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Problem 13. (Spectrum of the product)
Let X be a Banach space and S, T € B(X).

(a) Prove that o(7'S) U {0} = o(ST) U {0}.
[Hint: Given 0 # X € p(ST), formally (!) expand (T'S —X)~! into a geometric series
to express (T'S — X\)~! in terms of A\, S, T and (ST — \)~'.]

(b) Show that o(T'S) = o(ST) is not true in general.

Problem 14. (Spectrum of self-adjoint operators)

Let A be a bounded self-adjoint operator on a Hilbert space H, i.e. A* = A. Prove the
following;:

(a) o(A) C [m,M] C R, where m = inf (z,Az), M= sup (x,Az).

€M, ||lz||=1 €M, ||z||=1

Problem 15. (Weyl sequences)

Let X be a Banach space and T' € B(X). A sequence (x,)neny in X is called a Weyl
sequence of T at A € C, if ||z,|| = 1 for all n € N and ||Tz,—Az,|| — 0 as n — oc.
Prove:

(a) If T has a Weyl sequence at A € C then A\ € o(T).
(b) If A € 9o(T") then T has a Weyl sequence at A € C.

Now let ‘H be a Hilbert space and let 7" € B(H) be self-adjoint.
(c) Prove that T has a Weyl sequence at A iff A € o(T).


http://www.math.lmu.de/~sorensen/

Problem 16. (Multiplication operators on general measure spaces)

Let (X, u) be a o-finite measure space, let 1 < p < oo, and for a measurable function
h:X — Clet
Dy :={fel’X,u):hfelP(X,nu}.

Let My : Dy — LP(X, 1), f — hf.
(a) Prove that Mj, € B(LP(X,p)) iff h € L=(X, p).
Assuming h € L>(X, ) prove the following:
(b) op(My) ={A € C: p({z € X : h(z) = A\}) > 0}.
(¢) p(My) = {X € C:3c>0such that |\ — h(z)| > ¢ pae}.

This sheet is to be discussed in the exercise class on Thursday, November 17.
For more details please visit http://www.math.lmu.de/~tkoenig/16FA2exercises.php
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