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Question 1

(a) For α > 0, let g(x) := eα|x|
2 , x ∈ RN , and

G(t, x) :=
1

(1− 4αt)N/2
e

α
1−4αt

|x|2 , x ∈ RN , t ∈
(

0,
1

4α

)
.

Prove that G solves {
Gt −∆G = 0 in

(
0, 1

4α

)
× RN

G(0, x) = g(x) on {t = 0} × RN .

(b) Let Φ be the fundamental solution of the heat equation. Compute
´
RN Φ(t, x− y)g(y) dy.

Question 2

Give an alternate (direct) proof that if Ω ⊂ RN is open and bounded, T > 0, and u ∈ C1,2(ΩT )∩
C(ΩT ) solves the heat equation (for g ∈ C(∂′ΩT )){

ut −∆u = 0 in ΩT

u = g on ∂′ΩT ,

then
max

(t,x)∈ΩT

u(t, x) = max
(t,x)∈∂′ΩT

u(t, x) .

Hint: Define uε := u − εt for ε > 0, and show that uε cannot attain its maximum over ΩT at a
point in the interior ΩT .



Question 3

Let N = 1 and Φ be the fundamental solution of the heat equation. Use properties of the
convolution

u(t, x) =

ˆ
R

Φ(t, x− y)f(y) dy

to prove:

Weierstrauss’approximation theorem: A function f ∈ C([a, b]) can be approximated uni-
formly by polynomials. That is, there exists a sequence of polynomials pj such that

max
x∈[a,b]

|f(x)− pj(x)| → 0 as j →∞ .

Hint: Define f(x) = f(b) for x > b and f(x) = f(a) for x < a. Then u(t, x)→ f(x) as t→ 0

uniformly for a ≤ x ≤ b. Approximate Φ(t, x− y) by its truncated power series with respect to
x− y.
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