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Abstract

We study the market implications of ambiguity sensitive preferences using the a-maxmin
expected utility («-MEU) model. In the standard Ellsberg framework we prove that a-MEU
preferences are equivalent to either maxmin, maxmax or subjective expected utility (SEU).
We show how ambiguity aversion impacts equilibrium asset prices, and revisit the laboratory
experimental findings in Bossaerts, Ghirardato, Guarnaschelli, and Zame (2010). Only when
there are three or more ambiguous states, a-MEU, maxmin, maxmax and SEU models induce
different portfolio choices. We suggest criteria to discriminate among these models in labora-
tory experiments and show that ambiguity seeking agents may prevent the existence of market
equilibrium. Our results indicate that ambiguity matters for portfolio choice and does not wash

out in equilibrium.
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1 Introduction

Over the past decades the impact of Knightian uncertainty (Knight 1921), or ambiguity, on finan-
cial decision making has received significant attention in the academic community.! Models with
ambiguity averse agents can capture a variety of empirical phenomena such as non-participation,
portfolio inertia and excess volatility of asset returns.? These models are also supported by exper-
imental laboratory evidence that agents’ preferences are heterogeneous and well approximated by
ambiguity sensitive preferences with different degrees of ambiguity aversion; e.g., Bossaerts et al.
(2010), and Ahn, Choi, Gale, and Kariv (2014).

The workhorse model to study the impact on financial markets of ambiguity aversion has been
the maxmin expected utility model (Gilboa and Schmeidler 1989). The c-maxmin expected utility
(a-MEU) model generalizes the maxmin model and has a number of appealing features.® Being a
convex combination of the maxmax (0-MEU) and the maxmin (1-MEU) models, it can represent
a large spectrum of preferences, ranging from the ambiguity seeking attitude of the 0-MEU to
the ambiguity aversion attitude of the 1-MEU. Assuming that the set of priors that describes the
uncertainty of the setting is known, the one-dimensional parameter « can be used to assess the
agent’s ambiguity aversion. As a consequence, the a-MEU has been used in many theoretical and
experimental studies on agents’ ambiguity attitudes.*

Despite the popularity of the a-MEU model, an in-depth analysis of its portfolio choice and

equilibrium asset price implications has not been carried out, although such analysis is central to

!See Gilboa and Marinacci (2013), and Machina and Siniscalchi (2014) for recent discussions of ambiguity and
ambiguity aversion.

2Several studies investigate how agents’ nonparticipation may arise in the presence of ambiguity averse agents; see
Dow and Werlang (1992), Epstein and Miao (2003), Cao, Wang, and Zhang (2005), Easley and O’Hara (2009),
Ileditsch (2011) and Dimmock, Kouwenberg, and Wakker (2016). Studies relating ambiguity aversion to other
market phenomena include Chen and Epstein (2002), Uppal and Wang (2003), Trojani and Vanini (2004), Epstein
and Schneider (2008), Cao, Han, Hirshleifer, and Zhang (2011), and Boyle, Garlappi, Uppal, and Wang (2012). For
a survey on this topic see Epstein and Schneider (2010). Ambiguity averse preferences have been used to address
long-standing puzzles in Economics regarding the conflict between efficiency and incentive compatibility, see for e.g.
He and Yannelis (2015) and De Castro and Yannelis (2016), and the existence of Rational Expectations Equilibrium,
see for e.g. De Castro, Pesce, and Yannelis (2017).

3The a-maxmin expected utility is a generalization of the Hurwicz’s model introduced by Hurwicz (1951a,b); see also
Arrow and Hurwicz (1972) and Jaffray (1988).

4Theoretical properties of the a-MEU model have been studied by Ghirardato, Klibanoff, and Marinacci (1998) and
Marinacci (2002). For characterizations of subclasses of the a-MEU preferences see Ghirardato, Maccheroni, and
Marinacci (2004), Olszewski (2007), Eichberger, Grant, Kelsey, and Koshevoy (2011), and Klibanoff, Mukerji, and
Seo (2014). Chen, Katus¢dk, and Ozdenoren (2007) focus on sealed bid auctions and use the a-MEU to derive the
equilibrium bidding strategy for a-MEU bidders. For recent experimental studies see, Ahn et al. (2014), Cubitt,
van de Kuilen, and Mukerji (2014) and reference therein.

*Bossaerts et al. (2010), and Ahn et al. (2014) derive the a-MEU model portfolio choice in the standard Ellsberg
framework. However, as we show in Proposition 3.1, in that framework a-MEU preferences coincide with either
maxmin, maxmax or SEU preferences.



understand the attitudes towards ambiguity that a model represents. One reason could be that the
a-MEU portfolio optimization is involved. In fact, while the maxmin utility is always concave if
the agent is risk averse, this is not in general the case for the a-MEU utility.

This paper theoretically studies the implications for optimal portfolio choice and equilibrium
asset prices of the a-MEU model. We carry out this study in a complete Arrow—Debreu market
model where the future states of the economy correspond to draws from Ellsberg-type urns. A
complete market is an ideal framework to study the optimal portfolio choice implied by a model
because agents can attain the desired amount of portfolio risk and ambiguity exposures, given their
budget constraints. Moreover, the separation between risky and ambiguous states and interchange-
ability of the latter in the Ellsberg frameworks allow to pin down the different attitudes towards
ambiguity of a-MEU agents as a function of a.

First we consider the standard Ellsberg (1961) framework where the state space consists of three
future states of the economy, one risky and two ambiguous. We find that in this setting, a-MEU
preferences are equivalent to either maxmin (when o > 1/2), maxmax (when o < 1/2), or subjective
expected utility (SEU) (when o = 1/2) preferences.® Hereafter we refer to this result as the
equivalence result. This shows that the popular standard Ellsberg framework is not the right setting
to study a-MEU preferences as a generalization of the maxmin, maxmax and SEU preferences, and
has implications for experimental studies. For instance, it rationalizes empirical evidence from
recent laboratory experiments carried out in the standard Ellsberg framework that use the a-MEU
model to conclude that their experimental evidence point to a substantial heterogeneity in aversion
to ambiguity; e.g., Bossaerts et al. (2010), and Ahn et al. (2014).”7 The equivalence result shows
that these experimental studies could had come to the same conclusion by using the maxmin
model, and varying the size of the set of priors to measure varying degrees of aversion to ambiguity.
Moreover, the discovered equivalence between a-MEU with o > 1/2 and maxmin preferences allows
us to theoretically justify and enhance Bossaerts et al. (2010)’s experimental findings that ambiguity
impacts equilibrium asset prices. First, we derive the equilibrium state prices for a market populated
by SEU agents and maxmin agents, who optimally choose portfolios with no exposure to ambiguity,
and we show theoretically through which channels ambiguity aversion impacts equilibrium state

prices. Then we observe that the theoretical rankings of the state-price/state-probability ratios

5This result holds true for any number of risky states as long as that there are only two ambiguous states.
"Bossaerts et al. (2010) and Ahn et al. (2014) run portfolio choice lab-experiments in the standard Ellsberg framework
and provide evidence of considerable heterogeneity in agents’ preferences. They find that one half of the agents are
well approximated by SEU preferences, while the remaining half has a significant degree of ambiguity aversion and
prefers portfolios with no exposure to ambiguity.



fully explain the Bossaerts et al. (2010) empirical rankings.® This remarkable matching between
theory and data clearly indicates that ambiguity aversion does not wash out in equilibrium.’

Next, we consider an extended Ellsberg framework where the state space contains three or
more ambiguous states. We show that in this setting the a-MEU preferences do not reduce to
and imply portfolio choices that are not observationally equivalent to maxmin, maxmax or SEU
preferences. To show this we study the portfolio choice implied by the a-MEU model as a function
of o € (0,1) when the a-MEU set of priors is fixed to be the one that describes the uncertainty
(risk and ambiguity) in the extended Ellsberg framework. We denote this set by Cmax and the
corresponding class of models by a-Cpax-MEU. Fixing Cpax as the a-MEU set of priors allows to
interpret the parameter o as a measure of the agent’s aversion towards ambiguity. This allows us
to study the a-MEU portfolio choice as a function of the different degrees of ambiguity aversion
and make meaningful comparisons between a-Cpax-MEU and maxmin preferences using a utility
specification common to the two classes of models.'”

We show that the a-Cpax-MEU agents with o € (0,1) optimally choose only two types of
portfolios: either an unambiguous portfolio (with no exposure to ambiguity, allocating equal wealth
to all ambiguous states), or an ambiguous portfolio with a specific exposure to ambiguity: this
ambiguous portfolio corresponds to an unambiguous portfolio plus a bet on one of the cheapest
ambiguous states. If there is only one ambiguous state with cheapest price, then the optimal
portfolio is unique. If there are n > 1 ambiguous states with cheapest price, then there are n
optimal portfolios as the a-Cy.-MEU agent finds equally optimal to bet on any of the n cheapest
ambiguous states.

The choice between unambiguous and ambiguous optimal portfolios only depends on « and
the ratio of the cheapest price to the total sum of prices of the ambiguous states. The larger is

« relative to the ratio above, the less the optimal portfolio is exposed to ambiguity. The set of

8To rationalize their experimental findings Bossaerts et al. (2010) use a theoretical market model populated by a-
MEU agents with o > 1/2 and SEU agents. Unaware that in the standard Ellsberg framework a-MEU utilities with
a > 1/2 reduce to concave maxmin utilities, Bossaerts et al. (2010) do not derive the equilibrium state prices but
make conjectures. Our theoretical findings in Section 3.1 complete the Bossaerts et al. (2010) model and show that
their experimental findings are much closer to the theory than they could conclude based on their analysis.

9To further strengthen this result we remark that while the maxmin portfolio choice explains the fraction of portfolios
with no exposure to ambiguity observed in the Bossaerts et al. (2010) experiments, the portfolio choice of a SEU
agent cannot, even if the SEU agent is endowed with a non-smooth utility. The intuitive reason is that a kink of a
non-smooth SEU utility does not discriminate between risky and ambiguous states, while a kink of the maxmin-utility,
consequence of the multiple priors evaluation of the maxmin agent, it does.

10Studies of agent’s ambiguity aversion based on the a-MEU model typically assume, as we do here, that the set
of priors describing the uncertainty of the setting is known; see, e.g., Chen et al. (2007), and Ahn et al. (2014).
This assumption has been debated in the literature, but it appears to be necessary to achieve specific behavioral
predictions which are amenable to testing in an experimental setting.



state prices for which an a-Cpax-MEU agent chooses an unambiguous portfolio increases with the
ambiguity aversion parameter . The limiting case is the 1-Cihax-MEU agent who always chooses
an unambiguous portfolio.

We show that any a-Crmax-MEU agent with an « smaller than (I — 1)/l, where [ is the number
of ambiguous states, shows an ambiguity seeking behavior. These agents always prefer a portfolio
exposed to ambiguity, even when the prices of ambiguous states are all equal and the ambiguous
states are thus indistinguishable one another. Only when « is larger than (I — 1)/l, a-Cpax-MEU
agents do not exhibit ambiguity seeking behavior, and when the ambiguous state prices are all
equal prefer the unambiguous portfolios.!! In this case, we show that an unambiguous portfolio is
also the optimal choice of maxmin agents, irrespectively of the size of their sets of priors.

