finite-dimensional, hence locally compact manifold. Using Lemma [8.7] we
get

IR (@)l 2 < 1€l < 1CC | L 2

with €1, €2 > 0 as in the remark following Lemma[8.9 and some constant C’ = C’(e1, €2) > 0.
For €; < 1, this constant C’ can in fact be chosen independent of €; in the above estimate,
which implies the result. [

As a consequence, we obtain that locally @51(0) coincides with Sg, more precisely:

Corollary 8.11 There exists € > 0 such that if || — Q||yrz < €, then Qq() = 0 implies
that 2 € Sg.

Proof: Let ' € Sy be chosen according to Lemma i.e. such that w’ = Q — ' sat-
isfies ' € (ker L), We write Qg() = Law’ + Ry (w'). Now Qg(2) = 0 implies
that ||Ra (w')||z2 = || Layw'|| 12, which in view of Proposition (with e.g. k = 1) yields
R (w') = Lgyw" = 0. Since w’ was chosen orthogonal to the kernel of Lg,, we obtain w’ = 0,
hence 2 € Sq. [

Let € be a Dirichlet-DeTurck flow solution on [0,T] and let @t = @Q (ﬁt) Then %ﬁt = @t
and @t satisfies the linearised flow equation
0 ~

5@ = L5, Qs (53)

with Lﬁt = DQQQ. This is a linear parabolic equation with time—dependent coefficients.
We view the operator Lﬁt as a (non—symmetric) perturbation of the symmetric operator
Lg, to which in particular Lemma applies.

Lemma 8.12 (L?>-almost orthogonality of @t) For all kK > 0 there exists € > 0 such
that if ||Q: — Q|yyre < € for allt € [0,T], then

[(Qew) 2| < K 1Qel 2w 2
for all w € ker L.

Proof: Let Q; € Sq be chosen according to Lemma i.e. such that wj = §~2t — ), satisfies
wj € (ker Lg ). We write Q= Lg,w;+Rg, (w;). First we observe that due to the symmetry
of Lg its range is L?-orthogonal to its kernel. Since the ranges of the operators Lq, form
a smooth vector bundle for Q' € Sq, this implies that they are L2-almost orthogonal to
ker Lg in the above sense, in particular

| (La,wt w) 2] < & || Lg,wil| L2 [w] 22
for all w € ker Lg, if € > 0 is chosen sufficiently small. Proposition then shows that

| (Ra, (wi), w) 2| < [1Rq, (i)l pzllwll 2 < #llLo,willre wll L2
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and hence
(@, w) 12| < [{Lo,wi,w) 2] + [ (R, (W), w) 2|
< 26 || Lo, will 2wl 2 < 26(1 = R)7HIQell 2wl 2.
for all w € ker Lg, again if € > 0 is chosen sufficiently small. This proves the result. |

Lemma 8.13 (L?-exponential decay of Q) There exist € > 0 and A = A(Q) > 0 such
that if |Q — Qllywrz2 < € for all t € [0,T], then
1QelIZ2 < e[ Qoll72-
for all t € [0,T].
Proof: Using equation (53) we obtain
4l
dt 2

Let A1 > 0 be the first (positive) eigenvalue of —Lg. Then one has (—Lgw,w)z2 > A [|w||2,
for all w € (ker Lg)™*, and hence, using Lemma [8.12] that

”Qth?ﬂ = <L§t@ta@t>L2

o I ~
(—LaQt, Q)2 > TIHQtH%2

for € > 0 sufficiently small. Using Lemma [8.8| one gets

~ ~ 3\, ~ ~ Al =
(—Lg,Q Qi)r2 = (1 — EI)THQtH%z — €[1Q¢ll72 > EHQtH%2
if €,¢ > 0 are chosen sufficiently small. Finally we get
d1

73/1Q7e < =AIQullZ2

with A := A1 /2 and € > 0 sufficiently small. Now Gronwall’s lemma implies the result. W
Parabolic regularity theory now yields higher derivative estimates:

Proposition 8.14 (W*2—exponential decay of @t) There exist € > 0 and C, A > 0 such
that if |Q: — Qlyrz < € for all t € [0,T], then

Qe < Ce
for all t € [0,T7.

