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Question 1

Recall that

αn := volume of unit ball in Rn , ωn := surface area of unit ball in Rn .

Use polar coordinates to show that ωn = nαn.

Question 2

Let B(x,R) be a ball in Rn, and let u ∈ C(B(x, r)). For r ∈ (0, R), consider the integrals

ϕ(r) :=

 
∂B(x,r)

u(y) dS(y) =

 
∂B(0,1)

u(x+ rz) dS(z)

and
ψ(r) :=

ˆ
B(x,r)

u(y) dy .

(i) Show that ϕ ∈ C(0, R).

(ii) Show that ψ ∈ C1(0, R) with

ψ′(r) =

ˆ
∂B(x,r)

u(y) dS(y)
(
= ωnr

n−1ϕ(r)
)

.

(iii) Now suppose u ∈ C1(B(x,R)). Show that ϕ ∈ C1(0, R) with

ϕ′(r) =

 
∂B(0,1)

∇u(x+ rz) · z dS(z) .

Hint: Note that d
dr
(u(x+ rz)) = ∇u(x+ rz) · z . Consider the difference quotient

ϕ(r + h)− ϕ(r)
h

(
h 6= 0 , r + h ∈ (0, R)

)
and use the Dominated Convergence Theorem.

Homepage: http://www.mathematik.uni-muenchen.de/˜soneji/pde1.php