Our theoretical findings can inform laboratory experiments to disentangle between ambiguity
seeking a-Cax-MEU agents and agents who are not ambiguity seeking, and among the latter,
between a-Cpax-MEU and maxmin agents. We propose a multiple-stage experiment. In the first
stage, setting the prices of ambiguous states all equal allows to identify the ambiguity seeking agents
from their portfolio choices. Subsequent stages only involve the non-ambiguity seeking agents, and
exploit the fact that optimal portfolios of a-Cpax-MEU agents are not unique, while the optimal
portfolio of maxmin agents is typically unique.

Finally, we study the equilibrium in a market populated by ambiguity sensitive and SEU agents.
We show that the existence of equilibrium depends on whether ambiguity seeking agents are or are
not in the market. More precisely, we find that the ambiguity seeking a-Cpax-MEU agents may
prevent the existence of market equilibrium that otherwise exists if together with SEU agents the
non-ambiguity seeking a-Cp.x-MEU or maxmin agents populate the market. Intuitively, ambiguity
seeking agents may take positions that cannot be offset by the SEU agents.

The structure of the paper is as follows. Section 2 introduces the setup. Section 3 shows that
in the standard Ellsberg framework a-MEU preferences coincide with maxmin, maxmax and SEU
preferences, derives equilibrium state prices, and revisits the experimental findings in Bossaerts
et al. (2010). Section 4 studies the optimal portfolio choice of the a-Cipax-MEU model in the
extended Ellsberg framework, and the different attitudes towards ambiguity. Section 5 studies

the impact of ambiguity seeking behaviors on equilibrium asset prices. Section 6 concludes. The

"1n contrast to the standard Ellsberg framework, in the extended Ellsberg frameworks (i.e. when I > 3) the value of
a that separates ambiguity seeeking from ambiguity averse agents is not anymore o = 1/2 but « = (I — 1)/l: when
l=3,a=(l—1)/l = 2/3 and increases towards 1 when [ increases. Moreover, (I — 1)/l-Cmax-MEU preferences do
not reduce to SEU preferences; see Section 4.3.



Appendix collects proofs and technical results.

2 Setup

The utility of an a-MEU agent from some state dependent wealth w = (wy)ses iS

(2.1) U(w) =amin » u(wy) 7w, + (1 — ) max Z u(wy) T
€S e s

where u : R — R is a utility function, the set of priors C is a closed and convex set on the finite
state space S, and « can take any value between [0,1]. For v = 1, (2.1) reduces to the maxmin-
expected utility (1-MEU) model, for & = 0 to the maxmax-expected utility (0-MEU) model. All
utility functions u : R — R are differentiable, strictly concave and strictly increasing. To keep
the analysis tractable we assume that u is defined on the whole real line. The majority of results
in this paper (e.g., the a-MEU portfolio characterization in Proposition 4.1) holds true also when
u has a bounded domain, as long as the set of feasible portfolios remain convex and the utility
differentiable.'?

The market model considered in this paper is an Arrow—Debreu complete market for contingent
claims with two dates, t =0 and t = 1. S is the finite state space containing all possible states of
the economy at time ¢t = 1, and | S | is the number of states. At time ¢t = 0 the agents face both
uncertainty (risk) and ambiguity since they neither know which state in S will realize at time ¢ = 1
(uncertainty), nor what is the probability of the occurrence of some of the states in S (ambiguity).
For any state there is an Arrow security traded in the market which pays at time ¢ = 1 one unit
of currency in that state and nothing in the other states. Pricing rules p = (ps)ses € ]R'f' are
normalized so that the price of the risk-free and unambiguous portfolio w = (1,...,1) is 1, that is
ZLS:'l pi =1

Given N agents in the market, each agent n is characterized by an initial endowment e € RIS!,
where the ith coordinate of e™ corresponds to the number of Arrow securities that pay in the
state 4, and by a criterion U" representing her preferences, n = 1,..., N. The total endowment
in the market is W := Ziv e" = (W,...,Wg), where := denotes definition. Let - denote the
scalar product x -y = Z‘zi‘l Tili, T, Y € RISl Given the pricing rule p on the Arrow securities, a

portfolio w” = (w?)ses € RISl is said to be optimal for agent n if w” satisfies the budget constraint

2These properties can be insured, for instance, by requiring that the feasible portfolios are in the interior of the
utility domain.



p-w" < p-e” and maximizes the utility U" over all portfolios w € RISl subject to the budget

constraint p-w < p-e”, i.e.

U™(w") = max{U"(w) | w e Rl p.w < p-e}.

An equilibrium (p;w!,. .., w") consists of a pricing rule p and individual portfolio choices w™ such
that

— for each n =1,..., N the portfolio w™ is optimal for agent n given the pricing rule p, and

— the market clears: 32 w™ = SV e

3 Standard Ellsberg framework

Throughout this section we consider a standard Ellsberg framework, that is a state space S =
{R,G, B} where the states correspond to draws from the Ellsberg (1961) urn. The probability of
the state R (red) is known and equal to wg € (0, 1), while the probabilities of the two ambiguous
states G (green) and B (blue) are unknown. Any closed convex set of priors D, consistent with the

above information on the Ellsberg framework, can be written as

(3.1) D ={(mr,q,1 —q—7r) 1 q € [a,}]}

where 7R, ¢, and 1 — g — wr are the probability weights on the states R, GG, and B, respectively,
corresponding to a given prior in D, and 0 < a < b < 1 — 7g. Thus, any a-MEU utility U in (2.1)

on the portfolio w = (wr, wg, wr) € R3 reads as

(3.2) Uw) = aqrgiri] [rru(wgr) + qu(wg) + (1 — ¢ — mr) u(wp)] +

(1-a) qrél[g?;] [Tru(wr) + qu(wg) + (1 — ¢ — mg) u(wg)]

for some a € [0, 1].

3.1 Equivalence result

In the following Proposition 3.1, we show that a-MEU preferences are equivalent to either 1-MEU,
0-MEU or SEU preferences. The proof is provided in Appendix B.



Proposition 3.1. Consider the utility U in (3.2) and let ¢ :== aca+(1—a)b and d := (1—a)a+ab.

(i) If a« > 1/2, then U is a mazmin expected utility (1-MEU), i.e.

(3.3) Ulw) = qrél[iﬁ} [Tru(wr) + qu(wg) + (1 — ¢ — mr) u(ws)]

with set of priors C = {(7r,q,1 —q—7R) : q € [c,d]} C D.

(ii) If a =1/2, then U is a subjective expected utility (SEU) with subjective prior

(3.4) (’/TR,(G—Fb)/Q,l—?TR—(a+b)/2).

(iii) If a < 1/2, then U is a maxmaz expected utility (0-MEU), i.e.

(3.5) Ulw) = max [rru(wr) + qu(we) + (1= q = mr) u(ws)]

with set of priors C = {(7g,q,1 —q—mR) : q € [d,c]} C D.

Proposition 3.1 shows that any a-MEU utility with o > 1/2 (o < 1/2) and a generic set of
priors D is equivalent to a unique maxmin utility (respectively, maxmax utility) over a set of priors

C, which is smaller than D, and univocally characterized by o and D.'> Consequently,

e the a-MEU preferences in the standard Ellsberg framework are indistinguishable from maxmin,

maxmax or SEU preferences

e doing comparative statics with respect to a € (1/2,1) (a € (0,1/2)) in the a-MEU model
with a fixed set of prior is equivalent to doing comparative statics with respect to the size of

the set of priors in the maxmin (respectively, maxmax) model.

These findings provide new insights into the implications of ambiguity for portfolio choice and
have implications for experimental studies. For instance, they show that the standard Ellsberg
framework is not the right setting to study the a-MEU model if one wants to use this model as a

generalization of the maxmin, maxmax or SEU preferences.!* Moreover, they clarify some recent

13The set of priors C equals D when a = 1 (a = 0), and when « decreases (increases) to 1/2 shrinks up to only
containing the prior (3.4).

HSection 4 shows that when there are more than two ambiguous states the equivalence result does not hold anymore:
the a-MEU model induces different portfolio choice and expresses different attitude towards ambiguity than the
maxmin maxmin, maxmax and SEU models.



experimental studies carried out in the standard Ellsberg framework in which the a-MEU model
is used to conclude that the experiment outcomes suggest a substantial heterogeneity in aversion
to ambiguity; e.g. Bossaerts et al. (2010), and Ahn et al. (2014). Proposition 3.1 shows that these
studies could have come to the same conclusions by using maxmin preferences and varying the
size of the set of priors instead of a to measure varying degrees of aversion to ambiguity. For the
implications of the equivalence result on equilibrium asset prices see Section 3.4.

The converse of Proposition 3.1 was already known from Siniscalchi (2006), namely that a
maxmin model with a given set of priors C can be rewritten as less parsimonious a-MEU models,
with set of priors D larger than C, for many different («, D).

The a-MEU preferences coincide with maxmin, maxmax, or SEU preferences also in a state
space setting with more than one risky states, or with no risky states, as long as there are only
two ambiguous states. When there are no risky states, Proposition 3.1 holds true by setting
mr = 0. When there are m > 1 risky states, Ri,..., Ry, with known probabilities 7g, € (0,1)
which satisfy > ", g, < 1, Proposition 3.1 holds true by replacing the prior in (3.4) by the
prior (7g,,...,TR,,,(a +b)/2,1 = > 7mr, — (a + b)/2), and mru(wg) in (3.3) and (3.5) by

2 i1 TR W(WR)-

3.2 Market equilibrium with ambiguity averse and SEU agents

Motivated by recent experimental evidences that investor’s preferences are well approximated by
ambiguity averse and SEU preferences, we study a simple market model populated by maxmin
agents (or equivalently by a-MEU agent with o > 1/2, see Proposition 3.1 (i)) and SEU agents. We
derive equilibrium asset prices and show theoretically how ambiguity aversion impacts equilibrium
asset prices.

Let denote by w = (wg, wg, wg) the optimal portfolio of a maxmin agent and by y = (yr, ya, yB)
the optimal portfolio of a SEU agent. Depending on the distribution of the total endowment
W = (Wg, Wg, Wg) in the market, only particular rankings of state-price/state-probability ratios
can occur in equilibrium. The interesting case to study is when maxmin agents take an unambigu-
ous portfolio, i.e. wg = wp, and the total endowment is W # Wp. Without loss of generality in
the following we assume that Wg > Wp.

Appendix A provides the proof of Proposition 3.2 and a concise treatment of maxmin and SEU

portfolio choice.



Proposition 3.2. Suppose the market is in equilibrium and populated by mazmin agents (equiv-
alently a-MEU preferences with o > 1/2) who take unambiguous portfolios and SEU agents with
prior 1 = (7p,7q,mB), with 7R, g, 7 > 0. Denote by W = (Wg,Wg, Wg) € R? the total

endowment of the market.

1) If Wr > Wg > Wp, then two rankings of the state-price/state-probability ratios are possible:
(3.6) PE PR PG
and the optimal portfolios y of any SEU agent and w of any mazximin agent satisfy
Yyg > Yr > yp and wWR > wg = WH.