Proof: If ¢ > 0 and A > 0 are chosen according to Lemma then for 0 <tg <t;1 <T
we get
"= 3 "o Y
| 0@ edr <@l [ e ar < oo
to to
for Cy = HQVOH%Q JA. It is easy to see that the estimate of Corollary remains true for

Py == 0, — Lg, (with a constant Cs = Cs(e, 9, Q) > 0) if € > 0 is sufficiently small. In

particular we get for s := (k — 1)/2 that
~ - t1
HQH%/SJrl[tOJr(S,tl] < CSHQH%/O[tO,tl] < CS/t HQTH?ﬁdT
0

since Ptht = 0. Combining these two estimates and using the trace theorem as in the proof

of Corollary [B:6] yields the result. [ |
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We will now describe the choice of the constants:

1. Choose € > 0 such that

(a) Q0 — Qllyr2 < e implies that the Dirichlet-DeTurck flow at @ with initial
condition Qg exists on [0, 1]. This is possible using Lemma

(b) |9 — Qlyyre < € for ¢ € [0,T] yields
1Q¢llyez < Ce™

on [0,T] for any T' < T4z, where Tpq, is the maximal life-time of the flow. This
is possible using Proposition [8.14

2. Choose T > 0 such that [° Ce *dt < €/2 with C and X as above.

3. Choose ¢ > 0 such that N B
10 — Qe <6

implies that the Dirichlet-DeTurck flow at  with initial condition Q exists on [0, 7]
with || — Q|yr2 < €/2. This again is possible using Lemma
The proof of Theorem may then be finished as follows:

Let the initial condition Qg be given satisfying
1920 — Q[ vz < 0.

Let Tinae > T such that [0, Tpaz) is the maximal time interval on which the Dirichlet—
DeTurck flow with initial condition 2y exists. Suppose now that T,q, < oo. For T <t <
Trnaz ONE has
- t g -
Q :QT+/ — Q. dr
T (97'

and hence, as %Qt = @,

~ ~ t~
10— Opflypee = H/T Grar| .,

IN

t ~
A
T

< / Ce_’\Td7‘<e/2.
T

Using this for tg = max{T, Tjnex — 1/2} and bearing the assumption || Q7 — Q||yyrz < €/2 in
mind, we obtain

192, = Qlwe < Q4 = Qrllwre + 107 = Qlwrs < e

Therefore the Dirichlet—DeTurck flow can be continued at least up to time tog+1 > Tiax+1/2,
a contradiction; Hence 1,4, = 0o and we have established longtime—existence together with
the estimate || — Q||yyx2 < € for all ¢ € [0, 00).

Finally we set
~ - © 9 -
Qoo =0 —Q dt.
0 +/0 a0
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Using Proposition we see that this integral converges, i.e. that Q converges to Qoo with
respect to the W*2-norm.

Furthermore, since @Q : Wh?2 — Wk=22 is continuous (even differentiable), we obtain
p 1' 2 p— ~_ ﬁ
0= lim Q@ = Qa(Q),

in other words, Qo € @51(0) Since locally @61(0) = Sg according to Corollary we

obtain (200 € S5. In particular, Q. is a torsion—free Go—form. This finishes the proof of
Theorem R.1] |
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A Appendix: Go—differential operators

The Go-differential operators d we use in the text are given as follows:

dif = 0
di,f = 0
dy: O —Q !
q 1 d%f = df
di-f = 0
dla = (59042%*9(1(*9(04/\9)/\9)
dla = xo(daA*xqQ) = —Lxq(da(aAQ)AQ
dl 0 - Q, oo o af2) = —3 *a (4o ) A Q)
dg70z = [d *0) (a A *QQ)]27 = [59(0& A\ Q)]27
d}4ﬁ = 0
d14ﬁ =0
it — Q 11
g T A48 = —xq ([dBlr A Q)
dyB = [dfl
d%7fy =0
d¥y = [6a7)a
270 = Q >
a ! 1 d%7’y = xq(day A *xaQ?)
d3zy = xaldyler
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