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(Harmonic, homogeneous polynomials)

Suppose that u € C*°(Q2), 2 C R" open. Note that

ai (Au) = A(ggi)

and generally that p(D)Au = A(p(D)u), where p(D) is a general differential operator of the
form

p(D)u = Z caD, ¢, €R.

la|<m

Hence it is easy to deduce that when w is harmonic, so are %, p(D)u.

We say that u: R” — R is homogeneous of order s when u(Ax) = Nu(z) for all A > 0,
x € R™.

Question 1

(i) Prove the product rule A(uv) = (Au)v + 2Vu - Vo + u(Av) , where u, v are smooth.

(ii) Show that if u € C''(R") is homogeneous of order s then

n
Z Uy, T; = su(T) .
i=1

Hint: Consider ¢'(t), where ¢(t) := u(tz).

(iii) Let s, t € R, and suppose u: R" \ {0} — R is in C?, and is homogeneous of order s.
Show that
A(lz|'u(z)) = tn+t + 2s — 2)|z[*u(z) + |z Au(z).

This shows that u is harmonic and s-homogeneous if and only if | - u 18 harmonic

and 2 — n — s homogeneous.

|2—n—2s



Question 2

Let P,,(R™) denote the vector space of all homogeneous polynomials in R" of order m, and
H.»(R™) denote the subspace of all such polynomials that are harmonic.

(i) Show thatif p € P,,(R"), A > 0 then
p(Az) = A"p(x) .

(i) Prove, using strong induction (without using complex numbers), that the functions wu,,,
vm: R? — R, which are given in polar co-ordinates (x,y) = (r cos ¢, rsin ) by

Um (1, ) == 1r"cos(my), vn(r,e) =r"sin(my), m e Ny,

satisfy the Cauchy-Riemann equations

(iii) Show, using part (ii), that H,,(R"™) # {0} for all m € Ny and n > 2.
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