The other possible ranking is:

(37) PE _ PG _ PR (Or pB>PG:pR)
7B TG TR TB TG TR

and the optimal portfolios y of any SEU agent and w of any mazmin agent satisfy
yr>vya >yp (or yr=vyc >yp) and wr>wg = wp.

2) If Wg > Wr > Wpg, then the only possible ranking of the state-price/state-probability ratios

18:

(3.8) PB PR _ PG

and the optimal portfolios y of any SEU agent and w of any mazmin agent satisfy

Yo > Yyr > yp and wrp > wg=wp or wr<wg= wg.

3) If Wg > Wp > Wg, then two rankings of the state-price/state-probability ratios are possible:

(3.9) PE PR PG
B TR TG

10



and the optimal portfolios y of any SEU agent and w of any mazimin agent satisfy
ya > Yr > yp ond wgr < wg = wg.

The other possible ranking is:

(3.10) PR ED PG (o PR_DD TG
TR B TG

and the optimal portfolios y of any SEU agent and w of any mazmin agent satisfy
ye >y >yr (or ye>yp=yr) and wr<wg=wp.

Proposition 3.2 shows that when the total endowment W = (Wg, Wq, Wg) satisfies Wg >
We > Wp or Wg > Wp > Whg, two rankings of the state-price/state-probability ratios of the SEU
agents are possible in equilibrium. In the examples of Section 3.3 we show that all these rankings
can indeed occur.

The actual occurrence of ranking (3.6) when Wi > Wg > Wp, and of ranking (3.9) when
Wg > Wp > Wg, show that ambiguity aversion strongly impacts equilibrium prices. In these
cases, the SEU agents in the market and the SEU representative agent (who rationalizes the market
equilibrium) rank state-price/state-probability ratios in equilibrium differently.'® Since the maxmin
agents take an unambiguous portfolio, i.e. wg = wg, and Wg > Wp, the market clearing implies
that SEU agents have to hold portfolios which in aggregate pay strictly more on state G than on
state B'%. To induce the SEU agents to clear the supply difference W —Wpg, the price of the Arrow
security G in larger supply has to be comparatively lower and the price of the Arrow security in
lower supply B has to comparatively higher than, for instance, in a market populated only by SEU
agents sharing the same prior. When the supply differences W — W will be above a certain level,
the SEU agents will have to hold in equilibrium a state dependent portfolio that does not rank as
the state dependent total endowment W, and consequently their state-price/state-probability ratios

will not be ranked opposite to W. For instance, when Wg > W > Wi and Wg — Wg is “too

5Rankings (3.6) and (3.9) of the state-price/state-probability ratio of SEU agents in the market are not opposite to
the ranking of the corresponding total endowments. By contrast, the state-price/state-probability of the SEU repre-
sentative agent who rationalizes the market equilibrium is ranked opposite to total endowment: the representative
agent has to hold the total endowment of the economy as optimal portfolio, thus (A.3) has to hold.

16This occurs if and only if 7’:—’; > Z—g (See (A.3) in Appendix A) and excludes all state-price/state-probability rankings

in which 28 < &
B = g

11



large” compared to Wp — Wg, the optimal portfolio of the SEU agents will be yg > yr > yp and
the ranking (3.9). The examples in Section 3.3 illustrate the mechanism through which ambiguity
averse agent impacts prices in the CARA and Quadratic cases.

An ambiguity averse representative agent who rationalizes the market equilibrium may also be
possible. However, the representative agent will need to be less ambiguity averse (that is, to have

a smaller set of priors) than the maxmin agents acting in the market.!”

3.3 Illustrating equilibrium results

We now illustrate Proposition 3.2 in the case of exponential and quadratic utilities. We recall that
the market is populated by SEU agents with prior 7 = (ng, 7g,75), wWith mg, g, 75 > 0, and by
maxmin agents in (3.3) who are sufficiently ambiguity averse to hold an unambiguous portfolio, i.e.

wg = wp.'® The total endowment W = (Wg, W, Wg) is such that Wg > Wp.

3.3.1 CARA utility

—0z

There are L SEU agents and M maxmin agents, all having exponential utilities u(z) = 1—%5—. Let

0 = f and 0 = y be the risk aversion parameter of the SEU agents and maxmin agents, respectively.

Then, the equilibrium state prices are:

TR

Pr = BYWR-—Wg) yL BM BY(WR—Wpg) L BM

Tr+e BAM+IL WéM+WLqBM+vL 4+ e AMFAL TrJgM‘”L (1 — 7R — q)PMHAL

_qL BM
m G gPrT

pa = ﬁ BM BYWa—Wg) Bry(Wg—-Wpg) ﬁ BM
e qPMTAL 4 e AMAYL e BMTAL g (1 —7r — q)PM+L
AT oM
s = g (L= mp — @) P
e BM BY(Wp—Wg) BWp—Wg) Lo M
g (1 -7 —q)PM+ L 4 e BMTL 4 e BMHIL e qPFMHAL

1"Suppose there exists a maxmin representative agent characterized by the set of priors {(7r,q,1 —7r —q) | ¢ €
[cr,dr])} who rationalizes the market equilibrium. Let {(7r,q,1 — 7r — ¢q) | ¢ € [c,d])} be the set of priors of the
maxmin agents in the market. Since the maxmin agents in the market choose the unambiguous portfolio and the
representative agent has to hold the total endowment W of the economy as optimal portfolio, (A.5) implies that: If
Wea > Wg then,

e pe___cr

l—7r—c ~ pB 1—7r —cCRr
has to hold true and thus cg > ¢. With a similar reasoning, if W < Wp, then dr < d has to hold true.
8From (A.5) and the results that follow in this section (specifically equalities (3.12)) one can see that maxmin agents
hold an unambiguous portfolio, i.e. wg = wp if and only if ¢ in (3.11) satisfies ¢ < g < 7¢ < d.

12



where

TG+ TR
(3.11) q:=Tg TT—
rq + ngerWa=Wn)

The dependence of ¢ on Wi — Wg illustrates one channel through which ambiguity aversion affects
asset prices. The impact of an increases of %(WG — Wpg) on the securities prices that pay in the
ambiguous states is clear: an increase of %(WG — Wp) decreases ¢ and increases (1 — mr — ¢), and
consequently decreases pg, and increases pg thus making the SEU agents to absorb the imbalance

Wea — Wg.' The equilibrium price ratios

rée Ee_%(WG—WB)
PB B
BM
BMTAL
(312) p—G = E e + B e 31\//[3151; (WG*WR)
PR TR TG —+ ﬂ-Be%(WG_WB)
M
FMAAT
b _ 7B BWG T 7B o~ antisz Ws—Wh)
PR TR WGGT(WG*WB) +7p

show that all rankings of the state-price/state-probability ratios that are possible according to
Proposition 3.2 can indeed occur. For instance, consider the case Wg > Wy > Wpg. The first two
equations in (3.12) show that always L2 > 29 and 28 > 2¢. The third equation in (3.12) shows
that both fr—g > %: and g—’; < % can occur and, consequently, the corresponding rankings (3.9)
and (3.10).

The above formulae show that the same equilibrium could also be obtained in a market popu-
lated by expected utility maximizers only, but this under the condition that together with the L
SEU agents with prior (7r,7g,7p) the remaining M agents are expected utility maximizers with
the unusual prior (7g,q,1 — 7r — q). The prior (7gr,q,1 — T — q) is unusual because depends on
(and thus changes with) the aggregate endowment on the ambiguous states, and on the number and
the risk aversion of the different agents acting in the market.?? This prior has to be such to make

the M expected utility maximizers behave as maxmin agents who always choose the unambiguous

portfolio. Bossaerts et al. (2010, Section 4) also argue against such priors.

¥Depending on the particular rank of the total endowment W = (Wr,Wg,Wg), the price of the Arrow security
that pays in the state R will increase or decrease with %(WG — Wa).

20The fact that ¢ does not depend neither on the number of M of maxmin agents nor on their risk aversion v is a
peculiarity of the exponential utility.
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3.3.2 Quadratic utility

The quadratic utility with parameter ¢ > 0 reads

x—cx?/2, x<1/c
(3.13) uc(z) = / /

1/(2¢), x> 1/c

and feasible portfolios live on the strictly increasing part of the utility function. Suppose the SEU
agents have utility u,, the maxmin agents utility u; and a,b > 0. The fixed point equations for the

equilibrium prices are

_ mrle=Wnr)
bR c—m-W
b Tole=We) (D= (5= XM (e —m W)L+ REpe ity
¢ c—m-W D_(%_XMEU)(C_W_W)

_ 7m(c—Wp) D*(%*XMEU)(C*F-W)(l—VZ@;V”;B%;:R)
b = c—m-W D—(%—XMEU)(C—W-W)

where ¢:= 1 4+ 3, D :=mg(c—Wg)?+ (1 —7g)(c— 1cWetmsWi)2 and XMEU s the initial wealth

1—-7g
of the maxmin agents. Note that pg is lower (pp is higher) than the price %VIX,G) (respectively
%) that would result in a market equilibrium with SEU agents sharing the same prior

(TR, TG, TRB).

Let Wg > Wp > Wg. Figure 1 shows the state-price/state-probability ratios of the equilibrium
prices as a function of the difference Wg — Wg, computed for fixed W = 272 and Wx = 812!, The
parameters a and b in (3.13) are set to 0.001 in the left graph, and to a = 0.0015 and b = 0.001 in
the right graph.

In both cases there is a clear change of rankings of state-price/state-probability ratios: as

Wp — Wk increases, the ranking switches from (3.9) to (3.10).

3.4 Revisiting laboratory experimental findings

Bossaerts, Ghirardato, Guarnaschelli, and Zame (2010) run a series of laboratory experiments that
reproduce a competitive financial market in the standard Ellsberg framework. The comparison

between the experimental cross sectional distribution of the security holdings and empirical state-

21These values of the aggregate endowment W are the same values used by Bossaerts et al. (2010) in one of their
experiments that we discuss in Section 3.4 and which empirical rankings are summarized in Figure 2 in our paper.
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(a) a =b=0.001. (b) a = 0.0015 and b = 0.001.

Figure 1: State-price/state-probability ratios (y-axis) of the equilibrium prices as a function of the difference
Wp —Wg (2-axis), computed for fixed Wg = 272 and Wx = 81, as in Figure 2. The line marked with circles
represents pr/mr, the one marked with arrows pointing to the right represents pg /7, and the one marked
with arrows pointing to the left represents pg/mg. The SEU prior is mg = 7g = 75 = 1/3. The parameters
a and b in (3.13) are set to 0.001 in the left graph, and to a = 0.0015 and b = 0.001 in the right graph.

price/state-probability ratios with and without ambiguity, provide clear evidence that ambiguity
aversion matters for portfolio choices and equilibrium prices, and does not wash out in aggregate.
To support their experimental findings Bossaerts et al. (2010) use a theoretical market model
involving ambiguity averse a-MEU agents with a > 1/2 and SEU agents. Bossaerts et al. (2010)
do not derive the equilibrium prices but make conjectures about the equilibrium state-price/state-
probability ratio. Our theoretical findings in Section 3.1 complete the Bossaerts et al. (2010) model
22 and show that their experimental findings are much closer to the theory than they could conclude
just from the analysis in their paper.?

In the following we show that the rankings of the state-price/state-probability ratios in Proposi-
tion 3.2 resulting in a market equilibrium with maxmin agents who optimally choose unambiguous
portfolios and SEU agents, fully explain and theoretically justify all empirical rankings documented
by Bossaerts et al. (2010).

Bossaerts et al. (2010) summarize their experimental findings about equilibrium asset prices
in Figures 6-8; Bossaerts et al. (2010, pages 1349 and 1350). These figures show the empirical
distribution functions of the state-price/state-probability ratios obtained from experimental sessions

with different total endowments.

22Note that the market model for which we derive the theoretical rankings is the same theoretical market model
proposed by Bossaerts et al. (2010) to explain the experimental market. Relative to Bossaerts et al. (2010), from the
equivalence result (Proposition 3.1) in addition we know that in the standard Ellsberg framework risk averse a-MEU
preferences with @ > 1/2 are equivalent maxmin preferences with concave utility.

23The analysis in the Bossaerts et al. (2010) not always could explain the experimental findings, as discussed by the
authors; see the Conclusion in Bossaerts et al. (2010).
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Figure 6 in Bossaerts et al. (2010), where the total endowment W = (Wg, Wg, Wg) is such
Wea > Wgr > Wp, provides evidence of one ranking of the empirical state-price/state-probability
ratio, which is exactly the ranking (3.8) predicted by our Proposition 3.2. Proposition 3.2 confirms
the conjecture in Bossaerts et al. (2010, page 1339) that ranking (3.8) is more likely to occur when
Wag > Wgr > Wpg, which is indeed the only theoretically possible ranking. Moreover, Proposition 3.2
shows that the theoretically possible rankings of the state-price/state-probability ratio do depend
on the ranking of Wg with respect to Wg and Wp.

Figure 2 below is a copy of Figure 8, right panel, in Bossaerts et al. (2010) where Wg >

Wp > Wg. The experimental findings summarized in Figure 2 provide evidence of two rankings:

097}
087
0.7}
o6
057t
04r
03r
o2t
01rt

Figure 2: Empirical distribution functions of state-price/state-probability ratios from the experimental
session of eight trading periods in Bossaerts et al. (2010) with W = 272, W = 162, and Wx = 81. The
distribution function with circles is for pgr/mg; the one with arrows pointing to the right is for pg/mp; the
one with arrows pointing to the left is for pg /7. This figure is a copy of Figure 8, right panel, in Bossaerts
et al. (2010).

Pr/TR > PB/TB > Pa/Tq, and pp/TE > pr/TR > pa/Tq.2* Remarkably, Proposition 3.2 shows
that these are exactly the two rankings possible, namely (3.9) and (3.10), when Wg > Wp > Whg.

The proof of Proposition 3.2 further shows that the ranking (3.10) prevails when W — Wp is
large enough to imply an optimal portfolio of the SEU agents with more Arrow securities that pay
in the ambiguous state B than in the risky state R. This provides a potential explanation why

in Figure 2 the prices do not settle in favor of one of the two rankings: the values Wg, Wg, and

24Bossaerts et al. (2010, Page 1351) report that “the rankings appear anomalous,” because they only expect to see
the second ranking (Bossaerts et al. 2010, Page 1339).
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Wpg in the experimental section in Figure 2 are close to the point at which the change from (3.9)
to (3.10) takes place. Example 3.3.2 illustrates this point: When Wp — Wp is approximately 81,
the switch of the rankings occurs as in Figure 1. This confirms that to observe only one ranking
of state-price/state-probability ratios in laboratory experiment, the difference in aggregate wealth
Wp — Wg should be chosen either relatively large or small.

Bossaerts et al. (2010) perform other experimental sessions in which Wg > Wp > Wg, summa-
rized in Figure 7 in Bossaerts et al. (2010). Although the most common ranking of state-price/state-
probability ratios is (3.9), the empirical distribution functions of pr/7r and pg/mp are very close.
Proposition 3.2 predicts that to observe a clear separation of the rankings in (3.9) and (3.10), the

aggregate wealth Wp should be chosen closer to Wg or W, respectively.

4 Extended Ellsberg framework

In this section we consider an extended Ellsberg framework, that is a state space S where the
future states of the economy correspond to draws from an extended Ellsberg (1961) urn with m
risky states with known probability, and [ > 3 ambiguous states. A C S denotes the set that
contains the ambiguous states, thus |A| = [. The known probabilities 7 € (0,1) of risky states
Re S\ Asatisty Y peqiamr < 1.

In this setting the a-MEU model (2.1) represents a large spectrum of preferences that include,
but do not reduce to, maxmin, maxmax, SEU preferences. In fact, when [ > 3, a a-MEU utility
with @ € (0,1) cannot be in general rewritten as a maxmin, maxmax or SEU utility, although
there are specific sets of priors C for which this is still the case. The following proposition provides
examples of a-MEU utilities with a € (0,1) that reduce to maxmin, maxmax or SEU utility. The

proof is provided in Appendix B.

Proposition 4.1. Consider a set of priors of the form

(4.1) C= {qGRk+l|qg:7rg, ogeS\Aand g, € [a5,bs], 0 € A\ {n}, and ¢, =1— qo}
oF#n

where n € A is an arbitrary but fized ambiguous state, 0 < a, < by, 0 € A\ {n} and deA\{n} b, <
1-— des\A y. Then, the a-MEU utility U with set of priors C equals

U(w) = u(wy) + Z (w(we) — u(wy))ms + Z (u(wy) — u(wy)) ey — (u(wy) — u(wy))~dy

ceS\A oeA\{n}
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where ¢, := aay + (1 — a)by, and dy := ab, + (1 — a)ay, 0 € A\ {n}.

(i) If « > 1/2, then ¢, < do for all o € A\ {n} and U is a mazmin expected utility (1-MEU)
with set of priors C= {¢€C:qy € [cs,ds]}.

(i) If « = 1/2, then U is a subjective expected utility (SEU) with subjective prior ¢ satisfying

o =7y forallo € S\ A, ¢, = % for all o € A\ {n}, and ¢, = 1—2065\{77}@0.

(i) If « < 1/2, then dy < ¢5 for all o € A\ {n} and U is mazmax expected utility (0-MEU) with
set of priors C = {¢€C:q, €dy, o]}

Hence, to study the spectrum of preferences represented by the a-MEU model (2.1) beyond the
maxmin, maxmax and SEU preferences we have to specify a suitable set of priors. One typical choice
is to assume that the set of priors of a-MEU model is the one that describes the uncertainty (i.e.
the risk and the ambiguity) of the framework under study. The set that describes the uncertainty
of the extended Ellsberg framework is the one that contains all priors such that the probabilities on
the risky states equal the known probabilities 7r, R € S\ A. We call this set Cpax and denote this
class of models by a-Cp.x-MEU. Next section shows that indeed a-Cpax-MEU utilities do reduce
to maxmin, maxmax or SEU utilities. Moreover, the choice of Cy,x as set of priors is suitable for
the aim of this paper as it allows to interpret the parameter « as a measure of the agent’s degree
of ambiguity aversion and thus allows us to study the a-MEU agent’s portfolio choice as a function

of the different degree of agent’s risk aversion; see Section 4.2.2

4.1 The o-C,..-MEU model

The a-MEU utility in (2.1) with C = Cpax can be rewritten as

(4.2) Uw) = Y mrpu(wgr)+(1— Y 7r) [eulwi,) + (1 — ) u(wi,)]
ReS\A ReS\A

2The interpretation of a as a measure of ambiguity can be lost if the set of priors C is smaller than the set of
priors Cmax that describes the uncertainty of the setting. A C strictly smaller than Cmax can reflect both additional
information and less aversion towards ambiguity. However, in general the intuitive interpretation of a as an ambiguity
aversion parameter is not warranted. One of the reasons is the potential multiplicity of representations of preferences
as either a-MEU or maxmin/maxmax; see Section 3. The underlying subtle question is linked to the precise notion
of the ambiguity in a problem, which has been debated in the decision theory literature; see, e.g., Siniscalchi (2006),
Ghirardato et al. (2004), and Machina and Siniscalchi (2014).
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A and wA _ is respectively the smallest and the largest wealth in the portfolio w € R™*!

where wy ;. L ax

allocated among the | ambiguous states, that is

(4.3) wh = 2161}41 wy, and wh, = MAX W

The a-Cmax-MEU utility (4.2) shows that when [ > 3 and « € (0,1), a-MEU utilities do not reduce
to maxmin, maxmax nor to SEU utilities.? For instance, while SEU and maxmin utilities are
always concave if u is concave, the a-Cpax-MEU utility is concave if and only if & = 1 (for a proof
see Appendix C).2” Thus the equivalence result (Proposition 3.1) only holds with two ambiguous
states. In Section 4.4 we show that the a-Cpa.x-MEU model and the maxmin model also imply
different portfolio choices. Thus, in contrast to the standard Ellsberg framework, in the extended
Ellsberg framework ambiguity averse a-Cpax-MEU and maxmin portfolio choices are not anymore

observationally equivalent.

4.2 The a-Cn..-MEU portfolio choice

Before stating the proposition that characterizes the portfolio choice of a-Cpax-MEU agents we
introduce few notations that we use hereafter. Given a pricing rule p € R™*, pfr‘lin denotes the
lowest (minimum) price among the ambiguous state prices, that is

= min py,

p .
min nGA

and I the set that contains all ambiguous states with lowest price, that is
I:={0€ Al po = Dinin}-

Finally, by @ we denote the prior which assigns to the risky states the corresponding known prob-

abilities mr, R € S\ A, and to each ambiguous state equal probability 7, := M.

26Tt easy to see that also when the set of priors C is a strict subset of Cmax, the a-MEU utility cannot in general be
rewritten neither as 1-MEU, 0-MEU nor SEU, and is not concave.

2T Another way to see this is to observe that the a-Cmax-MEU utility from a portfolio w € R™* on the ambiguous
states only depends on w?;, and w?,.. This is not the case for a maxmin (maxmax) utility model, as long as the
state space contains more than two ambiguous states. The utility of the maxmin model from a portfolio w € R™*!
will be a function of the portfolio’s smallest wealth w2, (respectively, the portfolio’s largest wealth w;ﬁax) and then,
depending on the set of priors, of the second smallest wealth (respectively, the second largest wealth) and so on, until
the sum of the probabilities of the states in which these wealths are allocated reaches (1 — 3" g\ 4 TR)-

19



Proposition 4.2. Suppose that the state price vector p satisfies p, > 0 for all o € S. Consider an

a-Cax-MEU agent. Let « € (0,1] and suppose there is an optimal portfolio.

o If
A A
Pri Pmi
(4.4) a<l-— min =1— min
1= > Res\aPR D oveA Py

there are |I| optimal portfolios: all optimal portfolios coincide on the risky states whereas
on the ambiguous states they only take two different values w € R and w € R with w < w,
which are the same for all optimal portfolios. Every optimal portfolio is obtained by choosing
a single ambiguous state v € I (p, = pélin) among the cheapest ones and then setting

Wy =W

(4.5)
wy = w for the remaining (I — 1) ambiguous states n € A\ {v}.

Hence, for all optimal portfolios wﬁ‘lin =w and w;ﬁax =w.
o If
Ph; p
(4.6) a>1— = or equivalently o >1— —=—1— Vn € A,
ZVGA bv ZZIEA bv
the optimal portfolio w is unique and unambiguous, i.e. wéax = wr’ﬁm. In particular, when

a =1, the optimal portfolio w is always unique and unambiguous.
If o = 0, there is no optimal portfolio.

Corollary 4.3. The a-Cpax-MEU model implies portfolio inertia both at the unambiguous and at
the ambiguous portfolio (4.5).

The proof of Proposition 4.2 is provided in Appendix D. The arguments used in the proof show
that Proposition 4.2 holds true for any a € (0,1] also when the utility » in (2.1) has a bounded
domain, as long as the set of feasible portfolios remains convex and the utility is differentiable.?®

The only difference that a utility with bounded domain would bring is the existence of optimal

Z8These properties are used in the proofs of Lemmas D.1-D.5 that in turns prove Proposition 4.2, and can be ensured
for instance by requiring that the feasible portfolios are in the interior of the utility domain.
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portfolios of the 0-MEU agent.?’

The proof of Corollary 4.3 is straightfoward. For simplicity, suppose m = 0. Since the optimal
portfolio choice depends only on o and pA, (see (4.4) and (4.6)), the optimal portfolio remains
optimal whenever the state price vector changes but the ambiguous state with price pém and the
price p2. remain the same.

The following example illustrates Proposition 4.2 when the state space S contains m = 1 risky
state and [ = 3 ambiguous states. Note that [ = 3 yields péin < 1_% which is equivalent to
1-— fi‘l‘ﬁ > 2/3. From the last inequality and Condition (4.4), it follows that any agent with

a € (0,2/3) prefers an ambiguous portfolio®.

Example 4.4. Let S = {R} U A where A = {G,B,Y}. Consider an a-Cynax-MEU agent and let

w = (wg,wg,wp,wy) € R* be her optimal portfolio. Without loss of generality, let 0 < pg < pp <

Dy -

o Let a € (0,2/3). Then the optimal portfolio is always exposed to ambiguity. In particular

there are wr,w,w € R with w > w such that:

() if pa < pp (P2, = pc and I = {G}), the optimal portfolio is unique and reads w =
(vawvaw)
(i) if pc = p < py (P2, = pc = pp and I = {G,B}), then there are two optimal

portfolios, namely (wg, W, w,w) and (Wg, w, W, w)

(iil) if p¢ = p = py (P, = pc = pp = Py = 17% and I = A), then there are three

optimal portfolios: (wr, W, w,w), (Wg,w,w,w), and (Wg, W, w,W).

o Leta € [%, 1]. The optimal portfolio w is unambiguous (i.e. wg = wp = wy ) if and only if
A
a>1-— fjﬁ or equivalently o > 1 — %,Vn € A ={G,B,Y}. This is always the case if

A
pe = pp = py or if a = 1. Otherwise, i.e. if a <1 — lpjﬂﬁ, either (i) or (ii) holds.

Proposition 4.2 and Example 4.4 show that an a-Cpax-MEU agent with a € (0,1), facing a
state price vector p € R™ 1 optimally chooses only two type of portfolios: either an unambiguous

portfolio (with no exposure to ambiguity, allocating equal wealth in each ambiguous state), or an

29The non-existence of the optimal portfolio of 0-MEU agent is due to the fact that when the utility is defined on the
whole real line, the agent can go arbitrarily long in one of the ambiguous states and still satisfy the budget constraint
by going arbitrarily short in another ambiguous state. A utility with bounded domain would imply the existence of
an optimal portfolio for the 0-MEU agent as the bounded domain will prevent the agent from going arbitrarily short;
see Lemma D.5.

30The dependence of the portfolio choice on the number of ambiguous states [ is discussed in Section 4.2.3.
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ambiguous portfolio with the specific exposure to ambiguity in (4.5), i.e. allocating more wealth w
to one of the cheapest ambiguous state and less equal wealth w to each of the remaining (I — 1)
ambiguous states. This portfolio can be seen as an unambiguous portfolio with equal wealth w
in each ambiguous state, plus a bet of (w — w) > 0 on one of the cheapest state. The larger the
difference w — w, the more the portfolio is exposed to ambiguity.

The choice between unambiguous and ambiguous portfolios only depends on « and the ratio of
the lowest price among the ambiguous state prices pr‘?ﬂn, to the total sum of the ambiguous state
prices, Zne ADn- If (4.6) holds, the optimal portfolio is unambiguous and unique. Otherwise if
(4.4) holds, the optimal portfolio is ambiguous. The ambiguous portfolio, when optimal, is unique
if there is only one ambiguous state with price pr‘?ﬂn, i.e. |[I| = 1. If the ambiguous states with price
pﬁlin are more than one, i.e. |I| > 1, then there are |I| optimal ambiguous portfolios. The a-Cpax-
MEU agent finds equally optimal to bet @w —w on any of the |I| cheapest ambiguous states, because
ambiguous states with equal prices are indistinguishable from an informational point of view. All
optimal portfolios provide the same exposure to ambiguity. For an illustration, see Example 4.4.

In the following we discuss the dependence of the a-Cp.x-MEU agent’s optimal portfolio on the

ambiguity aversion, risk aversion and number of ambiguous states.

4.2.1 Impact of ambiguity aversion on portfolio choice

To understand how the ambiguity aversion parameter o determines the optimal exposure to ambi-

guity, we rewrite the a-Cpax-MEU utility (4.2) from portfolio w € R™* as

47 Uw)= > mru(wr)+ (1 — Y 7r) [ulwhin) + (1 — ) (u(whe) — ulwhi,))] -
ReS\A ReS\A

This equation shows that the coefficient (1 — ) weights the utility (u(wzl,,) — w(w?; )) that the

max min
a-Cmax-MEU agent derives from the maximal exposure to ambiguity of the portfolio w, that is from

A A

Wiax — Wiin- When «a increases the utility from the exposure to ambiguity decreases: when oo = 0
this utility is highest, when o = 1 the utility is zero. This implies that, the higher is «, the smaller
is the exposure to ambiguity of the agent’s optimal portfolio.

We now study how the parameter a and the utility u determine the optimal allocation of wealth
to risky and ambiguous states. Note that the optimal allocation of wealth among the risky states
only depend on the utility u; see (4.2).

Let R denote the risky state, and set m = 1 for simplicity. The following holds true.
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e An increase of a decreases the demand for the ambiguous portfolio.

Inequalities (4.6) show that an increase of « decreases the set of prices for which an a-Cyax-
MEU agent prefers an ambiguous portfolio. The limit case is @ = 1 in which the optimal

portfolio is always unambiguous.

e An increase of o decreases the exposure to ambiguity of the ambiguous portfolio.

This can be deduced from the first order conditions satisfied by the optimal ambiguous port-

folio (see (D.2) in Lemma D.4 when m = 1)

v(w)  CveaoPr (1— o)

) V@~ s a
u'(wg) _ (1—-a)(1—7mgr)pr and u'(wg) _ a(l —7R)pr
u' (W) PoTR v/ (w) ZueA\{a} PvTR

where o denotes (one of) the cheapest state among the ambiguous states, i.e. o € I and

Po = Pa, Wy =W and w,, = w for all n € A\ {o}.

The closer a is to 0, the larger is w —w.3! When « increases, the exposure to ambiguity of the

A
agent’s optimal portfolio W—w decreases (as the ratio (1;a) decreases). When o 11— Zp%,
ve v

the bet W—w | 0, that is the ambiguous portfolio becomes unambiguous; see Condition (4.6).32

e When the ambiguous portfolio is optimal, an increase of a always leads to an increase in the

risk premium for the cheapest ambiguous state.

An a-Cpax-MEU agent chooses an ambiguous portfolio if and only if among the ambiguous
states there is at least one state o (one of the chepaest ambiguous states) that satifies p, <
(1 —a)(1 — pr); see (4.4). Hence, the larger is «, the smaller p, must be in order to make

the agent choose an ambiguous portfolio.

Equalities (4.8) also show how a impacts the allocation of wealth between the risky state R and
the ambiguous states. An increase of « decreases the difference w — wgr. When o« 71 — % the
optimal portfolio tends to the unambiguous portfolio, and the optimal allocation of wealth between
the risky and the ambiguous states is the same as that of an SEU with the prior 7.

Figure 3 illustrates the impact of the parameter a on the a-Cpax-MEU agent’s optimal portfolio

when the agent’s utility v in (4.2) is a CARA utility when m =1 and [ = 4.

31Tn the limit, when oo — 0, W — w — oo, and thus there is no optimum; see discussion after Proposition 4.2.
- A A ,
32Whena¢1fzp#m 1—a <Pmin_ and thus L& | 1.

vEA Py’ ZVEA Pv u’ (W)
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Figure 3: Optimal state dependent wealth a-Cp.-MEU agent as a function of the degree of ambiguity
aversion «, when the number of risk states m = 1, the number of ambiguous states | = 4, R is the risky
state, and G, B, Y, Z are the ambiguous states. State prices are pg = 0.2, p¢ = 0.1, and pg, py, pz such
that pp + py +pz = 1 —pr — pg and pg = min,c(q,B,v,z} Pv- The agent’s utility u in (4.2) is a CARA
utility, u(z) = 1 — e=%% /6, where § = 1.

4.2.2 Impact of risk aversion on portfolio choice

The utility function u in (4.2) that characterizes the risk aversion of the a-Cpax-MEU agent also
affects the extent to which the ambiguous portfolio in (4.5) is exposed to ambiguity. Equalities
(4.8) show that, given a state price vector p and o € (0,1), the more the utility function u is
concave (i.e. the faster v’ decreases) the smaller is the portfolio exposure W — w to ambiguity and
the difference wr —w. The dependence of the ambiguity exposure on risk aversion is illustrated in
Figure 4 assuming CARA utility. When risk aversion increases, the agent eventually invests in the

risk free asset.

4.2.3 Portfolio choice and number of ambiguous states

We now show that an a-Cpax-MEU agent with a € (0, 1771) always prefers the ambiguous portfolio

(4.5) and never chooses an unambiguous portfolio. The reason is that in a complete finite state

space model when a € (0, I_Tl), Condition (4.4) is automatically satisfied. The normalization

D oneaPnt+ g\ aPr =1 yields

ZnGA Py

a’nd péln = l

(4.9) Pin < S py=py, Yr,m € A
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Figure 4: Optimal state dependent wealth of the a-Cpa-MEU agent as a function of the degree of risk
aversion §, when the ambiguity aversion coefficient o = 0.3, the number of risk states m = 1, the number
of ambiguous states [ = 4, R is the risky state, and G, B, Y, Z are the ambiguous states. State prices are

pr = 0.2, p¢ = 0.1, and pp, py, pz such that pp + py + pz =1 — pr — pg and pg = min,c(g B,v,z} Pv-
The agent’s utility u in (4.2) is a CARA utility, u(z) = 1 — e7%%/6.

5 pA LnealPn . ; Phin -1 -1 . fps
As pii, < 155 is equivalent to 1 — I > 5=, any a € (0, ) satisfies Condition (4.4).
When ambiguous states have equal price, from the equality in (4.9) and Proposition 4.2 it follows
that the optimal portfolio of any a-Ciax-MEU agent with o € [1—717 1] is unique and unambiguous.

We formalize these concepts in the following corollaries.

Corollary 4.5. In the setting of Proposition 4.2, any a-Cyax-MEU agent with « € (0, l_ll) always
chooses a portfolio exposed to ambiguity of the type described in (4.5).

Corollary 4.6. In the setting of Proposition 4.2, suppose that the prices of the ambiguous states

are all equal, i.e. p, = p, for allv,n € A.

(i) Ifa € (0,'52), the optimal portfolios are the ambiguous portfolios in (4.5). Since |I| = |A| =1,

the number of optimal portfolios equals the number of ambiguous states.

(ii) Ifa € [1_71, 1], the optimal portfolio is unique and unambiguous, i.e. wr‘?lax = wflin.

An increase of the number [ of ambiguous states increases the interval of a-values (0, Z_Tl) for
which the corresponding a-Cax-MEU agent always chooses a portfolio exposed to ambiguity. The
reason is that increasing [ lowers the upper bound of pr‘?ﬁn in (4.9) and consequently increases the

interval of a-values that satisfy (4.4). For example, setting m = 0 for simplicity, when [ = 4,
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péin < 0.25 and the interval of a-values for which the a-Chax-MEU agent prefers exposure to
ambiguity is (0,0.75). While when [ = 20, pA, < 0.05 and the interval of a-values is (0,0.95).

In Sections 4.3 and 4.4 we show how these results can be used in laboratory experiments to
test the a-MEU model, measure the agent’s degree of ambiguity aversion and distinguish between

a-Cmax-MEU agents and maxmin agents.

4.3 Attitudes towards ambiguity of the a-C,..-MEU model

To understand the different attitudes towards ambiguity expressed by the a-Cpax-MEU model we
start with the optimal portfolio choice when the prices of the ambiguous states are all equal. In
this setting all the ambiguous states are equivalent from an informational point of view, and thus
indistinguishable.?® From Corollary (4.6) we know that when [ > 3 and ambiguous state prices are

equal:

o any a-Cpax-MEU agent with « € (0, I_Tl) optimally chooses an ambiguous portfolio allocating
equal wealth w on each ambiguous state plus a bet of size w — w > 0 made indifferently on
one of the [ ambiguous states. The number of optimal portfolios is equal to the number [ of

ambiguous states.

e any a-Cpax-MEU agent with « € [l_Tl, 1] optimally chooses an unambiguous portfolio with

equal wealth in each ambiguous state. The optimal portfolio is unique.

The fact that a-Chax-MEU agents with a < l_Tl makes a bet on one among the [ ambiguous

states despite these states are all indistinguishable shows an ambiguity loving (or seeking) behavior
of these agents. The ambiguity seeking behavior becomes more pronounced when « decreases.
Indeed, as shown in Section 4.2.1, the smaller is « the larger is the exposure to ambiguity w — w
in the agent’s optimal portfolio.

In contrast, a-Cpax-MEU agents, with o > %, do not show any ambiguity seeking behavior.
When facing indistinguishable ambiguous states they optimally choose an unambiguous portfolio
with equal wealth on each ambiguous state.

We observe that when o = l%l, the a-Cax-MEU agent is not equivalent, not even observation-

ally, to an ambiguity neutral SEU agent.?* The l_ll—CmaX—MEU agent and the SEU agent with prior

33 A comparatively high price in one of the ambiguous state may make the agents believe that this state has a higher
probability of occurrence than the other ambiguous states, even though in the Ellsberg framework an exact knowledge
of the probabilities is not available and the ambiguous states are “equally ambiguous”.

34In Standard Ellsberg framework, when | = 2, any a-MEU utility with o = Z_Tl = % reduces to a SEU utily; see
Proposition 3.1.
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7 choose the same unambiguous portfolio when ambiguous state prices are equal. However, the two
agents choose different portfolios when the ambiguous states with cheapest price are more than one
and less than [ — 1 (i.e., 1 <| I |< 1 —1).%> For example, when m = 0, [ = 3, and two cheapest am-
biguous states, G and B, there are two %—CmaX—MEU optimal portfolios: (wg,wp,wy) = (W, w, w)
and (wg,wp,wy) = (w,w,w), for some w > w. While the SEU optimal portfolio is unique and

equals (ya,ys,yy) = (U,7,y) for some 7 > y.

4.4 Disentangling between a-C,,,-MEU and maxmin agents

The utility of a maxmin agent from some state dependent wealth w € RH™ is

(4.10) U(w) = REZS\A rru(wg) + 2161(111(;4770 u(we)

where C C Cpax is a convex and closed set of priors. When C = Cyax this utility is equal to the
-Crax-MEU utility (4.2) when o = 1, and provides the maximal degree of ambiguity aversion.
Shrinking the set of priors C in (4.10) decreases the exposure to ambiguity of the maxmin optimal
portfolio, like decreasing the parameter « in (4.2) decreases the exposure to ambiguity of the
a-Crax-MEU optimal portfolio.

The equivalence result in Proposition 3.1 shows that in the standard Ellsberg framework (two
ambiguous states, ie., |[A| = I = 2) «-MEU utilities with o > 3 are maxmin utilities, and thus
a-MEU preferences cannot be distinguished from maxmin preferences. In the following we show
that in an extended Ellsberg framework (three or more ambiguous states, i.e., |[A] = [ > 3) this
distinction can instead be achieved.?0 To disentangle a~-MEU from maxmin preferences we exploit

the a-Cpax-MEU portfolio choice derived in Section 4.2 and the following lemma.

Lemma 4.7. Suppose that p, = py, for all o,n € A. Then any mazmin agent (4.10) with a set of

priors C such that 7 € C takes an unambiguous portfolio.

This lemma shows that when facing ambiguous states with equal prices, any maxmin agent
with a set of priors C that includes 7 chooses a portfolio with no exposure to ambiguity. In Ellsberg

frameworks where the ambiguous states are all “equally ambiguous” (i.e., indistinguishable from

35Tn fact, when 1 <| I |< I — 1, the optimal portfolio of any a-Cmax-MEU agent with « € [0, 1] is different from the
SEU optimal portfolio.

36In Section 4.2 we observe that the equivalence result does not hold when the number of ambiguity states is larger
than two. However, the fact that a-MEU utilities cannot be rewritten as 1-MEU utilities does not imply that their
portfolio choice may not be observationally equivalent.
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a probabilistic point of view) it is natural that the prior 7 belongs to the maxmin agent’s set of
priors.3”

In the following we point out the differences between the a-MEU optimal portfolio and the
maxmin optimal portfolio that may be used in a multiple-stage laboratory experiment to disentangle

ambiguity seeking from non-ambiguity seeking agents, and among the latter, a-Cnax-MEU from

maxmin agents.

4.4.1 Ambiguity seeking and non-ambiguity seeking agents

The identification of ambiguity seeking a-Crax-MEU agents, a € (0, Z_Tl), and non-ambiguity seek-
ing agents, a-Cpax-MEU agents with o € [I_Tl, 1) and the maxmin agents, can be achieved by
observing their different portfolio choices. For example, when m = 1, [ = 3, and the ambiguous
states have equal prices, ambiguity seeking a-Cp,ax-MEU agents (o < %) should choose and be indif-
ferent among the following three portfolios: (wg, W, w, w), (wr,w,w,w) and (wg, w, w,w) for some

w > w. While a-Cipax-MEU agents with o > % and maxmin agents should choose one (unique)

unambiguous portfolio.

4.4.2 Non-ambiguity seeking and maxmin agents

Once the distinction between agents with and without ambiguity seeking attitudes is achieved,
additional experiments involving only the agents with non-ambiguity seeking attitude can be carried
out to disentangle maxmin agents from a-Cpa-MEU agents with o € [Z_Tl, 1). This distinction can
be achieved observing that the maxmin optimal portfolio is typically unique, while the a-Cpax-MEU
ambiguous optimal portfolios are not unique when there are more than one ambiguous states with

cheapest price and less than [ — 1, ie., 1 <| I |< ] — 1.3

For example, when m = 1, [ = 3, and
the state price vector p € R!*3 is such that péin = pg = pB < py, any a-Chax-MEU agent with

Qac [FTlal_lng] = [%71_13(;

R] chooses and is indifferent between the two portfolios (wg, W, w, w)
and (wg, w,w,w).3® Thus, for instance by asking the agents in a sequence of experimental sections
to choose their optimal portfolios without changing the prices, we expect to see the a-Cpax-MEU

agent switching its choice between the two optimal portfolios, while the maxmin agent chooses the

37If a set of priors C is symmetric (i.e., permutation invariant) in the ambiguous coordinates then 7# € C. Thus, if
7 ¢ C some ambiguous states will be systematically overweighted and other underweighted. Note that Cmax includes
7 and is symmetric in the ambiguous states.

38The optimal portfolio of a maxmin agent is typically unique. In particular this is always the case when the maxmin
utility is strictly concave.

**When pp = pe approach zero the right-hand side of the interval [2,1 — 13?3} approaches 1.
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same portfolio in any section.

The distinction between a-Cpax-MEU agents with o € [Z_Tl, 1) and the maxmin agents cannot
be achieved via the observation of one single portfolio choice. The reason is that depending on
her set of priors a maxmin agent may also optimally choose one of the two portfolios which are

optimal for the a-Cpa-MEU agent with o € [%, 1- lng], i.e., either the portfolio (wg,w,w,w) or

(wg,w,w,w). Indeed, one can show that for any given portfolio there exists a set of priors C for

which the associated maxmin agent chooses that portfolio as optimal.

5 Ambiguity seeking behaviors and market equilibrium

In this section we consider a simple market populated by SEU and ambiguity sensitivity agents and
show that the existence of the market equilibrium depends on whether ambiguity seeking agents are
or not present in the market. In fact, as we show in the following, the ambiguity seeking a-Cpax-
MEU agents may prevent the existence of the equilibrium that otherwise exists if, together with

the SEU agents, the non-ambiguity seeking a-Cpax-MEU or maxmin agents populate the market.

Example 5.1. Consider a market with two agents and suppose that the state dependent total

endowment W € R™H is such that W, =W, for all n,v € A.

(i) First suppose that in the market there is a SEU agent with prior @ and a non-ambiguity
seeking agent, i.e. either an a-Chax-MEU agent with o € [l%l, 1), or a maxmin agent with

7€ C.A0 It is easy to see that in this market the equilibrium exists. Specifically, the state price

1_25\,4 PR

7 , Vn € A; the SEU optimal portfolio

vector in equilibrium is p € RIH™ with Py =
is y € R™H with Yn = Y, VN, v € A, and the ambiguity averse agent’s optimal portfolio is

w € R™ with wy = wy, Vn,v € A, where y and w are such that y, +w, =W,, Vn € A

(ii) Now suppose that in the market, together with the SEU agent, there is an ambiguity seeking
a-Cmax-MEU agent, i.e. a € (071771). This agent only chooses ambiguous portfolio of the
type (4.5) (see Corollary 4.5), that is w € R such that w, = W, w, = w, Vn € A\ {0},
w > w, where o is (one of the) the cheapest ambiguous state, i.e. py < py, Vn € A\ {o}. If
the equilibrium exists, to clear the market, the SEU optimal portfolio y € R has to satisfy

Yo =Wo—wW < Wy —w=1yp, 4 =W, —w =W, —w =1y, Yn,v € A\ {o}, that is

40 A necessary condition for the existence of the equilibrium is that beliefs are consistent across agents in the market.
We recall that 7 is in the set of prior Cimax of the a-Cmax-MEU.

41 When the ambiguous states have equal prices, the unambiguous portfolio is optimal both for the a-Cmax-MEU (see
Corollary 4.6) and the maxmin agent (see Lemma 4.7).
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Yo < Yn = Yu, Vn,v € A\ {o}. This portfolio will is optimal for the SEU agent only if (see
(A.3)) the equilibrium state prices satisfy ps > py = pu, Vn,v € A\ {c}, but this condition is
in contradiction with the a-Cimax-MEU portfolio optimality condition p, < py, Vn,v € A\{c}.

This implies that there is no equilibrium for this market.

To derive some economic intuition as to why the presence of ambiguity seeking a-Cpax-MEU
agents may prevent the existence of market equilibrium, note that in the a-Cpax-MEU utility (4.2),
(1 = X ges\a ™r)(1 — ) plays the role of the “fictitious” probability of the state o on which the
highest wealth w2, is allocated. The more ambiguity seeking is the agent (i.e., the smaller is «),
the higher is the probability of the state o, and (ceteris paribus) the higher should be the price
of state ¢ in equilibrium. However, the portfolio optimality condition of ambiguity seeking agents
requires that o is one of cheapest ambiguous state in equilibrium. These potential contradicting
conditions may prevent the existence of the equilibrium.

As an illustration of this point, we specify Example 5.1 (ii) to the CARA case, i.e., when the
utility u of both the SEU and the ambiguity seeking a-Cpax-MEU agents equal u(z) =1 — <=, In

z

this case, the existence of equilibrium requires the state prices to satisfy:

e <<Z—1><1—a>

DPn a

)é, vn e A\ {o}

Po < 1, vpea\{o}
Py
? = 1, ¥p,ve A\{o} Vnec A\ {o}.

Any value of o € (0, FTl) implies a ratio of probability of the state o to probability of the state

n € A\ {o} strictly larger than 1, i.e., % > 1, and thus p, > p;, which is in contradiction
with the a-Cnax-MEU portfolio optimality condition Z—‘; <1,vnec A\{o}.*?

For a non-ambiguity seeking a-Ciax-MEU agent with o € [1771, 1), the probability (1->_ g g\ 4 TrR)(1—
) of the state on which w2 is allocated is bounded from above by the probability 7,, and de-

creases when « increases. This is also true in the maxmin model. Indeed a necessary condition for

having a maxmin agent to choose the ambiguous portfolio in (4.5) is that the prior 7* that realizes

*2The a-Cmax-MEU utility assigns probability (1 — a)(1 — 2 res\a TR) to the state o on which the highest wealth

w is allocated, and probability w to each of the remaining states n € A\ {o}. The SEU-prior 7 does

not apper in the inequalities characterizing the ambiguous state prices because 7 assigns equal probability 7, to each
ambiguous state and thus cancels out. The total endowment W also cancels out because W, = W,, for all n,v € A.
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the minimum in (4.10) is bounded from above by the probability 7.4
Because non-ambiguity seeking agents have bounded probability of the state on which the
highest wealth is allocated, and their optimal portfolios may also be unambiguous facilitate the

equilibrium prices to settle, as in Example 5.1.

6 Conclusion

The a-MEU model has been used in many theoretical and experimental studies to describe the
behavior of agents under ambiguity. We show that in the standard Ellsberg framework (two am-
biguous states) a-MEU preferences coincide with either maxmin, maxmax or subjective expected
utility preferences, and derive equilibrium asset prices when the market is populated by ambiguity
averse and subjective expected utility investors. Our theoretical results are strikingly in agree-
ment with the laboratory experimental findings in Bossaerts et al. (2010), and show why ambiguity
aversion does not wash out in equilibrium.

In an extended Ellsberg framework (three or more ambiguous states) we show that the a-
MEU preferences do not coincide with maxmin, maxmax or subjective expected utility preferences
and induce portfolio choices that are not observationally equivalent. We characterize the optimal
portfolio choice of an a-Cpax-MEU agent. This agent optimally chooses only between two types of
portfolios: either an unambiguous portfolio, or an ambiguous portfolio with one specific exposure to
ambiguity (that allocates more wealth to one of cheapest ambiguous states and less equal wealth to
the other ambiguous states). The number of optimal ambiguous portfolios is equal to the number of
ambiguous states with cheapest price. Our theoretical findings can inform laboratory experiments
to disentangle between ambiguity seeking and non-ambiguity seeking agents, and among the latter,
between a-Cpax-MEU and maxmin agents. Finally, we find that when ambiguity seeking agents are
present in the market they may prevent the existence of market equilibrium that otherwise would

exist with non-ambiguity seeking agents.

“3This can be shown by observing that w, > wy, ¥n € A\ {0} implies u(w,) — u(w,) < 0, ¥n € A\ {o}. Then the
optimal prior 7* has to be a prior which maximizes the sum of the probability of the state n € A\ {o}. Therefore,

1— T 1— ™
> M(l — 1) or equivalently 7} < M.

since 7 € C, then 7" is such that >° 1\ (,} T
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A Proof of Proposition 3.2

In the following, we briefly summarize how the interaction among SEU and maxmin agents impacts
the equilibrium asset prices. This will provide us the tools to prove Proposition 3.2. Assume that
(p;wl, ..., w") is an equilibrium with p, > 0 for all ¢ € {R, G, B}. Then, the equilibrium price p
satisfies

(A1) Anp € AU (w™)

for some A, > 0; see (F.3). Here OU"(w) denotes the supergradient of the criterion U™ of agent n
at w € R3. The supergradient of a SEU-agent with prior 7 = (7g, 7g, mg) is simply the gradient

(A.2) oU™(w) = {(mpv (wr), mqu/ (wg), mpu/(wg)) }.

From (A.2) and the strict concavity of the utility function, it follows the well known fact that the
optimal portfolio w = (wg, wg, wp) of a SEU agent is always such that the optimal choices of state
dependent wealth are ranked opposite to the state-price/state-probability ratios, i.e.

(A.3) We > Wy, & i—” <—, o,ve{R,B,G}.

The supergradient of an agent with maxmin (1-MEU) preferences represented as in (3.3) is
{(mru/(wR), cu/(wg), (1 — g — c)u'(wp))} if wg > wp

(Ad)  oumw) = (v (wR),du(we), (1 = mr = dj'(ws))} i we <wp

{(mru/ (wRr), Ac+ (1 = N)d)u' (wg),
(1—=7mr— (Ac+ (1= Nd)u(wp)) | A€ [0,1]} if wg =wp.

Using (A.1) and the shape of the supergradients we easily obtain the optimal portfolio choices that
were already derived in Bossaerts et al. (2010). In particular, from (A.4) and the strict concavity
of u it follows that

wg > wp if and only if g—c < —=

B 1_7%?'_6
(A.5) wg < wp if and only if Z—CB’ > Tpd
wg = wp if and only if f)—CB’ € 177rchcv 17;;76[

where x/0 := 0co. The larger the set of priors C in (3.4), the more likely a maxmin agent will take
an unambiguous portfolio (wp = wg). In particular this will be always the case if C = Cpax =
{(rryq,1 —q—7R) : q € [0,1 — 7wR|}, because then the second respectively third coordinate of the
supergradient in (A.4) will be 0 if either wg > wp or wg < wp. Hence, p, > 0 for all o € {R, G, B}
and (A.1) imply that in equilibrium this agent will only take an unambiguous portfolios w. If ¢ > 0
and/or d < 1 — g in (3.4), then the multiple prior agent may also take an ambiguous portfolio in
equilibrium. We observe that a maxmin agent holding an unambiguous optimal portfolio behaves
as a SEU-agent who is not differentiating between the ambiguous states G and B, but merges them
to an unambiguous state {G, B} with probability (1 —7g). Indeed, from (A.4) and (A.1) it follows
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that

(A.6) pepy _ (L—mr)W(wigm) | < % iff wig gy > wr
. PR 71'Rul(wR) > % iff w{G,B} < WR
and thus
(A7) Pesy < PR & W{g B} > WR
(1 — 7TR) TR ’
(A.8) PGBy S LN wig,py < wr (compare this to (A.3)),

(1—7R) = 7r
where p(q By = pc + pp and wig By = we = WpB.

Proof of Proposition 3.2

Case 1: Let Wr > Wg > Wpg. Since the 1-MEU agents take an unambiguous portfolio, the
optimal portfolio of some SEU agent must satisfy yg > yp which according to (A.3) is equivalent
to

(A.9) PE PG
B TG

which only leaves the ranking of pr/mr within (A.9) an open question. Suppose that the ranking
of the ratios state-price/state-probability is as follows:

(A.10) —>= >

Then (A.3) implies that yo > yp > yg for any SEU agent, and rearranging (A.10) yields

PG TPB _ PGTDPB _ PR
1—mp T +TB TR

Consequently, according to (A.6), we must have for each 1-MEU agent that wp < wg = wp. But
this contradicts the clearing of the market and Wxr > Wg > Wp. If the ranking is (3.6), then we
have yg > yr > yp for each SEU agent according to (A.3). Denote by y* = (y%,yg,yg‘) the sum
over all optimal portfolios of the SEU agents and similarly by w* = (w}, w3, w%) the sum over all
optimal portfolios of the 1-MEU agents. The market clearing condition says W, = y> 4+ w2 for

every o € {R,G, B}. Since y(z; > ?/1% we conclude that
w%zWR—y%>Wg—y§:wé.

Thus there must be at least one 1-MEU agent who’s portfolio w = (wg, wg, wp) satisfies wgr >
wg = wp which implies that (pg + pr)/pr > (1 —7r)/7R due to (A.6). But then, again by (A.6),
we must have wrp > wg = wp for all 1-MEU agents. In case of (3.7) (A.3) and (A.6) imply the
claimed ranking of payoffs in the portfolios y and w.

Case 2: Let Wg > Wi > Wpg. Asin case one we conclude that yg > yp. Assume that the ranking
of the ratio state-price/state-probability is as follows:

(A.11) PR PB PG
TR B TG

Then as in case 1 it follows that yg > yp > yr and wrp < wg = wp which together with the
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clearing of the market contradicts Wy > Wp. Similarly it follows that the ranking

is not possible, since it would imply that yr > ye > yp and wr > wg = wp due to (A.6), again
contradicting the assumed ranking of the aggregate wealth.

Case 3: Let Wg > Wp > Wpg: Suppose that

PB _ PG . PR

T Twg TR

then, yp > yg > yp, and in view of (A.6) we obtain wgr > wg = wp for every 1-MEU agent which
again contradicts the market clearing and the assumed ranking Wg > Wp > Wg. Again (A.3),
(A.6), and the clearing of the market imply the claimed ranking of payoffs in the portfolios y, w
for the remaining possible rankings.

B Proof of Propositions 3.1 and 4.1

Proposition 3.1 is a special case of Proposition 4.1 since every set of priors in the standard Ellsberg
framework is of the type C in (4.1), required in Proposition 4.1.

To prove Proposition 4.1 we observe that the maxmin utility with set of priors C can be written
as

B.1)  u(wy) + Z (u(wes) — u(wy)) e + Z (u(ws) — u(wn))+aa = (w(we) — u(wy)) ™ be,

seS\A ocA\{n}

and the maxmax utility as

(B.2) u(wy) + Z (u(ws) — u(n))me + Z (u(ws) — U(wn))+ba — (u(ws) — ul(wy))” ao.

ceS\A o€ A\{n}

Consequently, the a-MEU utility is

U(w) = u(wy) + Z (w(wg) — u(wy))ms + Z (u(ws) — u(wn))+ca — (w(wy) — u(wy)) ™ do.

ceS\A o€ A\{n}

where ¢, := aa, + (1 — @)bs, and d, = aby, + (1 — @)ays, 0 € A\ {n}. If @ > 1/2, then ¢, < dy;
if @ < 1/2, then d, < ¢,; and finally ¢, = d, for a« = 1/2. These facts, and comparing U for the
different cases (i), (i) and (i77) with (B.1) and (B.2) prove Proposition 4.1.

C Lack of concavity of the a-MEU utility

To see the lack of concavity of the a-Crax-MEU utility when a # 1, consider portfolio w® such

that wi = 1,w} = 4 and w} = 2,Vj = 2,...,1, and portfolio w? such that w} = 1,w3 = 2,w} =
6 and w? = 2,Vj = 4,...,1. Let w* = (w},...,w}) be their convex combination, i.e. wj)-‘ =

/\wjl- +(1—- )\)wjg-, j=1,...,1, A € [0,1]. Take for instance A = 1/2. Then w} = 1,w) = 3,w} =
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4 and w} =2,Yj =4,...,1, and using (4.2)

AU (') + (1 = U (w?) = au(l) + (1 — a)%(u(él) +u(6)) >
au(l) + (1 — a)u(4) = au(wﬁ‘lﬁl) + (1 - a)u(w)d )= Uw?) = U((Aw! + (1 = Nw?)).

max

D Proof of Proposition 4.2

Proposition 4.2 follows from Lemmas D.1-D.5 in the following.

Lemma D.1. Suppose that the state price vector p = (ps)oes satisfies po > 0 for all o € S.
Consider an a-Cpax-MEU agent with o € (0,1). Let w = (ws)ses € R™ be an optimal portfolio
for the a-Chnax-MEU agent. Then, either w takes the same value on all ambiguous states, or there
exist two disjoint subsets A and A of the set of ambiguous states A such that AUA = A and two
values w, w € R such that w, =W > w = wy, for all o € A and alln € A.

Proof. Note that the only portfolio values on the ambiguous states on which the utility U in (4.2)

depends are wi, . and w7l . We order the set of ambiguous states A = {71, ...,0;} such that

(D.1) Woy, < Woy < ..o < Wy

Let s be the number of strict inequalities in (D.1). Consider states vi,...vsy1 € A such that
Wy, < Wy, < ... < wWy,,,. Suppose there is a state n € A such that w, # wi,, and wy, # wi, |
namely suppose that s > 2. We now consider the function U in (4.2) as defined on R™+5+1, where we
merge those ambiguous states in which w takes the same value. Let @ € R™$*! such that @ = wg
for all risky states R € S\ A and otherwise Wy, = w,, for i =1,...,s+4 1. Then, W is a maximizer
for the function U restricted to the open set C := {z € R™"**! |z, < z,, <... <z, }, which
we call Ug, given the budget constraint - @ < p-e. Here e is the initial portfolio and p € R™+s+1
is obtained from p by summing up the prices of those states which are merged when forming w. As
Uc is concave, according to (F.3), a multiple of p is in the supergradient of Uc at w. However, this

supergradient is equal to zero in any x,,-direction, i € {2,...,s}, because only the largest value
and the smallest value on the ambiguous states matter for U. This contradicts the assumption
Do, > 0forie{2,...,s}. O

Lemma D.2. Assume Lemma D.1. If p, < py for o,n € A, then the optimal portfolio w satisfies
Wy < We-

Proof. Suppose that the optimal portfolio w is such that w, > w,. Let w given by w, = w, for
all v € S\ {o,n} and W, = w, and W,; = wy. Then U(w) = U(w), but p-w < p-w because
p- (w—1w) = (py — ps)(wy —ws) > 0. This contradicts the optimality of w, because increasing the
wealth w, one could achieve a strictly higher utility while still respecting the budget constraint. [

Lemma D.3. Assume Lemma D.1. If the sets A and A associated to the optimal portfolio w are
not empty, then A = {G} for a statec € I := {0 € A| p, = minycapy}. Moreover, any portfolio
which equals w on the risky states and assigns the weight wéax to a single state in I and wr‘gin to
all the other ambiguous states is optimal. Hence, there are |I| optimal portfolios.

Proof. By contradiction suppose that there are two different states oy and o9 in A, i.e. that the
optimal portfolio w is such that w,, = wy, = wi,, and without loss of generality we assume that

max?
Doy < Doy. Consider @ given by @, = w, for all n € S\ {01,02} and W, = 2wi,, — wA. and
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Wy, = wh . Then p- @ < p-w, so @ satisfies the budget constraint, and U(w) > U(w) since
WA = Wy, > wiae and Wi = wA . This is a contradiction to optimality of w. Lemma D.2

implies that @ € I. The last statement of the lemma follows by observing that all these portfolios
share the same price and utility. O

Lemma D.4. Assume Lemma D.1 and let o < 1. Then w is unambiguous, i.e. wy = w, for all
o,v € A, if and only if (4.6) holds. In this case w is the only optimal portfolio. Condition (4.6)
can only be satisfied if o > FTl

Proof. Suppose A = {c} and thus A = A\ {o}. Then, the first order conditions imply

(D?) PR _ Po _ ZVEA\{O’} 2%

mrW/(wr)  (1—a)(1- ZRGS\A TRIU (Wiay) a1l — ZRGS\A WR)U'(wéin)

where R denotes any risky state among the m ones. Thus,

(D?)) Po _ (1 — a)u/(wrj?lax) < -«
ZVGA\{U} Pv au/(wéin) «

as wi. > wA. . Consequently, if there are no o € A for which (D.3) is satisfied, i.e. if the condition
(4.6) holds true, then w must be unambiguous. In order to prove necessity of (4.6), assume that
(D.3) holds for some o € A. In the following we show that in this case the unambiguous portfolio
cannot be optimal. To this end, suppose by contradiction that the unambiguous portfolio w is
optimal and let z := w2 = wl‘?ﬁn. Then € = 0 needs to maximize the function
F:Roer au(z—¢)+ (1 —a)u(z+d(e))
over all € > 0, where d(e) := GZC’LG{”}W is chosen such that the portfolio which invests z — € in
the states v € A, and z + d(¢) in the state o satisfies the budget constraint (while the investment
in the risky states is unaltered). F' is a concave function and the first order condition reads
u'(z+d(e)) ! Do

W(z—€)  (1-a)X ,cao)Pv

By assumption, the right hand side of the above equation is strictly smaller than 1. Hence, F
attains its optimum for € > 0, which contradicts the optimality at 0 over all ¢ > 0.
Finally, note that summing up (4.6) over all o € A yields:
aZp(, > (1—a)(l—1)2py & a> l_il
- - 1

oc€A veA

O

Lemma D.5. Assume Lemma D.1. If o = 1, then w is unambiguous. If a« = 0, then there is no
optimal portfolio.

Proof. If « = 1, then (4.2) is a maxmin agent and also @ € Cpax. Hence, Lemma 4.7 proves the
claim.
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The optimization problem of a 0-MEU agent with the maximal set of priors Cpax is

(D.4) Y mru(wr) + (1= Y TR)u(wiay) — max
ReS\A RES\A
subject to prw<p-e

where e denotes her initial endowment. Since the agent may go arbitrarily long in the ambiguous
state o with w, = wi},, and satisfy the budget constraint by going arbitrarily short in an other

ambiguous state, the optimal value in (D.4) cannot be attained. O

E Proof of Lemma 4.7

Let w be an optimal portfolio of the maxmin agent and assume that w, # w,, for 0,1 € A. Consider
the portfolio w given by wr = wg for any risky state R € S\ A and W, = z for any ambiguous
state 0 € A where >
L ocEA pa We o 1
sim Sggeabrtis _1n,,

ZO‘EA Po occA

The portfolio w satisfies the budget constraint and

U@) = Y wru(wr)+ (1= D 7r)u(2)

ReS\A ReS\A
1
> Y mrulwn) + 71— Y wR) ulw) = U(w)
RES\A ReS\A oeA

where the strict inequality follows from the strict concavity of u and the last inequality is due to
7 € C. This contradicts the optimality of w.

F Optimization in the partially concave case
Consider the optimization problem

(F.1) max U(z) subject to pz < pe

zeC
where C' # () is a convex subset of R”, p,e € R", and U : R — R U {—o0} is a concave function
with dom U = C.

Lemma F.1. If the optimal value in (F.1) is not +oo and if there exists at least one T € ri C' with
pT < pe, then there is a multiplier X > 0 such that the supremum of hy(x) = U(z) — Ap(x — e),
x € R", is finite and equal to the optimal value in (F.1). Moreover, suppose that A > 0 and that D
1s the set of points x € R™ where h attains its mazimum intersected with the set of points satisfying
px = pe, then D is the set of all optimal solutions to (F.1).

Proof. see Theorem 28.1 and Corollary 28.2.2 in Rockafellar (1997). O

Now suppose that agent n with choice criterium U” : RISl — R maximizes her utility over all
portfolios w € RISI satisfying the budget constraint pw < pe™ for some p € RISl with p; > 0 for all
i=1,...,]S|. Furthermore, assume that an optimal portfolio w exists and that w € C' for a convex
set C' C RIS such that the restriction Ug of U™ to C' is concave. Then, we may view U as defined
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on all RI*! by defining Up(x) := —oo for x € C, and we are thus in the setting of Lemma F.1 where
w is a solution to problem (F.1) with U = UZ. Hence, if there exists « € ri C' with px < pe™, which
is satisfied if for instance w € ri C, then there exists a multiplier A > 0 such that

(F.2) Ug(w) = sup hy(x)
TER?

with h) as in Lemma F.1. If C = C + R4 - (1,0,...,0) and given that the utility function u is
strictly increasing we deduce that A > 0, since otherwise

ha(i + (1,0,...,0)) = UR(@ + (1,0, ...,0)) > UL(1b).

Moreover, any solution & to the right hand side of (F.2) with pZ = pe" is a solution to the portfolio
optimization problem, and in particular @ is such a solution. Additionally, for any solution & to
the right hand side of (F.2) we have for all y € RISl that

UG (y) — Ap(y — ") < UG(&) — Ap(& — e)
which shows that
(F.3) Ap € OUG(2)
where OU/(w) denotes the supergradient of U at w, i.e.

AU (w) == {v € RS | vy € RIS, UB(y) < UB(w) +v- (y — w)}.
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